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EDITOR'S  PREFACE. 


Tbb  pabUc  appfobotkm  of  my  efeti  to  raider  the  tot  volume  of  Dr. 
Hutiom'B  Comrte  of  MaikemaHei  mnA  m  the  present  elafee  of  MaHieiiuilies 

requires,  lias  been  too  uiidisguisedly  manifested  by  the  extensive  sale  of 
that  volume,  to  be  other  than  very  gratifying  to  my  feelings :  and  1  hope 
in  the  next  edition  of  it,  to  be  aUe  to  fully  oeny  out  those  contemplated 
imptowDitntM,  which,  inm  vtakm  einamffeuioes,  I  wai  only  able  to  per* 
tially  develope  in  the  laiL 

The  leeond  Tolnme,  heie  laid  before  the  poblic,  will,  I  trait,  be  con- 
sidered more  completely  m  accordance  with  the  views  under  which  I  haye 
officiated  as  editor,  than  was  the  case  in  the  preceding  one  :  and  I  antici- 
pate with  coniideucc,  that  the  patronage  with  which  the  ibrmer  volume 
wie  hoDomieda  will  be  extended  to  the  preient  ono.  This,  at  Isasty  I  can 
assure  my  readers,  that  no  exertion  or  labour  has  been  spared  to  render  it 
worthy  of  the  continuance  of  general  approbation :  and  I  cannot  oflbr 
stronger  eridence  of  this,  than  the  &ct,  that  there  is  not  a  single  line  of 
the  original  work  which  has  not  been  recorn posed.  It  may,  likewise,  be 
added,  that  I  undertook  only  the  ordinary  duties  of  an  editor — those  of 
eonectiBg  the  wodc  for  pfeia,  and  reading  the  proofs^^  cofiuiponduig 
peemufliy  condiKioiia.  I  may,  bence,  fidily  diadaiiw  every  meraenary 
notivo  in  the  labonre  here  brouf^t  to  a  doee.  Button's  Coorse  was,  in 
ftet,  the  first  mathematiesl  woik  I  studied.  I  may,  hence,  be  allowed  to 
entertain  a  desire  to  render  it  as  complete  as  possible,  and,  perhaps,  to 
feel  a  deeper  interest  in  its  improvement,  than  in  any  work  exdusiTely 
of  my  own  production*  * 

I  BOW  pioeeed  to  gl?e  a  ehost  aeoouit  qi  the  oontents  of  the  present 
Wurne.  Plwfirtogy  to  tha  Spheiieat  Tkjgcnumietiy  there  ia  given  a  diapter  * 
en  the  Geometry  of  the  Sphere,  eomprising,  besides  the  propositions 
nsoally  to  be  found  in  other  treatises,  several  curious  and  important  onea 
used  in  the  course  of  this  work  for  the  completion  of  discussions  of 
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trigonometrical  piopertiet,  iriudi  have  either  not  been  notioedy  or  but 
▼ery  impeifectly  devdoped. 

In  the  Trigonometry  itself,  it  will  be  seen  that  I  have  taken  a  view  of 

Napier's  rules  as  a  scientific  method,  altogether  the  reverse  of  that  ustudly 
adopted. 

The  deduction  of  the  general  properties  of  spherical  triangles  from  the 
right-angled  triangle  is  probably  new :  and  the  entire  series  of  formulae  of 
solution  is  obtained  by  snoeessive  transformations  without  Oie  aid  of  the 
polar  triangle ;  as  I  consider  the  ezeidse  in  trigonometrical  reduction  thus 
obtained,  to  be  infinitely  more  valuable  than  the  time  saved  by  the  use  of 
the  polar  triangle,  elegant  as  that  method  is  admitted  to  be.  For  Ibe  con- 
venience, however,  of  those  teachers  who  think  otherwise,  the  method  of 
deduction  by  the  polar  triangle  has  been  added  in  the  note  on  page  242.  I 
have  given  numerous  properties  of  the  system  of  associated  triangles  and 
their  polar  ones,  which  are  interesting  for  their  remarkable  symmetry  and 
manifold  applications  in  research ;  and  likewise  all  the  known  formulae 
(some  of  them»  indeed,  hui  lUUe  known)  for  ihe  areas  of  spherical  tri- 
angles. 

In  the  solution  of  spherical  triangles,  I  have  introdueed  a  new  classifi- 
cation of  the  cases,  which,  from  their  analogy  to  the  three  cases  of  plane 
triangles,  will  render  the  rules  of  spherical  trigonometry  equally  simple 
and  easy  to  recollect  with  those  in  plane  trigonometry.  In  ail  the  exam- 
ples it  has  been  my  aim  to  give  the  best  woridng  formularies,  as  well 
as  lihe  most  elegant  algebraical  foxmnlss. 

The  doetrine  of  soUd  angles  is  curious  in  itsdf,  and  usefol  in  its  iqppli* 
cations;  and  it  is  interesting  to  the  readers  of  Hntton's  Course  from  ito 
being  the  re-invention  of  my  late  venerated  colleague.  Dr.  Gregoiy,— 
the  little  that  Stevin  had  written  on  the  subject  never  having  excited  the 
least  attention.  1  have,  however,  reraodelleci  the  chapter  to  adapt  it  to 
the  genend  Tiew  which  I  entertain  of  the  units  of  geometrical  mag- 
nitude. 

The  series  of  properties  of  spherical  figures  contains  a  considerable 
finmber  of  tiieovems  of  much  elegance  in  tiiemselves,  and  atill  more  ftw 
thehr  analogy  to,  and  indeed  almost  identity  witb,  the  moft  admired  seriee 

of  properties  of  plane  figures  investigated  in  the  modem  geometiy.  I  had 
published  some  of  them  previously,  though  in  a  less  completed  State,  m 
Leyboum's  Repository,  and  in  the  Ladies  and  Gentleuian  s  Diaries. 

The  chapter  on  Spherical  Astronomy,  brief  as  it  is,  contains  all  that  is 
nquiied  for  the  purpose.  If  piactical  astronomers,  instead  of  tabulating 
an  immense  number  of  formnlss,  would  only  take  tiie  trouble  to  iamiliarise 


Digitized  by  Google 


TBI  SDITOE's  PKirACB 


▼ 


tbeiiiaelTes  irilli  the  best  lolaCioiis  of  iphcocal  triangkt,  and  nie  the  two 
astponoiiiieal  triacgles,  they  would  find  the  elaims  upon  thdr  memory  and 

attention  greatly  abridged.  The  idea  of  the  tivu  astronomical  triangles 
was  suggested  by  a  remark  ot  Dr.  Pearson,  wlio,  in  his  invaluable  work  on 
Fracikal  Attronomiff  speaks  of  the  aatronomical  triangle  which  is  our 
leeond  one.  The  investigation  of  the  Lunar  problem  it  from  the  Trigono- 
metiy  of  Frofetaor  Tonng,  who  ie  undoabtedly  amongit  the  most  able, 
and  by  &r  the  moet  iueAiI«  elementary  madiematieal  writer  of  onr  age. 

The  treatiaeon  the  Conie  Sectiona  ia  the  preeeding  edition  waa  drawn  up 
(aa  fiur  as  it  was  altered)  by  me ;  and,  except  a  few  changes  in  language 
and  arrangement,  it  remains  as  it  ns  is  then  given.  Those  of  greatest 
moment  in  this  edition  are  in  the  parabola ;  and  I  have  introduced,  amont'st 
other  theorems,  Lambert's  very  remarkable  property,  which  has  been  attri- 
buted to  sereFBl  more  reeent  anthora.  {Vid,  prop,  «atit*  j»«  198,  and  Fhil, 
Mag.  J«m.  1843.) 

Hie  chapter  entitled  general  propertU^  of  the  conie  oeeHono  ia  new  in 
ihia  wofk ;  and  being  drawn  up  on  the  principlea  of  the  great  anthora  of 
antiquity,  embodying  their  most  general  properties  and  modes  of  investiga- 
tion, it  cannot  but  be  a  useful  contribution  to  the  young  geometer's 
means  of  study.  It  also  includes  the  doctrine  of  poles  and  polars  origi- 
nating in  the  earlieat  researches  of  the  great  Paacal,  and  terminating  with 
the  Mffttie  HesagramoS  that  extraordinary  man,  and  the  correlative  pro* 
perty  diaeovered  by  the  Teiy  able  French  geometer,  Brianchon.  There 
are  aome  theoiema  intenpeiaed  ficom  the  writinga  of  Simeon  and  Mac- 
lanrin — ^men  not  less  gifted  than  the  greateet  of  their  predeoeaiora  of  anti- 
quity. In  many  respects  I  am  much  indebted  to  the  Oeomehy  of  Curve 
Lines,  of  the  late,  and  very  imperfectly  estimated.  Sir  Joiin  Leslie  *,  in  the 


•  Tho  scientific  character  of  Leslie  has  been  greatly  nnfler-mlfl  a  ."conictcr,  he  was.  not 
only  in  learning,  but  invenUoD,  equalled  by  none  of  his  cotcmjiorancs,  except  Lowry  ami 
Swale ;  wliilHt  in  the  literature  of  tcicnce  he  had  oo  Eugliah  competitor.  Hit  language,  indeed, 
wmtdmm  1ms  too  much  doquent  hypaAoIo,  sad  in,  porfaiiis, »  few  of  bb  dmoBitatkms  ho 
fciOcoBmitledofinlg^ts:  yofcwltkflMiotiivnlo1i|oelioiii,I«oBeMDtfoaiio«oikMimprov^ 
to  dio  laiteor  tlio  jvaagMeBAuht^^tCkamelriedAne^midDodrim^a^  Limt, 
Mfpraoeat  opinion,  too,  mo  thatof  nno  1o«  omhioni  jad^  of  goomotikol  naorit  than  tho 
author  of  tho  Simtoa ;  and  Dr.  Traill  oifsd  irith  mndb  oomoatnsoi  nj  doao  ottentiin 
to  thia  work  at  an  carlj  p«riod  of  my  own  atudiefi. 

No  man  who  read's  a  life  of  Lc«li«  in  vol.  vi,  of  Le^urni  lirpfxnfrny,  can  help  resetting 
that  RO  di>»lini:>ii(,licd  a  patron  of  iiiathetnatical  icieneo  should  have  a«iuiittcd  iuto  hi«  norksuch 
a  coarse,  ignorant,  and  illiterate  piece  of  biography  ;  and  no  one  who  ia  familiar  with  Leslie's 
mathematical  writinga  can  rise  from  tho  reading  of  that  paper  withoat  leelingi  of  tho  deepest 
iUfgimai 
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oompoittiQa  of  tUs  diai^:  Imt  wdil-md  nitthfnurtritnt  will  mb  tliat 
I  have  gone  to  Kit  original  Kmnet  of  infeiinition,  and  periii^  in  aome 
respects  with  advantage  to  the  student  of  this  work. 

In  giving  a  few  of  the  more  ohvioiis  and  elegant  properties  of  the  sur- 
faces of  revolution  (conoids),  I  have  chosen  only  those  which  either  from 
the  eleginoe  of  their  enimeiation  or  dononstxatioa,  or  their  application  to 
other  reaeardieSf  have  the  fint  daim  npon  onr  notiee.  Many  of  theae  are 
original;  and  I  believe  then  ia  no  work  extant  whioli  oontainii,  in  a  ool* 
leoted  and  condensed  form,  any  series  of  propositions  analogous  to  them. 
One  important  value  which  they  possess  is,  the  exercise  they  furnish  to 
the  student  in  the  discussion  of  iigures  of  three  dimensions.  The  chapter 
en  the  oone,  aphere,  and  oylinder»  will  be  useful  under  the  game  view,  if 
under  no  other. 

The  teim  fnauverw^  even  aa  a  tenn,  ia  icarGely  known  to  English 

geometers.  As  a  body  of  doctrine,  it  owes  its  existence  to  Ae  eelebreted 
Camot;  though  tlic  germs  of  the  method,  as  well  as  the  fundamental 
theorems,  were  familiar  to  the  geometere  of  antiquity.  The  methods  of 
investigation  employed  in  the  chapter  on  this. subject,  as  well  as  many  of 
the  theoiems  devdopedt  are  new ;  whether  considered  in  refincenee  to  lines, 
planes,  or  the  conio  seotions*  I  beilieve  that  t]»  most  geneial  and  impor- 
tant properties  delivered  by  Camot  and  his  snoeessors  will  be  found  oom- 

prised  in  h  very  ismall  space  iu  this  work  ;  ujid  I  need  not  y;iy,  that  to 
effect  this,  the  general  method  and  spirit  of  the  investigations  must  be  ori- 
ginaL  It  will  be  seen,  that  the  theorems  of  Pascal  and  Bnanchon  are 
demonstrated  also  under  this  aspect. 

The  doetrine  of  anhsrmonic  ratio,  developed  by  the  greateat  Fkenoh 
geometer  of  the  ptesent  day,  Ckaiie$,  has  been  but  dightly  touched  upon* 
This  was  contrary  to  my  wish ;  and  want  of  room  was  an  imperative  rea- 
son for  my  not  entering  further  into  the  suhject.  I  have,  howevei,  given 
my  view  of  its  great  value  in  a  long  note  at  page  242 ;  and  I  would  refer 
the  inquizing  reader  to  the  eleventh  volume  of  the  Memoirs  of  the  Brussels 
Academy,  or  (which  is  a  sepsiate  publication  of  the  same  woik)  Chasles'a 
Aper^  Hukfripia  in  MHhodn  en  Gimkkit,  for  foil  detaOs  of  ihia 
antiior's  views.  He  may  also  consult  some  of  the  recent  numbers  of 
Quctelet's  Correspondence  MathSmaiique  et  Physique  for  applications  of 
the  doctrine. 

I  was  uncertain  at  the  commencement  of  writing  the  gemeiry  of  otMnrdi- 
nafef  of  two  if Aaeasisiif,  whether  it  would  be  possible  in  the  present  volume 
to  enter  upon  that  of  lAree  dimennom^  The  result  has  proved  that  it 
could  not  be  done :  important  as  that  sulject  is,  it  must  be  deferred  to  a 
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guffkamalatf  vohxm,  I  judged,  howver,  in  may  eMe»  tlie  moit 
genenl  fonn  of  all  tbe  oondnMOiis  at  whidi  wa  amirad  was  pieteabla  to 
the  more  eonfined  om  ;  and  h^fe,  (herefore,  given  all  the  fmrmtdv  adapted 

to  the  most  general  cases,  and  as  corollaries,  those  wiiich  rcluU;  Lo  rect- 
angular co-ordinates.  I  have  long  observed,  that  in  actual  instruction 
this  is  the  most  safe  and  bencEcial  course  of  pioceeding  %  and  expoiienoe 
beeomea  an  undottbted  authority  on  such  questiona. 

Contiaiy  to  ganeial  naagOi  I  have  given  the  inmtftramtitm  qfeonirdi' 
mUa  in  the  ontaet  of  the.ehapter;  as  It  ia  n  punly  trigononetiieal  pro> 
fakm,  and  n  TaloaUe  ezeioiie  in  the  use  of  the  appropriate  fonnalsi :  it, 
moreover,  enables  ns  to  make  the  transfbnnations  whidi  are  required  as  we 
proceed  in  our  subsequent  investigations.  Tlic  general  properties  are 
deilacible  with  much  flacility  by  this  method  of  procedure  ;  and  I  have  liad 
experimental  proof,  that  in  reference  to  the  entire  system  of  investigations, 
this  is,  in  the  end*  much  the  shorter.  A  much  greater  number  of  examples 
is  given  than  nsnal  of  the  employment  of  the  eqnationa  of  the  stmi|^t  line, 
in  lefersnob  to  the  deroonstntion  of  important  piopertiea  of  zectOinaar 
fignres ;  and  posribly  thelesnlts  here  obtained  by  snch  means  may  bttng 
back  a  degree  of  respect  for  these  elegant  methods  which  the  frmuvertah 
had  nearly  destroyed.  For  a  portion  of  these  invcstigutioiia  I  aai  indebted 
to  two  of  the  mast  able  English  geometers  of  our  time,  my  £iends  and 
colleagues,  Messrs.  Kutherford  and  Fen  wick. 

The  polar  equations  of  the  sizaight  line  (and  subsequently  in  refierenoe 
to  the  tangent  and  normal  to  any  corve)  are  here  given,  for  the  first  time 
in  an  slMMnlaty  work,  and,  it  is  believed,  were  orignially  published  by 
myself  in  the  twelfth  volume  of  the  Edinburgh  Transactions,  in  a  note  on 
my  paper  on  tphtrieal  co-onftfiofet.  A  ihller  and  more  expanded  use  of 
t]u:sc,  ^viii,  however,  be  given  hereafter.  The  equation  of  the  radical  axin 
of  two  circles  is  also  here  given  in  a  form  fitted  for  following  out  a  more 
extended  series  of  investigations  than  those  given  by  GaulUer  and  Stciner ; 
bat  I  could  not  enter  into  details,  or  even  suggestions,  iqKm  looking  at  the 
paging  of  the  work,  and  at  what  had  yet  to  be  given. 

In  em  an  algebraieal  tieatise  on  the  conic  ueUom,  it  appears  neoeasary, 
•  Cor  the  sake  of  consistent,  to  dedi^oe  the  ftindamental  equation  of  the 
curves  ftom  ffwmefrieat  eonsideraHont,  After  showing  tiut  every  conic 
section  is  represented  by  an  equutioa  of  tlie  second  degree  between  two 
variables,  it  is  proved  that  every  equation  of  the  second  degree  is  that  of  a 
conic  section.  The  most  gen  end  properties  of  the  conic  sections  are  then 
deduced  by  the  method  of  co-ordinates ;  and  some  methods  and  discussions, 
not  to  be  elsewhere  found,  will  be  recqgniied  in  this  chapten  I  may  par<* 
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ticttlarly  nfer,  as  eHhar  Yoy  melbl  or  d^gimtv  to  the  coiyiigsto  eqiia- 
tkm,  the  detensjauitioii  of  the  £Ka»  end  the  tfaeoiems  of  Pascal  and  Brian- 
chon,  the  last  two  attribated  in  the  text  to  their  respective  anthois. 

T%e  speri&l  propel  lies  of  tiie  several  curves  are  deduced  in  the  form  that, 

for  some  time,  I  had  beca  in.  the  habit  of  giving  them  in  my  professional 
duties;  and  in  comparing  the  method  here  employed  with  those  used  ia 
our  ordinary  class  books,  the  preference  given  to  this  seriea  of  processes  will 
be  justified.  The  polar  equations  of  the  curves^  their  taugenta  and  uoi^ 
malsy  sxe  hy  this  method  rendersd  very  effective ;  and  in  their  applicaliona 
to  the  eonie  sections,  Uie  general  system  (tbongh  hat  slightly  developed 
in  ^  present  work)  appears  to  great  advantage.  The  tables  of  formnlfle 
and  values  interspersed  through  the  chapter  wiU  be  found  useful,  and  great 
care  has  been  taken  tu  secure  accuracy  both  in  the  manuscript  and  in  the 
printing.  At  the  close  of  this  chapter  is  another  demonstration  of  Lambert's 
remarkable  property  of  the  parabola. 

The  genem  and  efuatkms  cf  variout  etrvet  are  given  in  the  manner  of  a 
series  of  exercises,  and,  to  a  stodent  who  u  fiuniliar  with  the  preceding 
parts  of  the  volnme,  is  sufficient  fm  the  intended  pnipose.  He  should  go 
ihioagih  these  wlA  care  and  attention,  as  several  of  the  eorves  here 
described  will  occur  in  a  future  part  of  the  volume. 

The  dt)cfrii!e  of  Fluxions  is  here  rej  laced  by  a  tolerably  ample  treatise  on 
the  Differential  atid  Integral  Calculus,  In  the  developement  of  the  first 
principles,  the  principle  of  limiting  ratios^  or,  as  I  have  here  ventured  to  call 
it,  of  Utdent  ralios,  is  employed.  Into  the  arguments  in  &vonr  of  this^  or 
the  rival  method  of  series,  the  stndent  would  be  incapable  of  entering ;  and 
amongst  men  of  science,  great  names  are  so  equally  divided  as  advocates  of 
both  systems,  tiiat  any  quotation  of  authorities  wiU  be  of  Htde  force. 
Though  my  own  view  has  always  been  that  the  method  here  employed  ia 
the  more  logical,  I  have  not  been  so  much  influenced  in  the  cornpositiuii  of 
this  work  by  this  consideration,  as  by  that  of  the  greater  simplicity  and 
«Me  of  comprehension,  which  characterises  this  method.  At  any  rate,  it 
has  been  well  observed  by  a  very  judicious  writer,  (Dr.  Jephson,)  that  all 
the  methods  meet  in  one  important  point,  namely,  Tq^Im^m  ihtonm.  After 
this  stage  is  attained,  tiie  whole  Inquury  resolves  itielf  into  mere  alge- 
bnueal  transfijnnation* 

Many  works  of  ^reat  eleganee,  but  generally  written  with  circumscribed 
objects,  have  appeared  of  late  years  in  this  country  ;  and  many  of  a  much 
more  expanded  character  have  been  published  by  continental  writers.  It 
has  been  remarked,  that  there  is  no  work  extant  from  which  the  calculus 
(espedally  the  integral)  can  be  learnt.   Peiiiaps  this,  in  a  limited  sense,  is 
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troe ;  for  in  that  depsrlmeiit  lo  moiA  dependt  apon  what,  in  the  abaeiiM  of 

a  be  Iter  terrn,  we  may  call  alp:ebraical  tact,  that  the  want  of  any  thing  like 
general  niies  may  sanction  the  opinion.  However,  every  elementary  work 
oo^t  to  contain  the  general  principleM  of  the  Difierendal  and  of  the  Inte- 
gral CaldiliUy  aa  £ur  at  they  have  heea  ndnoed  to  any  ayatemalic  Ibnn, 
whether  in  themaelTeit  or  in  their  appKcatSon  to  geometry.  To  the  ex- 
tent of  the  geometry  of  two  dUmeniionB,  I  hope  my  tadt  haa  heen  aeoom* 
plished  in  a  useful  manner.  Beyond  this  step,  my  limited  space  presented  a 
barrier  to  luy  proceeding.  No  attempt  has  been  made  to  introduce  discns- 
sooa  which  are  merely  curious,  however  interesting  :  and  if  notliiug  of  real 
importance  haa  been  omitted,  my  pnipoae  will  be  fully  accompliahed,  and 
the  contemplated  oljeeta  of  thia  aeiiea  of  chaptett  will  be  attained. 

Some  anbjecta  of  the  teeood  Tolnme  of  the  preceding  edition  haTe  been 
omitted  in  the  present  one.  Aa  they  were  there  given,  they  would  be  nie- 
less  in  the  present  state  of  science;  and  their  iL])ubli(  atien  in  (.he  j,hapo 
they  formerly  assumed  would  neithe  r  be  considered  creditable  to  an  editor^ 
nor  prove  advantageous  to  a  publislu  r. 

The  proof  aheeta  have  been  read  with  gnat  care  by  Meaan.  Rutherford 
and  Fenwidct  aa  well  aa  myidf ;  and  I  hope  that  then  wiU  be  few,  if  any» 
cnata  diseoTered.  Sbonld  my  leaden,  bowerer,  find  any  in  other 
Tolome,  iLt-y  will  confer  a  favour  by  giving  niu  the  infonaalioa. 

Grateful  for  the  distinguished  patronage  of  my  labours,  and  for  many 
kind  attentions,  which,  in  my  connexion  with  Uutton's  Course,  1  have 
reeeifed  horn  wiona  eminent  mathematieianB,  I  now  take  my  leave  of  the 
pnUie  in  the  character  of  editor, — ^poaiibly  for  ever. 

T.  S.  Da  visa. 

Rojfol  MUiiary  Academy ^ 
May  5, 184S. 
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ni,  lino  11,  for  A  +  B'  =  ir,  read  6  +  B'  =  w. 

R*  n 
S9,  line  4  btm  hotbom^/br  j^^rtad^^. 

41,  tabuj^/t  -  a'^  =    +  (s  -  B)  mirf«'«  -o'^ss  |n    (S  -  C). 

44,  line  12  from  bottom,/or  (54)  read  (SS). 

45,  —  14,/or  tan  r  mid  tin  «. 

— ,  ineqii«tinn(63)y^tanr,  tMir«|atidtaar,  Un  r„  renf  tan  r  tan  r«  and  tan  r^imr^. 

line  4  from  hovum^/br  Ct  read  Co. 
247,  —  11 , /^r/(*,  y  =  0)  nwrf/(«i  jf)  as  a 
273,  in  equauon  (9) /or  a*  read  a,. 

280,  in  Example  (31)  for    reud  ^. 

868,]&w6fi«BiteNom^«r§'^fWN{^-  ^. 

876,  — 14  (deBeBaiMler)/or/,  (a)     re<id/\  (a) 
396,  —  11, 12,  fnm  katl»m,>slr  »  muf 

411,  —  1  frcnii  l>oHoni,  and  page  412,  lines  f],  9  ;  th^^  «tntpmrnt  ii  incrvrrect.  The  cusps  of  the 
curves  are  not  at  the  focL  In  the  poimbok,  the  focus  is  midwaj  between  Um  rerticei  of  the 
cnmaniilaovolittot  and  in  the  eUjpaaaiidhjrpeiliolntko  coip  cf  the  mlvia  ii  at  Um  dia- 
tanoe     ftan  the  cantre; 
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SPHERICAL  TKIGONOMETRY. 

SpsBBtcAi  Trigononietry  was  primarOy  derated  to  an  inveatig^tion  of  the 
tdationa  which  snbeiat  amongst  the  sides  and  angles  of  aphericai  trianglea ;  that 

iSt  anch  triangles  as  are  formed  of  arcs  of  circles  upon  the  surface  of  the  sphere* 
the  planes  containing  which,  all  pass  through  the  centre  of  the  sphere.  The  term 
is  now  often  extended  to  nil  investigations  respecting  every  kind  of  firrure  traced 
Upon  tile  surface  of  tlie  sphere,  and  bounded  by  arcs  of  such  circles,  as  well  an 
to  the  properties  of  circles  made  by  planes  not  passing  through  the  centre  :~ 
to  all,  in  fact,  which,  in  re&rence  to  the  spherical  surface,  correspond  to  the 
anbjecta  of  inquiry  comprehended  under  plane  geonetiy. 

The  number  of  propertiea  which  can  be  atateid  In  area  of  drdea,  in  prectaely 
the  aame  form  that  corresponding  properties  of  straight  linea  in  piano  can  be 
atatedf  ia  extremely  small :  and  yet  the  analogies  between  plane  and  spherical 
properties,  a«  expressed  by  tricronometrical  functions,  is  altogether  unhroited. 
This,  however,  renders  the  fundamental  theorems  of  spherical  trigonometry, 
j)roperly  so  called,  indispensable  in  the  investigation  of  uinetrical  properties, 
since  trigonometrical  funcuuuii  enter  mlu  the  euuuciatiuu  u£  the  great  majority 
of  the  truths  of  spherical  geometry. 

A  few  of  the  leading  propertiea  of  the  spherical  triangle  mnst»  however,  be 
obtained  by  direct  geometrical  conaidentions :  and  such  as  are  reqniate  for 
Oltr  pnrpose  are  so  deduced  in  this  treatise,  under  the  title  of  Spherical  Gtometry, 
These  are  followed  by  such  properties  of  spherical  trianglef^,  and  of  magnitudes 
connected  with  them,  as  are  mibsidiary  to  the  actual  solution  of  these  triangles 
vfimf^iralltf,  including  quadrantal,  as  well  as  right  and  oblique-angled  triangles. 
I'lieii  fuUuws  the  application  of  the  results  so  obtained  to  the  numerical  solution 
of  tnaogleti :  and,  lastly,  an  application  of  the  principles  of  spherical  trigono- 
metry to  the  inToatigationa  of  spherical  geometrical  theorema  and  aatronomical 
pcobkms ;  and  a  praxis  for  the  student's  exercise. 
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SPHERICAL  GEOMETRY. 

D£FIK1TI0N8« 

1.  A  sphere  is  that  figure,  every  point  of  the  surface  of  which  is  equally  dis- 
tant from  a  certain  point  within  it ;  and  that  point  is  the  centre  of  the  sphere. 

2.  The  distance  of  auy  point  on  the  surface  from  the  centre  is  called  a  radium 
^fji  the  sphere. 

3.  The  diamier  of  the  sphere  h  any  line  dimwn  through  the  centre,  and 
terminated  hoth  ways  hy  the  eurfaee. 

4.  A  dSamelrttl  pkoM  is  any  plane  drawn  through  the  centre  i  and  its  inter* 
section  with  the  surface  of  the  sphere  is  a  great  circle     the  tphere. 

6.  An  excenirie  plane  is  any  plane  which  cuts  the  sphere,  hut  does  not  pass 
through  its  centre;  and  the  intersection  of  the  surface  o£  the  sphere  by  aa 
excentric  plane  is  called  a  less  circle  of  the  sphere. 

6.  A  tangent-plane  to  a  sjjhere  is  a  plane  which  meof^  the  surface  of  the 
sphere  in  one  point,  and  which  bcinj?  ]>roduced  in  all  directions  does  not  cut  it. 

7.  If  a  perpendicular  be  drawn  through  the  centre  of  the  sphere,  to  a  dia- 
metral plane,  it  intersects  the  surface  in  two  points,  which  are  called  the  pole9 
ike  great  drde  made  by  the  diametral  plane. 

8.  If  a  perpendicnhr  be  drawn  through  the  centre  to  an  excentric  plane*  it 
cuts  the  sphere  in  two  points,  which  are  called  the  poln  ofikf  legg  eirek. 

9.  The  poles  of  a  less  dicle  are  called  the  contigvous  and  the  resiofe  pole, 
respectively,  according  as  the  pole  is  in  the  less,  or  in  the  greater,  segment  of 
the  spherical  surface,  made  by  the  plane. 

10.  "When  two  great  circles  of  the  sphere  intersect  each  other,  they  divide  the 
surface  into  four  portions,  called  spherical  lunes  ;  and  the  enclosed  volumes  made 
by  the  cutting  planes  and  the  intercepted  surfaces  are  called  spherical  wtdges. 

11.  When  three  great  circles  intersect  each  other  two 
and  two,  the  portion  of  the  surface  enclosed  by  three 
contiguous  segments  of  them  is  called  a  ^kenooL  Irt* 
migU,  as  ABC  in  the  figure. 

Ifi.  As  the  three  great  circles  intersect  each  other  two 
and  two  a  second  time  on  the  opposite  sides  of  the 
sphere,  at  A',  B',  C,  there  will  be  eight  spherical  trian- 
gles formed  by  the  arcs  of  the  three  circles  :  viz.,  AliC,  A' 
A'F.r,  AB'C,  ABC,  and  A'B'C,  AB  C,  A'BC,  A'B'C. 

The  lirst  four  and  the  sBcond  four  -cts  are  calhd  respectively,  the  primary 
and  the  syTnincincal,  associated  s^stnns  of  spherical  triangles.  The  jjrimarif 
system  is  such  as  to  have  either  AB,  BG,  or  CA  in  each  triangle}  and  the  sym- 
mtttieail,  as  to  have  either  A'B',  B'C,  or  Ok*  in  each  of  the  triangles  which 
compose  the  system. 

13.  Whichever  of  these  triangles  be  first  traced,  the  entire  and  completed 
system  will  be  the  samof  and  hence,  any  one  of  them  may  be  taken  as  the 
original  triangle  of  the  system.  It  has  been  usual  to  consider  the  central  one 
as  the  original ;  but  we  may  readily  change  the  system,  as  may  be  easily 
seen,  so  that  any  other  of  the  three  shall  be  the  original  one.  We  shall  in  our 
investigatioTT^,  however,  r.msider,  f\cppr  other\vii<e  s])ecially  stated,  the  central 
one  ABC  tu  fmuiu mental  triangle  qf  the  associated  system.    The  sides  of 

the  other  three  are  either  equal  to  these  or  sujiplementary  to  them :  and  hence 
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the  remaining  three  triangles  will  be  spoken  of  as  the  sapplementary  triangles 
vfthe  atMcittied  t^tm.  If  we  wish  to  specify  which  of  the  supplemental  tri- 
angles we  speak  of,  it  will  be  conTeniently  done  hj  mentioning  the  tide  of  the 
fundamental  triangle  wliich  is  common  to  the  two :  thus,  BA'C  is  sopplemental 
with  respect  to  a,  AB  C  with  respect  to  b,  and  BC'A  with  respect  to  c. 

!4.  If  with  the  ant,ail;ir  jx/mts  A,  B,  C,  as  poles,  three 
other  prcat  circles  be  described,  their  interiscclions,  a,  b,  c,  . 
will  be  tin*  anj^ular  j>oints  of  another  spherical  triangle, 
abc,  which  iti  called  the  polar  triangle  with  respect  to 
ABC,  the  original  triangle  b«ing  called  with  respect  to 
the  polar  one,  thejirtsMry  triangle. 

15.  If  both  the  primary  apd  polar  system  of  associated 
triangles  be  completed,  the  eystems  are  called  the  primmy  ^ 
associated  and  the  polar  associated  systems. 

16.  The  arcs  AB,  BC,  OA  are  called  the  sides  of  the  triangle  ABC. 

17-  By  a  spherical  angle  is  meant  the  dihedral  ancrle  contained  by  the  planes 
'    of  the  circles  whose  arcs  form  the  boundaries  of  the  lune  on  the  surface  of  the 
sphere. 

18.  Great  circles  passing  throiigh  the  poles  of  a  great  eirde  are  called  Meomt 
STwt  to  that  drcle. 

19.  The  tpkerieai  eaem  of  a  triangle  is  the  excess  of  the  three  angles  of  that 

triangle  above  two  right  angles. 

20.  When  two  sides  or  two  angles  of  a  spherical  triangle  are  both  greater  than 
^T,  or  both  less  than  they  are  said  to  be  of  the  same  ofT^rfion;  and  when 
one  (either  side  or  angle)  is  greater  and  the  other  less  than  4^,  tbey  are  said  to 
be  o/ differ etti  affections,  or  of  unlike  affection. 

21.  A  quach-antcd  triangle  has  one  of  its  sides  a  quadrant.  It  is  conveniently 
called  a  bi-qaadraaial  and  a  tri'^uadraatai  tfianglct  when  two  sides  or  three 
sides,  respectively,  are  quadiants, 

PROP.  I.  ^THEOREM. 

AU  dkmiirttl  teeiions  of  the  sphere  are  e^iMtl  etrelw;  of  any  two,  one  bieeUe 

the^ker, 

1.  Let  ABCF  he  a  diametral  section  of  the  sphere,  of  ^ 
which  O  is  the  centre.  Then  since  O  is  the  centre  of  the 
sphere,  all  the  lines  OA,  OB,  OC,  etc.  drawn  to  the  8ur> 
face  are  equal;  and  since  A,  B,  C,  dc  are  in  one  plane, 

and  equidistant  from  a  point  O  in  that  plane,  they  are  m 
the  circumference  of  a  circle.  Hence  the  rliainetral  sec- 
tion of  the  sphere  is  a  circle,  whose  radius  is  equal  to  that 
of  the  sphere,  and  its  centre  coincident  with  that  of  the 
sphere. 

In  the  same  manner  it  will  follow  that  another  diametral  section,  BDFE,  of 
the  sphere,  is  a  circle  whose  radius  is  equal  to  that  of  the  sphere,  and  its  centre 
coincident  with  that  of  the  sphere*  The  two  diametral  sections,  BAFC,  BDFE, 

therefore,  having  equal  radii,  are  equal  circles. 

2.  The  two  diametral  sections,  ABCF,  BDFK,  passing  tbroiigli  O,  the  centre 
of  the  sphere,  their  common  section  HF  also  passes  through  their  common 
centre  ().  It  is,  hence,  a  diameter  of  each  circle.  The  arcs  BDF,  BAF,  BCF, 
BEF  are,  therefore,  semi-circleti ;  or  the  two  circles  mutually  bisect  each  other 
at  B  and  F,  their  intersectiona  on  the  surface  of  the  sphere. 

n2 
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PEOP.  II.  TUEO&EM. 

If  a  pkne  be  dnatn  through  any  jwmI  oh  thg  mafiut  the  sphere  at  right 
enffiee  to  a  radhie  dh^pra  to  f il«  tttm  point,  it  wUl  he  a  tmgeat  fitmie  to  the 
tphtre  i»  that  poiitt. 

Lbt  the  plane  MN  meet  Uie  sphere  at  B,  and  O  be 
the  centre  <^  the  sphere;  then  if  MN  be  perpradicalar 
to  the  radius  B0»  it  mil  touch  the  sphere. 

For,  let  E  be  any  point  in  the  plane,  and  join  EO,  and 
draw  the  plane  EOB,  cutting  MN  in  the  Jine  LB,  and 
the  sphere  in  the  fiTeat  circle  IJFD. 

Then,  since  OB  is  perpendicular  to  the  plane  MN, 
the  angle  EBO  ib  a  ngiiL  angle,  and  hence  greater  than 
the  angle  BED.*  The  side  £0  of  the  triangle  EBO 
is,  therefore,  greater  than  the  side  BO :  and  hence  £  is  more  remote  from 
O  than  B  is,  and  hence,  again,  than  any  point  of  the  sphere  is.  Wherefore  £ 
is  witbont  the  sphere.  Making  a  similar  it  ruction,  and  pursuing  a  similar 
course  of  reasoning  for  any  other  point  G  of  the  plane  MN,  the  point  G  is 
also  proved  to  be  without  the  sphere.  Ucncc  the  plane  MN  is  a  tangent  plane 
(fkf.  6). 

Coroltary  1. 

Planes  perpendicular  to  a  diameter  of  the  sphere  at  its  extremities  are  parallel 
tangent  planes. 

Coronary  2. 

If  taiigcttt  planes  be  drawn  to  a  sphere  at  the  opposite  extremities  of  a  diame- 
ter, they  will  be  parallel. 

Corottfify  3. 

Parallel  tangent  phnes  touch  the  sphere  at  the  opposite  eztrsmitiee  of  n 


PROP.  111.  THEOREM. 

If  toMgmtt  he  drawn  to  two  great  circles  of  the  sphere  at  either  poiat  of  inter- 
section,  the  antfte  fomed  bp  them  is  equal  to  the  epherieai  aapU  famtd  bp  the 
eireles  themselves. 

Let  EB,  BG  be  tangents  to  the  great  circles  BAD, 
BMD  at  B  their  point  of  intersection ;  then  EB^!  (  i  il 
to  the  spherical  anfjle  forinorl  by  the  circles  BAD,  BMD. 

For  the  tangents*  BE,  BG  to  the  circles  are  both  jx  rpen- 
dicular  to  iheir  common  diameter:  and  hence  (roi.  i.  p. 
347,  def.  4,)  the  angle  EBG  is  the  measure  of  the  dihedral 
angle  formed  by  the  planes  of  the  circles,  or  to  the  spheri- 
cal angle  MBA,  {def.  16.) 

PROP.  TV,  THEOREM. 

7%e  plane  of  a  great  drek  is  eat  by  any  two  of  its  secondaries  in  Hues  which  con- 
tain an  angle  equat  to  the  spherical  angle  formed  bp  those  secondaries. 

Let  CDE  be  the  primary  great  circle,  and  ACB,  ADB  any  two  of  its  second- 
aries, cutting  the  plane  of  CDE  in  C£,  DF:  then  the  angle  DOC  is  equal  to 
the  spherical  angle  DAC. 
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For,  noM  ACB,  ADB  are  secondaries,  their  liae  of 
section  AB  is  perpendicular  to  the  plane  CDE  {def.  7 
and  17>;  and  hence  the  j)lanes  MM),  AO('  cut  CDE  in 
lines  VOf  DO,  which  are  perpendicular  to  OA  {poL  i. 
351,  th,  7)-  Wherefore,  the  angle  DOU  is  the  measure 
of  the  inclination  of  the  plaocs  of  the  secondaries;  and 
hence,  again,  equal  to  the  epherical  angle  CAD. 

Corollary  1. 

If  two  great  semicircles,  ACB,  ADB,  be  bisecteti  in  C  and  0,  the  arc  CD  of 
a  great  drele  joiniog  them  is  a  measure  of  the  spherical  angle  CAD. 

CoroUary  2. 

The  pole  of  a  great  circle  i«  at  the  distance  of  a  quadrant  from  every  point 
of  that  circle:  for  since  AC,  AD  subtend  the  right  angles  AOC,  AOD,  they  are 
qnadrante. 

CuroUary  3. 

AU  the  eacoodariee  of  a  great  ciide  are  perpendtcohr  to  it :  for  their  plaiies 
pass  thiough  OA,  which  is  perpendicnlar  to  ito  plane ;  and  hence  the  measure 
of  the  angle  formed  by  the  drde  and  its  secondary  is  a  qnadrant. 

Cbroflory  4. 

Every  great  eirde  perpendictilar  to  another  is  a  secondary  to  it:  for  it  passes 
through  the  poles  of  the  former. 


PROP.  V.  THEOREM. 

TTte  poles  of  all  ihe  secondaries  are  situated  in  the  primary  ;  and  the  distmce  qf 
ike  poles  qf  any  two  circles  i»  the  meature  qf  ihe  tphmeal  miffle  ecmUmitd  hjf 

1.  Lbt  BGA,  BDA  be  any  two  secondaries  to  the  pri-  A 
mary  CDE :  then  the  poles,  P,  Q,  of  these  seoondaiies 
will  be  in  the  primary  CDE. 

For,  since  AC,  AD  are  secondaries  to  C£,  the  angles 
ACD,  ADK  are  right  anplc!?  (ir.  Cor.  3) ;  and  since  CE 
is  j>erpen(lirular  to  CA,  it  passes  thruu)j(h  tlie  pole  P  of 
CA  ;  and  similarly  it  passes  through  tlie  pole  U  of  AD. 
Wherefore,  the  primary  CD  paEses  through  the  poles  P,  B 

of  any  two  of  its  secondaries ;  and  therefore,  also,  of  the  poles  of  all  iu 
aecoodariee. 

S«  Let  ACB,  ADB  be  any  two  circles  intersecting  in  A,  B;  and  let  P  and  Q 

be  their  poles  respectively :  thai  the  arc  PQ  is  the  measure  of  the  angle  CAD. 

For  let  the  circle  PQ  be  drawn  to  meet  the  circles  ADB,  ACB  in  D  and  C  : 
then,  since  P  is  the  pole  of  A('H,  VC  is  at  right  angles  to  ACB,  and  equal  to  a 
quadrant  (ir.  Cor.  2,  3) ;  and  for  the  same  reason  iXD  is  at  right  angles  to 
ADB,  and  equal  to  a  quadrant.  Hence  to  the  secondaries  ACB,  ADB,  CDPQ 
is  the  primary :  and  since  CP  is  equal  to  DU,  each  being  a  quadrant,  we  have 
PQ  equal  to  CD.  But  since  AC»  AD  are  secondaries  to  CD,  the  are  CD  ie  the 
measnrs  of  the  spherical  aiigle  CAJD  (iv.  Cor.  1) ;  and  hence,  also,  PQ  is  a 
measure  of  that  angle. 

It  is  essential  to  remark,  that  in  this  demonslration  the  potes  are  taken  in 
oontinuation  of  the  cude  CD  in  the  foaie  JSnctum,  vis ,  hoth  in  the  direetioii 
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from  C  towards  or  beyond  D,  as  P  and  Q  of  tlie  rurure,  or  from  D  towards  or 
beyond  C,  as  Q' and  P' of  the  figure.  AVhen  the  poles  are  taken  contrarily,  as 
P,  Q',  or  V ,  Q,  their  distances  measure  the  supplementary  avgh^  DAE  and  FAC. 

We  t»haU  distinguish  the  two  cases,  the  first  as  the  same  direction,  and  the 
aecond  as  the  cross  directum, 

PROP.  VI.  THEOREM. 

Jlfwith  the  angular  ponds  of  a  spherical  triangle  as  poles  three  circles  be  described 
in  cross  direction  to  mutmlly  intersect,  a  new  triangle  wU  be/orwud,  mek 
thai:— 

1.  The  tvo  triai^let  tikaiU  be  Mutually  polar  to  each  other  j  and 

2.  Tke  tides  t^eaek  triaoffle  thaU  be  MpplniMiilary  to  tke  angles  qfthe  other, 

1.  With  poles  A,  B,  G,  dcocribe  great  circles  in 
cross  direction  with  respect  to  the  sides  AB,  BC, 
CA  of  the  triangle  ABC,  mutually  intersecting  in 
a,b,ei  then  ABC,  abc  will  be  mutualljr  polar  to 
each  other. 

Since  A  is  the  pole  of  be,  the  distances  \b,  Ac 
are  each  a  quadrant;  and  similarly  Ba,  Be,  Ca,  ^ 
Ch,  are  also,  each  of  thejn  a  quadrant.  Hence, 
arran;;ing  the  order  of  them  differently,  aW  and  aC  are  each  a  qnadrant ;  and 
therefore  o  is  the  pole  of  DC.    Similarly  b  is  the  jiole  of  AC,  and  c  that  of  BA. 

2.  Since  B  and  C  are  the  poles  of  ac,  ab,  taken  in  cross  direction^  BC  is  the 
measure  of  the  supplement  of  the  angle  bac,  formed  by  ab^  uc  {v.  Schol.),  or  the 
side  BC  is  supplementary  to  the  angle  flae.  In  the  same  manner  CA  and  AB 
are  supplementary  to  the  angles  abe  and  a<A. 

Agaiuy  since  the  triangle  ABC  is  polar  to  abe,  the  same  reasoning  will  show 
that  be  is  supplementary  to  BAC,  ca  to  ABC,  and  ab  to  ACB. 

Scholium. 

This  theorem  was  discovered  by  Philip  Lansberg,  and  has  been  since  his  time 
extensively  employed  in  trigonometrical  research.  It  h  to  be  recollected,  in 
the  enunciation  of  this  theorem,  that  by  a  spherical  angle  is  meant  its  measure, 
viz.,  the  circular  arc  intercepted  by  its  side^  ujjon  the  circle  to  which  they  are 
both  primaries  (see  iv.  Cor,  I).  It  must  also  be  carefully  reuieuibered  that 
this  supplementary  property  uuly  holds  in  the  two  triangles  when  they  are  taken 
in  eroct  dire^ume»  For  the  remaining  triangles  formed  by  AB,  BC.  CA,  and 
ab,  be,  ea,  the  relation  is  investigated  in  the  next  proposition. 

The  distinction  upon  which  the  supplementary  relation  is  founded,  wiU  render 
it  convenient  to  denote  the  system  as  die  croM<polBr  triaaglee. 

PROP.  VII.  THEOREM. 

1/  there  be  two  eroet'pokir  triaaglee,  ae  in  the  last  propoeitiem,  and  iakUig  these  as 
the  /uadameKtal  trkmgles  of  two  assoeiaied  systems  (def.  14),  then  these  two 
associated  system  wiU  be,  triangle  for  triangle,  mniualfy  cross-polar  triangles, 

Lbt  ABC,  abc,  be  two  mutually  cross-poUr  triangles,  and  let  the  associated 
systems  be  completed  by  producing  AB,  AC  to  meet  in  A',  BA,  BC  to  meet  in 
B',  CA,  CB  to  meet  in  C,  o6,  ae  to  meet  in  a',  ba,  be  to  meet  in  6*,  and  oo,  e6  to 
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meet  in  c' :  then  the  two  systems  will 
l>e,  triangle  for  triangle,  mutually  cross- 
polar*}  tuehtbat 

ABC,  ebe,  m  the  fint  pair ; 

A'BC,  t'bc,  are  the  second ; 

AB  C,  ab  ct  are  the  third  ; 
and  ABC,  abc\  are  the  fourth. 

For,  by  the  hyjjothesis,  the  first  pair 
ABC,  ahc,  are  mutual  polars*  and  heoce 
B  is  the  pole  of  ac,  tliat  is  of  oc' ;  A  is 
the  pole  of  be,  that  i»  of  be  ;  and  since 
G  is  the  pole  of  oft,  O  ie  the  other  pole 
of  ab.  The  points  A,  B,  O  vtt,  there- 

fore,  the  poles  of  the  sides  of  the  triangle  abe^i  and  hy  the  reciprocal  nature  of 
cross-polar  triangles  (which  from  the  structure  of  the  figure  these  triangles  are), 

a,  b,  c'  are  the  poles  of  the  sides  of  the  triangle  ABC. 

In  the  same  manner  it  is  shown  thit  A'BC,  a'bc  are,  mutaally  cr08S>poUr 
triangles,  and  that  AB  C  and  ab'c  are  also  cross-polars. 

Omthrf  f . 

Draw  the  greut  circle  a  A  to  meet  iiC,  be  in  G 
and  H.  Then»  hecanse  a  ia  the  pole  of  BC^  and 
A  that  of  be,  the  arcs  «G»  AH  are  qoadranta. 
Hence,  oG  +  AH  s  «H  -f  AG  a  ir;  and  the 

angles  at  G  and  H  are  right  angles. 

Let  R,  R'  be  the  intersections  of  BC,  be :  then 
I>ecau«e  the  angles  at  G  and  U  are  right  angles 
R,  K'  are  the  poles  of  oA. 

CoroBsry  d. 

Let  AB  and  be  meet  in  K,  BC  and  ba  meet  in 
h,  AG  and  be  meet  in  M,  and  ae,  BC  in  N :  then 

He  =  GAG  ^  GAB    and  6H  +  GAC  »  ^  s  He  +  GAB. 
For,AM  =  &H  +  HM«s6H  +  HAM^m  +  GACs 
and,  cK  =  cH  +  HK  =  cH  +  HAK  =  cH  +  GAB. 
Also  6M  =  iir  =  cK,  since  b  and  e  are  the  poles  of  AM»  AK.  Hence  the 
eonclnsion  follows. 

CereUarjf  3. 

Retomiag  now  to  onr  original  figure.  Jet  the  three  arcs  Aa,  B5,  Cc,  be  drawn  { 
Ihcee  will  pass  through  the  same  point  O,  because,  as  has  just  been  shown,  they 
are  perpendicular  to  the  three  sides  BC,  AC,  AB.   Also,  because  oA  ia  perpen- 

dicular  to  be,  it  will  pass  through  the  opposite  pole  a'.  In  like  manner  it  will 
pass  through  A'.  Or  the  points  nAOo'A'  are  in  the  same  great  circle,  whose 
poles  are  R  and  R',  the  intersections  of  BC,  be. 


*  It  is  to  b«  understood  that  angles  ar«  considered  equivalent  to  the  arcs  which  subtend  them 
in  «quatfamt  meh  m  ihsM.  Tbe  fitet  is,  tint  both  plsas  sad  dibednd  snglss  are  nMstntsd  \tf 
their  iebtendmc  arcs,  and  the  prindpU  Ins  been  laid  dowa  at  pw  421,  toL  i.,  upoo  vldch  this 
csapsiisso  M  foundwl. 
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In  like  manner  bliOb'H'  are  m  one  great  circle,  whose  poles  are  S,  S',  the 
intersections  of  AC,  ac ;  cCOe'C  are  in  one  great  elide,  wlioae  pdei  an  Q,  Ql, 
the  intenecliona  of  AB,  ab. 

Again,  because  R,  R'»  are  the  polea  of  ok',  the  arcs  RO,  OR',  are  qnadnnta. 
In  like  manner  SO,  OS*,  and  QO,  0Q^\  are  respectively  quadrants  ;  and  as  the 
quadrants  are  drawn  from  the  poles  of  aa,  hb\  eo,  respectively,  R»  O,  R' s 
S,  O,  S',  and  Q,  O,  Q',  an  respectively  in  the  aame  great  circles. 

Corollary  4. 

Also,  since  OR  =  OR  -  OS  =  OS'  =  OQ  =  OQ'  =:  Att,  the  six  poiuU 
R,  R',  S,  S',  Q,  Q',  are  in  the  same  great  circle,  and  O  is  its  i)olc. 

The  complexity  of  the  figure  which  would  result  from  a  further  detail  of  these 
interesting  researches,  compels  us  to  leave  them  to  the  industry  and  ingenuity 
of  the  stadent 

PROP*  YIII.  THEOREM. 

Thi  centre  of  the  circh  inscribed  in  either  Ihr  primary  or  the  polar  triangle,  crnn- 
cides  with  the  centre  nf  that  circumscribed  respectictly  about  the  polar  or  the 
primary  ;  and  the  radii  of  either  pair  qf  concentric  cvrcles  art  vompUmentary 
to  each  other. 

Let  O  Ijl  tlie  centre  of  the  circle  GHK,  inscribed  in 
the  priiiiuiy  triangle  ARC;  it  will  also  be  the  centre  of 
that  described  about  the  polar  triangle  abc ;  and  the 
radii  of  the  two  circles  will  togetber  be  equal  to  a 
quadrant. 

For,  throngfa  o,  h,  e,  draw  aO,  M>,  cO,  to  meet  the 

sides  of  ABC  in  G,  H,  K.  Then  since  a  is  the  pole  of 
BC,  the  angles  OGB,  OGC,  are  right  angles;  and 
mnce  O  is  the  centre  of  inscribed  circle,  G  is  the  point  of  contact,  and  OG  the 
spherical  radius  or  polar  distance.  In  like  manner  cOK,  are  drawn  to  the 
points  of  rontact.  and  OH,  OK,  are  radii  of  the  inscribed  circle.  The  three 
arcs  OG,  Oil,  OK,  are  therefore  equal. 

Again,  since  a,  6,  c,  are  the  poles  of  BC,  CA,  AB,  the  three  arcs  oG,  AH,  cK, 
are  all  quadrants,  and  therefore  equal ;  and  the  parts  OG,  OU,  OK,  having  been 
shown  to  be  equal,  the  remaindera  aO,  10,  cO,  are  equal ;  and  O  is,  therefore, 
the  centre  of  the  cirele  through  a,    e,  and  oO,  dO,  cOj  are  each  of  them  the 

It  has  been  shown,  likewise,  that  aO  is  complementary  to  OG. 

In  the  same  way  it  may  be  proved  that  the  centre  of  the  circle  inscribed  in 
0^0  is  coincident  with  that  of  the  cirele  described  about  ABC»  and  that  the  radii 
an  complementary*. 

PROP.  IZ.  THEOREM. 

^from  ikB  obUqm  angk$  A,  B,  qf  a  irlangk  right-angUd  at  0,  aspokt.  Am  «r* 
c/(f ,  RQS,  MKH,  be  duenbtd  to  cal  lAe  tknt  mdet  (jprodmetd  when  neeenary) 
at  Ml  fhtfufums  ihm. 


•  Sevcrui  cnhotiB  anil  ititcrcsting  investigations  connected  wiUi  this  subject,  by  Mr.  Lowr^, 
may  lie  ie«Q  in  (ho  Hath.  Repos.  QjS.,  vi>1b.  1.  ii*  iiL*  «m1  N.9.,  voL  i. 
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1.  The  triangles,  ALK,  KRG,  GHQ.  OFB^iDitt  it 
right'Omflcd  at  L,  K,  H,  P. 

2.  The  intersections  K,  G,  Q,  will  be  the  poles  of  the 
tides  CB,  BA.  AC,  of  the  triim^  ABCs  and  the 
of^te  poles  of  AQ  md  BK  mU  R,  S,  aitf 
HLf  VLy  nspectn^jfm 

1.  Since  A  is  tlie  pole  of  RS,  the  circles  AR,  AG, 
AQ,  AP,  AS  are  all  secondaries  to  RS,  and  hence  at 
light  angles  to  it  (IV.  Cor.  3).  In  the  same  man- 
ner BH,  BO,  BK,  BL,  BM  are  secondaries  to  HM, 
and  at  right  angles  to  it.   Hence  the  angles  at  L,  R, 

P,  are  all  nght  angles  $  which  establishes  the 
first  part  of  the  theorem. 

2.  Since  MK,  by  the  ])receding  part  of  the  })ropo6ition,  is  perpendicular  to 
BC,  arui  by  hypothesis,  CA  is  also  perpendicular  to  it,  they  buth  pass  through 
the  pole  of  BC  (IV.  Cor.  4).  Hence  thdr  intersection  K  is  the  pole  of  BC;  and 
in  the  same  way  it  may  be  proved  that  Q  is  the  pole  of  AC. 

Again,  since  B  is  the  pole  of  H6M,  B6  is  a  quadrant ;  and  for  the  same 
reason  AG  is  a  quadrant :  hence  6  is  the  pole  of  AB. 

Lastly,  since  BM,  MK  are  quadrants,  M  is  the  pole  of  BK;  and  H,  the  other 
intersection  of  BM,  MK  is  the  opposite  pole.  In  the  same  manner  it  may  be 
proved  that  R  and  S  are  the  o])posite  polcs  of  AQ.  The  second  part  of  the  pro- 
position is,  therefore,  proved. 

PROP,  X.  PROBLEM 

Gkm  tkt  parts  pf  ike  right-angled  triangte  ABC  (last  figiue),  tojind  tha  sides  and 
angles  of  the  triangles  ALK,  KRG,  GHQ,  QPfi. 

1.  Thk  angles  L,  K,  H,  P  were  found  in  the  last  proposition  to  be  right 
angles. 

2.  The  angle  AKL  is  measnred  by  CM,  since  K  is  the  pole  of  BCM.  Hence 
AKL  =  BM  — BC  =  iir  — ei  and  similarly  PQEs^ir  — 6.  Also,  the 
angles  KAI^  QBP  being  vertical  to  BAG,  ABC,  are  equal  to  A  and  B,  respec- 
tively :  and  RKG,  HQG  being  dpposite  to  AKL,  BQP,  are,  also,  respecttrely 

eqnal  to  \it  —  a,  and  \ir  —  h. 

Again,  B  beiug  the  pole  of  HGK,  and  A  that  of  HGQ,  tl  r  nnirles  KGK,  FIGQ 
are  each  formed  by  the  polar  circles  taken  in  the  same  an  ection :  and  hence 
also  they  are  each  measured  by  AB,  the  distance  of  ttie  poles,  or  UGK  = 
HGQ  =  0. 

All  the  angles  of  the  four  triangles  are,  therefore,  detmnined. 

3.  Since  BL,  BM  are  quadrants,  LM  is  the  measure  of  the  angle  B,  and 

KL  =  in-  —  B;  and  similarly  PQ  =  lir  —  A.   Also,  KC  being  a  quadrant, 

AK  =  \7T  —  6;  and  similarly  BQ  =  .^ir  —  a.  Finally,  since  BL  and  APare 
quadrants,  BP  —  AL  =  ^ir  —  c.  The  sides  of  the  triangles  AKL,  PBQ,  are, 
therefore,  determined. 

Moreover,  since  B  is  tlic  pole  of  HKM,  BH  is  a  quadrant;  and  HU  —  IIB 
—  BQ  ss  ^ir  —  (^Tr  —  a)  St  at  and,  similarly,  RK  =s  6.   Also,  G  being  the 


•  To  nvoid  drninilonition,  alirobraic  symbols  arc  inliodncod  5ntn  this  investigation,  viz.,  the 
angles  of  the  triangle  AliC  arc  dcdott-d  by  A,  li,  C,  and  thtir  op|Kl^ito  sides  by  o, &,c:  also  tk« 
qitadraut  it  reprmatcU  by  ilg  u»uul  algebraic  value  tu  fodius  1,  viz.,  by  ^v. 
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pole  of  AB,  and  Q  that  of  AC,  the  side  QG  of  the  triangle  is  the  incaf?ure  of  the 
angle  BAG,  or  UG  =  A;  and,  similarly,  GK  =  B.  Lai?tly,  since  Q  is  the 
pole  of  RCS,  QR  is  a  quadrant,  and  GR  =  RQ  —  QG  =  —  A  ;  and,  nimi- 
larly,  HG  =  ^tt  —  B.  The  sides  of  all  the  four  friungles,  ALK,  KRG,  GUQ^ 
and  QPB,  are  hence  found,  and  the  problem  entirely  solved. 

Scholium, 


As  these  values  will  form  the  foundation  of  the  entire  system  of  tpkerieal 
trigommetrjft  it  will  be  conveoient  to  tabulate  them  as  follows:— 


Purls. 

akbc 

aKAL 

aGKR 

aQGH 

abqp 

Base 
Perpend. 
Hypotb. 
£.  at  base 
^  at  vertex  | 

BC=a 
CA=6 
AB=c 
ABC=B 
CABsA 

AL=i)r — c 

LK=i»-B 

KA=.i7r-6 

KAL=A 

LKAs|ir-a 

KR^/-. 

RG=in^— A 

GKsB 
GKRs4ir-a 
RGKs:c 

GH=iT— B 

iiQ=a 

QG=A 

PQ=J,r— A 
PB=i»-c 
BQ=Jr— « 

UBP=B 

PROP.  XT.  THEOREM. 

Any  two  sides  qf  a  spherim!  triangle  are  tooefher  greater  tlmn  the  thirdf  and  the 

diff'treace  of  any  two  is  less  than  the  third. 

For,  let  0  be  the  centre  of  the  splK  n'  upon  which  the  spherical 
triangle  ART  i-^  described,  and  join  OA,  OB,  OC. 

Then  AOB,  BOG,  COA,  are  the  plane  angles  which  contain  the 
solid  angle  at  O.  Tlu  n  <  f  these  angles,  the  mm  of  any  two  is 
greater  than  the  third,  and  I'ue  diflerence  of  any  two  is  less  than  the 
third  {col.  i.  p,  30O).  Also,  these  angles  are  measured  by  the  arcs 
of  the  circles  whidi  form  tlie  qpberiesl  triangle  ABC ;  and  heoce  the 
prupositioii  is  true  of  these  arcs^  that  is  of  the  sides  of  the  triangle. 


PROP.  XII.  TIl£OH£M. 

ill  a  tpkerieat  trkngle,  the  three  diet  are  together  fest  thorn  am  entire  arcim- 

and  each  tide  i$  kte  than  a  seaUeirele. 

{Setjiffure,  pr,  aij 

1.  For  the  three  angles  at  O  are  together  less  than  f  ur  right  angles  {rot.  i. 
p.  3G1),  and  hence  theu:  measures  AB,  BC,  CA,  arc  together  less  than  four 
quadrants :  that  is,  than  an  entire  circumference. 

3.  Since  any  two  sides,  AB,  BC,  are  together  greater  than  the  third  AC, 
it  is  obvious  that  one  side,  AC,  must  be  less  than  half  the  sum  of  all  the  three 
sides  AB,  BC,  OA }  that  is,  by  the  preceding  case,  less  than  a  semicircle*. 


*  The  thcorvnis  ^iwn  in  tbi»  port  of  the  work  being  limitod  to  tbow  vrhich  areCMetttlal  %9 
TTTinierical  •olution,  tbe  itudent  should  czerctM  hima«lf  upon  th«M  eno&ciated  w  camdMS 
at  pages  22,  23. 
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PKOP.  XIII.  THEOREM. 

hi  a  9flkmoal  triangle^  if  two  of     mglet  bt  equal,  the  tides  opposite  to  them  are 
eqmU:  mid  mwendjf,  ff  two  aidu  be  equal,  the  aeufkt  eppotiie  to  them 
eguid^ 

1.  Lrt  the  angles  CAB,  CBA,  be  equal;  then  thall  BC 
be  equal  to  CA. 

Var,  draw  CD,  perpendicobr  to  the  plue  AOB ;  and  in 
tbe  same  plane  draw  DE»  DP,  perpendiailar  to  OA,  OB, 

and  join  EC,  FC. 

Then  (vol.  t.  p.  351),  CE  and  CV  nre  perpendicnlar  to  o 
OA  and  OB  ;  and  hence  the  an^rleij  CEU,  CFD,  are  equal 
to  the  s[)hcrical  angles  at  A  and  B.  But  (by  hypothesis) 
these  are  equal ;  and  hence  in  the  rlf^ht-anglod  plane  trian- 
gles CDE,  CDF,  we  have  the  angles  CED,  CFD,  equal,  and 
the  aide  CD  common ;  wbenfore  alao  EC  ia  equal  to  CF. 

Again,  in  the  right-angled  triangles  CEO,  GFO,  we  have  EC  equal  to  CP 
and  CO  common ;  hence  the  angles  COE,  COP,  are  also  equal,  and  their  mea. 
aiires  AC,  CB,  also  equal. 

2.  Let  the  sides  AC,  CB,  be  eqoal,  then  the  angles  at  A  and  B  will  alao  be 
equal. 

For  make  the  samt*  construction:  then,  since  the  sides  AC,  CB,  are  equal, 
the  angles  AOC,  CUB,  are  equal;  and  since  OC  is  cocninon  to  the  two  rx^hl- 
angled  triangles  CEO,  CFO,  we  have  EC  equal  to  FC.  Wherefore,  in  the 
right-angled  triangles  CED,  CFD,  we  have  EC,  CD,  equal  to  FC,  CD,  each  to 
each ;  and  therefore  the  angles  CED,  CFD,  also  equal :  and  these  are  eqnal  to 
the  spherical  angles  at  A  and  B. 

Corolkrj/. 

In  every  spherical  triangle,  the  (greater  side  and  greater  angle  are  opposite. 

For,  let  AC  be  greater  than  CB ;  then  the  angle  COA  is  greater  than  COB, 
and  therefore  EC  greater  than  CF ;  wherefore,  ptirsuing  a  train  of  reasoning 
analogous  to  that  in  the  proposition,  we  have  CD  common  to  the  triangles 
ODE,  CDF,  but  EC  greater  than  CF;  and  hence  the  angle  CFD  greater  than 
CED,  that  is,  B  greater  than  A. 

PROP.  XIV.  THBOREM. 

Every  angle  of  a  spherieal  irim^le  u  lest  than  two  right  angles,  md  aU  three 

tegetker  lett  Ikon  si»  right  angles, 

1.  For  every  dihedral  angle  is  less  than  two  right  angles,  and  hence  every 
apherical  angle  which  has  the  s^e  measure,  is  less  than  two  right  angles. 

9.  Henoe  the  three  together  are  less  than  three  times  two  right  angles ;  that 
is,  less  than  six  right  angles. 

Corolkay. 

Hence,  eontnuy  to  what  takes  place  in  plane  triangles,  there  may  be  two, 
or  even  tbrse^  of  the  anglea  of  a  spherical  triangle,  either  right  angles  or  obtuse 
angles. 
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PROP.  XT.  THEOREM. 
The  ikret  migkt  of  any  ipfaneol  triangle  are  together  gnaitr  tkm  ftw 

FuH,  let  ABC  be  any  spherical  triangle,  and  abc  its 
crost>polvi  ud  draw  Uw  aici  Ab,  Ac,  Da,  Be, 
Ca,Cb, 

TheDt  since  A  is  the  pole  of  he,  the  angle  hXe  u 
mcasiured  by  be;  and  since  BAG  and  be  are  supple- 
mentary, tlie  angles  BAC  and  hXc  arc  togetlier 
equal  to  two  right  angles.  In  like  manner,  ABC 
and  aBc  are  together  equal  to  two  right  angles,  and 
likewise  BCA  and  bCa  are  together  ei^ual  to  two 
right  angles.  Hence  the  eiz  angles  ABC«  BCA, 
CAB,  sBe,  hCa,  and  eAb,  an  together  equd  to  six 
right  angles. 

But  the  angles  5Ac,  cBo,  aCb,  are  measured  by  the 

and  these  are  together  less  than  an  entire  circumference,  and  the  angles  them- 
selves, therefore,  less  than  four  right  angles.  Wlu  refore  the  remaining  three 
angle<<  ABC,  BCA,  CAB,  of  the  spherical  triangle  ABC,  are  gr^iter  than  two 
right  angles. 


of  the  triangle  abe. 


PROP,  XV i.  THEOREM. 

If  two  triangles  have  three  sides  ef  the  ovf  eqml  to  three  sides  of  the  other,  rnrh  fn 
each;  the  angles  will  be  equtil  which  are  opposite  to  the  equal  sides:  and  con- 
versely, if  the  three  angles  of  one  he  equal  to  the  three  angles  of  the  other,  the 

sides  opposite  to  the  equal  angles  tcill  be  equal. 

First.  Suppose  the  sides  to  follow  in  the 
same  order,  and  let  the  triangles  be  abc, 
A'B'C  Then,  as  in  piano,  the  sides  ab,  be,  cu, 
will  he  capable  of  coincidence  respectiTely 
with  A'B',  B'a,  CJL\  and  the  condonon  will 
follow. 

Seeond*  Suppose  them  not  in  the  same 
order,  as  ahc,  ABC.   Tlien  produce  the  edges 

OA,  OB,  OC,  to  A',  B',  C,  and  let  the  planes  of  each  two  cut  the  spherical 
surface  in  B  T'.  C'A',  A'B'.  Then  these  are  equal  to  BC,  CA,  AB,  respectively, 
and  hence  also  to  be,  ca,  ah,  respectively. 

But  the  dihedral  angles  at  OA',  OB',  OC,  are  equal  to  those  at  OA,  OB,  OC, 
since  thef  are  vaitioal  to  them ;  and  the  ^edral  angles  at  oa,  ob,  oc,  are  also 
equal  to  those  at  OA',  OB',  OC,  («ol.  t.  tk,  24,  p.  36i,)  since  they  are  con- 
tained by  equal  plane  angles,  or  those  measured  by  equal  arcs.  Whence  the 
dihedral  angles,  that  is,  the  spherical  anglee  of  the  triangles  ABC,  ode,  are  equal 
each  to  each. 

In  like  mannei^  ])y  a  mere  coDtra-position  of  the  terms  of  the  aigumenV  the 
converse  case  may  be  proved. 


Scholium. 

By  methods  correspondent  to  these,  the  equalities  analogous  to  those  where 
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IS 


difiemit  eombiitttioiu  of  the  parts  of  plane  triaoglee  are  coneenied,  may  be 
established.  It  is  not,  however,  necessary  to  purnie  the  tobject  fiirther  here  $  as 
it  wUl  be  resumed  in  a  fntnre  psge,  by  means  of  the  trigonometrical  equations 
amongst  the  several  ports. 


PROP*  XVII.  THEOREM. 

Every  section  qf  a  sphere,  made  by  an  excentric  plane^  is  a  circle. 

Let  O  b€  the  centre  of  the  sphere,  and  BCD  any  cx- 
centric  ])lane  section.  From  ()  draw  OA  perpendicular  to 
the  t  xcentric  plane  BCD,  and  draw  any  lines  in  thai  plane, 
as  AB,  AC,  AD,  etc.  and  join  Ol3,  OC,  OD,  etc. 

Then,  {vol.  i.  p.  349,)  OAB,  OAC,  OAD,  etc.  are  right- 
angled  triangles,  having  OA  common,  and  the  ndM  OB, 
OC,  OD,  e|c.  all  equal  {dtf*  i)  Henee  the  aides  AB, 
AC,  AD,  dc.  are  dl  equal.  The  points  B,  C,  D,  etc.  there- 
fare,  bong  situated  in  the  plane  BCD,  and  their  distances  from  A  all  equal,  the 
^gnre  BCD  is  a  eirde  (pol.  u  dtf.  IS,  p.  291). 


These 


PROF.  XVIII.  THEOREM. 

Let  two  great  semicircles  cut  at  right  angles :  then  from  any  point  in  one  of  them, 
tauMMraifo  pm$  drefat  suy  be  drmmt,  so  that  eadk  pair  sM  siofo  egnaf 
m^isf  wUh  the  other  eemieirde. 

Let  UPR,  UQR,  be  two  semi- 
circles intersecting  at  right  angles; 
then  thfoi^(h  any  point  P  in  the  fiofr- 
mer,  innumerable  circles  may  be 
drawn  in  pairs,  as  PA,  PB,  which 
.shall  Tnake,  with  the  latter,  angles 
PAli,  i'Bll,  cqnal  to  one  another. 

Bisect  ihe  semicircle  RQR'  in  Q ;  *"  *" 

take  any  two  equal  arcs  AQ,  BQ,  in  RQ:R',  and  draw  the  circles  AP^  PB. 
will  make  the  angles  RBP,  RAP,  equal  to  one  another. 

For,  produce  the  drdes  AP,  BP,  and  draw  QP  to  meet  the  completion  of  the 
circle  ROR'  in  A',  B',  Q'.  Then,  we  have 

BR-fRA=(RQ-QB)  +  (RQ+QA)=2RQ=RQR  =  ir=ARA'=AR+R'A, 
Wherefore,  A  R  =^  RB,  and  consequently  also,  RBP=  RA'P  =  IL\P.  Whence, 
taking  AU,  UB,  of  any  magnitude,  hut  equal  to  each  other,  the  angles  formed 
by  PA,  PB,  with  RUR'  will  be  equal ;  which  establishes  the  proposition. 

Corollary  i. 

If  the  point  P  lie  (as  in  the  first  fij?urc)  hetwcen  R  and  the  pole  O  of  the  circle 
RQQ',  the  angles  PAR,  PBR,  will  be  acute,  and  have  as  their  greatest  limit  Liie 
right  angles  PRQ%  PR'Q :  but  if  it  tie  beyond  O  estimated  from  R,  (as  in  the 
second  figure,)  the  angles  PAR,  PBR,  will  be  o6litse,  and  have  for  their  least 
limit  the  same  right  angles  PRCl',  PR'Q. 


CoroHsty  2. 

On  the  hypothesis  of  the  b^t  curulUry,  PUR  wiU  be  the  Icuol  in  the  furmei' 
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figure,  and  the  greatest  in  the  latter,  of  all  the  angles  that  can  be  made  by  circles 
ptsaiDg  through  P  tnd  eottiiig  the  drdo  RQR'. 

For  draw  OBF  perpendicular  to  PA,  the  one  of  the  circles  that  peenee 
between  PR'  and  PQ,  meeting  it  in  E,  and  RQR'  in  F.  Then  aince  the  tmglt 

RTA  is  acute,  it  is  less  than  OEP,  ifg.  l.)  and  therefore  also,  OE  is  less  than 

OP ;  and  as  OR  =  OF  =  we  have  EF  greater  than  PR.  But  AA'  ie 
bisected  in  E,  or  AE  is  a  quadrant,  and  at  right  angles  to  EF ;  wherefore,  A  is 
the  ]K)le  of  EF,  and  the  angle  EAF  or  PAR  is  measured  by  EF.    Also  PQR  is 

measured  by  PR;  wherefore,  PQR  is  less  than  PAR. 

In  the  second  fif^ure  we  may  reason  similarly  :  but  it  will  be  simpler  to  deduce 
the  conclusion  from  the  supplements  of  the  angles.  Thus,  since  R'UP  (Jijf,  2) 
is  less  than  R'AP,  it  follows  that  PQR  is  greater  than  PAR. 

CoroflSnry  3. 

The  circles  PA,  P13,  make  equal  angles  with  the  circle  OP  or  RR',  as  is  at 
once  obvious. 

Corollary  4. 

If  from  any  point  P  on  the  surface  of  a  hemisphere  bounded  by  the  circle 
R'URQ',  circles  PH.  PU,  PQ,  PA,  PR',  etc.  be  drawn  to  meet  that  circle  :  then 
the  greatest  is  that  which  passes  through  the  pole,  and  the  least  is  that  consti- 
tuting the  remainder  of  the  semicircle;  those  which  pass,  one  on  each  side  of 
the  greatest,  at  equal  distances  from  the  pole  (or  which  make  equal  angles  on 
opposite  sides  with  the  greatest)  are  equal,  etc.  to  corrsspond  with  Ex.  iii.  7,  8. 


PROP.  XIX.  PROBLEM. 

Tko  sufet  qf  a  trumgU  mid  the  angle  appotUe  io  one  qf  tkm  hemg  ghm,  ii  «t 
rtqmnd  to  moetHffote  the  miMber  qf  tobiHomt  qf  wkidk  a  irimiffle  9tmtimetdd 
wiik  lAcM  dlsle  admiti. 


LsT  A  he  the  given  angle,  BC  the 
given  side  opposite  to  A,  and  AC  the 
other  side:  it  is  required  to  find 
when  the  point  B  can  have  two  posi- 
tions, and  when  only  one,  compatible 
with  the  given  magnitudes  A,  a,  b. 

[In  fig.  1.  A  is  aatte,  and  in  fig.  2.  A 
is  o6/tt5e.] 

Produce  AB,  AC,  to  meet  in  A'; 
and  from  C  draw  CI)  perpendicular  to 
ABA'.  With  pole  C,  and  spherical 
radhis  equal  to  any  given  value  of  the 


side  a,  describe  circles  to  cot  ADA',  which  each  will  do^  as  Ibr  instance,  in  two 
points,  b,  V, 

Now,  whilst  a  is  less  than  CD.  there  will  he  no  intersection,  and  hence  no 
solution  at  all ;  and  when  a  =  CD  there  will  be  one  solution,  the  triangle  being 

right-angled  and  isolated. 

When  a  is  less  (in  Jig.  1)  or  greater  (in  fuj.  2)  than  cither  CA  or  CA'  (but 
respectively  greater  or  less  than  CD),  there  will  be  two  intersections  b  and  b' 
{pr.  xviii.  cor.  4) ;  and  hence  two  triangles  A6C  and  Ab'C,  which  have  all  the 
data,  and  therefore  two  solutions. 
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When  a  is  eqaal  to,  or  gmter  than  the  Ims  of  the  two  CA>  CA',  but  leee 
than  the  other,  there  will  be  only  eiie  eolutton  es  AjSC,  or  ABC.  * 
When  a  is  greater  both  than  CA  and  CA',  the  triangle  that  will  be  formed 

will  not  have  the  given  angle  A,  but  its  supplement  in  the  one  case ;  and 
though  formed  with  A  in  the  other  case,  one  of  ite  sidee  will  be  greater  than 

a  semicircle,  contrary  to  itrop.  xii. 

Whilst,  therefore,  the  side  a  lies  between  h  and  ?r  —  h  m  value,  there  will  be 
only  one  solution :  but  iu  all  other  cases,  either  two  or  lione. 

Coroflofy. 

The  side  b  and  its  opposite  angle  B,  in  the  case  of  the  solution  being  unique, 
are  of  the  same  affection ;  as  is  evident  iromprop.  xcui.  cor,  2. 

PROP.  XX.  PROBLEM. 

TkpQ  angles  of  a  trimgU  and  tht  tide  oppoiH§  to  out  of  them  being  given,  U  is 
nquind  to  tavef l^afe  tke  number  of  eobiiioM  ^  wAte&  a  triangle  amUmeted 
with  then  data,  oAmis, 

iMt  B  be  tlie  given  angle  to  >^ 
wbicli  the  given  aide  BC  ie  ad*  ^ 
jacent :  it  is  required  to  6nd      /  \ 
when  two  tolntions,  and  when    b(  \  /  ji 
ODly  one,  will  be  compatible  y^'^fc^ 
with  the  data.  \  l^^^^^^^^l^ 

[In  Jig.  1.  B  is  actf/e,  and  in 
2.  B  is  obtuse],  JL 

Draw  CR  perpendicular  to 
the  side  AB,  and  CQ  perpendicular  to  CR :  produce  BC,  RA,  to  meet  again  in 
B',  make  Qd  ^  UB',  and  draw  the  great  circle  CdL 

Then,  since  CQ,  RQ,  are  perpendicular  to  CR,  Q  is  the  pole  of  CR,  and  QR 
it  a  quadrant :  wherefore  (pr.  xviii.)  CdR  =  CB'R  =  CBR.  There  will  hence 
for  any  value  of  the  anj^le  A  between  Cdll  and  CQR  be  two  solutions,  as  a'BC 
and  aiBC;  hut  for  any  vahie  wliich  sliall  give  to  A  a  position  between  d  and 
B  in  Jig.  1,  and  between  d  and  B  in  fig.  2,  there  is  only  one  solution  as  AUG. 

Sow  the  limit  to  the  value  of  A  on  the  right  being  Cdii,  where  A  =  B,  and 
the  limit  on  the  left  being  CBR'  where  A  =  O  B :  and  the  progress  from  the 
one  to  tbe  other  being  conUnuons,  the  condition  of  the  solution  being  single,  is 
that  A  lies  between  B  and  w  —  B.  When  it  is  either  less  in^.  1,  or  greater  in 
J^,  2,  than  CQR,  there  is  no  sohition  ;  and  when  between  the  limits  B  and  Q, 
there  will  be  two  solutions.  Whilst,  therefore,  the  value  of  the  an^^'k-'A  is 
between  B  and  n  ~  B,  there  will  be  but  one  solution :  but  in  all  other  cases, 
eiiber  two  or  none. 

Corolkay* 

The  side  b  and  its  opposite  Ungle  B,  in  case  of  unique  aolution,  will  be  of  the 
same  affection,  as  is  evident  from  prop,  avitt.  cor.  4. 

m 
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PROP.  XXI. 


Jf  the  three  interior  angles  of  a  splierical  Iriamjle  be  bisected^  the  bisecting  arcs  will 
meet  tn  one  poini,  which  it  the  eetUre  of  the  inscribed  circle :  and  if  either  two 
etUrhr  angles  be  himied,  tt»  hiieettng  arm  wtU  meet  m  thm  wUA  hkects  tie 
tkird  uUerior  ome:  wed  the  pomi  of  eeetimt  U  tie  pole,  or  epierkoi  oeain, 
qf  tie  eomepondiMg  nueribed  i  ' 


Lbt  O  be  the  point  of  section  of  the  arc*  BO,  CO,  which 
bieeet  the  interior  anglet  B  and  C,  end  join  OA :  alao  draw 
OD,  OB,  OF,  perpendicular  to  BC,  CA,  AB.  Then  the 

two  triangles  DOB,  FOB,  have  the  an^ea  ODB,  DBO, 
equal  to  OFB,  FRO,  and  the  side  OB  common ;  and  they 
are  symmetrically  situated  :  whence  Of  =:  OD.  Similarly 
OD  =  OE,  and  hence  EO  =  OF. 

Again,  since  EO,  OA,  are  equal  to  FO,  OA,  and  the 
angles  at  E  and  F  equal,  and  the  triangles  symmetrically 
aitoated,  the  angles  EAO,  FAO,  are  equal,  or  A  is  bisected  by  the  arc  AO. 

Also,  since  OD,  OE^  OF,  are  eqnal,  and  at  right  anglea  to  the  sides  of  the 
triangle  ABC,  it  may  be  shown  (as  in  piano)  that  O  is  the  centre  of  the  drele 
inscrihed  in  ABC. 

In  a  manner  too  obviously  similar  to  the  preceding  to  need  specification  in 
this  placcj  the  point  Oi  is  proved  to  be  the  centre  of  the  circle  escribed  to  A. 

Scholium. 

By  a  raelhod  perfectly  analofrous  to  that  employed  in  piano,  availing  our- 
selves of  pr.  xiii.  we  may  show  that  per{)endicu]ars  from  the  middles  of  the  sides 
of  a  spherical  triangle  and  its  associates,  will  meet  in  the  centres  of  their 
several  dicnmscribuig  circles. 


PROP.  XXII. 


To  find  the  values  of  the  several  parts  of  the  sides  of  the  associated  system  of  trian- 
gles made  by  the  contacts  of  the  inscribed  and  escribed  circles  ;  and  of  the  angles 
qf  the  system  made  by  the  arce  drawn  from  the  angles  of  the  several  triangles  to 
tie  eentree  of  tieir  dmimeenhinff  eirdee. 

Foil  the  purpose  of  symmetrical  notation,  we  shall  use  (Jig.  next  page) 

a,  b,  c,  and  A,  H,  C,  for  the  sides  and  angles  of  ABO 

a,,  b^,  c,,  and  A,,  B,,  C,,  A'BC 

^2.  Ci*  and  Aj,  Bj,  C„  AB'C 

o„  63,  c„  and  Aj,  B^,  C^,  ABC. 

The  subscribed  numbers  referring  to  the  order  a,  6,  c,  of  the  common  sides  of 
the  fundamental  and  supplemental  tnanf,de8. 

I .  'Hie  v.'ducs  of  the  several  sides  and  angles  of  the  associated  system,  in  terms 
of  those  of  the  fiindamental  tn.ui';le,  are,  evidently,  as  follow  : — 


Oi  =  a 
bi  =  ir — b 
€,  =  ir— C 


a^  =  IT — a 
b.,^b 


flj  =  v—a  '  Ai  =  A 


=  c      I'     =  U— 


c 


A,  =  II— A 

B,  =  B 


A,  =11— A 

B,  =  ll-B 
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2.  Let  O  be  the  centre  uf  the  circle 
inscribed  in  the  fundamental  triangle 
ABC,  O,  of  that  in  A'BC,  0,  of  that  in 
AB'C.  and  O,  of  that  in  ABOt  and 
draw  thff  perpendicnlan,  as  in  the  fignre, 
from  these  centna  upon  the  aides  of  the 
several  triangles. 

TTien,  hy  the  properties  of  spherical 
triangles  already  developed,  we  shall 
have  b  the  triangle  ABC, 
AF  =  AE,  liF  =  BD,  and  CD  =  CE. 
Put  these  ares  respectively  equal  to  a, 
fi,y'.  that  is,  in  fact,  making 

««^  +  r»  *  =  y  +  «f  «nd 9 s a  /3. 
Hence  hj  the  common  methods  of  solution  of  those  eqmitioiis, 

«  =  i(-«  +  *  +  c)=:#-aI 
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(2) 


►  .(3) 


Again,  m  the  triati>^^U  A  BC,  pursiiinpr  a  similar  method,  and  denoting  the 
several  correspondiiig  (quantities  by  a„  /3„  y,,  «„  i„  c,.  y,,  and  then  substituting 
the  values  of         c„  *„  in  terms  of  «,  b,  c,  s,  we  shall  have 

•i  ^  ft  -f  yt»     =  yi  +  cfi,  and  c,  =  a,  +  i3|  j  and  hence, 
•««i+/9|+r,=K   a,+6,+c.)=  i  {  a+(7r-i)+(7r-c)}=ir-.(«-a) 
a,=       ai=i(— a,  +  6,+c,)=  i  |— <i-j-(;r— 6)  +  t7r— c)}  =a— « 

#.-c,s=    y,=|(  a,+*.-c,)s|{  «+(ir-ft)-(ir-c)}«f-6 

In  a  precisely  similar  way,  we  shall  obtain, 

*.=«,+^,+7.=  K«a  +  *i  4-  c,)=i{  (T-a)  +  b  +  (,r— c)}=r-U-i) 

a,:=      a,=i(— a,+6^+c,)=i{— (ir— a)+6+(ir— Jfc)}  c 
\^~b,=      /3,=i(o,  -  6,  +  c,)=^{  (7r-a)  —  6  +  (^_c)J=ir— # 
^  r,=      r,=i(a,  -f  ^  -     =4{  (»-.a)  +  6  —  (a— c}}  =#-« 
An(]  again,  similarly, 

*.=«,+ft+yi=4(0,  +  6,  +  c,)=i  {(jr-a)  +  (ir-6)  +  c}  =fl'-(«-c) 

ftssiCi^— +  c,)s|  -  (»— 6)  +  e)  =:#-« 

C|=    '  ra=l(«»  +  ^  —         {('r-a)  +  (ir— ft)  — e}n— a 
3.  It  may  be  of  advantage  for  the  sske  of  ready  reference,  to  give  the  valnss 
of  the  eevenl  psrts  of  the  figure  m  terms  of  the  sides,  a,  ft,  e,  of  the  fundamental 
triangle. 

AE,  =  AF,  =  BD,  =  DF,  =  CD,  =  CE3  =3:  # 
AE  =  AF  =  BD3  =  BF3  =  CD,  =  CE,  =  5  —  a 
BD  =  BF  =  AK,  =r  AF,  =  CE,  =  CD,  =  s  -  ft 
CE  =  CD  =  AI ,  =  AE,  =  BF,  =  BD,  =  *  -  c 

EE,  =  FF,  =  BC  =  a 
DD,=  FF,  =  CA  =  A 
EE,  =  DDa=  AB  =  c 

VOL.  U.  C 


(4) 
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DD,  =  CD  ~  1)B  =  CA     AB  =  6  ^  c 
EE,  =  AE  ^  EC  =  AB     BC  =  c  a 
FFa  as  BF  /s/  FA  ss  BC  «^  CA  s=  •  ^  b. 
The  ptrtt  diiii  valued  are  eomtpondent  to  the  parts  of  the  plane  tntngle,  ae 
divided  by  the  cootacts  of  the  imeiibed 
and  eicribed  ndiL 

4.  Let  Q,  Qt,  Q,.  Q3.  be  the  ceotraa  of 
the  circles  circumscribing  the  associate 
system  of  trianijles,  and  draw  the  system 
of  arcs  as  in  the  annexed  figure.  the 
angleii  QBC,  QCB,  made  by  the  radii  QB, 
QC,  with  BC  be  denoted  by  a' ;  QCA, 
QAC,  made  with  AC  by  /3',  and  QAB, 
QBA,  made  with  AB  by  y\ 

inien  we  have  A  = /S' +  yf,  B  as  /  + 

and  C  =  a'  +  /3' ;  and  hence 

«'  +  /J-+y  =A(     A  +  B  +  C)  =  S 
a'  =        A  -f  B  +  C)  =  S 
(i'  =  U    A  -  B  +  C)  =  S  —  B  ( 
y'=:i(     A  +  B  —  C)  =  S  —  Cl 

Proceeding  in  the  same  manner  as  in  (2,  3,  4)  we  get 


(6.  7,  8) 


S,=n— (S— B) 
S,-A,=S-C 

s,-B,=n— A 

S,-C^S— A 

For  the  aoglea  of  the  adjacent  triaoKles  are  aupplementary  (being  adjacent)  us 
the  sides  were  in  the  former  case,  and  the  upnukmt  will  be  identical,  A 
eabatitated  for  m,  A|  for     and  ao  on. 


S.  =  ii-(S— A) 
S,^A,=  I1— S 
S,-Bi=8— C 
S,_C,«S-B 


S,=n~(S-C) 
S,— A,=S— B 
S,-B,=S— A 

s,— c,=n— s 


PROP.  XXIII. 

Spherical  lunes  and  spherical  wedges  {def.  10)  are  tn  one  another  as  the  spherical 
angles  formed  at  the  surface  of  the  sphere  by  the  enclosing  arcs  of  great  circles. 
Let  the  planes  meeting  in  the  diameter  AA'  of  jl 

the  sphere,  cut  the  surface  in  ACA',  ABA',  ADA'. 

Then  the  lone  contained  bf  ACAV  ABA',  will  be  to 

that  contained  by  ABAC  ADA',  aa  the  angle  CAB 

to  the  angle  BAD. 
For,  let  the  plane  CBD  pass  through  the  centre 

perpendicular  to  the  diameter  AA',  cutting  the 

planes  which  form  the  lun«s  in  C,  B,  D.    Take  in 

this  the  arcs  CE,  KF,  FG,  etc.  each  ecjual  to  BC, 

and  the  arcs  DH,  HK,  etc.  each  equal  to  BD  ;  and 

through  the  axis  AA',  and  the  several  points 

E,  F,  O,  do,  and  H,  K,  cfe.  draw  planea  cutting  the  aurfaoe  of  the  aphere  In  tiio 

great  cirdea  AEA^  AFA',  AGA',  de.  AHA'.  AKA',  efc. 
Then  it  may  be  proved  by  mper-position  that  the  lunes  B  \CA\  CAEA', 

EAFA',  FAGA',  etc.  arealleqnal;  and  likewise  that  BADA'.  DAIIA'.  HAKA'. 

etc.  are  all  equal.    Moreover,  that  the  angles  CAB,  CAh),  EAF,  FAG,  etc. 

which  are  equal  to  COB,  COE,  KOF,  FOG,  etc.  and  which  are  subtended  by 

the  equal  arcs  BC,  CE,  EF,  FG,  etc.  are  all  equal;  as  likewise  the  angles  BAD, 

DAU,  UAK,  etc.  are  all  equal 
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Then,  reasoning  procuelj  as  in  tk.  94,  voL  i.  p»  3d7»  the  snertod  oondusion 

follows  at  once. 

In  the  same  manner  it  may  6e  proved  that  the  wedges  are  proportional  to  the 
angles  at  A. 

ConUar^  1. 

The  anft  of  any  lone  is  to  the  vuhM  of  the  sphere  as  A  to  2n  A  being  the 
angle  of  the  lime. 

C&roOmy  3. 

Also,  aince  the  area  of  the  apherifial  anrlace  is  represented  by  4r*«r,  we  have 
the  expiesaion  of  the  area  of  the  Inne  to  A, 

A  A 
lune  A  =  =  -.2r=«r. 

Of  particular  cases  notice  ahouki  be  taken  of  A  =  in  and  A  =  n  s  in  which 
cases  we  have,  severally, 

lune  90**  =  r-cr,  uudiune  180°  =  2r-  v. 
It  wm  be  advantageous  to  wrile  the  mark  )  for  the  word  lune ;  in  which  cat^e, 
the  eapieaaions  above  will  be  briefly  expressed  as  follows 

A° 

A°)  =  ^ . r^w;  90°;  =  H«r ;  and  180*^  =  2r»«r. 

PROP.  XXiy.  THEOREM. 

Tka  ana  of  a  spherical  triangle  is  to  the  surface  of  the  kmopken,  n  tkt  Mevsf 
of  Us  ihree  angles  above  two  right  angles  is  to  foot  righi  aiighf, 

Lkt  ABC  be  the  spherical  triangle,  and  complete 

the  great  circles  which  constitute  its  containing 

sidfs.    Then  the  triangle  A'B'C  is  equal  in  all  re- 
«ptct^  to  ABC  {pr.  XV.),  and  the  hemisphere  la 
equal  to  the  four  triangUis  A'BC,  AB'C,  ABC't 
and  ABC  or  A  B'C    But  we  have 
aA'BC  s  A)  ^  aABO 

aam)  s  B)  —  aahc 

aABCst  C)  —  AABC,  otA'WO. 
aABC  =  aABC. 
Whence  by  addition  we  have  at  once 

hemisphere  =  n)  =  A)  +  B)  +  C)  —  2aABC»  or 
2AABC  =  A)  +  B)  +  Cj  —  n). 


*  In  tbi>  work  s  Dotation  it  introduced  that  is  intended  to  remove  a  foorce  of  perplexitr 
wbicli  b  found  to  ante  from  the  nae  of  a  tingle  ajmbol  ir  to  rignify  two  different,  though 

rcl-.ifoil.  majnitiuli  s  : — t!ic  mi  circle  to  hkHmh  units ,  ami  two  ri'.'lit  unirlts.*  It  is  (mo,  lliiil  in  the 
great  majotity  ot  aiftc«,  from  the  two  uiagnitudes  not  coming  into  the  mitnt  investigution,  the 
incoDTeiiience  is  not  felt :  jrct,  at  in  the  prt-tcnt  case,  it  does  soroetimea  force  itself  upon  our 
•CtentioB*  and  emlMnan  our  roMoidngit  H  is  dceirahle  to  sToid  it  •yatematicalljr.  The  tymbol 
lias,  however,  become  so  familiar  in  both  it«c«,  that  it  would  be  difficult  to  6ub»titute  another  in 
ita  place,  in  either  of  the  Kcnses.  Fortunately,  the  same  letter  having  the  two  forms  ir  and  f»,  w© 
may^,  by  constantly  eu)plo\ing  one  form  in  one  sense  and  tliif  other  in  the  other,  remove  the 
entire  diAculiy.  I  have  need  m  to  lignify  the  tcmicircle,  tolcty  from  itt  curved  form,  and 
thus  supplying  a  memitrial  ^'lound  fur  choice.  T  liavc,  ti<iu(  vcr,  thought  that  the  svftteni  nniiM 
be  still  furtlrrr  iniprnvcii  l.y  tlic  use  of  the  capiUil  letter,  11,  for  designating  two  right  angles  m 
trigoDonietry  proper,  as  the  angles  arc  usually  denoted  by  tbo  capital  letters  A,  B,  C.  Tbe 
flnt  ef  the  Imror-cue  foms  t»  de«gnsle  Ihe  en  which  mmmm  two  right  snipes  conii- 
d«red  in  reference  to  triGronometricsl  pupoica:  whilst,  as  abofe,  the  second  formwiigttUlei 
merely  tbe  number  314159  ...... 

c  2 
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ButA)~^.2«f»,B)=?.2«f«,0  =  |.a«f».n)=  ^.2«f»;  and 
beoce*  •utwtituUng  and  dividing  by  2,  rrot 

21i 

wliich  is  identical  in  signification  with  the  verbal  enuQciation  of  Uie  theorenL. 

CaroUttrff  1. 

Since  the  only  variable  quantity  in  the  expression  for  the  am  of  the  spherical 
triangle  is  the  ipkmcal  exam,  EbA+B  +  C—  n^the  excess  is  a  correct 

lepresentation  of  the  area  in  tenns  of  the  unit  ^  . 

A  polygon  of  n  sides  being  divisible  into  a  —  2 
triangles,  and  the  area  of  each  triangle  "being  express- 
ible by  means  of  the  spherical  excess^  we  shall  have, 
if  2  signify  the  sum  of  all  the  angles  of  the  polygon, 

CoroXtury  3. 

If  OD  the  surface  of  the  sphere  there  be  described  polygons,  one  of  which 
has  %x  sides,  another  has  a  sides,  and  so  on  to  that  which  contains  a^  sides  (any 

two  or  more  of  these  nnmbers  of  sides,  however,  may  be  ci\\\\\\) ;  and  if  s^, 
•  .  Z,»  be  the  sums  of  the  angles  of  the  several  polygons.  Pi,  P„  . . .  P, : 

then  p,  =  u^.  P.  =  .  ^. 

And  by  addition,  we  have 

T>   .  p    .         p  _  S.  -f  2,  4-      .  S^-  (».  -f  «a  -r  . .  .  «,  —  2;>)n  . 

If  the  polygons  Pt,  P^  . .  •  P,»  together  entirdy  and  exactly  cover  the  sphere, 
we  shall  have 

or  S,  -I-     -H  s  {«!  +  Hi  +  •••  fin  —  3  (ii  —  2)|n, 

Corollary  5. 

If  the  sums  of  the  angles  of  any  two  spherical  figures  bounded  by  great  circles 
be  equal  to  one  another,  their  areas  will  also  be  equal,  wlutlier  the  angles  be 
equal  each  to  each  or  not,  or  whether  the  figures  have  the  same  number  of  &idea 
ur  not. 

CoroUarif  6. 

The  areas  of  two  simiUff  *  figures  on  differeiU  qhsm  whose  rsdii  are  as  r  to 


*  Similar  qthericid  Jiyum  ore  those  wtiicli  cjui  be  divided  into  triangle*,  tuch  that  all  the 
•nglet  of  one  set  of  trbnglei  we  cqvil  to  all  tbo  amflot  of  tho  other  set,  okch  to  each,  and  io  tbo 
Mine  order.  These  can  onlf  eziet  on  ■pheret  of  dUbrent  imdU :  Ibr  ea  tbe  mom  ev  efoal 
aphecee  tnch  flgues  vill    Identieel  or  eqmL  Sw«iionol^p.SL 
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r,,  arc  to  one  another  as    to  fi' ;  and  where  the  eteemt  diSu  also,  the  areas 

are  as  r^£  to  ri'£|. 

PROP.  XXY. 

^tht  sw/ace  qf  the  sphere  be  divided  into  any  ntmber  polygms  by  ares  of  yreat 
ekdet,  and  Mtek  haviny  any  nmnber  qfddut  tkm  lie  tmmber  of  wkg  m  aU 
mmaatd  bjf  iwowiUbttqmU  to  ike  immbtr  ^polypom  together  with  themmbtr 
if  mgobr  poimt*, 

LsT  there  be  E  aides,  F  polygons,  and  S  angular  pointa :  then  nniTersally 

E  +  3  s=  F  +  S. 

For,  let  tha  F  polygons  have  Hu  «^  • .  •  •  Ay  ndes  respectively,  and  let  the 
sums  of  their  angles  be  seTemlly  demited  by  Su  2^  .. .  Sr.  Then 

S,  +  2,4-***Sr  =  8Sn   (1) 

+      «rs2E  m 

the  former  because  the  sum  of  all  the  angles  of  all  the  polygons  is  equal  to  four 
times  as  many  right  angles  as  there  are  anguUr  pointa :  and  the  second  becanse 
each  side  is  common  to  two  polygons. 

Also*  {prop.  xxit.  cor.  4)  we  have,  writing  V  instead  of/>, 

4-     -I- . . . .  2,  =^  („,  +  «^  +  ...  «,)n  —  2  (F  —  i)n  j 

m  which,  msexting  (1,  2),  we  get  at  once 

2Sn  =  2En  —  zFn  +  ^n,  or 
B  H-  3  ss  F  +  S  (3) 

ConUory  1. 

The  same  relation  will  aubsist  in  any  polyhedron  having  F  laces,  £  edges,  and 
S  solid  angles :  for  drawing  lines  from  all  the  angles  to  any  point  within  the 
solid,  and  about  that  point  dcscriljinj^  a  sphere,  we  shall  have  a  ••pherical  polygon 
with  as  many  angular  points  as  the  soliii  has  s  ilui  angles,  as  luatiy  polygons  aa  the 
figure  has  faces,  aud  each  polygon  having  tiie  same  number  of  edges  as  the  cor* 
reapondiog  polygonal  fiioe  of  the  solid ;  that  ii^  as  many  sides  as  the  solid  has 
edges. 

ConMary2, 

In  such  an  assemblsge  of  spherical  polygons,  the  number  of  odd-sided  ones  is 
always  sven. 

Let  there  be  F,  triangles,     cpiadrilaterals,  F,  pentagons,  and  so  on.  Then 

2F  =  2F,  +  2F4  +  2F5  +  ... 

2E  =  3Fa  +  4F, -|-5Fi+  .... 
Whence,  the<^e  being  substituted  in  2E — 2F  =s  9(S<»2)  and  the  result 
reduced  to  the  appropriate  form,  we  get 

F,  +  F,  +  F,  +  ...  =  2{S  — 2  — F,-F,—  2Fe  —  2F, -....} 
and  a-s  all  terras,  S,  Fj,  F„  He.  are  intefjer,  the  right-hand  side  ie  necessarily  an 
even  number ;  and  the  corollary  is  hence  established. 

PROP.  XXVf. 

3b  mfntigate  lie  number  and  ekaracter  ^  the  equiangular  poljfgomt  talo  ukidt 

ikt  nafaeo  qftk§  tphere  eon  be  divided, 

LtT  there  be  S  pointa  of  junction ;  E  arcs  of  junction,  or  «des  of  all  the 
polygons,  of  which  m  meet  in  each  of  the  S  points  $  and  1st  there  be  ti  sides  to 
each  polygon,  and  F  polygons  in  all. 
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2n 


llien  —  is  the  angle  made  by  each  two  ares  of  junction,  or,  in  other  word^ 


2Rn 


the  angle  of  the  polygon ;  and  hence  s  =  —  ezpresaes  the  som  of  the  angles 


m 


of  one  polygouj  and  the  sum  of  the  angles  of  the  t  equai  polyguDR  U,  therefore, 

US  s=  — -  '   (1). 


Bat  (prop,  «rt9.  cor.  4)  supposing  2,  =     =         and  »|  rs     s  , 
we  have 

^  =  IF—  2  (F  -  .)}  n.  or  F  =   (2). 

Alio,  from  prop,  ssiff.  cars.  (2),  (3),  we  have  in  the  present  case 

E=4Fii   (3)       I       S  =  E  — F  +  2  (4). 

Now  from  the  conditions  of  the  problem,  neither  n  nor  m  can  be  less  than  3 : 
subject  to  which  conditions  we  must  solve  e(juation  (•})  in  positive  integer  mines 
oC  F,  n»,  and  n.  This,  it  will  be  readily  seen,  wiil  be  etlected  only  by  the  num- 
bers given  below.  Moreover,  if  the  chords  joining  the  S  points  of  junction  be 
drawn,  they  will  form  plane  regular  polygons,  the  boundaries  of  the  i>evcni2 
figures,  as  named  against  them  to  the  right  in  the  following  table. 


n 

F 

m 

E 

S 

Name  of  inscribed  solid. 

3 

4 

3 

4 

Tetrahednn: 

3 

8 

4 

12 

6 

Octahtdron  ; 

3 

20 

5 

30 

12 

Icosahrdrnn  ; 

4 

6 

3 

12 

8 

Hexahedron,  or  cube ; 

6 

12 

3 

30 

20 

nF  TiF 

Since  S  =  —  and  E  =  — ,  we  shall  have  by  substitution  of  (2),  and  also 

lit  i 

indudtng  (2)  amongst  the  equations,  the  following  elegant  ayitem  of  aolatimia. 

g  _  4»  ^  Imn  ^  4m 


Corollary  2. 

The  sum  ot  all  the  plane  angles  of  a  regular  polyhedron  is  2  (S  —  2)  n. 
For  the  sum  2  of  all  the  plane  angles  of  one  face  it>  (a  —  2;  li,  aud  hence  that 
of  the  angles  of  F  facea  becomes 

Fz  s  Fen  —  2)  n  s  a(B  —  F)  n  ^  2(S  —  9)  n. 

Scholium, 

These  figarea,  called  the  Platonic  bodieo,  are  objects  of  real  nitereat,  from  the 

circumstance  of  several  of  them  being  very  familiar  formSt  assumed  by  crystal* 
lized  substances :  and  moreover,  from  their  being  the  onljT  regular  forms  into 
which  space  can  be  divided  without  intervals. 

EXERCISES  IN  PUUF.  SPHi- Kit AL  GEOMETRY. 

1,  In  the  base  AB  of  the  triangle  ABC,  and  in  directions  from  each  of  the 
angular  pnint'*  towar.l's  the  other,  take  segments  AD,  BE,  equal  to  the  sides 
AC,  CH,  and  let  O  he  the  pole  of  the  circle  described  through  COE:  tlien  tbo 
great  circle  OC  will  bisect  the  angle  ACB. 
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3.  From  tbe  angle  B  of  the  spherical  triangle  ABC  draw  the  circle  BD  to 
bisect  the  nvj^e  B;  from  the  mif]flle  K  of  the  base  AC  draw  ED  perpendicular 
to  tbe  base  meeting  BD  in  D ;  and  from  D  let  DP  be  drawn  perpendicular  to 
tbe  side  AB :  then 

BP  =  i  (AB  +  BC).  and  PA  =  |(AB  —  HC). 

3.  Given  two  points  A,  B,  on  the  same  side  of  a  great  circle  DE,  to  find  in 
DE  two  points  C,  C,  uuch  thut  AC  -i-  CB  shall  be  llie  least  putisibiet  and  that 
AG' +  C7B  ilnll  be  die  gnsM  p0tribl«, 

4.  Show  tbat  proper tka  of  the  lees  diele  anelogoiit  to  thoee  of  Bwe.  HL  7»  3, 
cxitt  OD  tlM  ephefe,  when  great  eirelee  are  eabetitnted  for  ecnight  Hnei. 

6.  If  the  perimeter  and  vertieel  ugle  of  e  ephericel  truuigle  he  given,  the 
base  will  touch  a  given  circle. 

6.  If  equal  c^iven  arcs  be  taken  in  two  pj^rnllel  and  equal  less  circles  of  the 
sphere,  and  these  be  joined  in  the  manner  of  a  parallelogram  in  piano,  the  figure 
enclosed  will  be  of  a  given  and  constant  magnitude. 

7.  If  the  base  and  area  of  a  spherical  triangle  be  given,  the  vertex  of  the 
trieogk  will  always  be  in  a  leee  circle  of  tbe  sphere,  which  nay  be  determined, 

8.  If  a  great«ircle  quadrilateral  be  inscribed  in  a  less  circle  of  the  sphere  the 
earn  of  one  pair  of  opposite  angles  will  be  equal  to  the  sum  of  the  Other  pair. 

9*  If  a  great-cirde  quadrilateral  be  described  about  a  less  circle  of  the  sphere, 
and  frorn  the  angular  points  arcs  be  drawn  to  the  pole  of  the  less  circle;  then 
the  sum  of  one  ])air  of  angles  which  are  not  adjacent  to  each  other,  will  be  equal 
to  the  sum  of  the  other  pair. 

10.  Tbe  following  triad:}  of  great-circle  arcs  meet  in  a  poiut  :— 
(1.)  The  arcs  from  the  angles  bisecting  the  sides. 
(2.)  The  arcs  bisecting  the  angiea. 
(3  )  The  perpendiculars  from  the  angles  to  the  sides. 
(4.)  The  perpendiculars  hiiectlng  the  sides. 

(5.)  The  arcs  bisecting  one  interior  angle  and  the  other  two  exteriorly. 

U.  T^et  ABC  be  a  spherical  triani,'!"  ri  jht  nngled  at  C,  and  let  another  great 
rircle  cut  AB  in  A'  and  V>C  in  liie  latter  at  right  angles:  then  if  BD,  BE,  be 
the  trigonometrical  tanu.  nts  of  AB,  BC,  and  BD',  BE',  those  of  A'B,  BC,  it  is 
to  be  proved  tliat  tbe  straight  lines  DE,  D'E\  will  be  parallel. 

IS.  If  P  be  the  pole  of  a  less  circle  circumscribing  the  epheiical  triangle 
ABC  {  prove  that  the  spherical  angle  APB  is  double  the  plane  angle  ACB. 

13.  llie  arc  of  a  great  circle  which  joins  the  middle  of  the  side  of  a  spherical 
triangle  with  its  pole,  bisects  the  angle  which  joins  the  pole  with  the  poles  of  the 
other  two  sides. 

14.  If  in  a  spherical  triangle,  the  angle  C  i)p  erjunl  to  the  sum  of  A  and  B,  and 
an  arc  be  drawn  from  C  to  bisect  AB  in  D :  then  D  la  the  spherical  centre  of 
the  circle  about  ABC. 

15.  If  arcs  be  drawn  to  bisect  each  pair  of  opposite  sides  of  a  spherical  qua- 
drilateral figure,  and  an  are  to  bisect  its  two  diagonals :  these  three  arcs  will  pass 
tbrongh  the  same  point  on  tbe  sphere. 

16.  If  from  a  fixed  pdnt  on  the  surface  of  the  sphere,  arcs  be  drawn  to  cut  a 
given  less  circle,  each  in  two  points;  and  if  the^e  four  points  be  joined  two  and 
two  by  arcs,  and  produced  (if  necessary)  to  meet :  then  the  points  of  intrr'^^Ttion 
will  always  be  in  the  same  great  circle,  which  is  per})endicular  to  the  arc  drawn 
from  the  given  point  to  the  centre  of  tbe  given  circle. 
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RIGHT-ANGLED  SPHERICAL  TRUNGLES. 


PROP.  I. 

Jb  tpery  rtght^amgltd  triangle  wt  fAttH  have, 

1.  Sinperpmd*  =  tin  hypotkemue  X  «M  aK^fe  at  hatt. 
S.  ^  tew      =  cat  miffiB  ai  btue  x  tan  perpmdieakBr* 

1.  Lbt  ABC  be  a  spherical  triangle  right-anjiijled  at  C, 
and  BC  be  the  base ;  then  it  is  to  be  proved  that  sin  b  = 
sin  c  Bin  B. 

From  A  draw  AQ  perpendicular  to  0C»  (O  being  the 
centre  of  the  epbereO  and  (roin  Q  draw  QP  perpendicular 
to  OB,  end  join  AP. 

Then,  tince  BCA  !■  a  right  an^  (kjfpoth,)  the  planee 
AOC,  COB  are  perpendicular  to  each  other ;  and  AQ  drawn  perpendicular  to 
tb^  common  sectiun  OC,  is  perpendicular  to  the  plane  BOG  {vol.  i.p.  355)  ; 
and  hence  to  any  line  QP  in  it  (col.  i.  p.  349) :  wiierefore,  also  {vol.  i.p.  351), 
since  from  the  foot  Q  of  the  perpendicular  AQ  to  the  plane  BOC,  a  line  QP  is 
drawn  perpendicular  to  the  line  OB  in  that  plane,  and  that  PA  is  joined  ;  the 
line  AP  is  also  perpendicular  to  OB.  Wherefore,  again,  the  angle  APQ  is  the 
inclination  of  the  planes  AOB,  COB  ;  and  therefore  equal  to  the  spherical  angle 
ABC. 

Now  in  the  riglit^angled  plane  triangle  APQ,  of  whicli  Q  it  the  rigbt  angle, 
we  have 

u  Ai>n  sin  AC    sin  6         .   ,  .  „ 

sinB  «  iinAFQ=  td="= — 10=-^ — i  or»  am  A  =  sm  c  sin  B. 

AP    emAB    sine'  ' 

2.  Draw  the  timgent  CQ  to  the  side  AC,  to  meet  OA  in 

Q,  and  the  perpendicular  CP  from  C  to  OB,  and  join  PQ. 
llien  since  the  planes  AOC,  COB,  are  at  right  angles, 

and  CQ  is  drawn  perpendicular  to  the  common  section  OC, 
it  is  perppndifular  to  the  plane  BOC  :  and  hence,  as  befor!\ 
CPQ  is  the  inclination  of  the  planes  BOC,  BOA,  or  is 
equal  to  the  spherical  angle  ABC.  Wherefore, 

_  nnr^      CQ    tan  b  ,  m 

tan  B  =  tan  CPQ  =  775= — i  or»  tin  a  ss  tan  6  cot  B. 

vJr    Sin  a 


PROF.  II* 

Preliminary  to  enunciating  this  proposition,  which  comprises  Nd|iMr'#  AilBf 
for  the  Circular  parts,  one  or  two  explanatory  remarks  will  be  requisite. 

The  preceding  theorem  relates  to  the  right-angled  triangle  only,  and  the 
proofs  of  the  properties  depend  upon  the  triangle  having  one  right  angle.  In 
all  the  uses  to  be  made  of  those  properties,  pist  as  in  right-angled  plane  trian- 
gles, the  right  angle  may  be  excluded  from  tiiu  list  of  the  data,  and  the  proper- 
ties of  that  psrticttlar  triangle  aasnmed  instead  of  it.  The  parts  of  the  triangle, 
then,  are  reduced  to  fire,  vis.,  the  three  sides  and  the  two  oblique  angles.  If 
we  ibt  upon  an j  one  of  these  five  psrts,  as  a  middle  one,  the  remaining  four  will 
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bo  mnged  in  patrs^  two  adjacent  to  the  middle  one,  and  tha  KOMiiniDg  two 
separr^ted  from  the  middle  hy  the  arlinrcnt  parts.  The  names  given  to  these 
p;iris  iju'itr  such  a  classification  wouid  very  naturally  be,  the  middle  part,  the 
adjacent  parts,  and  the  opposite  parts :  but  for  giving  unity  to  the  enunciation  of 
the  properties  of  the  figure,  Napier  selected  the  t»ideb,  the  complements  of  the 
angles,  and  the  oompfoment  of  the  hypothenoie  i  ind  tbeie,  caQeetirilj,  ho 
called  the  eiradarpmi$,  tu.,  o,  b,  in     A»  in  ~  B,  and  iw  <— e. 

The  analogy  from  which  he  chose  the  expteetton  will 
be  apparent  from  the  annexed  figure,  where  a  circle  ii 
described  about  the  triangle,  and  the  eeveral  parte 
marked  upon  the  circumference. 

In  the  following  table  each  part  i?  taken  succe-^-^ivcly 
as  the  middle,  and  tlie  conset^uetit  adjustment  of  the 
adjacent  parts  and  opposite  parts  as  they  are  derived  from 
ihib  figure. 


Opposite. 

Adjacent. 

Middle. 

Adjacent 

Oppoeite. 

in  —  B 

0 

b 

4n  — A 

ir  —  0 

a 

b 

in  — A 

Jit  —  c 

in-B 

b 

ill— A 

iff  —  c 

iu  — B 

0 

in  — A 

|w  —  0 

in  -  B 

a 

b 

in  —  B 

a 

b 

in  —  A 

We  are  now  prepared  to  enunciate  and  prove  the  proposition, 

8m  middle  part  s  tm  mm  adjacent  part  x  ttm  oiher  adfoeeaipmi, 
Si»  widdk  part  =  eot  one  cppotUt  part  x  cot  oiker  eppotUepart, 

1.  Let  ABC  he  the  right- angled  triaoglOt  wad  com- 
plete the  figure  as  in  th.  uc.  Then  apply  to  each  of 
the  five  triangles,  in  that  theorem,  the  second  part  of 
the  preceding.  The  rr -^tilts  being  written  symmetri- 
cally, viz.,  the  first  si  U  s  of  the  equations  all  in  siues, 
and  the  second  all  in  tangents,  we  get 

aKRG,  sin  i  =  tan  a  Un  (in  —  A) 

aQPB,  linCin— A)s:  tan  i  tan  (iw  —  c) 

AALK,  flin  (|ir  —  c)  as  Un  (|n  —  B)  tan  (in  —  A) 

aGHQ,  sin  (in  —  B)  =:  tan  a  tan  (iw  —  e) 

aABC,  «io  0  =  tan  6  tan  (in  -  B). 

Now  since  the  four  triangles  ALK,  KlKi,  GHU, 
QPB,  have  their  sides  and  angles  functions  of  those 
of  ABC,  whatever  relations  exist  amongst  the  parts  of  the  former  triangles  are 
also  relations  amongst  those  of  ABC.  The  equations,  therefore,  just  deduced 
bj  means  of  those  fonr  triangles,  also  express  properties  of  the  triangle  ABC. 
Bnt  taken  altogether,  they  are  but  one  general  property  of  ABC  and  its  depend- 
ent trianglca :  whilit  they  expreee,  in  fact,  all  the  cases  of  the  first  part  of  the 
pn^MMiition  itself.  The  first  of  Napier's  rules  is  hence  established. 

a*  Apply  to  the  same  scries  of  triangke  the  first  part  of  the  last  proposition : 
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then  wc  have,  writing:  hefore,  the  sidM  of  the  equatioQ  symmetrically,  the  left 
Hide  in  siues,  and  the  n<;)it  in  coaioes, 

AABC,  hill  b  =  cos  (iir  ~  c)  cos       —  B) 

AKRtJ,  sin  (in  —  A)  =  cos  a  cos  (^n  —  B) 

aQPB,  sin  (^v*  —  c)  =  cos  a  cos  b 

aALK,  tin  (in  —  D)  =  cos  6  cos  (in  —  A) 

aGHQ,  sin  a  =  cos  (|ir  —  c)  oos  ($U  —  A), 

which  syBtem  of  equatioM  embnco  all  the  cases  of  the  seoond  part  of  the  pro- 
position. 

T\\e  method  of  estahlishintr  these  remarkable  theorems  is  an  attempt  to  restore 
and  develop  the  views  of  Napier  himself.  It  is  very  uhvious  from  his  owa 
etatement*  that  he  originally  deduced  his  theorems  from  the  five  triangles  that 
we  have  employed,  and  that  he  only  put  them  in  another  form  for  the  sake  of 
simply  enunciating  the  properties  in  reference  to  the  triangle  ABC  proposed  fcir 
actual  soltttion.  To  exhibit  them  in  reference  to  this  triangle  solely,  he  waa 
also  compelled  to  establish  them  by  an  induction  from  the  several  cases,  or  by 
showing  that  all  the  possible  cases  were  comprehended  in  the  theorems  which  he 
proposed  :  thonjrh,  as  appears  from  the  prrcedin|?  proposition,  they  only  express 
true  and  single  properties  in  each  of  an  entire  system  of  dependent  inanyies. 

Attention  was  first  called  to  these  rules  by  Gillebrand  ;  Imt  as  his  object  waa 
to  attract  notice  to  their  simplicity  and  generality,  he  empiuyed  also  the  method 
of  establishing  tbem  by  showing  that  they  held  good  in  all  the  cases.  Perhaps, 
too,  he  did  not  clearly  comprehend  the  original  system  of  Napier.  However,  it 
liai  been  the  almost  universal  custom  to  look  upon  them  as  mere  ted^mpat  mlet, 
or  as  a  most  ingenious  system  of  artificial  memory  rather  than  as  the  ofiTapriug 
of  a  subtle  and  profound  intellect,  directed  not  only  to  all  the  cases  of  the 
problem,  but  all  the  dependent  parts  of  the  figure  under  consideration.  To  view 
these  theorems  in  the  light  of  mere  mental  legerdemain,  does  great  injustice  to 
their  author:  and  it  is  mnch  to  be  desired  that  students  should  ht*  led  to  con- 
template them  in  their  true  ciuLra(  ter — ;in  exprc««ion  of  apparently  dijferen!  rela- 
tions, but  Rtill  only  two  single  and  isolated  theorems  applied  to  the  several  part^i 
(if  a  mutually  dependent  system  ul  tnuugles. 


•  'I'lu-sc  tlicorems  yftte  first  given  in  the  Mirifici  Lof/arUhmorum  canonut  detayfHo^  1614* 
f  The  foUowiog  are  a  few  of  the  phruet  eio|iloyed  ia  the  work*  which  are  in  moat  genenl 

use  : — 

"  The  whole  by  the  help  of  an  i/u/cuiom  cotUriixiHCc"  etc. —  Vounffs  Trigonometry,  p.  84. 

**  Some  wriion  eouidcr  the  employment  of  Ibew  niles  as  iumiBiiiifie^  and  as  batriny  «  ten- 
dency to  render  the  knowledge  of  the  subject  both  eonfiiud  and  tfchnical^  and  flqgfest  that  erery 
instairrc  should  l»e  worked  rmt  wlun  it  occurs,  ns  hnn  Ix-cn  done  above.  Thi"  may  he  the  rasp, 
when  they  arc  viewed  iii  a  theorttunt  light :  hut  their  piiM'ticul  importance  m  the  iiands  ot  per- 
sons who  cannot  be  expected  to  be  xwy  fitmiliar  «ith  the  transformation  of  trigonometrical 
formulir,  scvnis  to  »ho>v  that  an  elementary  treaiite  on  the  subject  would  be  imperfect  without 
tbcm."— /W,  ]>.  'jn.V  3m1  id. 

"  For  rotnmuti  |Miq>oHe(i,  a  techniad  nienioiy  bu  boea  iavcatcd,  under  the  tiiic  of  Napier  t 
Rules  for  circular  part«." —  WiUon^  p.  217. 

There  n  a  Und  ofajHfieiei  ntemory  by  wbicb,**  etC'-JSneuMi,  p,  39. 
Ah  wH/ieial  memory  lias  been  supplied,*"  eic.—  \V<xMlht>UM\  p,  135.  2nd  ed. 

Forrijrn  writers,  an  well  thr  earlii-r  Encri>h,  .ilmost  invariably  employ  corTT!»ponding  lan- 
guage when  ipeaking  of  these  rules.  Indeed,  aa  far  as  I  recollect,  Mr.  Ivory  {Phii.  Mag.  1821) 
ia  the  o«^  writer  who  baa  veotiuod  te  OMiatalB  a  diffinmit  iium  of  tiie  nd  ateie  ef  Asm 
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It  may  assist  our  recollection  of  these  two  theorems  to  keep  in  mind  the  fact 
that  the  first  vowels  of  tongti  tit  of  the  adjacent,  and  of  cosine  of  the  opposite, 
are,  in  each  theorem,  the  same. 

PROP.  III. 

^  C  be  the  right  angle  of  a  spherical  triangUt  tkm 

sin  (c  —  a)  =  sin  b  cos  a  tan  \Y\, 
sin  {c  —  a)  —  tun  b  cos  c  tan  Jii. 

By  Xapier*s  theorems,  we  have 
sin  b  =  cos  (^jr  ~  c)  cos  (^ir  —  B)  =  sin  c  «ia  B,  or  sin  c 

sin  B 

• 

^  .      Bin  8  cot  Cm  .  , 

cot  B  =5  tan  a  tan  (|ir  — >  c)  =  : — ,  or,  in  anotoer  form, 

^"        '    eon  tf  vine  * 

n     COS  a  sin  b  cos  B 

•in  a  COS  c  s  C(M  a  sm  c  con  B  =  ^  ^   (2). 

8in  B  ^  ' 

sin  &  cos  a    co«  «r  sin  6  cos  B 


Hence,  sin  (c  —  a)z=  sin  c  cos  a  —  coe  c  sin  a  = 


sin  B  sin  B 


=  nn  6  cos  a  —     —  =  tin  ft  cos  a  tan  ^B, 

which  is  the  first  part  of  the  proposition,  the  transformations  being  effected  hy 
the  equations  (1,  2). 
Again,  for  the  second  part,  by  Napier's  tfaforem  nm  (fir  —  c)  —  cos  a  cos  6, 
cos  c 

and  hence  cos  a  =         which  inserted  in  the  preceding,  gives. 


sin 6  cose  tan  in 

sm      —  c)  =  — »  =  cos  c  tan  6  tan 

coso 


Scholium. 


The'^e  theorems  were  first  given  hy  Prony  in  the  Connaissanc^  dp<t  Temps  for 
1808,  without  demonstrations,  he  having  used  them  in  the  construction  of  a 
chart  of  the  River  Po.  They  will  often  be  found  Ui^eful  in  Geodesic  reductions, 
as  well  as  their  analogous  ones  in  plane  trigonometry:  but  a  more  suitable 
place  will  occur  for  spealdng  of  them  hereafter. 


PROP.  IV. 

To/nd  the  inelinaiion,  hqfiwo  mffoceiU  facet      re^tUar  pofyhednm* 

LuT  the  points  C,  D  be  the  poles  of  envies  which  on 
the  surface  of  the  sphere  circumscribe  two  adjacent  C 
faces,  and  AB  be  the  common  side  of  two  conti^nous 
polygons.   Draw  the  great  circles  CA,  CB,  CD,  DA, 

DB. 

Then,  if  diametral  planes  be  drawn  j)ani11el  to  tliose 
of  the  faces,  whose  poles  are  C  and  D,  thei>e  points  will 
also  be  the  poles  of  those  circles,  whilst  their  inclina- 
tion to  one  another  is  the  same  with  that  of  these  two 
faces.  The  distance  CD  will,  being  cross-polar,  mea- 
sure the  supplement  of  the  inclination ;  and  as  it  is  evident  that  CD  is  bisadad 
in  £  by  iu  iateraection  with  AB,  we  shall  have  C£  » |n  —  |I. 
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Agun,  finee  ACB  s  | .  —  =  - ,  and  CAE  =  | .  —  =    we  ihalllunre  by 

the  righUaogled  triangle  ACE,  the  relatioo 

cosCAE  3=  CM CE  ain  ACE,  or  cokCE  =  -""-^f  f: ;  that  ii 

8in  ACL 

,  ,»     cos  In 
8in|I  =  -  -  - ,  • 

m 

CoroOary, 

If  2a  be  the  side  of  any  one  of  the  polygonal  facw,  and  r,  R  the  radii  of  the 
ioacribed  and  ciicumacribed  aphetea,  than 

r  B  a  tan    eot  -  ;  and  Rase  tan^I  tan-. 

MISCELLANROUR  EXERCISES  O.V  RIOHT-ANOLED  TRIANGLES. 

1.  Let  the  triangle  hi  subject  to  the  usual  nutation:  then, 

ein^^c  =  sin^T^a  coB^\b  +  C0ii^4<<  8in'''^6. 
For,  cos  c  =  cos  a  cos  A,  and  hence 

1  —  cos  c  =  1  —  cos  a  cos  b,  or  in  semi  arcs. 

2  sin^ic  =  1  —  {2  cos-ia  —  l}  {2  cos^^*  —  1 } 

=  2  cos^ia  -f  2  C08'i6  —  4  cos-ia  cos"V6,  or 
ain^^  =  cos^^a  (1  —  cos*jA)  -f  cos-y^  (I  —  cos^ia) 
=  cos'4''  sin'^^  +  cos-'^6  sin-'ia, 
-which  18  analogous  to  th.  34.  PL  Geom.  vol.  \.p.  310,  and  becomes  that  theorem 
when  the  sides  are  reduced  to  their  limita. 

9.  Drair  the  chorda  of  the  three  sidea :  then  denoting  the  jgfane  angle  ACB  hj 
0,  and  recollecting  that  the  chorda  have  the  following  Taluea, 

chord  AB  =  3  ain  ^c,  chord  AC  =  S  8in|6,  chord  EC  s  2  un  |a, 
(2rinie)'  =  (2ain|a)*  — 2Goe9(2ainia.3aini5)  +  i2unW, 
or  ain*4e  ~  ain'^a  —  2  ain|a  ttn|6  coa  0  +  mn^lh. 

Equate  thia  value  of  single  with  the  preceding  one  $  then 

8  sin^a  sin^^  coa  0  a:  mn^kb  (1      cos-^a)  +  sin-^a  (1  —  eos'|&) 

=  2  ain'Ifr  sin'^e. 
Hence  coc  9  =  amia  sin  ^b. 

3.  From  the  right  angle  C  draw  the  perpendicular  CD 
(p),  and  let  it  divide  the  hypothenuse  into  the  aegmenta 
Ut,  bi,  adjacent  to  the  aides  a  and  6 1  end  the  angle  C 
into  the  angles  C,  and  C^  Then  by  Napier's  theorems, 
ainji  =  tan^i  cot  C,,  and  sin  =  tau  a,  cot  C^,.  Multiply 
these,  then,  since  C,  +  C,  =  ^n,  cot  C,  cot  C,  =  l,  and 

gin  *p  =  tan  (7,  tan    cot  C,  cot     =  tan  a,  tan  6|» 
which  is  analogous  to  th.  87,  VI.  Geom,  i,  p,  333. 

4.  By  the  same  triangles  we  have 

cos  b  =  cos  bi  cos p,  and  cot  a  =  cos  a,  cos/) ;  from  which 
cos  eiC086  =:  cosa  ooe6,»  or  coeei  cos '6  s  cose  cos 6  cos 6|  —  cos ooee. 

ynmdm,  1  - eort  =  X  -  Bat 

COStti  COS  a, 

cos  d,  —  COS  (c  —  b^)=s.  cos^i  COS  e  +  sin  b^  sin  c,  which  substituted  in  the  pre- 
ceding equation,  gives 
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cmoi  ~  ccM«i 

^g^^  COS •  c«wg,  +  ttn g,  iin c— cotg|  cob e  _  tip  a,  nine 

cot  6,  cot^j 

Mohiplj  ihttti  then  tin'a  tin'&  ^  iin*c  tan  a,  tan  6|. 

5.  Bf  Uie  pneediag,  tin^  s  tan  a,  tan  b„  which  bttrtcd  in  tho  dworem  juat 
«blUMd,giTet 

an 'a  ttn'i  =  tin^  rin^,  or  lina  tinds  ainp  tin  e. 
nw^hne  analogy  it  olmoot  and  well  known. 

6.  BiYidt  the  retalta  of  (4) :  then  wt  haTe  the  analogue  to  another  well-known 
Amicd  in  piano*  vis* 

sin'fl  sin  c  sin  o,  cos  a^     sin  2a^ 

nn'6  ~"  tin  e  tin  6,~cot^  ~"  tin  36,  * 

7.  Let  BAG  be  a  nght  angle,  and  £D  any 
gnat  dido  through  A,  and  BE,  CD,  aecond- 
iiicitoit  Then  tan'AB  tan*AC  =: 

tan*£A  tan'A£;  4>  tanUD  tan^AB. 
For,    cos  BAE  =  tan  EA  cot  AB,  and 
cos  CAD  =  tan  AD  rot  AC  :  also,  IWK  + 
CAD  =  in,  and  hence  cos  CAD  =  sin  BAE. 

Add,  therefore,  the  squares  of  the  two  equations,  and  we  obtain 

tan»  EA  cot-  AB  +  tan«  AD  cot«  AC  =  I,  or 
tan^  EA  tan^  AC  +  tan^  AD  tan*  AB  s  tan''  AB  tanUC. 
To  gire  it  a  form  analogous  to  the  common  ezpreation  in  piano,  we  have 

Un'EA  tan2AD_ 
tan'AB  "*"tan*AC"" 

8.  fnm  the  tamo  trianglet  wt  have  alto  the  two  equationt 
aaBBssnnBA  ain  BAE,  and  tin  CD = tin  CA  tin  CAE;  and  hence^  at  htfore^ 

tin*  BE  .  «n*CD_ 
tin*BA+tin*CA~*' 


EXERCISES  roa  solvtiox. 

1.  If  C  he  the  right  angle,  show  that 

( 1 .)  2  cos  c  =  COS  (a  -f  ^)  +  cos  (a  —  b), 
(2.)  tan=  i6  =  tan  i  (c  +  o)  tan  \  (c  —  a), 
(3.)  sin-  b  cos*  a  =  sin  (c  +  a)  sin  (c  —  a), 
(4.)  cos'  b  sin'  a  =  sin  (c  +  b)  sin  (c  —  b). 

1  If  the  two  right-angled  triangles  ABC,  A'B'C,  have  their  legs  coincident 
ttpootkm:  then, 

tan  \  (c  4-  cO  tan  ^  (rt  —  rtO  =  tan  ^  (c  —  c')  tan  ^  (a  -f-  a  ), 
tan  i  (c  -f      tan  ^     —  ^0  =  tan  i  (c  —  cO  tau  J  (A  +  b% 

3.  Given  the  h)'pothcnuse  and  radius  of  the  Intcribed  circle  to  find  the  tldet 

«atl  angles  of  the  right-anj^led  triangle. 

4.  Let  the  arc  of  a  great  circle  AB  be  bi^'ected  in  M;  and  at  the  exttemittet 
A.  B,  draw  perpendicular  prrcat  circles.  Ad,  and  HBK,  and  make  on  opposite 
wiesof  AB  BU  =  liK;  also  draw  the  great  circlet  GH,  GK,  cutting  AB  in  C 
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and  D:  then,  wliBtevw  be  tha  knglkt  of  the  arcs  AG,  BH,  or  BE,  we  shall 
have  Un  MC  tan  IID  s=  ten*  MB. 

6. . If    be  a  perpendicular  from  C  to  c,  and  /  aa  arc  from  C  to  bUect  c  i  theo 

-      cos  a  +  cos  6      .   .  sin'  /       '    •     ^.  .  • , 

cot*l=-.  .j    ,         ;aui|e=  ;  andcot>0scot*a  +  cot-*. 

sin-'  a  -f  sin  1  -f  sin  '/>  *^ 

6.  Prove  that  in  the  triangle,  right-angled  at  C,  we  have 

Bin(a^^>)_UnHA  +  B)    I      x  q,,o, _  tan i (B  +  6) 

^^^aMM:A)-cot|(A-B)      ^^•^^''*^^  +  ^^^  =  t,,^4(B^) 

(a.)       tan'  ia  =  *?!Li-^l±i?        u  j  un-  A  ( A+oo^)  -  eoti(Bjf6) 
»°     -  tan Uc^*)     I   ^  ^ ^^^^  ^ " iiSlKB:^) 

7.  Alao,  that  tan^JAss         r*i',  and  lan^a  =  _^  ^^  — L___  ! . 

aiD  (c  +  6)'  »      tan  A  {B  -  A  +  yo<=} 

8.  Let  two  arcs  of  great  circles  AC,  BD,  intersect  a  less  circli'  nf  the  sphere 
in  the  points  A,  G,  and  B,  D,  and  each  other  in  E:  then,  whether  E  be  within 
or  without  the  circle,  tan  ^  EB  tan  A  ED  —  tan  ^  EA  tan  ^  EC. 

9.  If  £  hjS  without  the  circle,  and  be  drawn  to  touch  th6  circle  ;  or  if  £  he 
wUkm  the  circle,  and  EF  be  drawn  perpendicular  to  tha  diameter  through  E«  we 
ahall  have  tan*  ^  EF  s  tan  ^  £B  tan  ^  ED. 

10.  If  from  the  eztremitiea  of  the  diameter  AB  of  a  less  drcle  arcs  be  drawn 
to  any  point  F  in  the  circumference,  then,  sin*  ^  BF  +  ain*^  FD  =  ain*|  BD. 

11.  If  from  any  point  P  perpendiculars  PD,  PE,  PF,  be  drawn  to  tho  aides 

BC,  Qk,  AB:  then  we  shall  have 

CO 3  AF  C08  BD  cos  CE  =  cos  FB  cos  DC  cos  EA  ; 

8in2  PD  sin'  PE  sin'  PF  =  tan  AK  tan  EC  tan  CD  tan  DB  tm       tan  FA  ;  and 
(ain'CD— sin^DBjcosDP-hCsin^AE— 8in2EC)co8E?+Cfiin=BJ?— sm-FA;cosFF=a 


QUADRANTAL  TRIANGLES. 


liET  the  side  AB  or  c  be  a  quadrant,  and  the 
other  tv\*o  sides  AC,  CB,  or  h,  a,  he  nf  any  mn<Tni- 
tude  whatever:  then  if  we  t 'ke  ihr  circular 
parts  of  the  Kyslern  the  in;kgiiitude?»  <i  —  ^tt, 
b  —  ^rr,  II  —  A,  II  —  B,  and  C  —  ^ U  :  then  the 
same  relation  amoni^st  the  five  circniar  parta  wOl 
be  aa  in  prtp.  iL  Rigkt'Onffhd  iriai^let,  p»  S4 

nn  middle  part  s  tan  one  adjacent  part  x  tan  other  adjacent  part 
«ta  middle  part  =  cot  one  oppnsile  part  x  cot  otker  apporite  part. 

For  describe  the  polar  triangle  A  B  C'  {i.  prop.  m.)j  the  angle  C  of  wlurli 
being  the  supplement  of  AB,  is  a  right  angle.  Whence  the  proposition  is  true 
respecting  the  trungle  A'B'G^  the  cirieular  parta  being  taken  as  in  m.  prop,  a. 
But  as  equations,  these  are  true  when  for  each  of  the  magnitudes  we  eob«titaCe 
their  respective  equals :  and  in  the  piusont  case,  the  equals  of  the  circular  psuts 
in  ABC  in  terms  of  A'B'C  are 

in-A'  =  «-iin  ia-B'»»-.|,r|  ^ir  -  c' C - iO; 
a*  >s  n     A  ;  and  6 '  =  n  —  B. 
Whenoe  amy  function  of  the  magnitudes  of  the  lint  sides  of  these  eqaatioBa^ 
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SI 


directed  by  the  rule  above,  will  be  equivalent  to  the  same  riinctioii's  of  the 
second  sides  of  the  same  equations :  that  is,  the  rule  holds  in  the  quadranlal 
triangle  ABC  by  tbe  sabttitution  of  tbem  Talues  of  tbe  circular  part*. 

TbU  retiilt  might  be  obtained  by  an  indepeodent  proceae  analogona  in  its 
general  principle  to  that  by  which  the  rule  for  tbe  right-angled  triangle  was 
obtained.  That  process  is,  however,  too  long  for  insertion  here ;  and  the 
dependence  of  the  quadrantal  upon  the  rectan^^ular  triangle,  renders  it  dispens- 
able in  an  elementary  work.  It  is  to  he  remarked,  however,  that  the  circular 
parts  in  the  quarlraiital  triangle  as  abuve  given,  ditTer  from  those  usually  found 
in  books  :  but  it  will  lie  found  that  they  are  correct,  since  in  all  the  cases  the 
conditions  of  polaiity  are  fultilled  ;  viz.  a  -f-  A'  =  ir,  A  -f-  B  =  w,  c  +  C  =  ir, 
a'  -f  A  ss  ir,  6'  +  B  =  ir,  and  e'  +  C  =  ir. 

Some  degree  of  ambiguity,  howeirer»  in  actual  solntton,  arising  out  of  havinir 
different  sets  of  circuUr  parts,  will  be  removed  by  the  adoption  of  a  diAerent 
plan  of  work ;  aa  will  be  seen  in  a  future  page.  &e  p.  54. 


PROPERTIES  OF  SPHERICAL  TRIANGLES. 

I.  rOKVUUB  NBCBS8ABY  POR  TBS  SOLUnON  OP  TBlAiniLM. 

Let  ABC  be  a  ^i^herical  triangle,  and  AD  a  perpendicular 
from  the  angle  A  to  the  opposite  side  BC.  Denote  the  sides 
and  anffles  by  o,  b,  e,  and  A,  B,  C,  as  in  plane  triiionometry; 
and  the  perpendiculars  from  A,  B,  C,  rsepectively  by Pitp^t 
Let  also  CD  =:  a,,  and  DB  =  a,. 

Then,  by  Napier'a  theorems,  we  shall  havc^  in  CAD, 

BAD  which  are  right-angled  respectively  at  D. 

.   ,       ^,  .       .   D      sin  B 

am  0  sin  L  =  sm jp.  =  sin  c  sin  B,  or  -t— j-  = 

sm6 

Flroceeding  stmilariy  for    and     we  shall  finally  obtain 

sin  A  sin  B  _  sin  C 

sin  6 


(1.) 


sin  a     sin  o      sm  c 

Again,  by  the  same  triangles  we  shall  have 

cose,  s  cos 6  secj»],  and  cos  ^  =  cose  eecpi. 

Aleo«  coaa  ss  cos  («,  +     ssi  cosn,  coeo,     sin  e,  sina„ 
or  eosa  —  cosfl)  coeo,  =  —  sine,  sina,;  and  hence 
cos'a  —  2  cosa  cose,  coee,  +  oos*a,  coe^a,  ^  (1  —  C08*e,)  (I  —  coa^eia),  or 
esncelling,  and  inserting  the  values  of  coea,,  cos  above, 

1  —  cos'e  ^sec  ^,  {cos    —  2  cosa  cos  ft  cos  e  -|-  cos or 

1  —  cos  *o  —  COS    —  COS  *c  +  2  COS  a  cos  h  cos  e 


8m';p,  = 


sin  'a 


wbich  ie  an  expression  for  the  perpendicular  in  terms  of  the  three  sides  of  the 
triangle.  Performing  aimilar  operations  for    and  p^  and  multiplying  out,  we 

sin      nin       =l  I  —  COS  "a  —  cos  "b  —  c<»8     +  2  cos  a  cos  h  COS  Cl 

sin  -6  sin      =  1  —  cos  'a  —  cos  '6  —  cos  'c  +  2  cos  a  cos  h  cos  c  >  . . , .  (2  ) 

sin     sin  !  —  cos 'a  —  cos'i  —  cos'c  +  2  cos  a  cos  h  cos  c  j 

The  quantilv  on  the  riffht  side  of  iVu  (  luation  will  be  hereafter  given  in  a 
difiereot  form,  better  aduplcd  lu  the  u:>c  of  luguiiLhms.         p.  34,  ey.  7> 
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From  ihe  equaiiLy  uf  the  right  sides  of  ihe  last  system  of  equations,  we  have 
tin  a  Bin  p,  =  mabtiop^  =  iincsin/),  (3.) 

Since  sin  C  =     ^' ,  we  have  cos*C  =1  -~ ;  and  •abatitutioff  for  nuHf. 

its  valtie  found  ia  (2),  we  olitain 

8in*a  Clin  '6  —  t  +  cm'a  +  coe'ft  +  coe'c  —  2  cot  a  eoeft  ooee 

sin*atin*6  ' 

or,  reducing  tlie  numerator,  and  extracting  the  equare  root,  we  finally  obtain 

^     C08C  —  cosa  COS& 

coe  U  =5  5  . — r  • 

einneino 

# 

Performing  timiUu'  operationa  for  cos  B  and  cos  A,  we  have,  after  reducing, 
cos  a  =  cos6  cos  e  +  sin  b  sine  cos  Al 

coe6  A  cose  cosa  +  sine  sina  cosB  >  •  (4.) 

cose  =  co8a  cob6  +  sina  sinicosCJ 

These  formula  were  known  to  Aibategnius  *,  an  Arabian  astronomer  of  the 
ninth  century,  though  they  have  frequently  been  attributed  to  so  teeent  a  period 

as  that  of  Maupertuis,  De  Guaf,  and  Lagrange  |,  who  have  beoi  followed  by 
all  recent  writers,  in  maicing  them  the  foundation  of  the  entire  system  of  analysis 
of  spherical  triangles. 

Resuming  the  triangles  COA,  BDA,  right-angled  at  D,  we  have 


;^Uo;«r>_   8in^/>,    _  1  —  cos*a  —  cos*6     cos'c  +  2  cos  a  cos  b  cos  c 

siQ  u  oin  \j  —  ...     —   ■       ■     '         ...  — _ 

sinosmo  stoosinc  ' 

Multiply  both  sides  by  cos  a,  subtract  and  add  coa  6  coe  e  in  the  numerator  of 
the  second  side,  and  separate  the  term  2  cos  o  cos  ^  cos  e  into  two  parts.  Then 
this  equation  is  converted  into 

.  n  .  ^  cosa— ^osicosc  ,  cos(— coBCCOStf  cose— coso  cos6 

cos  a  njn  Jts  sin  o  ~  -.  +  :  s  ,  — ■ 

sm o  sm e  sin  e  sm  a  swa  sm  b 

=  cos  A  +  cos  B  cos     from  eq.  (4). 

Performins?  similar  operations  by  means  of  p.^  and  jp,,  we  shall  readily  get 
cos  A  —  —  cos  B  cos  C  +  sin  B  sin  C  cos  a  \ 

cos  B  =  ~  cos  C  cos  A  +  sin  C  sin  A  cos  6  [   (5.)  § 

cosCso-oosAcosB-feinAdnBcoec) 


•  DeUmbrc,  Attntnomie  Modeme^  p.  353.  +  Mom,  de  VAcad.  an  1  rU3. 

t  Jowma  4e  VEo,  Pc^  torn.  iL  \  or  XcyftoKm**  Ji^Mtdbyy*  toL  U  N.S. 

§  These  formula;  arc  obuim  d  fi  un  the  precedin?  (4.)  with  giMt 
simplicity,  by  means  of  the  poiur  triangle.    Thus,  fi>r  example. 

Let  A  I,  D,,  C|,  and  aj,  6|,  c,,  bo  the  angles  and  sides  of  the 
tnangle  polar  to  ABCi  Then  we  Iwve  ith.  vi.  />.(>). 

o,  s  n   A,   =  n  —   6|  8s  n  —  c. 

Alto,  in  all  trianglet,  and  therefore  in  the  polar  one,  we  hare 

co«  flf,  —  C08  ft,  COS  c,      sin  b^  m\  r,  cds      (by  4).  ^ 

Insert  in  this  the  correspondin;?  values  of  the  quaattties  concerned  as  functioni  of  the  pttts  of 
the  primar)  triangle  :  then  vre  get 

COS  (  n—  A)  as  CM  (n     B)  COB  (n  •  G)  +  sin  (n  —  B)  sin  (H  -  C)  eoa  (ir  -  a) 
bj  esptndiDf  which,  and  ehaoging  all  the  iigat,  we  get 

coeAs—coiBcoaC  +  stiiBsinCceea, 
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Multiply  the  tbird  eqoatioii  of  tyitem  (4)  by  cm6»  and  add  the  product  to 
the  first:  tfaeo  we  get 

oovAataftein  c  -f  cosC  smannftcosft  =  ooea(l  — eoi^6)  scosa  sin' 6. 
Bat  one  s  —   \    .which  inaerted,  and  the  whole  divided  by  ain«tiii6f 

givea, 

cola  sin  b  —  anb  cos  C  +  cot  A  sin  0. 
It  is  obvious  that  corresponding  equatiooe  will  result  for  any  four  continuously 
adjacent  parte  of  the  iriaDgle.  Whichever  idjaeeBt  parte  be  taken,  it  is  alio 
clear  that  a  ude  and  its  opposite  angle  must  be  the  extremes  of  the  four  parts ; 
and  that  for  each  pair  of  opposite  parts  there  will  be  two  different  pairs  of  mean 
parts,  and  hence  two  resulting  equations.  There  will,  hence,  be  six  equations  in 
the  entire  system,  there  being  three  pairs  of  opposite  parts,  and  two  pUIS  of 
mean  parts  for  each  of  these.  The  following  is  the  entire  system 

root  a  ain  i  =  cos  6  COS  C  +  60C  A  sin  C 
(cotasinescoaecoaB -h  cotAainB 

fcot  6  sin  0  s5  COS  a  ooa  C  +  cot  B  sin  C 
'         (cot  6  sin  e  =  cos  e  cos  A  +  cot  B  sin  A 

(cot  c  sin  a  s  eos  a  cos  B  +  cot  C  sin  B 
*  ^*  (cot  e  sinh  2=  cos  b  cos  A  +  cot  C  sin  A, 
The  equations  (1,  4,  5,  6)  are  generally  denominated  the  fundamental  ones  of 
spherical  trij^onomctry,  since  they  contain  the  expressions  of  the  value  of  any 
one  part  in  tfrnT;  nf  any  three  others.  That  they  are  adeijuate  to  the  analytical 
solution,  the  following  view  (after  Lagrange)  will  show  :  but  in  order  to  render 
them  effective  for  numerical  solution,  by  means  of  logarithms,  considerable 
transfonnations  wiD  be  reqnidte,  aa  far  aa  regaida  the  systems  (4,  5,  6;. 

'  Any  three  parts  of  a  spherical  triangle  being  given,  the  triangle  is  determinate^ 
at  least,  abating  the  possible  existence  of  double  solutions,  analogous  to  the  first 
caae  of  plane  triangles  (vol.  up,  451).  It  follows,  therefore,  that  any  one  part 
ought  to  be  expressible  in  term<?  of  any  other  three ;  and  it  is  only  requisite  to 
'vhnw  tli:,t  the  systems;  already  given  embrace  every  possiMc  variety  of  combina- 
tion of  the  six  parts  of  the  triangle,  taken  four  and  four  together. 

Taken  in/nrt,  six  things  admit  of  - '  ]!'  '  . ,  that  is,  16,  diflarent  eombina- 


*  These  eqnslkins  nmj  be  sxhlbltsd  site  under  s  Afferent  fenn,  which  sre  often  nicfnl  fai 
gmsnl  lBVBtrtgstipiis» 

fhi  n  cot  B  —  CO*  ^>  sin  f  —  ^in  h  rf>«  r  ro»  A 
ilna  eotC  =  cos  c  sin  6  —  sin  c  cos  b  cos  A 
•in  (  001 C  SB  cose  liii  a  —  eoto  sin  a  CM  B 
iia&  cot  A  =  coca  sine  —  >in  a  c<><^  <-  <  <  >  B 
sin  c  cos  A  —  ro«  n  nn  f>  —  sin  a  t  ci<  !>  r<i»  U 
■inc  cos  0  =  C09  ft  sin  a  —  sin  6  cos  a  cos  C. 
The  invcsUgation  of  the  last  of  the  wt  is  given  m  a  specimen  of  the  meUiod  of  obtsining  tliii 

daas  of  fonns. 
By  (4>  ws  hsvo  iin a nn c cot  n  =  co^';  —  ro*.^»  r^r 

ss  COS  b  —  COS  a  (cos  a  cos  6  -f-  »\na  sin  6  cos  V) 
=  co«6(1  —  coa^a)— cosdtina  ttn6cotC 
S  cos  f>  ^in'a  •—  C0««  sin  a  sin h  co«  C,  OT 
lin  c  001 B  SS  cot  6  sin  a  —  eooa  iin&  cot  U. 
▼OL.  II.  » 
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tions,  BO  ngard  hnng  paid  to  the  pennatatioos  of  each  aet.  Nov  tbeae  may 

(1)  .  Three  combinations  of  two  pairs  of  oppoaile  j)arts,  viz.,  Aff  R^,  Cc, 
Cc  Aa  ;  anil  the  cqualiuiis  (1)  are  manifestly'  adeijuate  to  the  solutioD  of  these 
cases. 

(2)  .  Three  adjaeent  parta,  and  the  opposite  to  the  middle  one.  These  dhride 
themselvea  ioto  two  tiibordfioate  cases,  aceordiog  aa  the  middle  one  ia  an  aogia 

or  a  side. 

When  the  middle  one  is  an  angle,  there  are  three  caaea,  one  for  each  angle, 
and  the  solution  is  coniainrd  in  the  system  (4). 

When,  similarly,  the  uiuidlc  one  h  a  side,  there  are  three  cases,  one  for  each 
aide  ;  and  the  ^lution  is  contained  in  tlie  syittem  (5). 

(3)  .  The  four  parts  connected  may  be  those  of  which  a  side  and  its  opposite 
angle  are  the  extreme  parte,  and  the  two  parte  which  connect  them  in  tlie 
figure,  the  other  two.  This  will  give  for  each  pair  of  opposite  parts  two  caaee  f 
and  hence  six  in  all.  The  equations  adeqnate  to  their  edntion  are  thoae  of 
eastern  (6). 

By  due  attention  to  the  figure,  the  student  will  readily  comprehend  the  fore- 
going classification,  and  perceive  that  these  fifteen  cix^ch  include  every  possible 
combination  of  four  of  them  in  a  group.  We,  therefore,  proceed  to  el^ect  the 
successive  tranisiurmaiiuns  required  for  numerical  solution. 

The  transformation  of  the  expressions  on  the  right  side  of  ^e  equations 
marked  (3)  ia  easilf  effected  aa  follows 

1  —  coe'e  —  co^b  —  cos^e  +  2coaa  eotb  cose 

=  (I  —  cos*b)  (I  —  ooa'ft)  —  (oos'e     Scoaa coe6  coae  +  coa'a  coa*6) 

=  nn'  a  sin'  6  —  (cose  —  coe  a  cos  by* 

(raia nod  +  cosr  —  cosa cost)  (sine  ain6  —  coee  +  coae coa£) 
s  {coec-«- cos  (a  +  6)}  J— cose  +  coe  (o  —  6)} 

8B  3  sin  i  (a  +  6  +  c)  sin  i  (a  +  6  —  c) .  2  sin  ^  (a  —  b  +  c)  sin  i  (—  a  -|-  6  c). 

??0TV  if,  as  in  plane  trigonometry,  (p.  44S,  vol.  i..)  we  j)ut  '2s  ™  a  +  4  +  ^ 
this  is  converted  at  once  into  n  form  adapted  to  lo-^arithms:  vis.  to 

4  sin  .V  sin  (.<?  —  a)  sin     —      &m  (s  •--  c)   (7). 

As  this  expre^Miou,  or  its  component  parts  enter  into  so  many  lurmulaB  in 
trigonometry,  it  ia  Important  that  the  atndent  should  reader  himself  perfectly 
familiar  with  it. 
To  tmnsform  the  expressions  for  A,  B,  C,  we  have  (tii  eg.  4), 
cos  A  sin  6  sine  =  COS  a«  coed  cose,  and  hence 
(1  +  cos  A)  sin  6  sin  0  =  cos  a  —  coh  h  co^  c  +  sin  6  sin  c 
or  2  cos* |A  8in6  sine  =  cos —  cos  (6  +  c) 

=  2  sin  H«  +  *  +  c)  sin  4  (—  a  +  6  +  c) 

-  *                      sins  Nm  (.V  —  a) 
and  finally,  ooa'IA  ss —     ,  — ^   (a). 

'         ■  sm  u  &\\\  c  ^ 

Also,  (1  —  cos  A)  sin  b  sine  =:  —  cos  a  +  cos  b  cose  +  sin  6  sin  c, 

or  2 sin'^A  sin  6  sin c  =  2  sin i  (a  — >  d  +  c)  sin  ^  (a  +  6  —  e), 

.  sin  (5  —  6)  sin  {s  —  c) 

or  aiTain,  sin*  AA  =  —  ,  »,»   (6). 

sm  b  Mil  c  ^  ■* 


Dividing  the  result  (6)  by  the  result  (e)  we  obtain 

tan  HA  =         ~         ^*  ~  ^) 

*  sin  *  sin     —  a) 


If  we  perform  similar  operations  for  the  three  angles,  and  collect  the  resttlts 

together,  we  shall  have 
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A  -  6)  son  it  —  c) 

"       no  6  sin  o 
p  _  tip  (<  ~  c)  sin  is  —  fl) 

sinesina 
^  _  lin  (f o)  sin  (»  —  b) 
sinasinft 


cos'M  =  W"*      (*  —  a)  I  ^       _  sin  (*  —  b)  sin  (g  —  c) 
sin  6  sin  c     I       *  sin  *  sin  (#  —  fl) 


cos*|B 


sinf  sin  (.<  —  b)   sin  (5  —  c)  sin  (j  —  a) 

'  Bintsin(«  — 6) 

  Un  =  «n  (t  -  5} 

■inatin6  '  sinfsin(i~e) 


Bine  sina 
lin  «  sin  (« e) 


 (8). 

niflse  formube  are  all  adapted  to  logarithmic  calculation ;  Imt,  aa  in  the  cor- 
responding  caae  in  plane  trigonometry  {vol.  i.  p,  455),  the  tangents  are  preferable 

to  the  sines  or  cosines,  as  requiring  fewer  logarithms  to  be  taken  out,  when  it  is 
required  to  compute  all  the  angles  of  the  triangles,  and  therefore  less  labour  to 
U  bestowed  on  the  computation.  Even  this,  howerer,  admits  of  improvement 
ia  the  following  manner : 

Putt^ny  _  ^Bin  (s  —  a)  sin  {s  —  6)  sin  (s  —  c) 


Then  tan  ^ Ass 


tan  r 


-,  tan^Bs 


sm  s 
tan  r 


;,tan|C  = 


tan  r 


. . .  (9.) 


sin  is— a)'       ■       sin  (*— 6)'       "       sin  («— c) 
Thk  last  method  (eg.  9)  is  analogous  to  that  in  plane  trigonometry  (oo/.  t. 
p.  459) :  and  it  will  be  shown  hersafter,  that  r  is  the  radius  of  the  uucribed  drek, 
jttrt  u  in  piano. 

Our  next  transformation  will  be  that  of  the  system  of  equations  marked  (5), 
Cor  fifldiog  a  side  in  terms  of  the  three  angles. 
These  equations,  being  like  the  others,  symmetrical,  the  transformation  of 

aoy  one  of  them  will  suffice  as  a  specimen  of  the  whole.    Take,  tlu  n, 

cos  a  siti  li  sin  C  =  cos  A  -\-  cos  \\  cos  C  ;  and  henc  e 
(l+cosa)  !iinBsin('=    cosA  +  cos  B  cosC-fsin  !isinC=    cosA  +  cos  (li  — (') 
(1— cosa)  sinBfiinC= — cosA— cosli  cos  C-^-sin  B  sinC=— cosA— cos  (B-fC) 

Hence  we  have 

cos  'ia  sin  B  sin  C  =  cos  i  ( A  +  B  —  C)  cos  i  (  A  —  B  -f  C) 
«n«|fl  sin  B  sinC  =  —  cos  .J  (A  +  B  +  C)  cos i  (—  A  +  B  +  C) 

PutA  +  B-)-C  =  2S:  then  thcsse  become 

cos  (S  —  B)  cos  (S  —  C)       J  .  cos  S  cos  (S  —  A) 


siiTBsin  (T 


Ajr      .k       -^si  cos(S— B)coe(S— C) 

And  from  these,  cot'^a  =  ^ — ^  . 

■  cos  S  cos  (S — A) 

Soiihr  opoatioos  being  perSormed  on  the  other  two  equations,  we  have  the 

eoQedsd  resolts  as  followet 

);  C08(S-B)C0S(S— C)  cos(S— B)cos(S--0 

COS*^a=   :  R — :  —  -iCOt'AflZZ   ^ 

'  sm  B  sm  C      ^  * 


",1         cos  Si 

^  ""sinBdiid 

:         CM  S  <»S  (S—B) 

sinCwiA 


cos  S  cos  (S— A) 

...    cos  (8— C)  COS  (S— A)     „  ^ ,       cos (S-C)  co8(S— A) 
co»*i6=  — '  ;    >;  .  T  -,cot*i6=  n  ,o  — 

'  .        smCsmA  ^  cosScos(S«B) 

u      cosScos(S-0     „,     co8(S-A)co8(S-B)  coe(S— A)cos(S-B) 

smAwiB    I     ^  smAsmB      >     '  cosScos(S~C) 

 (10). 

These  formola^  like  tho«e  of  (B),  though  well  adapted  to  logarithms,  yet 
sdmit  of  an  improvement  similar  to  that  in  (9). 

P-e<*B=    /_'»'(8-A)e«(8-B)«..(S-.C)^  ^ 

V  COS  9 

cot  R  ^ cot  R         ^,  cot  U 

cot  k  s  —  r-,,  cot  Id  ss  ' — cot  ie  =  ^.^    y,^  . .  (11). 

*      COS  (b  —  A)       *      cos  (b  —  B)       ■      cos     —  C) 

o  2 
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In  llicie  equations,  —  cos  S  is  esseotlaUy  poaithre,  tinee  3  S  being  greater 
then  n,  end  kas  than  3  n,  the  velue  of  S  is  greater  than  ^H,  and  less  than  {D, 
and  COS  S  is  essentially      or  —  cos  8  essentiaUy  -|-. 

A  theofem  analogous  to  (8)  in  piano  wa^;  li'^covered  by  William  Parser,  of 

Dublin,  more  llian  200  years  ago.  I  have,  therefore,  called  ihc  corresponding 
spherical  ones  by  his  name,  as  the  passap^e  from  one  to  the  other  is  so  obvious 
as  to  render  these  a  necessary  consequence  of  his  discovery,  even  if  he  did  not 
actually  can  y  it  su  tar  himself.    See  Wallace's  Theorems  and  Formula,  p.  2. 

We  may  also  readily  hnd  exprciiiiiuns  for  sin  A  and  bin  a  m  terms  of  these 
functions;  for 

.  »  «  .  ,A  ,A  2v^8in  *  sin  (*  —  «)  sin  (5  —  6)  sin  (*  —  c) 
Sin  A  a:  2  Bin  lA  COS     s=  ^   .   ,        —  ' 

*  ■  sm  0  sin  c 


^    .     ,  ,         2n/— C08S"C08(S— A)C08(S— B)C08(S— O 

sin  o  ss  8  sin  ffl  cos  m  —  tt  ->v  

'  8m  n  sm  O 

end  similar  exprc  -^Hions  for  the  other  sides  and  an^jles. 

We  have  supposed  that  m  these  two  groups  oi  equations,  the  angle  and 
the  side  were,  respectively,  the  unknowns:  but  in  the  former  group,  we  may 
snppoee  the  side  opposite  the  angle,  and  In  the  latter,  the  angle  opposite  the 
side,  to  be  the  unknowns.  The  transformations  for  solution  must  in  theee  a 
he  ^ilierent,  or  rather  derivative  from  those  already  given. 

From  (8)  we  have 

...       ,„     8in(«  — *)    ysin  «  sin  (f    e)      _  sin  (t  —  ft)  cos  |C 

Sm  iA  COS        as  \  i     /  :  5i— jr   SS    .   .    .  '  

*  '  sine  sinosrao  2am|eGos^ 

CO.  iA  .in  iB  =  ??5-^'--5>-  /j?^!!.'!  =?i?ii_-/)^^^J£ 
'        '  voi  e  a  vok  b  2  sm  |e  cos 

sin  JA  .in  ill  _55-(t:z«)  /"^ »-«>""  <:'^) =!!"•  (•  -  <^V»i» i£ 

*  ^  sin  0  sin  a  sm  b  2  sin  |c  cos  ^ 

^  ,  A  sin  #        ysinC*—  a)  sin  (4  —  6)      sin  s  sin 

cos  »A  COS  *I9  =s  — ; —        /  .  r  =  ;r""="~i  \~* 

'        '  sin  e     V        sm  a  81Q  6  2  sm     cos  ic 

Hence  by  addition  and  eubtraction,  respectively,  we  get 

•  , ,  A  +      (*  —  «)1  i  («— *)  COB  \i 

sm  ^(A  +  B)  =  — i  — — *  —=■  -     —  =- 

^  2sm|cco«|c  cos^ 

•  wA     nv     {sin  (f  —  A)  — nn(s  — «)}  cosJC  Bin|(a— .6)ooe^C 

Bm  i(A  —  JD)  =-=  i  \  i  =  =  : — ;  V 

■  2sin|cco8ic  smic  /(13). 

i/Aj^nx  {sm#  — Bm(t  — c)}  8in|C  eoei(a+*)siniC( 
"  ^  2  Sin    cos  coe  |e  | 

^  {sin  s  +  sin  (#  —  c)]  sin  ^0     __8in  ^  (a  +  sin 

^  ~  2  sin  ^ccos  \c  ~        sin  ^  J 

From  these  we  can  find  ^  (A  +  B)  and  i  (A  —  B)  when  a,  6,  and  C  are  given, 
and  faence  A  and  B  separately. 

These  expressions,  however,  may  be  slightly  modified  as  to  form  $  for  divide 
the  first  by  the  third,  and  the  second  by  the  fourth :  then 

tan  J(A  +  B)  =  ^-J^;cotlC;  t.ni(A-B)  =  ^«^;  co.iC  lU). 

We  may  now  proceed  to  the  case  of  two  angles  and  the  included  aide 
being  given,  to  find  the  third  angle. 
By  (10)  we  have 
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..  cot  (S  —  A)    i  «—  C08  S  cos  (S  —  C)  _cos(S  —  A)  sin 

"  —       sin  C      ^  sin  A  s'm  B  2  sin       cos  \C 

.       —  ^     — /       co'^  ^  t'os  (S  —  C)  _  cos*  (S  —  B)  sin 
"            sin  C      ^          sin  A  sin  B  2  sin  .JC  cos  hC 

.  .    .    —  cos  S       ycos  (S  —  A)  cos      —  —       ^  ^''"^ 

sin  C  sin  A  sin  U  "2  sm      cos  4^ 

l«  .jt  _  cos  (S  —  C)  icos  (S  —  A)  con  (S  —  B)_  coa  (S  -  C)  cos  |c 
cait0C(w«d~     ainC     V         unAtinB  auniCeotlC' 

By  addition  and  anbtraetion  we  obtain 

•  4/        _{co8  (S— A)+coa  (8— B)}  ain  jc^cos  |  (A— B)  sin  jcy 


..(15). 


,  Jcos  (S — A)— cos  (S — B)|  sin  Jc  sin  i(A — B)  sin  |c 

■»  *         —  2  sin  |r  cohIC  "  "     cos  H ' 

Jcos  (S  —  C)  -f-  cos  S  j  cos  cos  i  (A  +  B)  cos  Jc 
i(ff+6)=            2^in  iC  cosiC  sin  $C 

Jcos  (S  —  C)  —  co«  S}  cos  4c      sin  J  (A  +  B)  cos  ic 
|(c— ft)=  as  ; 

And  hj  division,  a»  in  the  preceding  caae, 

^  1^  .A*    cos\(\— B)      ,     ^  »v    sin  i  (A— B)  ^  , 

"»*(•+*>=  c7;r;(ATn) •^♦(*-*'=.in  i(A+B)  <••'• 

The  SIX  exj)ression8  here  derived  (I'j,  16)  are,  evident!)',  only  different  in  form 
from  the  preceding  (13,  14);  and  might  have  been  at  once  deduced  from  ibem 
\ty  mere  Ihgonometrical  division. 

The  four  formulae  (13  or  15)  are  usually  known  as  Gauss* s  Aiudogies*, 
their  demonatrationa  haYing  been  first  given  by  that  iUuatrioiia  geometer,  in  hia 
Tktaria  wuHIb  Corporwm  CctlesHnm  (1809) :  bat  Ihey  bad  been  pobliabed  by  De- 
Wrv  aoma  yeaia  ptvfiimaly  in  the  ConiMitMiiee  dei  Tmp$  (for  1S08)  t  tbongh, 
as  via  then  nanal  in  that  work,  withont  their  investigationa,  probablf  with  n 
view  to  attract  attention  to  them.  The  two  latter  (14,  16)  were  discovered  at  a 
roncli  earlier  period  by  Napiet,  and  are  known  as  Napier's  Analoyies.  For  the 
parposc§  of  cnlculatim,  Napior^s  Analo^ie^  an  directly  applicable,  which  is  not 
the  case  witli  those  of  (Jauss  :  but,  in  nid  oi  general  invtstiyatiovs ,  i  liose  of  Gauss 
have  a  decided  advantaj^e  over  Napier's,  from  their  l)ein^  enni)h;'.ed  of  more 
ekriicniary  trigonometrical  iunctions.  Delambre,  howwver,  liui  not  appear 
[Attron,  torn.  i.  p.  ]  64)  to  attach  considerable  value  to  them ;  though  they  have 
ikinately  proved  to  be  aoioogat  the  moat  important  and  naeM  tbaorema  wt 
pmtm  in  elementary  spherica. 

*  G«u<a  di<l  not  deliver  his  theoRBis,  or  their  investi^tion,  in  precisely  the  fonof  given  in 
tl>e  text    T?ie  form",  indeed,  arc  rcmarknblr  ;im1  rlr;;'ant.  ami  the  invei«!i?ntioTi'»  xlmpio  and 
Ibc  forms  arc  given  here  ;  but  the  investigations  tbcnisclvea  ar«  left  as  an  exercise  for 
tha  tarical.  The  theorain  alleges,  that  if  m  put 

ps«M^snii(A  +  BK      P s eoa  |C  cot   (a  - 
<f  —  cwhc  CO*  U  A      B),       Q  =:  >in       cm  A  (.1  6), 
r  —  sin     sin    (  A  —  H),       U  =  cos  .U  sin  ^  (a  —  6), 
M  =  sio  ^  cos  ( A  —  B),  anil  S  =  eiu      siu  ^  (u     2*) ; 
tt«s  ne  ihtU  have  the  folUwing  equalities  tii  prodaets»  and  thence  of  nagle  fketots ; 

PQ^p^      PR  =  |»r,      PS  =  /», 
QR  —  7r,      QS  =  9*,      RS  =  rs. 
^Hwoce  ftnaiij  by  resolution  of  tlicsc  equations, 

Psp,  Q  r:ry,  R  =  r,eiidS=st} 
lie  the  same  tesults  as  neie  olrtaiDed  la  the  text 
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II,  Tm*  FUMcnoNi  8,9,  btc.  in  coittrBcrioir  witb  bach  otbbk,  JlRd  tiib 

SIOM  AVD  ANOI.BB. 

The  fonmilfe  already  deduced  are  adequate  to  tlie  eolution  by  logarithms  of 
all  tbe  cases  of  spberica]  trigonometry,  where  three  of  tbe  parts  are  given  to  find 
tbe  remainiDg  parts.  There  are,  however,  msny  cases  in  whicb  other  formolae 
become  convenient ;  and  others  still,  where  the  results  are  possessed  of  uracil 
analytical  symmetry  and  elegance.  A  few  soch»  therefore,  are  added  here,  after 
giving  which  we  shall  proceed  at  once  to  the  actual  resolution  of  triangles. 

Before  we  proceed,  however,  we  must  lay  down  the  following  notation : — 

Nolalion. 

Let  IN -  =  —  cos  S  co«?  (S  —A)  cos  (S  —  B)  co<?  (S  —  C) : 
«-  =      sin  8  sin  (*  —  a)  sin  (s  —  b)  sin  («  —  c) : 
Put  ^,  A,,  Aj,  ^„  for  the  aHsociated  trianfrlcs  ABC,  A'BC,  AB  C,  ABC*: 
a,  bf  c.  A,  B,  C,  for  the  sides  and  angles  uf  the  triangle  ABC  { 
fl,,  6,,  c^,  A,,  B,,  Cp  for  those  of  the  triangle  A'BC; 
o-i,     c,,  A,,  B„  C^,  for  those  of  the  triangle  AB'C ; 
bj,  C3,  A,.  B3,  C„  for  tbow  of  tbe  triangle  ABO, 
By  R„      R3,  for  the  radii  of  circles  circnmsciibing  the  associated  triangles : 
r,  f„  r,,  r,,  for  those  of  the  corresponding  inscribed  circles: 
£,  £,,  E^.  E3,  the  spherical  excesses  of  the  associated  system ; 
s,  Sj,  nnd  S,  S,,  S,.  S ,,  the  same  parts  of  ^,  A,,      A^,  that!  and  S  are  of 

A;  and  all  the  other  notation  in  correspondence  \vi(h  this. 
The  same  letters  with  accents  to  represent  the  same  parts  of  the  polar  triangles 

A',  A\,  A'.^,  A'p 

Employing  Purser**  theorems  (8  and  10,  p,  35}  for  the  semi-sidea  and  aemi- 

angles,  we  have 

cos  AB  cos  JC    sin  *        .        sin  a  cos  iB  cos  AC 
  l  i  J  orsmts  ... 

sm  ^A         sin  a  sm  AA 

And  since  *  h  symmctiical  iu  respect  of  ii,  6,  c,  the  same  form  of  value  lioKls 
good  when  b  and  c  arc  put  for  a,  the  changes  which  symmeuicaily  relate  to  it 
being  also  made,  as  given  below  in  (17).  Also 

sin  ^B  sin        sin(*  — a)        ,  sin  a  sin  |B  sin 

smiA  sina    '         ^      ^  sin^A 

Tbe  entire  collection  of  results  are 


•  /-     .\     sma  sin  .IB  sm  AC 

sm  iA 


sin  a  cos  ^B  cos  AC 

sm#  =;  .  i  

sm^A 

sin  6  cos  AC  cos  i A 

 ^nnU  

 sin  c j:o8 1 A  cos 

sin4C"     ^  —  fciniC 

In  a  corresponding  manner  we  obtain  tbe  following : — 


sia(« 

sin(« 

un  (s 

sin^B 


cos 


cos 


cos 


g  _  ^  sin  A  sin  ^6  sin 
^     "       cos  ia 

g          sin  B  sin  \c  sin 

cos  ^6 

„        sin  C  sin  )a  sin  ib 
cosfe 


cos(S 

-A) 

cos(S 

-B) 

cos(S 

-C) 

coB^a 


cos  ^6 

cos 

cos^e 
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Again,  the  formula  of  Albategnius  (eg.  4)  givea 


mkb  aino 

2N 
•inB  flinC 


llieae  are  identical  with 
em  a  coefB  coe  = 

nn  a  on  4B  mn  |C  = 


aind  ss 

_  N  

aaiolBainiC 

2cos^RcosjC 


8ii 


Bin  c  ain  a 
■inC  ain  A 


aiirCa 


arno  = 


2« 


ainaain^ 

2N 
ain  A  ainB 


ainAcoai^eoe^c  = 
ain  A  ain  |ft  ain 


2  ain  4^  ain  ie 

ft 


2  cos  cos 


And  so  on  with  the  others.  These  values  inserted  in  the  sets  of  equations  marked 

(16,  17)  give 


arna 

ain  (a 

-a) 

ain  (a 

sin  {s 

N 

coaS 

n 

2  ain  ^A  ain  IB  ain 

2eoa|a  eoa^&coaie 

N 

coa  (S 

-A) 

n 

2  ain  i A  cob  ^B  coa  |C 

2  coa  ia  Bin  ^6  wa^c 

N 

coa  (S 

-B) 

n 

2  coa  4  A  ain     coa  |C 

~  2  am^a  coa^d  ain|e 

N 

n 

2  cos  4 A  cos  iB  sin  4<J 

cos  (S 

-  C; 

^  2  ain  |a  ain^A  cot  ic^ 

Ul9) 


Again,  froin  the  fonnulne  preceding  the  last,  we  have 

sin  b  sin  c  sin  A  =  2m        etn  B  sin  (  '  sin  a  —  2N 
sin  c  sin  a  sin  B  =  2it  sm 
siu  a  810  6  Bin  C  =s  2» 


-7  ~ 

sin  B  sin  (  '  sin  a  =  2N"j 
sin  C  sin  A  sin  6  =  2N  /• 
sin  A  sin  B  sin  c  =  2N-' 


(20). 


Multiply  each  triad  of  tbeae,  and  divide  the  one  prodnct  by  the  other :  then 
ain  A  ainB  8inC_  N« 

ain  a  ain  0  ain  c  ^ 

And  nnee  all  &ctora  of  the  left  aide  are  equal,  we  have 

ain  A  sinB_sinC_N 

sin  a     sin  6  ~  sin  c  ~~  »  *  *  * 

Multiply  all  the  aix  of  the  equationa  (20):  then  extracting  the  cube  roo^  we 
have 

sin  a  sin  b  sin  c  sin  A  sjn  li  sin  C  =  4Xn  (23). 

Again,  to  obtain  the  values  of  N  and  »  as  symmetrical  functiona  of  the  parta 
of  the  triangle,  we  have  from  each  triad  of  (20) 

(2fi)>  =  ain  'a  ain  '6  ain  ain  A  ain  B  ain  C)  ^24) 
<2N)*r5Bin«A8in»Bain«CBinaain5ainc)  ^  ^* 

Becniring  again  to  Pnraer'a  equationa,  we  have 


sin  ^A  sin  ^B  sin  : 
cos^A  cos  |B  cos^C 
tanlAtaniBtaniCi 
BIB  |a  ain  id  ain  le  : 
eoa|aeoB|6coa|e  : 
tan|atan|6tan|c  : 


ain«  ain  a  ainftainc 

ft  sin  5 
ainaainA  aino 


ain'a 

-NcosS 


(25). 


ain  A  sin  B  sin  0 


—  cos  S  sin  A  sin  B  sin  C 
cos^S 
N 
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Insert  the  Taluee  of  lin  a»  no  A,  etc,  from  (S9)  in  07,  IS) :  then 

2Ndniatini6  linK 


sin  (i 


sin 


o»  CM XA  coalR  eoa  AC 

alV  1*W0            WD  1 W9  ^  V 

cos  S 

2ii  COS  |A  iio  |B  sin  ^C 

cos  (S 

-A) 

N 

2n  sin  ^A  cos  |B  tin  iC 
N 

cofl(S 

-B) 

2ii  mn  |A  sin     cos  |C 

cos  (S 

-C) 

N 

2N  sin  ia  cos     cos  |e 


H27). 


2N  cos  ia  sin  cos 


Multiply  together  the  values  of  sin  t  in  (19»  37) :  then*  those  of  sin  (t  —  «), 
tie,  I  and  we  get 


sin'f 


=  «  cot  l\  cot  cot  ^C 
sin'  {s  —  a)  =  n  cot  ^A  tan  tan  ^C 
sin-  (s  —  fj)  =  n  tan  iA  cot  |R  tan  ^C 
fiin-     —  c)  =  n  tan  J  A  tan  |B  cot  4C 


COS'S 


=  N  tan     tan     tan  ^ci 


..(29). 


cos'  (S  —  A)  =  N  tan  cot  ib  cot  ic  | 
cos^  (S  —  B)  =  N  cot  §a  tan  ^6  cot  \c  | 
cos'  (S  —  C)  =  N  cot  ia  cot     tan  Ac  J 

Multiply  the  first  sides  and  the  second  sides  of  the  series  of  equations  (27) : 
then 

4  cos  ^A  cos      cos      sin     sin  j^b  sin  ^c  =  *  sin  »  c<^  S  ^ 
4  e08|A  ttn|B  siniC  stnla  coe^A  cos^  ss  sin  («  —  a)  cos  (S  ^  A) 
4  sin  iA  COB  iB^siniC  cos^a  stn^A  oosic  =s  sin  (t  —  6)  cot  (S  B) 
4  sin  |A  sin  |B  cos  |C  cos  |a  cosfft  sinic  =  sb  (s  —  c)  cos  (8  —  C) 
Innumerable  other  combinations,  interesting  for  the  symmetry  and  degnnce 
of  their  forms  might  lie  esaily  deduced.  They  are,  however,  left  as  exercises 
for  the  student ;  and  he  is  strongly  recommended  to  pursue  them,  were  it  only 
for  practice  in  transformation. 

It  has  been  seen  at  p.  31,  that  the  jierpcndiculars  from  the  ant^les  to  the 
opposite  sides,  are  expressible  as  simple  functions  of  n  and  the  sides  to  which 
they  are  drawn.  They  may,  however,  be  expressed  in  terms  of  N  and  the 
angles  from  which  they  are  drawn. 

For  Cp.31,  eq,  2)  and  ip.Z9,eq,22)uap^:=       ,  and  n  =         ° ;  whence 


2N 


sinp,  =  -T-^  :  and  so  on  with  the  others   (30). 

smA 

Recurring  to  the  formula  of  AIbategnius»  and  ita  polar  case,  as  given  in  the 
equations  which  precede  (19)»  we  have 


sin  A 

sin  a 


2n 


» and 


Kin  a 


2N 


sin  a  sin  A  sin  <7*       sin  A     sin  A  sin  B  sin  C 

from  which  we  have  by  virtue  of  (21)  the  relations 

2n  ,  n  2N 


N 
n 


  and  *  —  ' 

sin  0  sin  6  sin  c'       N     sin  A  sin  B  sin  C 


(31). 


which  are  furmulie  of  great  utility  in  general  transformations. 

III.  THE  POLAR  TRIANGLES. 

Some  of  the  most  obvious  and  important  relation-?  nf  the  polar  to  the  primary 
system  have  already  been  pointed  out  in  props,  ri.,  cii.,  viii.  p.  6 — S.  A  few  others 
have  reference  to  functions  of  the  triangles  which  require  trigonometrical  expres- 
sion. The  majority  of  those,  however,  which  have  not  yet  been  given,  might 
bavs  been  brought  in  earlier,  had  there  been  any  adequate  reason  for  doing  so. 

In  what  follows,  we  shaU  eipress  the  sides  and  angles  of  the  sereral  aasosiatMl 
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triangles  whicb  are  pobr  to  the  system  whose  sides  are  a,  b,  c,  and  angles  A,  B.C. 
in  terms  of  tbe&e  sidts  and  angles.  Any  details  beyond  the  mere  results  will  be 
needless,  as  the  formalion  of  the  several  values  is  at  oiicc  indicated  by  the  figure 


TABLE. 

TWnka  of  the  dies  and  taglet  of  the  primtiy  and  polar  attociated  ttiaiiglei  in  temu  of  tlie  «Mm  and 

iaglas  of  the  primary  f  UDdaineatal  one. 


II  —  a 
*  —  tf  =  *  —  a 


*;=-»-» 

'"i  —  X  —  <• 


''j=  r  —  e 
»,  =  ir  - 

-  '/}  =  >f  —  (' 


A  -  A 
B  -  B 
C  ~C 

s  =  s 

S  —  A  =  S  ^  A 
S  -  li  =  S  -  15 
8-C  =S  — C 


POLAR  AMSOCUnD  TBXaNOLBS. 


A' 


6'=  II 

n 

^'  =  JII 

=  -.11 


A 
li 
G 
s 

(S 
(S 


A  ) 
H1 


S'  ^ 


B  '=  ir  -  i 

S  =  It  —  > 

li'  —    ^TT    -  {> 


-  M 


A|  =  A 

B,  =  n 

c,  ri 
s,  -  11 

s,  —  A,  =  n  — 

S,  -11,  =s_ 
,8,  —  C,  ^  i>  — 


=  III  —  (»  -  C)  3  - C  =:      -  («  —  c) 


■B 

(• 

■^-A)  A  , 

C 
B 


a 


6'.  = 


A, 
(• 
A, 


II  -  A 


2  — 


►l  -  =      ^    —  0 

-  ''^  —  i  —  a 


S..-      ^  11  — 

8, 


-  Cj  s  8  - 


II  -  A 
B 

—  ATI  -f  S 
',11  —  (s-C: 


A',=  »  —  a 
B',=  A 


s' — 


H'. 


(S_B)IU'., 
(• 

A 


*  1 


A 

II  —  B. 

C 

An-f  fS-B) 

•II  f  <s-iw  s'., 

ill  +  6 


it  j=   —  6 


=      -  (S-A)  S';-C'a=s  i»  -  (*-o) 


A3 

A,: 
Ik: 


:  11 
II 

:  C 
11 

in 


A 
B 


■  A 

■8  , 


A', 


A 
B 

II  -(' 


S'  =  .'.ll  ^  (S.  -f)  S'^  ATT  -r  {^'-r 

a',=:ill  — IS-li)  'tt- 
/,-^',s=  JlI-(8-~A)S^-U  =  ^,r--(*-a 


A'^a 

ir  -  A 

("^—  TT  —  r 

S'^  ATT  -r  (--r) 

~  W  —  <«  —  ^) 

) 


Irom  this  table  we  learn,  very  readily,  aeveral  mteresting  particulars,  one 
^t«D  mlj  of  wbicb  we  shall  here  inalBoce. 

=        V  =  V  =     =  N?  =  N'/  =  N  V,  ^ 
and  n''  =  «' »  =      =      =  N«  =  N,»  =  N,«  =  N,».  J 

It  has  already  been  shown  ppomctrically,  (  prop,  riii,,)  that  the  inscribed  and 
circam^-cribed  radii  of  each  piuoary  are  tlie  coiiijilemcnts  of  the  circuiii.scribed 
lad  inscribed  radii  of  the  polar.  This  also  may  be  el^antly  proved  by  means  of 
llitae  eqmtione,  and  the  ezpfeanoDi  for 'the  several  tangents,  vers  it  dsemsd 
inifMiiiy;  but  this,  for  ths  sake  of  room,  is  omitted,  and  the  total  coUceted 
tnulti  only  pot  down  as  the  conieqiieiices  of  that  propositioD. 

is>  however,  to  be  remarked,  that  we  have  in  that  proposition  considered 
^  the  proper  spherical  centre  or  nearest  pole.  If  we  take  the  remote  pole. 
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the  tun  of  ihe  two  radii  t 
in  jnxta'pQsition. 

'  R',  +  r,  =  in- 
R,  +  r',=  i7r 

R',  -f  r,  =  irr 


SPHERICAL  TRIGONOMETRY. 

of  being     ie  |r.  Both  eyateaa  era  pot  down 


R'  +  r  = 

R  +r'  = 

R',+  r,= 

R,  +r'.  = 

R',  +  r,  =  fir 

R,  +  r',  = 


R'a  +  =  5,r 
R,  +  r',  =  fir 


^  •  •  •  • 


(33). 


R'  +  r  =: 

R  +1^  =  .}7r 
R',  +  r,  =  :]T 
R,  +  r',  = 

The  sum  of  all  the  radii  of  the  inscribed  and  circumscribed  circles  of  the 
primary  and  puLir  triangles  being  taken,  \vc  have 

R  +  R,  +  R,  +  R3  +  R'  +  K .  +  R'.  +  R'a  J  ,  2,  , . 

The  oontinned  products  of  all  tiieae  sixteen  tangents  being  taken,  givee 

tanrtanr,  ...tanr'tsar't       ele.  s  1   (35). 

IV.  TBS  CiaCUW  IKSCniBBD  in,  and  CIBCUIfSCBlBtn  AaOtJT»  THB  ASSOCIATSO 

TBIANOLBS. 

Let  O  be  the  centre  of  the  circle 
inscribed  in  the  fundamental  triangle 

ABC,  and  D  the  point  of  contact  with 
the  base.  Then  BO,  CO  bisect  the 
an<^les  B  and  C,  and  OD  is  perpendi- 
cular to  B(v. 

Tut  BU  =  «„  DC—a  ,  and  OD=r. 
Then   by  the  right-angled  triangles 
BDO,  DOC  we  have 


tanrcotiBs  , 

1  —  cos  B 


em  a,  s  tanr  cot  |C  s  ^  _ 


(36). 


cos  C ' 

Also  cos  a  =  cos  (a,  +  a  J  =  cos  a,  cos  a,  —  sin  a,  sin  a, :  whence  transposing 
(cos  a  +  sin  a,  sin  a,)*  =  (I  —  sin*fl,)  (I  —  sin^a^,  or 

em =  sin^,  +  9  nn «,  aino,  cosa  +  ein    (37). 

Insert  the  values  of  sin  e,  and  sin  a,  from  (3G) :  then 
tin  *e  _  (1 4-C08  B)  ( I  —cos  C)  -K 1  —cos  B)  ( 1  -I-  cos  C)  -fg  sin  B  tin  C  cos  n 
tanV~  (l-cosB)<l— cosC) 

a  fl— cosB  cos  C+sin  B  sin  C  coee}  _      2  ( 1  -f  cos  A)  cos^^A 
^         (1— cosB)(l-cosC)         ~  (I— COS  B)  (1— coa  C)  ^  ain«|B  sin  ' 


...       J    .    .     »        sine  sin  |B  ain|C 
or,  by  redaction  and  extraction,  tan  r  =   J\ .  

*  cos  J  A 

2N 

But  sin  a  =  -^-r.  ^—?;  which  substituted  in  the  preceding  givee 


(38). 


sin  B  sin  C 


tan 


_  aNsinjBsinlC  N 

^  ~  cos  ^A  sin  B  sin  C     2  cos  i A  cos  ^B  cos  4C 


(39). 


Aglun,  2  cos  i  A  cos  AB  cos  AC 

=  I  {—  (—cos S)  -i-  cos  (S  —  A)  +  co8(S— B)  +  cos  (S  —  C)j, 
whence  we  have  another  value  of  tan  r. 

   2N  

—  -  V-cu«     +~cus  (S  —  A)  +  cos  (S  -  B)  +  cos  (S  —  C)  •  •  • 
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Lastly,  for  cos  \\,  etc.  substitute  their  values  from  Purser^s  forms;  then 

Kin «  sin  («  —  a)  sin  (*  —  b)  sin  («  —  c)        ^  n 
t»iiV=  i  ;  — I  { ;  or  tanr  =   (41>. 

Rin-.?  sins 

Nesl,  proceed  in  the  same  way  with  the  triangle  A'BC,  einpl»yir(ix  rhc  appro- 
priate valuer  of  the  sides  and  angles  m  lei  uis  of  tho«e  of  ABC  from  ^rop.  xxii,, 
£p.  10,  17,  lo  :  aud  we  get 

^"^''■acosJAtm  iBsinJC 

cot8-co«(S^A)  +  co«(S-B)  +  co«  (S  —  C) ^  ^' 
UAr^  =  -,^   (44). 

niiding  the  others  in  the  aame  way,  we  may  tahtdate  tbe  sysiem  thus 

ar^  N  2N  n 

S COS  i|  cos     cos iC     -l-ooB S+cof  (S— A)+co8  (S— B)+coe(S— C)  sia« 

 N   2N  » 

"  ScoalAnniBsmiG  ~  —cos  S— coe  CS— A)+co8  (8-~B)+cob(S— C)  ~  siii(<-a) 

„  N   aN   n 

*   2tiDiAooe|BiiD|C    — eoe  S+coe  (8-A)^co8  (S— B)+cos  (S— P)  im(«->6} 

  8N  _  « 

*^*'2iaiiA  mDi'B  coe  |C  ~  —cos  S+coa  (S— A)+cos  (S— B)— coe  (S— C)  ~  ain  (#— cj 

 (45). 

Tbe  first  two  forme  are  doe  to  Mr.  Rutherford,  and  the  third  to  De  Gua. 
By  reference  to  tbe  mode  of  solution  suggested  in  tbe  equations  marked  (9), 
it  will  be  seen  tbat  in  tan  r,  there  employed,  r  is  tbe  radius  of  the  inscribed 
ctrde.  For,  from  tbe  equation  above,  we  have  another  value  of  tan  r. 

^  ^  _  »  ^  y/ein  »  sio  (s^a)  sin  jt'^b)  sin  (s^  c)  __    hin  {s~fl)  sin  (s-^)  ain  (s — c) 

"sins'"                    sins  ~V  tins 
Let  Q  be  the  centre  of  the  drcom- 

Krihiog  circle,  and  draw  the  perpen- 
diculars Ql>,  QE,  Qr,  and  join  QA,   ^7>nI^^\^^^ 

QB,  UC.  Then  the  sides  are  bisected  y  \  /  /  \ | 
in  D,  E,  F. 

Put  CAQ  =  A,  and  QAB  =  A,:  *                   ^^\J2^'W  \ 

then  by  right-angled  triangles  we  have  i>^~«r"  ""x     .'  \ 

 .       ^  „  ^     . .    cot  R  (1  — cos  6) 

COS  A.=cot  R  tan   V-r  

 .  ,     cotR(I— cose)  V  I 

cot  A,=:cot  R  tan  ic»  )^  i  \ 

 (46).  ^ 

Also,  COS  A  3s  cos  (A|  +  AJ  cot  A|  cos  A,  —  sin  Ai  sin  A, ;  or  by  lednc- 
tisD,  as  before, 

sm  'A  s  coe'A|  —  3  coaA|  cos  A,  coe  A  +  coa*A  (47). 

loaert  tbe  Talnes  of  coa  A,  and  cos  A,  from  (A)  in  (B) :  then  we  find,  after  the 
BttBiicr  of  the  preceding  investigation, 

sin  A  cos|6  coslc 

And  ainee  sin  A  ss  .  .  . — ,  we  have  again 

sm6ame  ^ 
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cotR=— ^— , — *T,—   (49). 

2  sin     sm  j^o  sin  ^  ' 

Trensfonn  the  denominator :  then  this  becomes 

2ii 

cot  R  =  .    ,    .     "  V  ■; — ! — .     '  4.  ■■ — z  r  C^). 

—  on  t    Sin  (t  —  a)  +  no  («  —  6)  +  ein  (t     o)  ^  ' 

And  Intly;  inwrting  the  Talttes  of  sin  ^a,  elc.  from  Ainer, 

_  N 

cot  R  as  j5   (51). 

—  cos S  ^  ' 

Corresponding  npemtions  being  made  upon  the  ])arts  of  A'BC,  AB'C,  and 
ABC  in  terms  of  the  triangle  AB(j  will  give  the  results  tabulated  below. 

cotR=  "  -  ^"  N 


C0tR,=: 

cotR^s 


2  sin  \a  sui  \h  sin  \ft    — sin«+8in(»— a)-f  8in(s— 6)+sinC« — c)      —  cos  S 
II  2ii  N 


2sin|a  cos  \b  cos sins— sin (t— a)+sin(*— 6)+8io  («— cj  co8(S— A) 
»  2n  N 


2cos^a  siu  §6cosi«    sin#+Bin(«— o)— sin(5— 6)+bia  v^js— c)"*  co8(S— Bj 

 «  2»   N 

^    2co8ioco8i!>sinic    sin«+siDC«— a}+8in  («— 6)— sia(«— >e)    oo8(8 — C) 

 (52). 

The  mode  of  solutioo  suggested  for  one  case  of  spherical  triangles,  given  at 
p.  36»  sy.  1 1,  is  founded  on  this  principle.  For 

.p__N__         cos  j3  eoe  (8  —  A)  cos  (8  —  B)  cos  (8  —  C) 

V  •  (-cosS)« 

/cos  (8— A)  cos(S  —  B)  cos  (S  — C) 
~  V  — cosS 

The  analogies  of  plane  and  sphmcal  trigonomtiry  are  very  numeroos ;  but  it 

is  to  be  remarked,  that  these  are  confined  to  the  sidet  of  the  triangloi  only : 
whilst  the  angles  of  the  spherical  triangle  have  a  similar  class  of  analogies  to  the 
sides  thcmselvefl,  but  this  is  lost  in  comparing  the  angles  of  plane  and  spherical 
triangles. 

From  De  Gna's  values  of  tan  r,  tan  t^,  etc,  and  Hutherford's,  of  cot     cot  R^, 
etc.  we  have 

sin  s+sin  (s— a)4*sin(s—i)+sin  (t—c)  ,  , 
cot  r  +  cot  fg  +  cot  r,  +  cot  r,  ss  -I- — 1  i  —  i  -\..(53), 

tan  R-htan  R,  +  tan  R,+tan  R,  =  ^+ sin  (s-^a)  +  sin  js-b)  +  Bin  (^~c)^^^^^^^^ 
whence  cot  r+cot  r,+cot  r,+cot  r,  ^  tan  R+tan  R,  4-tan  B«+tan  B^  ($5). 

Again,  from  (54)  subtract  2  cot  r  =  — ^  ' :  then  we  have 

— 8in«+sin(j-^)+sin(s— *)+sin(#— c)  ^ 

— cotr+cotr,+cotr,+cotr3=  i  —  i-^  2  s=2  tan  R  .,  (56) 


'1 

2  tan  R,  =  cot  r  —  cot  r,  -)-  cot  r,  +  cot  j 
2  tau  U,  =     cot  r  4-  cot  r,  —  cot  r,  +  cot 


In  the  same  way,  subtracting  2  cot  r, ,  2  cot  r„  and  2  cot     we  get  the  system 

2  tan  R  =  —  cot  r  +  cot  r,  +  cot  r.,  -f  cotr,- 

^  .  !  ^*'>' 

r,  +  cot  fj  / 

2  tan  R3  =     cotr  -f  cot  r,  -|-  cotr,  —  cotrjj 
and  proceeding  in  the  same  manner  with  respect  to  2  tan  R,  2  tanR,,  e/c. 
2  cot  r  =  —  tan  R  +  tan  R,  +  tan  R,  +  tan  R, 
2  cotr,  as     tan  R  ^  tanR,  +  tan  R,  +  tan  R, 
2  cotr,  s    tanR  +  tanR,  —  tanR,  +  tanR, 
2cotr,a=    tanR  +  tanR, +tanR,  —  tanB», 


(58). 
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Th^  theorems,  in  n  U  ss  distinct  and  definite  form,  were  fint  given  by  the 
editor  in  Leybourns  Repontory,  vol.  vi.  N.S.  :  but  in  the  above  very  elegant 
f^hnpe  they  are  due  to  Mr.  Rutherford,  who  gave  them  in  the  GetUlmoM's 

Diary  for  1837. 

Again,  multiply  De  Gua'a  values  of  tan  r,  tan  r^,  etc, :  then  we  have 

ttnr tanr,  tan r, tan r,  =   (69)* 

Divide  this  by  the  square  of  each  of  them  in  successiion  :  this  gives 
sin'*  =  cot  r  tan  r,  tan  r,  tan  r," 

tin* (t  —  fl)  =  tan  r  cot Tj  tan r,  tan  r,  ^^^^  (60). 

■in'(f  ^6)  =s  tanr  tanr,  cot tanr,  "     '        '  ' 

•in*  (a  — >  c)  8  tan  r  tan  r,  tan  r,  oot  r, 
whieh  leanlta  were  given  lirat  by  Mr.  Lowry  in  Ifae  Mtttk,  Ibgfot.  vol.  e.  p.  3. 
The  analogy  of  these  to  the  original  form  of  die  equation  between  (45)  and  (46) 
ia  -mtj  remarltable.  For  in  the  case  above,  we  have  for  the  value  of  tan  r, 

/tanrt  tanr.  tanr,  , 

sm  *  =  w  — *         ,  and  so  on. 

tan  r 

Take  the  produrt*;  of  De  Gua'g  valn«'«  of  tan  r,  tau  r,,  etc.  two  and  two,  when 
there  results  another  sybtcra  of  equations,  of  which  the  first  only  ia  here  worked 
out,  and  the  others  merely  put  down, 
tt  « 


tanr  tanr.  =5  ,  -  •  ~. — ;  ^ 

*    aina  am  (t  —  c) 


s  tin  (a  —  6)  ain  (a  —  c) 


=  tin  I  {a  -h  (6  —  e)}  ain^  {a  ~  (d — c)}  asan*ia — on  *\{h — e). 
The  whole  ayatem  of  retulta  deduced  from  the  combinationa  indicated  on  the 
left  aidea  of  the  e(iuationa  will  be 


tan  r  tan  r,  =  sin'^a— sin'^  [b—c) 
tan  r  tan  r»  =  sin^jA— sin^i  (c— a) 
tan  r  tan    =  sin'^c— sin'^  (o— 6) 


tanri  tanr,  =  sin-l  (o-f  i)— sin'4<?l 
tanr,  tanr.  =  sin'i  (a+c)— sin^^A  I . .  (61). 
tan  r,  tan  r|  =s  ain*^  (6+o) — ein'^a J 
Whence  by  addition  of  theae  two  and  two  aa  indicated, 
tanr  tanr,  •ftanr^tanr,  =  •in*i(o-i-&)~8in*|(e— 6)  =  ain&auiel 
tan r tan r,  + tanr, tanr,  =  ain*|(e  + a)-->nnH(e^a)  =  ameainal..  (63). 
tanr  tan r«  +  tan  rt  tan  r,  =  Nn*|(ft  +  «)  ^■in'KA — «)  =  aina  aindj 
And  by  addition  of  these  three  eqoationB,  there  reanlta  the  remarkable  fonn, 

tanr  tanr, +Unr,  tan  r,+tanr  tanr,)  •  r,  •  r  •  ^ 

+  tanr,tanr,4-tanr,tanr,-f  tanr,  tan  r.J  ^  ^ 

an  expression  which  was  first  given  in  my  Si^tpkmoU  to  Yoiu^S  Drigomomeiry, 
au«l  -uli-^t  ijuf'ntlv  in  the  iiejw:<.  vol.  vi. 

bmce  tan  r  tan  r,  —  tan    tan  r,  =  sin  (s  —  b)  sin     —  e)  —  sin  jr  sin  («  —  fl) 

ss—  (cos  a  —  cos  b  cos  c) 
ainft  aia e  eoa  A,  we  have 
^    tan  r  tan  r,     tan  r,  tan    _    tan  r  tan  r,  —  tan  r,  tan  r, 
•*-iin6sinc  tanr  tan  r,  +  tan  r,  tanr,  * 

Whence,  and  operating  in  the  same  way  for  coa  B,  coe  C,  we  have 

J- 4        1  —  008  A  tan  r  tan  ri 

~  I  +  cosA^ 


tan  r,  tan  r, 
J- H     1  —  cos  B  tan  r  tan  r, 

'    "~  I  +  C08  B     tan  r  ^  tan  r, 
1  —  cos  C     tan  r  umr, 


■       1  +  coa  C 


tanr  tanr 


9J 


•  *  •  •  •  •  I 


>•«  •••••••••I 
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TheM  itnt  fonnQltB  wen  giYen  in  the  Repomioiy  (in  the  eenie  paper),  and 
lead  to  several  others,  which  may  be  seen  there  and  in  other  places. 

Ftocenes  too  much  like  these  to  need  the  least  detail  here  will  give  the  follow- 
ing corresponding  equations  with  respect  to  R,  R|,  B^,  B,. 


(65). 


cot  R  cot  R,  cot  R„  cot  R,  =  ^.  =  N*  . , 

(—  cos         =  tan  R  cot  R,  cot  R ,  cot  R^- 
cos"  (S  —  A)  =  cot  R  tan  K,  cot     cot  R, 
COB^  (S  —  B)  =  cot  R  cot  R,  tan  R,  cot  R, 
cos"  (S  —  (')  =:  cot  R  cot  Ri  cot  R,  tan  IL,. 

cot  R  cot  R,  +  cot  R .  cot  Rg  =  sin  H  sin  C" 

cot  R  cot  ll.j  -f-  col  R  cot  R,  =  sjn  C  sin  A 

cot  R  cot  R,  -j-  cot  H,  cot  R,  =  sin  A  sin  B 

colR  cotHi+..*Call  the  left  side)=8iii  A  sin  B-f  sin  B  sin  Q+sio  C  sin  A . .  (68). 

^  cot  R  cot  R 

tan'^o  = 


(66). 


(67). 


tan'ld 


cot  Rj  cot  Rj 

cot  R  col  R, 
cot  R.  cot  R, 


J-       cot  R  cot  R, 


(69). 


The  corre'<ponding  ecjnationa  for  the  polar  triangles  are  obtained  at  once  from 
the  equations  in  the  tables  at  p.  41,  and  though  interesting,  need  scarcely  be 
more  tlian  referred  to  here,  and  left  as  an  exercise  for  the  student.  One  or  two 
examples  may,  however,  he  added. 

Since  tanr  =      ,  and  tanWs  —  ;  and  that  we  have  also  (co.  42) 


tanr' 


N' 


2  cos  ^Af  cos  JB'  cok  |C    2  sin  Jo  sin  |6  sin  ic 
tanr  _ 2sin |a sin |6 sin ^ 
tan/""*  sin |(a  +  6 c)  * 

Again  in  the  same  way  we  have 

^              cos  S     2  sui  ka  sin  lb  sin  ic     j  ^  «. 
tanRss—       =  = — ^-2  7-,  andtanB/ss— 


;  hence 


(70). 


and  hence 

tanR  2  sin  ^  sin  sin  |c 
tanR'      sin  I  (a  +  i  +  c) 


(71). 


From  the  two  last,  and  simihrly  for  the  other  triangles 


tanr   tanR 

tan  tan  R' 
tan  r,  tan  R, 
tanr',     tan  R', 


tan  r. 


tanr', 
tanr 


tan  R,  N 


tan 
UnR 


(72). 


tan 


1^  __tanR3  J 
r'j^tanR',  J 


Multiply  the  values  of  tan  r  and  tan  R',  and  likewise  tan  r'  and  tan  R :  then 
there  results 

tanr  tanR' 2=  1,  and  tani'  tan  R  s  i : 

which  leads  to  the  same  conclnsion  as  in  (33) ;  and  eorrespondiog  results  are 
fonnd  to  flow  from  each  pair  of  primary  and  polar  triangles. 

Expressions  may  also  be  readily  fonnd  for  the  products  tan  r  tan  R,  tan  r,  tan 
R  J ,  etc,  and  thdr  pobirs.  For  example. 
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tan r  tan  R  =  ^  .  l™Jl*Li»^=  8jto ». t»  rio te 

sm  s  n  iin  I  (a  -f-  o  -f  c) 

wlych  is  the  same  retiilt  as  (71 ),  and  again  would  hsvo  attabliahed  the  eqaatioiw 
tan  r  =  col  R',  elc  gira  in  (33). 

V.  TbB  abba  of  a  8PBBB1CAL  TBIANQLB. 

1.  Whm  the  tkne  anglet  an  pkm. 

It  has  been  shown  Id  pr.  xxiv.  Cor.  2,  p.  20,  that  the  area,  A,  is  expressed  by 

A  =   (74). 

wbidi  ia  compilable  when  A»     C,  r  an  given 

ScAoltMB. 

Ae  the  onljr  Tariable  part  of  thia  eipieision  in  reference  to  a  given  sphere  i» 
that  of  the  spherical  tatutt,  A  +  B  +  C  —  n»  it  it  unial  to  epeak  of  the  exccM 

and  the  area  as  convertible  terms.    Recollecting  that  to  the  unit      ,  the  exctss 

doee  ezprew  the  area,  there  is  but  little  danger  of  actual  mistake  by  each  synony- 
mous emplovTncnt  of  the  terms,  yet  as  some  confusion  mi^ht  nrise  In  the  mind 
of  the  sturlent  from  such  cause,  it  is  better  to  avoid  the  indiscriminate  use  of 
them.    Denoting  the  excess  by  £,  we  have  the  relation 

;    (76). 

which  will  always  serve  to  convert  an  expression  for  the  excess  into  ooe  for  the 
area,  and  vice  versii. 

3.  GtM»  Am  eidiif      lit  MofaM  oiif Ir. 

>Ve  liave  in  this  case 

sin|Bs=8lni(A  +  B  +  C  — II)  =  — cos  J(A  +  B  +  C) 
s  sin  HA  +  B)  sin  |0  —.cos  |(A  +  B)  cot  |C. 
Snbstitute  for  sin  i  (A  +  B)  and  cos  i  (A  +  B)  from  Gauss's  anslogies 
(13,  |i.  36):  viz, 

.in  i  (A+B)  ="**„f-*>  COS  IC  «>d  CO.  t(A+B)="'^y  .in  4C : 

tbea«  after  slight  reductions,  we  liavc 

•   It*      sin  ha  sin  46  . 
•  sm^Es — ^ — , — ^*lnC  (7o). 

cos 

Dm  formula  is  very  remarkable  on  account  of  its  el^g^ance  and  simplicity ; 


•  Tliis  cxprcauon  was  firat  girca  bjr  Albert  Girard  more  than  two  hundred  )c  ir^  a^^o,  and  it 
is  generally  known  tt  OmmTt  tktonm.'  but  the  method  of  proof  nowusn«ll>  dujilojed  was 
iD%'cntcd  by  Dr.  Wallis. 

TIic  thcorrni  it»<  If  wa?  ronsidpretl  merely  in  tbe  lijtht  of  an  elegant  speculnfivr  truth,  till 
Mr.  l>alby,  in  l/B?,  was  employed  to  correct  the  orrvrii  of  spherical  triangh-»  in  the  great  trigo- 
Bometrioil  turrey.  See  PkO,  TVoiw.  vol.  80.  This  cmployinent  of  Girard'»  theorem  has 
Qvoally,  but  erroneoiislj,  been  attributed  to  General  Ri>y  :  for  tbe  whole  of  the  nathemitical 
dc|tnrtTncTit  nf  that  survey  was  solely  conduft<  <l  ly  y\i  Dalby,  giibsequcntly  Professor  of 
MAtbeniaiics  in  tbe  Ro;ral  MiUtary  College.  Sec  Ley  bourn's  Jiepot,  mi.  v.  N,  S.p.  201. 
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but  as  it  involves  also  the  side  c  in  the  denominator,  it  wUl  nqure  some  iiiodi6« 
cations  to  fulfil  the  actual  conditions  of  the  problom. 

Reasoning  as  above  we  have 
cos  \E  =  sin  \  rA  +  B  +  C)  =  Rm  \  (A  +  B)  cos  4  C  +  coi  i  (A  -J-  B)  sin 
and  inserting  from  Gauss  as  before,  we  get 

-|,  cos  i  (a  —  b)  cos  '^C  +  cos  i  (a  +  6)  sin  -^0 

~  cos  ic 

OOB     cos     -j-  sin  |a  sin     cos  C 

°*         ^5n«   ^ 

DlTide  (77)  by  (76) :  then  there  results 

^         coti.cot}6  +  co,C^  f       cotJ^co^J/n  ^ jj  

Sin  C  (  cos  C     )  ^  ' 

This  theorem  is  due  to  De  Gua.  Mr/n.  dc  VAcad.  1783.  The  practice  of  the 
solution  by  lucaus  uf  a  subsidiary  augle  is  very  simple,  m  liie  fuilowiog 
manner : — 

(i.)  Whm  COS  C  is  positive f  and  of  any  consistent  value  whatever, 

Tidte ^^eotj6_  tbea  cot |E s cot C aec:^. 

cos  C  " 

(a.)  Wkm  cot  C  it  ntgtHwt,  tmdummakaOjfgnaUr  lAoa  eol  |ft  eol  ^6. 

Take  ^^fef^'J*  =  _        .  then  cot      =  —  cot  C  cos*^. 
cos  u 

(a.)  Whem eotCit  negative,  and unmerietdty  ktt  ihm  wt     cot  |6. 

Take  ^  _  gec»^.  then  cot  p  =  -  cot  C  twi^e. 

cos  \j  * 

4,  JKActi  <Ae  three  sides  are  given. 
Employing  Purser^s  theorems  (8),  p.  35,  we  have 

«n  C  =  2  8in     CO.  JC  =  «     «i°  »  "ia («  -  «)_""  (' -  *>  (jEI). 

sm  a  Sin  o  » 

Insert  this  in  (76)  :  then 

.  2sin4a  sini6 's/sins  sin  (<  — a)  sin  («  — 6)  sin(«~c) 

Sm  f  A  SS  — ^  ; — ;—  .  7  1      ■  ■  — 

4  sm  a  sin  o  cos  ^  c 

 ^  wkt  sin  (f  -»  g)  sin  {s  —  6)  sin  (s     ^  , 

~~  ~  r        1 1      'i  ••••••••  ••••  I7yl« 

1  cos  Aa  cos  ^6  cos  Ac  *  ' 

ThxM  is  Cagnoli's  them fm  fur  fhn  r.rrpss,  and  is  adapted  to  logarithms. 
Squaring  both  sides  of  (,71/;,  and  substituiiDg  vers  K  for  2  sii^^^E,  we  have 

-J,  sin  s  sin  js  —  a)  sin  («  —  b)  sin  (s  —  c)  ^ 

2  cos  "20  cos  '0  cos  -jc  *  ' 

This  form  was,  so  far  as  I  am  aware,  first  given  by  myself  in  another  place, 
and  dedoced  in  another  manner. 

Substituting  the  vilues  of  the  numerator  and  denominator  of  (80)  m  terma  of 
a,  b,  c,  we  get  at  once 

„  _ I  — 'Coa*g  — coa*6  — cos^  +  2cosg cosdeosc 
vers  b  _         (1  +  cos  a)  (1  +  cos  6)  (1  +  cos  ^® 
which,  as  well  as  the  /our  iM»l  ftUlowmg,  was  gtyen  by  De  Goa,  in  the  memoir 
before  referred  to. 

Again,  cos -^E  =  ^  (1  4>  COS  Ej  =  i  (i  —  vers  E),  in  which,  subatiiuting 
(81),  we  got 
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^^2(lHhco9a)  (I-t-coat»)  ( 1  -h cus  c)— ( I — con  'a— cos  -b—con         coao  cos  6  cos  c) 


2(1+  cos  a)  (1  +  cos  b)  {,1  -j-  cos  c) 
I  +  cos  a  +  COB  6  +  cos  e 


•  ••••••■■•••«■••  ••••• 


.(B2). 


C840 


^2  (1  +  cos  a)  (f +~co8  6)  (1  -f  cos  c) 
Also,  since  1  -f  cos  a  =  2  cos  -^a,  rte.  we  have 

coei£:3t — ;  =— J- — -■  ^  - —  ,,,,,  (83). 

FVon  (79>  82)  we  get  by  divinon 

cot  IE  =5   l+co9a-}-cos5  +  coic 

3  V  tin  «  «in  («  —  a)  sin  («  —  6)  sin  (t  —  e)  *  *  * 
AgtiOj  to  return  to  cos  E,  we  have  its  vahie  from  (81):  then 
P_(l-l-coea-i-co8&+co8c)'— (l-l-cosa)  (l-fcos&)  (14-coec) 

(1  +  cos  a)  (f-l-  cos  6)  (1  -I-  cos  c)  " '  *  * 

The  loliowmg  is  also  an  elcirant  form,  thouEfh  not  adapted  to  iogarithms 
Multiply  (80,  84),  aiid  put  cos  a  =  2  cos  -^a  —  1,  etc, :  then 
^  AB  —  COS  ''ia  +  cos  '^6  +  cos  '^C  —  1 

^^^^  acoiiacoeiftcoeic  <^^' 

The  moet  remarkable  fonnule,  however,  for  the  qtherical  eseeae  in  termi  of 

the  three  sides,  is  that  of  Lbiitllierf  which  may  be  tiius  inveetigated  by  recur- 
ring to  Girard's  fundamental  theorem. 

We  have  from  the  definition  of  the  spherical  eweeu, 
iE  =  i  (A  +  n  f  C  -  n) ;  and  hence 
^  tg  _  2  sin  i  (A  -I-  B  +  C  — n)  cos  i  ( A  -f  H  -  C  -j-  n) 
2co8  i  (A  +  B  +  C  — n)*co8  i  (A  +  H  -  C  -f  ii) 
sin  HA  +  B)  —  sin^  (n  —  C)_  sin^j  ( A  -f  B )  —  cos 
cos  I  (A  -f  B)  -f  cos  4  (n  —  C)  ~"  cos  i  (A  +"Br-r^^C' 
Inaeit  in  the  last  expreeeion  lor  tan  IE  the  Taluea  of  sin  |(A  +  B)  and 
coe  |(A  +  B)  from  Ooitit  (13) :  then  we  have 

tan  iE  =  ^^*f''-g7^fcol4C  =  ^-ll^^^--°^  7,^(^7^)  cot  jg 
coei(a  +  6)  4- ooaic     "  ooe  |»  cos  i  (« —  c)  * 

Insert  the  value  of  cot  |C  from  Tkacler  (S) :  then 

Un  iiu  =  —      /    Bin#9in(»  — c) 

cos  J  »  cos  J  (f  —  c)    V  sin  (f  —  a)  sin  (i  —  b) 

=  V  tan  is  tan  i  («— 0)  tan  ic« — 6)  tan  i  (f  «  e)  «  (87). 

SchoUim, 

No  expresnon  for  the  spherical  excess  in  a  form  adapted  to  calculation,  and 

In  other  terms  tlian  already  discussed,  is  known.  The  comhinations  thus 
excluded  are  A,  B,  c ;  a,  b,  A  ;  and  A,  B,  a.  For  the  first  of  these,  a  theorem 
of  considerable  elefjnnce  in  respect  to  its  symmetry,  is  known,  and  appears 
amon«j''t  the  Kxercisrs.  in  reference,  however,  to  actual  calculation,  it  is  use- 
let^.  The  most  advautageuus  method  in  practice  is,  undoubtedly,  either  to 
complete  from  tiie  data  the  Aree  sides  or  the  three  angles  of  the  triangle,  and 
then  to  employ,  according  to  the  case,  the  theorems  of  Lhtullier  or  Girard. 

6.  Tkt  ipherieal  emeetsw  of  tl^  oitoeiated  iriaii^kt. 

Denote  the  parts  as  before  defined,  and  we  ehall  have 
BssA  +  B  +  C-n  I  K,=s^A  + B-C+ n\ 
E.:sA-B-C  +  n  |£,*s-.A-B  +  C+n/ 

VOL.  II.  S 
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By  addition 

E  +  E,     £k  +     =  2n 

Add  each  of  the  last  three  equations  to  the  first,  eaocessifeilyt  and  firoceed  as 

indicated  by  the  left  side  :  then 

A  =  i  ( E  +  E.)  i  B  =  Ufi  +  Ei) ;  C  =  HE  +  E.) 

S  =  ■  ir  4  E)     1         —  co8S  =  6iniE 
S  — A  =  icu-E,)     ;  cos(S 
§~?  =  i(''"-E,)  cos(S 

cos  (S 


COS  S  =  sin  ^E  '\ 

-  A)  =  sin  ^E,  ( 

-  B;  =  sin  ^E,  ( 

-  C)  =  sin  iEj 


(89). 
C90). 


S-C  =  i(n^E,) 

Insertiog  these  values  in  Purser's  expressions,  we  get 

cotH««^^^^-'  ''"  ''^^ 
sin       sin  §E, 

^         siniE  sin^E,  ^ 


cotV  =  ^i45iiLME. 
'      sin  ^E  sm  ^E, 

and  any  other  fanctions  may  be  deduced  from  them. 

^  In  the  preceding,  the  given  parts  are  A,  B,  C,  and  we  may  proceed  to  con- 
sider u,  h,  e,  as  given.  R^ening  then  to  the  teble  of  values  of  *„  —  Hv. 
j9. 4I»  we  have»  by  applying  Lhnilliei'B  theorem  to  each  of  the  four  tiuungles 
successively, 

ton  iE     V  tan  ^ tan  i  (s~a)  tan  i (t     A)  tan  ^  (s  ^ 

tan  1E,=  V cot  ^  cot  ijs^a)  tan'{  tan  f  (*  I 

.    ..^  

tan  4E^=  V  cut  U  tan  J,  (s  —  a]  col    {s  —  b)  tan  ^  (s  —  c) 

Un  V  cot  i«  tan  i    —  a)  tan  ^  (*  —  ^)  cot  ^  {jt  '-  c), 

Multiply  these :  then 
tan  i£  tan  iE.  tan      tan  iE|:=cot  |s  tan  i  («^)  tan  ^  (s— 6)  tan  i  (a— c).  .  (|93). 


(98). 


Again, 

iE  =  i(— n  +  A  +  B  +  (3) 

JE,=  i(    n  +  A^B  — C)=5jn-i(n-A  +  B  +  (3) 

iE,=  i  (    n  -  A  +  B  -  C)  =  in  -  l(n  +  A  -  B  +  C) 

iE,=  ic   a-A-B  +  C)=in-icn  +  A  +  B-C), 

from  which 

tani(— n+A+B+C)  =  Vtan  ^  tan  i(f— e)  tan  tan 
tan^(  n— A^-B+O  =  V^^tan  js  tan i(s—a)  cot  |  (s^6)  cot  ^  (jr- 

V  tan  4*  cot  i  («— a)  tan  ^  (5—6)  cot  \  (<— c) 


r-c)l 


(!M)- 


tani(  n+A-B+C)  

ten  i  (  n  4-  A  +  B  -  C)  =    tan  i«  cot  i  (#— a)  cot  i  (« — 6)  tan  i  (s—cj  ) 

Multiply  these :  then 

tatt>|(«4'«4>«)«tMi(-n+A+B+C}tani(n-A't-B-|-C)t«ni(0-t-A-B+C}lHl4(n+A4B>C)..4tSk 

By  giviog  to  the  terms  of  LhuiOier'a  expressioo  for  the  excess  of  the  linubi- 
mental  tiiaogle  their  values  in  terms  of  a,  6,  e,  we  have 

Un>i(-n  +  A  +  B  +  C)mtttli(«  +  ft  +  c)taii|(-a  +  &  +  c)tani(a  -  i  +  r)taB|(« -f  ^  ^r) 

the  analogy  of  which  to  (95)  is  very  remarkable ;  the  only  difference  of  general 
form  }>o\u<r  thnt  IT  enters  into  the  composition  of  all  the  angular  functiona.  but 

V  not  into  those  of  the  sides. 
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tan  |E  cot  IE,  coliE,  cotiE,  =  tvur^s  =  uu-hs 

cot  iE  tau  iE,  cot  iE,  col  JE^  =  tan  -i*,  =  cot ' J  (*  —     L  (97). 
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Again,  the  tliree  last  factors  on  the  rijiht  side  of  (95)  are  cot  ilSj,  cot  i£u 
«Qd  cot  ]K^.  whilst  the  first  is  tan  IK  ;  we  liave,  therefore, 

t^n  \  (a  +  6  -h  c)  =  x&n  Ks  —  tan  i  E  cot  IE,  cot  |E,  rot  JE^  (96). 

But  as  Uie  four  triangles  are  symmetrical,  their  expressions  are  so  hkewise, 
aod  correspond iug  equations  exist  for  s,,  s„      Whence  the  entire  resulta  wiil  be 

cot  iE  cot  i  E,  lan  i E,  cot  iE,  =  ton  'i*,  =  cot -\{»-b)\ 
eoliE  cot  iE,  cot  JE,  tan  iE,  =  tan  H'j  =  cot  4  («  —  c)) 
Agiln,  multiply  the  reciprocals  of  all  these  together  :  then  we  get 
lni£taniE^  taniE,  UniE,  =  cotit  uu^  i.*  —  a)  taniC^  — 6)  taniC*  — c) 

 (98). 

Bj  mcaiit  of  the  known  values  of  the  parts  of  the  polar  tystem  of  associated 
tria^|es»  tsAmlated  at  p.  41,  ww  can  find  in  a  very  aimple  maaoer  tha  cor- 
raponding  parts  of  that  aystem  in  terms  of  A,  B,  C,  or  of  «,  h,  e.  We  thaa  get 
taniE"  =cot|»         |  tan^E',  =s tani(«  —  6) 
tuk iE'a  s  Un|(«  ^  a) 
Mtdtiiilj  these  four  together:  then 
tmiE'  tan  ^E',  tan  iE',  un  iE',  =  cot  i*  ton  J  (*  —  a)  tan  J  (*  —  *)  tan  J  (*  —  O 

 (100), 

Compariog  (98)  and  (100),  we  find 

luiB'taniE',  tan  ^E',  tan  IE',  » tan|E  tan  iE|  ton  JE,  ton  ^E,  (101). 

Bycocnpariog  the  values  c»f  tan  cot  («— a)  elc.  in  (98)  and  (100),  we  have  the 
nbe  ef  each  of  the  pohr  ezcesees  in  terms  of  thoee  of  the  primary  asaodated 
^siSB ;  and  bj  interchnoge  of  primary  and  polar  in  the  investigation,  we  get 
diois  ef  the  primary  in  terms  of  the  polar  excesses.    We  thus  have* 

cot'iE'  =  ton  iE  cotiE,  cotiE,  cot  {E,l 

cot  2| E',  =  cot  iE  ton  iE,  cot  iE,  cot  i E,  I,   

cot  ^iE',  =  cot  iE  cot  IE,  tan  \  E,  cot  {E,  | * 

cot  'iE',  =  cot  iE  cot  iE,  cot  i  E ,  tan  }  E,  J 

cot  ^E  =  tan  iE'  cot  »  R',  cot  i  E ,  cot  iE  3"! 

col  -iE,  =  cot  4E  tan  \  K\  cot  |E',  cotiE',  {  (103) 
cot'iE,  =  cotiE'cotiE',  taniE'jCotJE'jf 
■    cot  »i  E,  =  cot  iE'  cot  i  E',  cot  i  E'a  tan  ^  E J 

Holtiplying  together  either  of  theae  bMt  seta  of  eqoationa*  we  should  obtain 
ti»  Tfciprocals  of  (101). 
Ultly,  taking  the  values  of  tan  ^E,  tan  ^E^  <fc.  from  (90),  we  find 
liB^iEtan^E'  =  cot^s  tani(f  —  e)  tani(f  —  fr)  tani(«  — e)' 

iM'iE,  ton^E',  s€Ot|f  tan|(#— e)tBni(t  — 6)tani(t  — e) 

'\K.  ton  ^iE',  =  cot  Jt  tan 4 (*  —  a)  ton i  (*  —  b)  tan  i  (•  — • «) 
tm^iE^  ton  ^E',  =  cot  |s  tanj (9  —  e)  tan  i  (f  —  b)  ton  ^    —  c). 

ax  the  right  sides  of  these  equations  are  equal,  the  left  sides  are  also 

ttjual,  and  we  have 

i£  tan  i£' s  tan  ^E,  tan  iE'i  s  un  iE,  tan  iE  ,  =  tan  IE,  tan  iE', . .  (105). 

For  other  properties  of  this  nature,  the  etudent  may  consult  my  supplement 
10  YooBg's  TVigonometry,  the  Mathematical  Bepoeitory,  vol.  vL  N.  S.,  and  the 
Udf'ssnd  GeaHeman's  Diaries,  1831-43. 
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(104), 
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THE  SOLUTION  OF  RIGHT-ANGLED  TRIANGLES. 

Tns  general  piindple  on  whieh  the  solution  of  right-angled  trianglei  depends 
has  been  laid  down  at  pp.  24—26,  as  founded  on  Napier's  circular  parU»  The 
method  of  proceedinpf  will  be  as  follows  : — 

Mark  down  in  a  circular  posiiion  the  five  circular  parts  of  the  right-angied 
triangle,  which  are  exclusive  of  the  right  angle;  viz.  —  A,  JII  —  B.  Itt  —  e, 
a,  b,  as  in  the  fir-^L  lij^nre  at  p.  25.  Notice  in  this  the  positions  of  the  three 
parts  immediately  concerned,  viz.  the  two  data  aud  the  part  tiuught. 

If  they  all  three  lie  in  succession  (exce])t  the  interposition  of  the  right  angle, 
which  is  rejected  entirely  from  consid«ration),  the  middle  one  is  the  nddJk  in 
Napier's  theorem,  and  the  two  others  are  the  '*<HjfaesiU"  parts.  Call  these  M 
and  A|,  A, :  then 

sin  M  =  tan  A,  tan  A,   (I), 

from  which  any  one  of  the  three  magnitudes  may  he  found,  the  other  two  being 
given. 

Again,  if  one  of  (be  parts  be  separated  by  an  inten  nl  from  each  of  the  other 
two ;  then  this  is  the  iniddie,  and  the  other  two  are  the  opposite  parts.  Gail 
them  M  and  O,,  O  ,:  then 

sin  M  =  cos  O,  cos  O^   (2), 

from  which  any  one  can  be  found  when  the  other  two  are  giv  en. 

Whatever  two  parts  be  given,  and  whatever  part  be  required,  the  solution  will 
fall  under  one  or  other  of  these  cases. 

Before  we  proceed  to  the  actual  exhibition  of  the  work,  we  must  advert  to  the 
fact,  that  in  one  case  there  are  two  solutions,  or  that  the  case  is,  as  it  is  techni- 
cally said,  "  ambiguous.**  It  is  perfectly  analogous  in  its  general  character  to 
M-hat  was  shown  to  take  place  in  one  case  of  plane  trianj^les ;  viz.  where  the 
an^^'le  (or  it  may  be,  arc)  is  to  be  determined  from  its  sine  as  the  given  result  of 
the  preceding  calculation,  vol.  i.  p  451. 

The  only  case,  however,  of  ri;^'ht-angled  triangles  which  is  really  double  is 
when  the  data  arc  a  side  and  Us  ojtposiie  angle. 

For  if  the  perpendicular  BC  and  hypothenuse  BA  be  pro- 
duced to  meet  again  in  A',  it  is  clear  that  BAG,  B'AC  have  the 
angles  at  B  and  B'  equal,  and  the  side  AC  opposite  to  them 
common ;  whence  the  data  belong  alike  to  both  triangles,  or 
tke  Jo/afMMi  tf  dtmUe. 

All  the  qoasitae  of  one  triangle  an  supplementary  to  ihoae  of 
the  other,  each  to  each. 

The  other  cases  in  which  a  side  or  angle  is  found  from  the 
sine  become  definite  from  the  two  following  considerations, 

1.  The  greater  side  in  opposite  fhf  greater  mujl". 

2.  A  side  and  ?7<f  opposite  angle  are  of  the  sauw  ajf  'ection  (def.  20). 

The  former  of  tht>e  is  the  cor.  to  pr.  x.,  and  the  latter  may  be  readily  established 
as  below.    It  may,  aUu,  be  readily  pruved  geometrically. 

In  the  circular  arrangements  the  following  is  the  order  of  the  parts  concerned, 
a,  b,  in  —  A.  Whence  the  rdation  would  be  expressed  by  (1),  or 

,      .     /I „       * V  tan  fl 

sin  b  =  tan  (  ATT  —  A)  tan  a  =   . 

Ian  A 

Now  as  b  in  e«!«;cntinlly  less  than  sin  b  is  essentirdly  -f-  ;  and  hence  tan  a  and 
tan  A  must  have  the  same  sijin.  Now  these  are  both  limited  between  0  iuid 
180^;  and  ivol.  i.  p.  424)  tlu^  signs  ate  bulb  -f  «  hcn  a  and  A  are  less  than  yO% 
and  both  —  when  they  are  between  90'^  and  130^.  They  must,  therefore,  to 
fulfil  this  conditkNi>  be  of  the  same  alftction. 
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3.  The  hypothenuse  is  less  than  90*^  when  a,  B,  or  A»  or  a,  or  A,  B  are 
of  lUce  affection  J  and  it  is  greater  than  90^  when  they  are  o(  unlike  affections. 

4.  A  leg  is  greater  or  less  than  90'  accorditig  as  its  adjacent  anijle  and  the 
hypothenuse,  or  the  other  leg  and  hypothenuse  are  like  or  unlike  in  aj^ection. 

5.  An  angle  is  acute  or  ot)tuse  according  as  its  adjacent  leg  and  the  hypothe- 
nuse,  or  the  other  angle  and  the  hypothdiiuse  are  Uke  or  unlike. 

XEAMPLI. 

Given  a  =  48°  34'  16"  and  c  ss  70^  33'  43^  to  find  the  other  parts  of  the  tri- 
angle. 

(1)  .  To  find  the  other  side  6«  we  have  iw  —  e  for  the  mkUk  between  the 
opposites  a  and  h ;  and  hence 

sin  dfir  —  c)  =  cos  a  cos  6,  or  cos  c  =  cosa  cos  b,  or  af^ain ,  cos  b  =:  cos  c  sec  a. 

Now  cos  c  —  cos  ru  2i  42  '  —   9  5257360 
and  sec  a  =  see  48  34  15  =  10  1779181 

Hence  cos 6  =  cos  59  3S  27   =  9  7036541 

(2)  .  To  find  the  angles  A,  B,  we  tnay  either  suppose  h  found  or  not;  that  is, 
we  may  either  avail  ourselves  of  the  previous  work,  or  find  them  independently, 
and,  as  is  often  desirable,  without  any  preliminary  operations.  It  will  be  suf- 
iicient  to  show  the  form:)  taken  by  the  equations  of  solution  under  these  con- 
ditions. 

In  terms  of  a»  ^  c,  all  supposed  known » 

sin  (|n  —  A)  =  tukb  tan  (iir  c);  thatis«  cosA  estanioote, 
tm  (in  —  B)     tao  a  tan  (^t  —  c)  j  that  is,eoeB  =  tanacoCe. 

In  terms  of  a,  e  only,  supposed  to  be  known : — 

sin  ff  =  cos  (|a  —  A)  OOS(J  «■  —  c)}  that  is,  sin  A  =  sin  a  cosec  c, 

and,  as  before,  f''^"     —  tan  a  cot  c. 

Whichever  mode  be  employed,  we  find  A  =  52^  32  a4  and  B  =  66''  20'  40  ". 

SckoUum* 

It  wiU  often  happen  that  one  or  mora  of  the  data  is  greater  than  vP;  m 
which  ease  some  of  the  ftctors  will  have  their  signs  changed.  This  can»  how- 
ever, create  no  real  difficulty  in  computation,  although  it  may  give  rise  to  over- 
sight in  the  details  of  working;  just  as  in  Homer's  method  of  solution  of 
equations,  the  numerical  d?-vflopm«"nt8  of  negative  roots  are  more  likely  to  give 
rise  to  mistakes  than  that  of  tiir  i  Dvuive  ones.  It  should,  therefore,  in  analogy 
to  the  course  adopted  in  the  resnivaion  of  eijualions  {vol.  i.  p.  232-3),  be  recom- 
mended for  actual  calculation^  the  invariable  employment  of  the  supplementary 
triangle  in  the  following  manner. 

Let  ABC  he  given,  in  which  either  one  (or  both) 
the  data*  b,  e  is  greater  than  90°,  and  complete  the 
great  circles  BAB'  BCB'.  Thus  there  is  a  new  tri- 
angle AB'C  formed,  whose  relation  to  the  given  one  ia 
at  once  obvious.  Put  a,  b,  c.  A,  B  the  sides  and 
angles  of  ABC,  and  a',  b\  c',  A  ,  IV  those  of  AB  C  :  then  b'  =  b,a'  =  va, 
c'  =  IT  —  c,  B'  =  B,  A  =  II  —  A,  aua  this  triangle  can  be  solved  as  above. 


If  the  given  angle  be  greater  than  90'',  the  same 
conrae  may  be  resorted  to:  for  let  ABC,  having  A 
greater  than  90%  be  proposed.  Complete  the  semi-  o{ 
circles  ACA' CBC,  ABA' as  in  the  fi<^ure.   Then,  as 
before,  either  the  triangle  ABC  or  A  BC  wiU  have  its 
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parts  all  less  than  90°,  and  this  triangle  being  molrtd,  the  ooimpoiidiof  parte 
of  the  origioal  or  givea  one  become  known. 

KX£RC1SES. 

1.  Given  o  =ss  66*  32'  12' .  and  a  =  3^°  48'  12"  to  find  A,  B,  6. 

A»s.  A  =  41°  55'  42"  B  =  70°  19'  21",  i  =  59°  44'  24". 

2.  Given  a  =  148^  27'  10",  and  e  =  37  10  20  '  to  find  the  other  parts. 

Am,  a  =  59'  59'  17",  B  =  144°  3'40'  ,  b  =  159^  13' 44". 

3.  GiTin  «  =s  98*»  20'  20",  and  B  =  67**  43'  12  "  to  find  6,  c,  A. 

if  M.  h  =  57"  ae*  40",  c  =  94<*  28'  33»  A  =s  97*  2'  35". 

4.  Gim  a  =5  104<'  12'  40",  and  29'  16'  to  find  A,  B,  e. 

An»,  €  =  88"  10"  0",  A  =  104**  5'  46\  B  =  97**  IS'  40". 

5.  Show  that  a  =  133°  20',  and  A  =  137^  35*  M  Impossible. 

6.  In  a  right-angled  triangle,  A  =  60°  B  =  45° :  what  is  a  ?      Ans.  45° 

7.  In  a  right-angled  isosceles  triangle  the  equal  sides  n,  6  are  each  30° :  show 
that  the  hyjjotlienuse  is  41°  24'  35". 

8.  In  an  isosceles  spher  ical  triangle  the  equal  sides  a,  b  are  each  95°  30',  and 
their  included  angle  100  :  lind  the  side  c  by  right-angled  triangle:;. 

Ans.  99^  22'  2*". 

9«  If  A,  6  be  given,  show  that : 

coto  =  cos  A  cot  ft,  cosB  s  C096  sin  A,  and  tan  a  =s  ain  6  tan  A« 
10.  If  b,  e  be  gi^en,  shew  that 

ooa  A  9  tan  ft  cote,  sin  B  K  ain  d  coaeco,  and  coaa  s  coac  aecft. 

THE  SOLUTION  OF  QUADRANTAL  TRUNGLES. 

Tho  principle  of  the  einnlar  parts  has  been  sHi&wn  to  be  equally  applicable  in 
tbU  case  aa  in  right4ingled  triangles,  but  as  tbose'parts  are  not  identical  in  both 
cases,  it  is  preferable  to  solve  a  right-angled  triangle,  the  data  of  which  can  be 
assigned  from  those  of  the  qnadrantal,  and  the  quKsita  of  which  ara  also  in 

specific  and  obvious  relation  to  those  of  the  quadranta). 

Let  .\BC  be  the  qtiadrantal  triangle,  AB  ^  B 

beiniz  the  qnadrant ;  also  in  BC  take  BD  a 
quadrant,  and  join  AD. 

ITien  since  B.V,  BD  are  quadrants,  BDA  or 
CDA  is  a  right  angle.  The  triangle  A  CD  is, 
therefore,  aolnble  by  the  preceding  rules. 

Now  iu  parts  are  CD  =  ^tt  -  a,  AC  s:  ft, 
CAD  B  |n  —  A,  and  ACD,  either  supple- 
mental  to  ACD  or  eqnal  to  it,  according  as  tlie 
side  BC  is  less  or  greater  than  a  qnadianty  and 
as  represented  in  the  two  figures  annexed. 

The  double  solution  will  arise  in  correspond- 
ing circumstances  to  those  of  the  preceding  case. 

IXAMPLB. 

C  being  the  angle  opposite  the  quadrant  AB,  and  equal  to  122"  10'  15", 
whilst  ft  is  27**  12'  12",  what  are  the  other  parts  of  the  triangle  ABC  i 

Here  by  completing  the  quadrant  BCD  we  have  ACD  ^  57°  49' 45",  and 
AC  =  27°  1 2'  1 2".   Whence  by  the  right-angled  triangle  ACD  we  have 

AC  =  6  =  43°69'33''4  AD  s  B  « 36*>tl'26^|  and  (in  -  CAD)  =  As 
48°  48'  35". 
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KXUCltfit. 

1.  Givea  e  »  90^*,  A  as  64^  43',  B  =  42°  18' :  what  an  the  other  parts  ? 

Am.  a  —  64°  34'  40",  b  =  48°  0'  9 C  =  115®  6\ 

2.  Given  c  ss  90°,  A  =  1 12°  2*  9",  and  b  =  G?"  3'  U",  to  find  the  rest. 

Ans.  B  =  65"  27  9  ',  a  =  llu°  12'  44',  and  C  =  81°  1'  58". 

3.  Given  in  the  (juadrantal  triangle  the  two  sided  22°  53'  30 "  and  51°  4'  35" 
to  find  the  angle  opposite  the  quadrant.  Am.  70-^  3'  44". 

4.  In  Che  qoadnntal  triangle  ABC,  a  =  133**  S>  itT,  and  &  s  118°  9'  31": 
find  the  angles.      Jut.  C  =  11$®     4^  B  as  120^  39' 3(r,  A  s  139^  89' 4(r. 

THE  SOLUTION  Ol'  OBLIQUL-ANGLED  TRIANGLES. 

The  different  cla<?8es  of  conditions  for  the  comj»letp  determination  of  a 
spherical  triangle,  are  very  similar  to  the  corresponding  classes  for  plane 
triangles :  and  if  we  consider  also  the  polar  triangle  in  its  relation  to  the 
primary  one,  the  cases  become  precisely  the  same  in  number  and  character  in 
•phericd  as  in  plane  trigonometry,  and  the  methods  of  solutiim  have  in  both  a 
striking  simiUuitf . 

There  are  cases  in  spherical  trigonometry,  which  at  first  sight  seem  to  have  no 
analogy  to  cases  in  ])lano$  as,  for  instance,  when  the  two  angles  and  their 

included  side,  or  the  three  an^rles  of  the  trianglp,  are  given,  to  find  the  remaining 
parts:  but  the  einployment  of  the  polar  triangle,  transforms  these  into  the  con- 
verse; viz.  ^iven  two  snips  and  the  included  angh?  of  the  j)olar  triangle, — or 
the  three  sides  of  the  poiar  tiiuagle, — to  find  the  rest.  For  the  sake,  then,  of 
exptessing  a  distinction  amongst  the  eases,  which  is  dependent  on  geneial 
priDciplcs^  we  shall  here  divide  the  nitiie  numher  of  cases  into  three  general 
ones,  and  each  of  these  into  two  sub-casss.  The  foimo',  vis.  those  where  not 
more  than  one  angle  enters  into  Uie  data,  we  shall  call  pnmanf  mib-eMes :  for 
as  these  have  their  analogies  in  plane  trigonometry,  they  may  be  considered 
fundamentally  analogous  to  cases  of  plane  innngl^'*  ■  ^^'^  <he  second,  which  do 
not  contain  more  than  one  ^»ide,  which  hccmu'  i  i)rrespon(lin<^ly  so  in  the  polar 
triangle,  we  shall  call  the  polar  sub-cases.    They  will  then  be  arranged  as  below. 


Primary  snb-eatu. 

Cask  I. 

Case  II. 
Casb  III. 

Given  a,  h.  A,  to  find  B,  C,  c 

Given  n,  b,  C,  to  find  A,  B,  c 
Given  a,  b,  e,  to  find  A,  B,  C 

Given  A,  B,  o,  to  find  6,  c,  C 

Given  A,  H,  c,  to  find  a,  6,  C 
Given  A,  B,  C,  to  find  a,b,e 

CASE  T. 

1 .  Primary  sub'Case, 

Givm  iwo  fMw,  e,  A,  and  ik§  mgU  A  opposite  to  one  if  Han,  to  Jmi  Ike  mgk  B 

opposite  to  the  other. 

FM  to  find  B:  from  eq*  1,  p,  31,  we  have  the  requisite  equations  for 
eolation, 

sin  B  a=  ~  —  sin  A  S3  sin  A  cosee  a  sin  A. 
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But  as  this  value  of  sin  B  may  cause  it  to  be  either  B  or  n  —  B,  the  criterum 
deduced  in  prop.  Mr.  «ad  Oar,  mati  be  applied  to  the  data.  It  may  be  ttattd 
thus: — 

Cagnoli's  primary  criterion  of  a  unique  solution. 

When  two  sides  a,  b,  and  an  angle  A  opposite  to  one  of  them,  are  given  to 
find  B,  then  B  will  have  only  one  value,  whilst  a  is  between  b  and  ir  —  4:  and 
the  side  and  its  opposite  angle  will  be  of  the  aame  affection. 

EXAMPLE. 

Given  a  =  80°  6'  4",  b  =  109°  49'  30",  and  A  =  33°  16'  7",  M>  find  B. 

sin  33°  15'  7"  =  9*7390364 
sin  109  49  30  =  9  9734663 
COMC  80    5  4  =  10  0065361 


dnBss  97190378 

Now  a  (80'  5'  4")  lies  between  i(109°  49'  30")  and  tt  —  b  (70°  10'  30  ),  and 
therefore,  by  Cagnoli'i  Cfiiirion,  the  eolntion  ii  unique,  and  B  is  of  the  aatoa 
aflbction  as  that  is,  greater  than  90^*  Whence,  of  the  two  angles  expressed  hj 
means  of  the  above  valoe  of  sin  B,  via.  31^  34'  37*7"»  end  148^  25'  22-3",  the 
latter  is  the  proper  answer. 

2.  Po^SM^coie. 

Qkm  two  mglm  A,  B,  and  ikt  tide  a,  ^ppo$Ue  iomi^qf  fkm,  iofnd  lAe  fidSs  6 

€ppo§Ue  to  tkt  other. 

sin  B 

From  the  same  equations,  sin  6  =  ^{iX     ^  =  ^  ^     ^  cosec  A. 

The  Oilsrwii  of  Gsgnoli  for  this  ease  also  foUowa  from  prop,  m,  and  Gbr. 
in  the  foUowing  fonn: — 

GsgnoU's  foktr  eriterum    a  mufue  oMiom, 

When  two  angles  A,  B,  and  a  side  opposite  to  one  of  then,  ate  given  to  find 

ft|  then  b  will  have  only  one  value,  whilst  A  is  contained  betw^n  B  and  II— B: 
and  the  side  and  its  opposite  angle  will  be  of  the  same  affection. 

SXAMPLB. 

Given  A  »  47^  19^  10",  B  =  51°  32'  15",  and  a  s  56^  17'  la*,  to  find  b. 

sin  'I''  32'  15"  =  9-8937703 
sin  56  17  12  =  9'92003'20 
cosec  47  19  10  =101336272 


sin  ft  =  9-9474295 
Also,  by  Cagnoli's  Criterion,  the  solution  is  not  unique ;  and  hence  there  are 
two  triangles,  the  aides  of  which,  (  and    are  69*  22'  25-6",  and  1 17^  37'  34  4" 
iei|iectivdy> 

3.  7'y  Jhui  C  and  c  in  both  sub-cases. 

By  Napier's  Analogies,  forming  (14)  (16)  pp,  36, 37,  we  have 
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cot  iC  as  — X7        tan  i  (A  +  B), 

cos  i  (a  —  6)       *  ^  '  . 

,     ,       cos  ».  (A  +  B)       , ,  . 

wbere^  as  we  now  know  A,  B,  a,  b,  in  both  the  sub-cases,  we  can  find  C  and  c. 

SckoHum. 

In  plane  triangles  the  third  angle  C  becomes  known  from  the  other  two 
in  virtue  of  A  -f  H  4-  C  =  n ;  and  the  side  c  can,  conseqiiently,  be 
found  by  the  primary  sub-case,  as  b  was  found.  The  circumstance  of 
3n>A-fB  +  C>n  interrapts  ih»  analogy  in  this  respect,  m  far  aa  mode 
of  aolation  ia  coDcemed :  and  to  a  oertain  extent  the  aama  kind  of  intermption 
exiata  in  all  the  polor  M^cofet. 

Bxaacusa. 

1.  In  a  spherical  triangle,  A  =  Z4P  15'  h  =  4^  15'  13•26^  and 
a  =  40P  b'  10*:  find  6.  Aw.  b^wPlty  diof. 

2.  Ifa  =  60»,frss90^aiidA  =  60^whatiaB?  AM».9(f* 

3.  Given  «  =s  63^  50*,  6  ^  sn^  19',  and  A  =  51°  30',  to  find  the  rest. 

Ans.  B  =  59""  15'  47",  C  =  ISl**  29'  46 c  =  120°  48'  0". 

4.  If  a  s  40®  36'  37"»  b  =  01**  3'  25",  and  A  s  35°  57'  15",  what  is  e  ? 

Ans.  c  =  58°  30'  56". 

5.  Given  A  =  103°  69'  bt  b",  B  =  46°  18'  7-26",  and  a  =  42°  8'  48",  to 
find  C.  Am.  C  =  36°  7'  52  5". 

6.  Given  A  =  J7°  46'  l6i",  B  =  161°  43'  52  aud  a  =  37°  48',  to  find  the 
other  parts. 

CASE  II. 
] .  Primary  sub-aise. 
71m»  iiiet  a^  6,  md  their  mcbukd  angle  C,  are  giiom  tojwd  ike  remaitmig  parte. 
Fkei  wutkod,  eolving  the  triangle  completely  by  Napter'a  Anakgiea :  which 

glTO 

-4CA  +  B)  =  :-^|[^)c<.iC 

fruna  which  we  find  A  and  B :  and  then  for  c  we  have  etiher  of  the  other  two 
analogies  giving 

.     _      cos  4  (A  +  B)  ^   .  ,    ...  J 
«in  J  (A  +  B) 

III  thia  fonnala,  to  avoid  negative  qnantitiea,  we  must  take  a  for  the  greater 
angle. 

EXAMPLE. 

Let  o  s  84^  14'  89",  6  =  44°  13'  45",  and  C  ss  36°  45'  as". 
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Here  we  have  a  +  b      126  28  14 

and  a  —  6  =  40  o  44. 

or  i  (a  +  6)  =  C4  14  7 
i  (a  —  6)  SB  20   0  22 

^  C         =  18  22  44 

i-or  tan  i      +                !  For  fan  — 

cot  18°'22'  44"  =  10-47S5396    (  cot  18°22'  44"  =  10-4785396 

cos  20    0  22   =   0  9729639    I  sin  20    0  22  =   1)  034  1789 

sec  64  14   7  =  10*3613336  cosec  64  14   7  =  10  0454745 


10*87133421 
or|(A  +  B)  =  81<*  IS' 44'' 


10*0581930 
or  |(A  —  B)  s  48^  49'  38" 


For  tarn     using  both  the  other  analogiei. 


Un64P  14'  7"  =  10-3163591. 
C08  81  IS  44  s  9*1815947 
MC48  49  38  s=  10  1815550 


96795088 
or  ic  =  25''  33'  6  8'' 


tan  2€P  Of  22'' 
•in  81  16  44 
cosec  48  49  38 


9*6612099 
9*9949300 
10-1233620 

90795O19 


or  ic  =  25°  33'  5  6". 


In  these  results  there  is  a  discrepancy  of  1'2" :  the  cause  is  easily  shown. 
The  value  of  ^  (A  +  B)  is  more  accurately  81*^  15' 44*4'',  and  the  value  of 
J  (A  —  B)  is  taken  sliglilly  j^^rcater  than  the  truth.  Hotli  these  operate  to 
increase  tan  \c  in  the  first,  and  to  dimini.'ih  it  in  the  second  ujieration  :  and  upon 
performing  the  operations  with  tlie  nuinijers  so  corrected,  the  discrepancy  will 
be  diminished  to  what  will  inevitably  arise  from  the  limited  extent  of  the  tables 
themselves. 

The  answers  then  required  are  very  nearly 

A  =  130''  S'  22",  B^Z^  26'  6",  and  c  =  SI"  6'  12^. 

Tliis  problem*  however,  very  often  ocenre  in  aetronoinieal  practice,  irhere^ 
with  the  same  data,  Ike  third  tide  only,  and  not  the  angles  A  and  B,  ia  required. 
In  this  case  the  following  method  is  generally  considered  preferable. 

Soecmd  mdhod :  to  find  e  by  means  of  a  subsidiary  angle. 

By  (4),  cos  e  =  cos  a  cos  6  -f-  sin  or  sin  b  co<!  C, 
=  cos  a  (cos  6  4-  tan  a  sia  6  cos  C) 

Assume  cot «  ( =  ^£L^ )     i^n  o  cos  C ; 
\    em  w  / 

^,  sin  w  cos  b  +  cos  w  sin  b 
then  cos  0    cosa  ■.  

sm  fti 

 cos  a  sin  (ca  +  b) 

sin  V  * 

Let  us,  as  tn  example,  find  c  in  the  preceding  example  by  this  method* 


tan  84<'  14'  29^s=  10*9963396 
cos  36  45  28  s=  9*9037260 


cot  w  =  10  9OUO056 
or  w  = 


7°  W  2 


7-5" 


6  =  44  13  4! 


M  +  S  8  51  24  12*5 


cos  84*>  14'  29" 
sin  51  24  12*5 
cosec  7  10  27*5 


cos  c 
or  c 


9*0014632 
9*8929404 
10*9034785 

9'797«821 
51^  G  20". 
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Tlut  differs  from  the  other  determmation  hy  8\  probably  arising  from  the 

imperfect  interpolations  for  tan  a  and  cosec  w  ;  there  beinj^  less  dependence  to 
be  placed  njion  these  functions  for  thi-ir  values  as  tbey  occur  in  thili  example, 
than  upon  those  which  occurred  in  the  other  solution  *, 


2.  Polar  sub -case. 

Tkoo  tmglet  A,  B,  and  thmr  iiUtryacmt  sidt  e  art  ghea,  to  Jud  tka  niher  porta 

tiftka  triaagle  a,  b,  C. 

Ftnt  awMod  This,  like  the  primary  eab-caae,  ia  aoluble  hj  Napier's  Analo- 
gies, giving 

^     ^  f      .    i\       COB  ^  (A  —  B)  ^  , 

tan  Ha +  *)  =  ^-^^  r^^^-:^«^  tan  ic 

^  *  ^        '      sin  i  (A  +  B)      '  ' 
from  which  n  mid  b  can  be  found  separately. 

Then,  having  A,  B,  a,  ^,  the  angle  C  and  iiide  c  can  b^  found  by  the  formulae 
given  under  the  primary  sub-case  for  the  same  purpose. 

Second  method.   To  find  C  the  third  tingle  without  the  aid  of  A  and  B. 
By  {eq.  5,  p.  32)  we  hare 

cos  C  s  cos  A  {tan  A  sin  B  cos  e  —  cos  B{. 

Put  cot  *i  {=        )  =:  tan  A  cos  e :  then  we  have 
\    sm  m/ 

.   sin  B  cos  •»  —  sin  «f  cos  B 

cos  C  =  cos  A  .   :  

Sin  M 

 cos  A  sin  (B  —  «i>) 

sin  w 


*  The  flubtidiary  angles  may  lie  taken  lit  different  ^yi  from  that  employed  above,  though  in 

none  |ict1iap»  witb  equal  simplu-ity  and  condMnen  of  opeiatian.   For  i]iistai)ee»  we  may  e|wnt« 

ttnalogously  to  the  pncesa  em^oyed  in  the  com^nding  caae  of  ptane  Irmij^  veLi.  p.  454 

ori49.  Thna:— 

_  tin  n  nil!  h  lin'AH     ,       ,    ,        .    ,  ^  . 

Pot  tan  vs  — r—  then  dn  i«  ssim  |(«  —  6)  ««c  v: 

ein  tt  sin  fi  rot'.K'     ,       .    ,         •    i ,      ,   i  v  .  a 
or,  put  cos'e  =  ""ii^j^r^iri)"  '  wu  i^a  4-  6)  iu»  ^; 

or,  take  tana*  9  Vtne  tan  6  cos  C;  then  eg*  OS--  ; 

^     .                  coi  a  cos  (6  —  ^tf) 
uTMani,  lake  tan  urs    tan  a  oot  C:  then  ces  e  s  ,  -* 

The  two  last  an  not,  however,  piactieable  in  all  caaea,  though  they  aw  vafy  coaTenient  wbao 

tbfy  admit  of  hc'w'^ 

The  inve»tifratioii»  of  these  vnll  form  a  useful  exercise  j  and  as  such  are  lefl  for  the  studcut 
Ui  aupply  the  proofs. 

Other  methods  of  taking  the  snbiidiafy  angle  aaalogona  to  those  emploxed  b  the  primary 
«  may  l»e  adopted. 

Pttttan*Xs  ,  ,';  then  sin  |Csseos|(A  + B)  sec  X; 

or,  co»»0  s  rrf-  ;  then  sm      =  cos  A  ( —      »>«  ©  i 

or,  puteee  0  as eeaa  coa  seea :  then  cos  C  s 
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SPHERICAL  TRIGONOMETRY. 


1.  Givea  A  =  39°  23  ,  B  = 

2.  Given  A 

3.  GiYcnA 


EXBRCISSt. 

33   45'  3",  C  =  68' 


46'  2'\  to  find  the  rest 


Ant.  a  SB  43°  37'  37 b  =  37''  10*  1",  C  =  12flP  46"- 
31*  34'  ar,  B  =  30'  28'  12*,  e  as  70**  2'  3",  to  find  a 

Ant,  1301*3'  11". 
gif,  B  =z  G<f ,  and  c  =  90*.  to  find  the  reit. 


CASE  III. 
Primary  sub-case, 
ihit  ikrte  tidet  a,  b,  c,  tojmd  the  thne  angks  A,  B,  C,  qf  th»  tfiamgU, 

The  toltttion  ic  obtained  from  any  one  of  the  three  groups  of  fornrato  mariced 
(6) :  but  the  tangent  is  the  most  conTenient»  lete  mort  than  one  mngie  is 

required. 

A  still  preferable  method,  where  two  or  all  the  angles  are  required,  ia  hf  the 

use  of  the  group  (9). 

llicsc  methods  are  obviously  analop^us  to  thosf  for  the  corrcspondinrr  rn«e  of 
plane  trianj/les,  pp.  433,  4 '5,  of  vol.  i. :  and  actually  become  such  when  foe  tho 
sines  and  tangents  we  subsutule  the  arc  in  its  ultimate  state  *. 

BXAMPLB. 

The  sides  are  68*^  46'  2"*  43*     38%  37*  10' :  what  are  the  angles  ? 


as:  68*46'  2" 

b  =  43  37  38 

C=    37   10  0 


For  tan 


_    ytan  (#— ft)  tan  e) 


=y: 


9 


2jl49  33  40 

t  =  74  46  60 

ass    6  0  48 

(  =  31  9  12 

OS   37  36  50 


sm  s  ain  (s — a) 
sin  31^  9'  12"=  9  7137678  f 
sin  37  36  50  =  n-7855698 
ac  sin  74  46  50  =  I'l  Oi 55053 
ac  sin  6  0  48  =  10  9^00453 


20*4948882 


^  /sin(t^c)siu(^-a) 

*  sm  *  sm  (s  —  b) 

sin  37^  36'  50"=  97855G9S 
sin  6    0  48  =  9  0199547 
ac  sin  74  40  50  =  lO-0 155053 
ac  sin  31    9  12  ss  10*2862322 


tan  ^A  =  10*2474441 

*        V     sin  *  sm  (« — c) 

sin  G  o' 48"=   9  0199547* 
sin  31  0  12  =  97137678 

ac  sin  74  40  50  =  10  01 55053 
ac  sin  37  3tj  aU  —  10'21443U2 


2 


19'1072620 


2 


18*9636680 


tan  |B  =  9*5536310 


tan      =  9*4618290 


•  The  analog}  between  plane  and  spherical  trigonometry  is  vcrj-  striking :  Mid  the  simplest 
mode  of  exbiUtuig  It  mppeon  to  bo,  conridering  tho  piano  to  bo  a  tpheie  with  •  ndim 
inereucd  mi  infinitum.  In  thi*  cmo  the  vne  sad  Uagent  become  idonticat  with  the  ore  ttodf* 

Sec,  howpvrr,  tin*  note  at  p. 

f  In  practu  c  It  wiil  be  bi  tter  to  take  out,  in  a  tabular  lorm,  the  four  sines  involved  in  these 
oxprcMiom,  sad  form  their  tritbmetical  complements  u  they  are  required— at  leut  when  they 
involve  second* :  but  if  tUt  >  ^.o  mi  further  than  tninutee,  it  will  perhape  be  better  to  tako  the 

cosecantA  from  tho  trt.1•l(  ^  ilircrtly  iiiio  tin-  M;iiik  furiiis — thc<<c  forms  being sujlpoied,  of  COQtM, 
to  be  previottily  made  out,  ai  in  pkuc  tri^nomctry.  lice  vU.  i.  p,  461. 
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Or  tkm,  bjf  ike  ucomd  tktorm, 

/dn  (#  w-  a)  an  (s  —  b)  sin  (*  —  c)       ,  . 

tan  r  =   i  i  i  i  ;  tan  iA 

V  sin «  »  » 

sin  C°  0'  48"=  9*0199547 

BID  31   9  12=  97137678 

sin  37  36  50=  9  TSS'SeQS 

ac  ain  74  46  50=10  0155053 


3  38-S347978 


tan  r  =  19  2673988 
tan       =  10-2474  1  11,  nr  \X  ~  60°  29'  53",  or  A 
tan  *B  =   9  53303 lu,  or      =  IS  51  53,  or  B 
tau  ic  =   9-4818290,  or      =  IG  52  16,  or  C 
In  wbidi  the  nmilto  an  tlM  lame  as  before,  and  a  compariaon  of  the  work  in 
the  two  methode  will  convince  the  etndent  of  the  greater  iadhty,  as  well  a« 
the  greater  elegance,  of  the  lattw  method. 

XXBRCf8B8. 

1.  ^d  the  angles  of  sn  eqaOateral  epherical  triangle,  each  of  whose  sides  ia 

60°.  i^iw.  70^  31' 44". 

2.  In  a  spherical  triancle  having  a  =  120°  28'  10",  b  =  83°  10',  and 
c  =  96^  50',  find  all  the  angles. 

Ant,  A  =  ncP,  B  s  66*^  4'  13',  and  C  =  93°  5^'  47''. 

3.  GiTen  a  =  4(f  0'  10",  hssSXPW  30",  e  =  76^.35'  36^  to  find  A,  B,  C. 

Am,  34^  15'  n  43^  15'  13*26",  and  12l<*  30'  20". 

4.  The  three  sides  of  n  triangle  are  48"  24'  16",  59°  38'  27',  and  70°  23'  42", 
what  are  the  angles  ?  Ans.  52«  32'  54',  66"  20'  40",  and  90°. 

5.  The  distances  of  three  stars  were  measured  by  the  quadrant,  and  fonnd  to 
be  76°  35'  36",  50°  10  30",  and  4(>  0  10" :  what  would  he  the  dihedral  anglea 
formed  by  the  planes  drawn  through  the  eye  and  each  two  of  the  stars  ? 

Ans,  121°  36'  20  ",  42°  15  U  ,  and  34  15'  3". 

Polar  auh-eate. 

Given  the  three  anglea  A,      C,  of  a  tnauyie  to  find  the  sides  a,  b,  c 

The  solution  by  (10)  is  so  similar  to  the  preceding  case  in  all  its  characters,  aa 
to  he  unnecessary  to  illustrate  by  even  a  single  operation  at  leni^'th. 

The  formulae  (10,  11 )  are  adapteil  lo  the  solution  of  this  case  :  hut,  as  in  the 
preceding  one,  the  preference  will  be  given  to  the  expressions  in  (10)  for  the 
tangents  qf  the  temi-^mgUi  QTVt  thoee  for  the  ainee  and  coeinea :  whilat  the 
expreasions  marked  (11)  will  offer  atill  further  facilitfto  expedition  and  accuracy 
of  operation. 

In  all  these  expreseiom,  the  radical  is  essMitially  +,  because  —  cos  S  is 
—  cos  (180  +  2)  =  +  cos  S,  and  all  the  other  terms  are  +  hi  themselves. 


tan  r 


sin  (t  —  a)' 


,  tic. 


120°  r,0'  46" 

37°  43  46  ' 
33°  44'  32. 


*  Th«  tides  bdng  detenninable  in  Unm  of  the  Wf les,  night,  at  lint  sifrht,  seem  to  constitnto 

an  c«»fr>tial  tJisliiKtion  between  tlic  corrcupoiiding  c»sc%  of  plane  and  »]i1icrical  trigononiotr}'. 
It  if,  howrvcr,  only  in  appearance  :  for  though  the  arcs  of  the  great  rin  les  arc  thus  found,  the 
ab«olute  lengths  of  them,  which  depend  on  the  liocar  unit,  the  radius  of  the  sphere  if>  »tiU  as 
wdeddediaiaplaiwtijaagtM.  Weham^infiid^mboAMm^mtjftkefviiMif^sides, 


Digitized  by  Google 


62 


SPHERICAL  TRIGONOMETRY. 


BXAMPLB. 


The  three  angles  of  a  spherical  triangle  are  130°  ZL 10^  31°  24^  25^^,  and 
30°  2a.'  121 :  find  the  angles  by  formulae  (II). 


A  =  130°  2L  10" 

B  =  ai  31  25 

C  =   m  2B  12 


2 192    5  la 


ttc  (—  cos  S)  =  ac  (—  cos  S6  2  54)  =  10-9772936 
cos  (S  -  A)  =  cos  (-  Si  0  16}=  Q-9185657 
C08(S  — B)=  cos  fi4  2fi  2fl  =  Q  6343904 
co8(S  — C}=     cos      65  34  12  =  9-6164217 

2I401466714 


20  0733357 
cot  \a  =  10- 1547700  or  0=70°  0'  21 
cot  lb  =  10-4389453  or  &=40   0  I 
cot  ie  =  m-4569140  or  c=38  sa  2 

EXERCISES. 

L  Given  A  =  103°  50^  ST,  B  =  46°  is:  r,  C  =  36°    52^  to  find  a. 

Ans,  o  =  42°  ai  48 

2.  Find  the  sides  of  the  triangle  whose  angles  A,  B,  C,  are  respecUvelv 
1 20°  la:  3n  109°      iC,  and  1 16°  aa  33!!.  respecu^cly 

^JM.  1 15°      26:^  98°  21:  40:^  and  109°  ^  221. 

3.  An  equiangular  triangle  has  each  of  its  angles  70°  m  44"  what  is  the 
side  i.  M  ^ 

an^es  is  go^''/    '""^^'"^'^         '^'^'^     *°  equilateral  triangle,  each  of  whose 

5.  The  three  sides  of  a  triangle  are  required  so  that  the  an^les^shaU  be 
86°  1:  1^  93°  ^  47::,  and  120°.        Ans.  83°  lo:.  96°  60:,  and  120°  2^  ^:, 

tnf;.?'  '''1         ^  i::*  H3°22:  40::,  129°  22:  30-  show  that  the 

triangle  la  quadrantal. 

L  ITie  three  angles  of  a  spherical  triangle  are  90«,  90!,  and  60°:  show  that 
the  opposite  sides  are  also  90^  90°,  and  60°. 


THE  AREAS  OF  SPHERICAL  TRIANGLES. 

EXAMPLES. 

(Seepage  47). 

L  The  angles  of  a  spherical  triangle,  measured  on  the  surface  of  the  earth 
are  83       5^  66°  15!  1^  and  30°  23:  481":  find  the  sphericd  excess  anT^h; 

iZn^xs: ^'^'^  ^^^^^ 


THE  AREAS  OF  SPUEEICAL  TRLUS'GLES. 


Bteeti, 

A  =   83°  10'  57" 
B  =  66  15  16 
C  =  30  33  461 


3S=sl80  0 

as=]8o  0  0 


E=    0   0  1^ 


log  (397875)^  =  7-1994934 

log  «r  =  0-4971499 

log  15"         =  0  i  7609 13 

7*8727346 
log  (180.60^  =  5  8115750 


15*1223  =  20611596 


Hence  the  spherical  excess  is  H",  and  the  area  is  1 15' 1223  square  miles. 

'2.  If  the  sides  uf  a  triangle  measured  on  the  earth's  surCace  be  60,  80,  and  90 
nilei,  wbit  ia  the  spherical  ezcen  i 

If  we  denote  the  sidee  of  e  triangle  hj  e»  d»  e»  the  gif en  lengths  of  which  are 
denoted  by  «,  ^  y,  we  shall  ha?e 


a  = 


6  = 


c  = 


360a 

7957-5,y 
360/3 

79r>7^5^ 

79o7*5» 


=  0"  51' 50  4954* 


i7'45-r43r 

tan  \s 
tani  (f  < 
tan|  (# 
taai(f 


b) 


8  1599518 
77248518 
76432940 
7*2631612 

213U 7912588 


49^  40*891425" 
19  14^643725 
15  7*227825 
6  16-019625 


tan  |E  ss  5-3956294 
Whence  E  s  4  x  6*}  4"  ss  20-56",  as  nearly  as  the  tables  in  ordinsry  nse,  and 
without  the  employment  of  second  differences,  enable  us  to  determine  it.  This 
subject  will,  however,  together  with  some  coDateral  topics,  bs  resumed  in  the 

Geodesy 

3.  Tlic  area  of  a  f^pherical  equilaternl  triangle  is  one  fourth  of  the  surface  of 
the. sphere  :  what  are  iu  sides  and  angles  ? 

Ans.  Each  side  is  111°  2S'  nearly,  and  each  augle  is  120'", 

4.  If  A  be  the  area  of  a  spheikal  triangle,  and  A'  that  of  its  polar  triangle,  and 
each  of  the  angles  of  the  first  triangle  be  120P :  show  that 

tan  ^  :  tan  iA' : :  6  ^2  +  ^3  :  2  ^"2  —  V3. 

5.  The  angles  of  a  spherical  triangle  are  in  arithmetical  progression,  whose 
common  difference  is  45*^,  and  the  area  is  -j^urr*:  what  nrc  the  anples? 

6.  To  divide  a  piven  spherical  trianp^le  into  two  others,  which  shall  have  a 
given  ratio,  hy  an  arc  drawn  from  one  of  the  angles  to  the  opposite  side. 

7.  If  K  be  the  excess  of  a  regular  spherical  polygon,  and  a  one  of  its  n  c^ual 

aides,  then  the  area  may  be  found  from  the  equation 

n  —  T  . 

cos  =  COS  -  sec  sa. 

11  n 

8.  Prodnce  the  sides  AC,  BC  of  a  triangle  ABC  to  such  points  D  and  E,  so 
that  tan  \\C  tan  ^BC  =  taniDC  tan|£C,  and  join  D£:  then  the  triangles 
ACB,  DCE  wiU  have  e^nal 
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6i  SrUERICAL  IRIGONOMETRY. 


SOLID  ANGLES. 


DEFINITION. 


If  about  the  angular  point  of  a  solid  an^le  as  centre,  a  f?pliere  Ijc  describctl  to 
radiuit  unity,  the  portion  of  its  surface  intercepted  between  Uie  planes  whica 
coDtam  the  solid  angle  is  tk$  nuiuure  of  the  $otid  emgk 

As  the  spherical  triangle  or  polygon  varies  with  the  spherical  excess,  the 
spherieal  excess  will  be  the  measure  of  the  solid  angle;  and  hence  a  solid  angle 
oontsined  «  planes  is  measured  by  the  sum  of  the  n  dihedral  angles  whieh 
compose  the  solid  angle*  diminished  by  (it  —  2)  n.  Taking  also  the  maximam 
solid  angle  as  that  measured  by  a  hemisphere,  its  expression  will  be  211 ;  end 

Every  class  of  .solid  angles  is  thus  compared,  even  tho^p  bounded  by  conical 
surfaces,  with  great  facility,  provided  the  given  condiiiuus  be  such  as  will 
enable  us  to  find  the  areas  of  the  spherical  surfaces  cut  od^  by  their  boundaries. 
"We  shall,  however,  only  give  a  simple  example  or  two,  more  for  illuitntioa  than 
for  the  development  of  new  prindples  or  new  pro])erties. 

1.  Take  a  right  prism  upon  a  regular  m-gonal  base:  then  each  solid  angle 
is  contained  by  three  dihedral  angles,  two  of  which  are  right  angles,  and  the 
third  is  equal  to  the  angle  of  the  polygonsl  haee.  That  is,  calling  each  of  the 
equal  solid  angles,  A, 

m  m 
Comparing  this  with  the  maximum  soUd  angle  measured  by  2U,  we  have 

solid  angle  of  w-gonal  right  prism  _        _ia  —  g 
maximum  solid  angle  2n  ~   2si  * 


•  This  method  of  cttimuting  ihc  ma^itudcs  of  solid  angles  appears  to  have  been  first  aiven 
by  Albert  O'irard,  iu  Lis  JmxtUion  NtiuniU  en  Al^re^  Hi'29  ;  and  would  very  naturollv  su^ 
got  it««lf  w  one  of  th«  •fanplest  applicatioiia  of  hia  thcofem  for  tho  splisriciil  cxcc«i  (prep* 
xrir.  jK  irt.  It,  however^  never  teemt  to  have  attracted  the  slightest  attention  till  rcsin- 
vcnted  and  published  by  Dr.  ftregon-  in  a  former  edition  of  thin  work.  Tlif  ofijrctinns  whifh 
be  anticipated  aud  replied  to  are  now  obsolete,  and  the  doctrine  is  in  our  time  unirer»%iljr 
ftdnytted ;  and  it  it,  therefore,  doeined  unneccflsary  to  refer  to  tltcu  further. 

Dr.  Gregory  adopted  the  number  )(K)0  ^i-  ihe  nunerical  mca^nrc  of  the  matimum  solid 
angle;  but  in  this  editbn  it  it  exchnn{;ed  for  tlie  more  natural  number  211,  or  the  aur&cc  of 

the  heinbpbsre  io  tcmia  of  the  unit  , 

Same  continental  matheinaticUnt,  as  Fmcent^  for  hiatance,  hare  introduced  tibia  riew  into 

treatises  on  pure  g^metrj'.  It  thus  ultimately  reiUice*  solid  angles,  through  the  medium  of 
dihedral  angle",  to  phine  nti^lc*  onU.  Of  citfirr  the  lo>ric  or  the  utiliu  nf  tlii'-  tninlc  of  trrnting 
the  subject  in  reterenee  to  geometry,  apart  Irom  algebra,  it  i«  out  ucce«6ary  here  to  offer  any 
opinion. 
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Giving  to  m  the  values  3,  4,  5,  etc.  we  have  the  ratio  for  right  prisms  on 

triangular  base  =  J  211  !  lieptaj^onal  base  =  ^  211 
square  base  =  j  211  ;  octagonal  base  =  .  211 
pentagonal  base  =  fa  ■  211  nunagonal  base  =  .  211 
hexa^joual  base  =  ^  ■  211       decagonal  base  ^  ^  ■  211 

and  n  on. 

9.  If  there  be  two  right  prisms  baviog  for  baaee  regular  poljgona  of  ii|  and  » 
reepectivelj :  tben  since  the  angles  at  the  bases  an 

ffl  _  2  fi    2 

— ^  — n  aud  — - —  n  respectively, 

we  bave  tbe  ratios  of  the  solid  angles  of  the  two  prisms 

solid  angle  of  m-gonal  prism  m  —  2  » 

solid  angle  of  n-gonal  prism      n  —  2  *  m  * 
3.  Compare  tbe  solid  angles  of  tbe  Hve  platonic  or  regular  bodies. 
Let  there  be  m  sides  to  each  face,  and  »  plaues,  which  meet  in  each  solid 
angle ;  also  let  A  be  the  common  dihedral  angle.   Then  'yp.  28), 

*       Bin  i  n 

m 

Gmng  to  «  and  n  the  ▼alues  already  assigned  to  belong  to  the  particular 
figures^  and  working  oat  tbe  numbers,  we  have 


31*  35'  36'V 

where  et  = 

3,IIS5  3 

90    0  0 

a  •  •  •  a§ 

4,11  =  3 

77  63  12 

•  •  •  •    W  ^5 

3,n  =  4 

169  41  42 

•  •  >  •  tm 

5,i»=:5 

150  56  55 

....   m  ~ 

3,  •  3. 

4    T.et  tbrrc  Vx;  two  regular  p}Tamids  of  m  and  *  Sides,  having  a  and  p 

re8})t'(  ti  vr] y  fur  their  dihedral  angles  :  tben 

vert  anule  of  m-conal  pyramid  ma  —  (m  —  2)  IT  211  —  m(n  —  a) 

vert  angle  of  «-gonal  |)yratuid      n/3  —  (n  —  2)  fl      211  —  ii(n  —  /3)  * 

5.  The  vertical  angles  of  right  cones  are  also  easily  compared  by  correspond- 
ing means. 

For  let  the  cones  be  generated  by  the  angles  2a  and  2/3 ;  and  let  their  vertices 
be  made  the  centres  of  spheres,  tbe  circnhr  intersections  of  which  with  the  cooes 
will  express  the  solid  auRles  of  tbe  cones.  But  these  surfues  are  as  the  alti- 
todes  or  versed  sines  of  the  circular  sections  (so/,  t.  p.  488)  i  and  hence 
angle  of  cone  generated  by  2a  _  verx  a    1  — cosa 
angle  of  cone  generated  by  2/3  ~"  vers/3  ~"  1  —  cos  /5 ' 
For  eiample,  let  a  =  SO''  and  |3  =  45®,  giving  what  is  often  called  the  equi- 
lateral  cone  and  rectangular  cone,  from  their  axial  sections  being  equilatersl  and 
right-angled  triangles  respectively  :  then 

vert  angle  of  equilaternl  cone  2  —  y/3 

vert  angle  of  right  one         2  —  ^2  ' 

6.  To  bisect  tbe  solid  angle  at  the  vertex  of  a  sqnare  pyramid. 

Ttrst.  I>et  a  plane  be  drawn  tl»rough  the  vertex  and  any  two  opposite  angles 
of  the  base,  that  plane  will  bisect  the  solid  angle  at  the  vertex  i  forming  two 
trilateral  angles,  each  equal  to  half  the  original  quadrilateral  angle. 

Stetmd,  Bisect  either  diagonal  of  the  base,  and  draw  oay  plane  lo  pass  thrcMigh 
the  point  of  bisection  and  the  vertex  of  the  pyramid  ;  such  plane,  if  it  do  n^ 
coincide  with  the  former,  will  divide  the  quadrilateral  soFkI  angle  into  two  equal 
quadrilateral  solid  angles.  For  this  plane,  produced,  will  bisect  the  great  ciide 
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diagonal  of  the  spherical  paralldognai  cot  off  by  the  beee  of  the  pjmunid  i  and 
way  great  ciide  bisectiog  such  diagonal  alao  biaecta  the  equilateral  apherical 
parallelognun,  or  aq[iaare.  Such  plane,  therefore^,  biaecta  the  aolid  angle. 

iXAM Ptna  POB  szBBoian. 

I.  Compare  the  aolid  angle  of  a  cube  with  that  ol  a  regular  UodecubedruD. 

.     aol  z.  of  dodcc  _  169°  41'  42"  _ 
aol  ^.  of  cube"  ^  90«  0'  0"  "  ^ 
8.  Determine  the  aolid  anglea  of  a  regular  pyramid  with  heiagonal  baae,  the 
altitude  of  the  pyramid  bang  to  each  ude  of  the  base  at  2  to  1. 

Ans.  Sol  z.  at  Tcrtex  =  32°  14'  18",  z.  at  base  =  78®  32*  56*. 

3.  Show  that  if  a  tftralietlron  and  an  octalicdn^n  be  forined  of  pyw/r?  equilate- 
ral triangles,  the  face  of  the  )):i^f'  of  tlu*  tctralu'flron  be  applic  l  l<^  the  face  of  the 
octahedron,  the  planes  of  tiitir  ,i  ijaccut  faces  will  form  continuous  planes. 

4.  The  three  diagonals  of  a  parallelopiped  are  3,  4,  5  :  the  plane  in  which  3, 
4  are,  is  mclined  to  the  plane  of  4,  5  in  angle  of  72^10';  the  plane  4, 5  is  inclined 
to  6, 3  in  angle  of  83®  4'  acT;  and  the  plane  3  to  the  phine  3»  4  in  angle  of 
63®  10':  ahoir  hoir  many  parallelopipeda  can  be  constructed  with  theae  data; 
and  aaaign  the  solid  angles  of  all  that  can  be  so  formed. 

5.  A  iwelve-inch»  ten-inch,  nine-inch,  and  six-inch  ball  all  touch  each  the 
other  three  (in  the  manner  of  the  summit  of  a  trianfjnhr  yWv):  what  are  the 
solid  angles  of  the  tetrahedron  formed  by  joiniog  iheir  centres  three  and  three 
by  four  planes  i  And  what  solid  angles  would  the  twelve  inch  ball  subtend,  U 
seen  from  the  centres  of  the  other  three  i 

6.  A  cryatal  of  carbonate  of  lime  haa  ita  solid  anglea  contained  by  parallelo- 
grams  whose  anglea  are  104®  iff  and  75®  31':  and  a  cryatal  of  quarto  by  paial- 
Idograma  whose  angles  are  94®  4'  and  8S®  S6'»  they  both  being  paiaUelopipeda: 
in  which  is  the  ^um  of  all  the  aolid  angles  the  greyer,  and  how  much  ?  Show, 
also,  whether  there  be  any  diflference  between  the  sum  of  all  the  dihedral  anglea 
(between  the  planes  of  their  faces)  of  the  one  and  the  other,  or  not. 

7.  Three  cones  have  their  bases  on  a  parallel  of  latitude  of  S0°  N. :  the  one 
has  its  vertex  at  the  centre  of  the  earth ;  the  others  in  the  surface  of  the  sphere 
at  the  poles :  compare  their  solid  vertical  angles. 

8.  The  centre  of  one  of  the  covers  of  a  copy  of  Button's  tablea  is  sittiated  at 
10  feet  boriiontal  distance  from  the  obsenrer'a  eye,  and  the  table  upon  which  it 
rests  is  2  feet  below  his  eye ;  also  its  nearer,  which  is  also  ita  ahorter  edge,  is 
indined  to  the  horizontnl  !ine  from  the  book  to  the  observer  in  an  angle  of  60P; 
now  if  the  edges  be  6,  9  7,  and  rs  inches  ref^pectively,  what  are  the  several 
visual  angles  subtended  }>y  the  sides,  and  the  solid  angles  subtended  by  tlie  face? 

9.  Find  the  position  on  ilie  surface  of  a  )>oint  on  the  earth  from  which  a  given 
triangle  iihall  subtend  tite  solid  angle  of  21^^  10':  tlte  laliiudes  ol  the  three  points 
being  10°  15',  18®  ICT,  and  16^  and  tho  longitudes  18°  15',  25°  18',  and 
16®  18%  reckoned  from  Greenwich. 

la  A  line  ia  drawn  through  the  centra  of  ■  circle  and  at  right  anglea  to  its 
plane;  and  from  two  points  m  this  line  which  are  at  10  feet  disunce  from 
each  other,  the  circle  ia  aeen  to  subtend  i00°'25  and  62^*6  aolid:  find  ha 
diameter. 

II,  The  "monster  rliiinney"  near  Glasgow  (a  frustrum  of  a  rone)  is  450  feet 
high,  and  its  top  and  bottom  diametera  are  res|)ectively  13|  and  42 \  feet;  at 
what  distance  above  the  middle  of  the  shaft  in  the  axis  would  the  top  and  bot- 
tom aeptiona  subtend  equal  conical  angles,  and  what  would  diose  angles  bo? 
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12.  If  S  be  the  Rolid  angle  of  a  pjnamid,  each  of  whose  dihedral .  anglit  is 
and  S'  l)e  the  solid  angle  of  the  pyramid,  each  of  whoM  f aoM  SB  peipeadi* 
cular  to  ths  con«apondiog  tdge  of  the  former :  show  that 

S  _  6y  2  jW3 


THE  APPLICATION  OF  TRIGONOMETRY  TO  SPHERICAL 

GEOMETRY. 

I.  AKALOGIS8  B£TWE£N  PLANS  AND  SrUEEICAL  OSOMETRY. 

The  attentir  e  reader  cannot  fail  to  hnvp  remarked,  that  a  considerable  number 
of  fonnula;  included  amonirst  those  which  express  propertiesi  of  spherical  trian- 
gles, have  considerable  similarity  of  general  form  to  corresponding  exj)ressions 
of  tlie  properties  of  plane  triangles;  and,  likewise,  that  in  the  enunciations  of 
spherical  geomtfcrical  tbeorema,  there  is  a  strikinfc  analogy  to  the  enunciations 
Qf  similar  theoKoia  in  plane  geometry  *.  Still,  in  respect  of  pure  spherical 
geometry,  in  the  great  majority  of  properties  which  are  similar  to  plane  ones^  the 
similarity  is  to  be  found  amongst  trigonometrical  functions  of  the  arcs  which 
form  the  figure  on  the  sphere  ;  and  hence  a  comparatively  small  number  of  such 
analogies  admit  of  expression,  and  a  still  smaller  number  of  investigation,  with- 


•  In  grncrai,  Mrhatercr  propertj^  of  a.  splierical  tigtire  is  expressed  bv  uii  equation  containing 
only  the  tbm  or  taigenb  ike  mda  md  mmi^ndn  (tb«  fuoction*  of  the  ai^kt  will  not  be 
altered);  then,  if  we  omit  the  functions  sin.  or  tan.,  a»  tlic  ca»c  may  be,  we  shall  have  a 
prnp«  rtv  of  tlir  rnnTS|»ondiTifr  jilanc  figure  cxpre««n'd  by  the  rpsolt.  Wo  may  instnricp  the 
•piicricai  and  plane  tormular  lor  sin  cos  ^  A,  tan  ^  A,  etc.  at  p.  iia  of  this  vol.  and  p.  448  of 
vol.  i.  We  may,  alto,  imtanoo  the  propertiei  of  the  rigbt>aagl«4  triangle  at  p.  98*9 ;  and  Iflce- 
visc  moit  of  the  theorems  which  follow. 

When  mmjJt'nimtrtrv  funtiinfix,  m  ent.,  ms..  ric,  t-nU'v  into  the  cxprcstsion,  they  will  nlwnys 
admit  of  transformation  so  as  to  involve  only  direct  ones,  and  thus  fuihl  the  previous  condition: 
hut  tbongb  ofkcn  nccenary^  tbit  tramfntoatioo  i*  not  alwaya  ao,  aa  maj  be  inalanced  is  the 
ezpieMiea  for  the  apheneal  excess  at  p.  47.   la  tbia  caae,  we  bsve  the  eooveraton  of 

■in     s^^-^ linC,  into  IE=^ .  ^ .  ainC, 

ainee  team  Ic  being  extremely  small,  ita  eoaine  la  NMrfjr  mUjf;  and  we  get  as  tbe  ultimate 
leault,  the  usual  expression  for  the  area  of  a  plane  triant^te,  of  which  9,  b,  C,  arc  given. 

T!u'  [iiiii(  i|i1o  (if  this  tmnsfonnation  is  iJial  of  thr  evnnrsprnt  nre,  it9  siae»  and  ita  tangent 
all  t»ccoming  equal,  wliilil  tbe  cosine  and  secant  rciipcciivel)-  become  unity. 

The  legitimate,  becatne  aafe,  node  of  timnaferamdon,  however,  adapted  to  these  caMS,  ia» 
andoubtcdly.  to  suh^tiiutc  in  tlte  expressions  the  values  of  the  fUBCtioiia MS 9, «Bf  0,  Am 9, etei, 
in  tenna  of  (he  «»  d  itaelf:  Theae  are  {vol,  •'.  j».  4S6), 

6*  $* 

m9^9^  rrrs+r^TTro  

eas0  =  l-  +   1.2.3,4  ~ 

ikccording  to  the  relative  amallnew  of  are  9in  comt>arison  with  tho  eatfae  eliele,  or  of  its 
mctnal  Icngtli  in  rnmpnrison  with  ^rtr,  a  prrn'or  or  umant  r  iniiiihir  of  torms  of  thf«j  series  will 
be  required  to  furnish  a  sufficient  approximation ;  and  when  taken  in  this  view,  6  ia  to  small 
«a  to  be  coniidered  rHaticdj/  evanvtcent,  then  all  the  terma  execpt  tbe  flnt»  of  each  valne,  majr 
be  neglected.  This  is,  in  fact,  taking  the  raditia  infinite,  and  die  epherieal  eoHece  as  a  plane  ; 
and  which  egiees  with  the  mode  of  tnaafennatioo  soggMted  in  the  coamencesseat  of  this  note, 
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out  tbe  aid  of  trijjonometrical  equations.  It  is  proposed  to  give  in  this  chapter 
a  few  of  the  most  obvious  and  elementary  spherical  theorems,  as  a  pattern  for 
the  student's  imitation  in  this  class  of  di»cussituiis.  A  few  de^ndent  on  the 
right-angled  triangle  have  already  been  given  at  p.  2b — 30. 


PROP.  I. 

For, 

eot  A~      ^  ~~      *  cos_c  (i — 2  8in'*^a)— (1  —2  sin-^^)  (1—2  single) 

~       sm  li  sin  c  4  sin     sin     cos  cos 

 —  sin^^a  +  sin-JA  coa'^c  +  sin'^c  cos'^ft 

~"         8ain  |6  ain  .^c  cos  ^6  cos  \c 
^  —  8in»|g  tec't^  tecHc  +  tan»j^6  +  tto4c 
2  tan  (6  t«ii  |e 

In  the  evaneaeent  atnte  aec  |ft  and  tec  |c  become  xniiy,  and  sin  |a=ia«  eCc; 
and  hcnca  ve  have  ulttmatelj 

2(i6}(ic>  -         26c  • 

The  same  eondutiim  might  have  been  deduced  from  the  preceding  form  of 
the  value  of  A  in  sines  and  codinee.  Tbete  forma  corre«iNMui  to  £«e.  U,  18, 
13  *,  or  vol.  i.  theorem  36>  37. 


PROP.  II. 

Let  the  perpendicular  AD  be  drawn  to  the  base  ,•  then 

sin^AC  —  sin'iAB  =  sin-^CD  -  sin-iUB. 
Denote  CD,  DB,  by  a,  and  a.^,  ami  AD  by  pt :  then 
by  the  right-angled  triangles,  prop.  i.  p.  28,  we  have 

«in'^6  =  sin'^a,  cos'Jp,  +  cos'|a,  sin'ip, 
tinHc  =  sin'Jff,  cos'l  jj,  -|-  coe^i^t  ein^ip, 

Whercfure,  by  subtraction, 
m*0  —  ain*Je  =  coe'i;),  (sin'^a,  —  ainHa,)  +  sin'i;?,  (cos'^a,  —  cos^a,) 
as  {co^ip^  4.  tAn^iPi)  (ain^fls  —  eia'io,) 
«  fin'^tti  —  sin'^Og. 
This  ia  the  correspondent  property  to  eel.  t.  Ub.  d8»  p,  311. 


*  The  follow  ill-'  tliporrms  ri-LitiriL'  tlic  vnrious  divisions  of  an  nrc  aTiri1o:jon«  totliOMefs 
itnight  line  in  Euc.  it.  arc  too  &implc  to  require  an  ia»crtion  of  their  iuvcstigfttions  here. 

Let  the  te  AB  1>e  divided  in  aoj  point  C,  or  extended  to 
my  |ioiut  C,  and  let  it  abo  be  InMrted  in  I).  Then, 

(1)  (^iti  AC  +  einCn)'=  4  einUD  c  ^^CD  {£me.  iL  4)  - — J  --^^ 

(2)  »in»BD  — •io«I)C  =wn  ACsinCU  (u.  5) 

(3)  fin*DC'-'Mn«DB  s«in  ACainCB  (u.  6)  \  C 

(4)  »in»AB  -j-  »i»'HC  =  Btn'AC^-Sfcjn  AB  »in  BC  (ti.  7) 
14)  kin'AC  4-  Mii-Cn  =  2  sii.'AD  -f  2  sin'I^C  (i7,  D) 
(0)  aia>AC"-t-  BiaH:'B  —  -JauiUD  -f  2Ma>DC"  {ii.  10) 
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Thit  nigbt,  howtftr,  have  been  pot  in  a  form  eomtpoii^g  to  tho  plane 
fbeoian,  dioagb  not  to  aimple,  iritlioat  employing  tbe  wmUarct. 

For  COS  b  3  coe|»|  cos  «t*  ^  e=:  coe^  cot  ^ }  wbenoe,  taking  the  dif* 
JcRoct  of  tiie  wtgoKntp 

—  Bofle  as  eosn?,  (sin'a,  —  tio'a,)  =  (8in*a,  —  sin'a.) ; 

*       cos  a,  cos  '  ' 

?h!cb,  like  that  above,  gives  the  plane  yio^rtj  referred  to,  in  the  evanescent 

state  of  the  arcs. 

The  isame  property  also  applies,  duly  modiiied,  as  will  be  tseen  U|H)n  perform* 
Jog  the  process,  wbera  tbe  perpenficnlar  AD  faUa  witboat  the  tnaugle. 


PROP.  III. 

(Same  figure  as  prop,  it.) 

Tkcrx  AF  to  bisect  the  base  BC  of  the  triangle:  then,  denotmjf  AE  by  li,  Wt 
^laU  Airoe  nn^^b  -f  sin-^c  =  2  nn^\a  -\-  2  cos  sin^i/,. 

For  cos  c  —  cos  ^,  cos  \a  -f  sin  /,  sin  \a  cos  AEB, 
COS  b  =  cob  ^1  COS  4<>  -i-  ^ii^  ^      \a  cosi  AEO, 
and  COB  AEB  +  cos  AEC  as  0. 

Whence, 

3  coe  |e  coe    =  cos  ft  +  coa  e  =  9  coe  I  (6  +  ^)  COS  i  (6  —  e)  *. 
Coavnt  these  cosines  into  tbe  sines  of  tbe  semi-arcs :  then 

(1  —  2  sin'il,}  (1  —  3  nn*ia)  =  I  —  sinH^  —  sin*ic,  or 
sin'ift  +  smHe  =  3  sin'ia  +  3  (1  -  2  sin^a)  sln*M 
sc  2  sin'^a  +  2  cos  \a  sin 
Hiis  propositioa  ie  analogous  to  Ososi.  lA.  3d.  vol.  i,  ji.  318. 

Corollary  1. 

'When  the  triaDgle  is  inschbed  in  a  circle,  tbe  side  a  of  which  is  the  diameter, 
we  shall  have 

cos  6  +  cos  c  =  2  co8^|a  =  1     cos  a. 
CoroUory  2. 

In  an  equilateral  or  equiangular  quadrilateral  inscribed  in  a  circle,  ws  shall 

oave 

single  s=  3  sm'ie, 
vlmteis  tbe  diagonal,  and  e  one  of  tbe  equal  sides. 

ConUary  3. 

If  there  be  a  spberical  paiaUdognm,  that  is,  a  qnadrilateral  whose  opposite 
tides  sTs  eqoal»  and  we  denote  tbem  in  succession  by  a,h,c,d,  and  if  k,  if,  be 
fhsdisgonaitt  then 

eosa  +  cosft-|-co8c  +  coeds54cos|icoe  \k\ 


*  Thi«  expression  was  commxinirsted  to  mc  several  years  ago  by  Profetaor  Lowry,  R.  M. 
CoOsiek    It  Ins  ilto  heen  given  I?  H  Qusnt,  (Om.  dm  Tm^  1822,)  and  bj  IL  Seriia, 
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PROP.  !V. 

If  from  the  vertfr  A  of  on  tsofceles  triangle  ABC, 
the  middle  of  tvhostf  hnse  BC  is  Dt  a  great  circle  AE 
be  drawn  to  cut  the  base  in  £,  or  the  base  produced  t» 
E'i  tktn 

m*|AB  -  m*|AK  =  fin  ^BE  jm  ^EG. 
jkHAE'-  niiHAB  =  m  iBB'  tm  ^EXiL 
For  (prop,  ii)  W0  have  in  the  trianglea  EAC» 

EAB,  where  A  I)  is  perpendicular  to  the  bases, 

ai&'^AC  —  sin^iAE  =  sinHCD  —  sin'^DE,  or 

=  sin  \  (CD  -  DE)  sia  i  CCD  +  DE) 
=  sin  iliE  sin  iEC. 
By  taking  £  AC  instead  of  EAC,  the  second  formula  is  obtained. 

Scholium. 

This  theorem  is  analogoin  to  tk.  39,  sol.  t./  but  it  may  alao  be  put  wider  a 
different  form.  For, 

C08  AB  =  cos  AD  cos  DB,  and  cos  AE  =  cos  AD  coa  DE. 
The  difference  of  the  squares  of  these  being  tuken»  we  get 

ain'AB  —  sin^AE  =  cos'AD  (sin^BD  —  sin'DE) 

COS*AB       no  •  i?n 
—  — »tm  sin  BE  sin  EC. 
coii'BD 

It  aihoiild  alio  be  remarked*  that  in  botb  formiiliD  the  arcs  AB,  AC,  are  sup- 

poied  to  be  lese  than  quadrants ;  as  when  they  are  greater,  the  theorem  under- 
goes  some  modification,  and  when  they  are  equal  to  qnadrants^  the  reanit  ii 
iUuaory  or  indeterminate. 


PROP.  V. 

If  either  the  interior  or  exterior 
angle  at  A  be  bisected  bg  a  great 
circle  arc  DArf,  which  cuts  the 
base,  or  base  produced^  in  D  and  ^ 
d;  then, 

ein  BA:8tn  AC:  :sin  BDtein  DC.^ 
::8inB«( :  eindC. 
For  by  the  properties  of  apberi* 
cal  triangles  {,eq.  i.  p,  31)  we  have 

sin  AB : sin  BD : :  sin  ADB :  sin  BAD,  and  sin  AC:  sin  CD : :  ein  ADC :  ein  DAC ; 
and  since  sin  ADB  =  sin  ADC,  sin  BAD  =  sin  DAC,  sin  BD  ss  an 
and  sin  DC  =  sin  Cd,  we  have  at  once  tl^p  cnnclusion  eetabliahed. 
'IhiA  is  analogous  to  props.  2  and  A  of  Euc,  vu 


PROP, 


I/dAX>  and  d'AD'  biieel  ike  inieriar  and  exterior 
anglet  at  A,  and  he  produced  to  meei  tke  ba$e  BC  m 
D,  d,  and  l)\  d*,  mpectvoeiy :  tkm 

sin  CD  :  m  DB  : :  «ii  CD' :  sin  D  B,  and 

sin  Cd  :  itin  dB  : :  sin  CcT  :  sin  d'B. 
For,  by  the  precedmg  proposition,  we  liave 
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sin  CD  :  itinDB  ::  ainCA  :  sinAB,  and  sinCA  ;  smAB  ;:  unCD':  sinD'B, 
wheuce  biu  CD  :  sin  DB  : :  sin  CD'  :  sin  D'B. 

Also,  since  ^  «•  —  CD,  etc.  the  remaining  tenna  of  the. stated  proposition 
arejottificd. 

iSeiloltwii. 

This  is  aiulogons  to  a  proposition  deducible  from  JSm.  pI.  2  and  A»  and  wbtch 
ia  given  under  the  Ihmtvemdt  in  thia  Yolume. 

PROP.  vir. 

If  from  the  anr;ies  B,  C  o/"  a  spherical  triangle 
ABC,  perpendiculars  BE,  CD  be  drawn  to  the  arc 
AE,  wkieh  bisects  the  uUerior  angU  A,  aad  F  60 
tht  pomi  iifeotUaet  qfths  imer^ed  etrele.*  thm, 
am  BF  am  FC  s  ftn  BE  Ml  CD. 
Let  O  be  the  centre  of  the  inscribed  circle,  and  « 
join  BO,  OC,  OF.   Then  it  is  clear  from  the 
results  at  /).  17.  tlint  BOEss  COF;  and  by  right- 
aogled  triangles  we  have  1 
sin  BE  =  sin  BO  sin  BOE  s=  sio  BO  sin  COF, 
and  sin  CD  =s  ain  CO  sin  COD  =  sin  CO  ain  BOF; 
benee,  dn  BE  sin  CD  ^  ain  BO  sin  CO  ain  COF  sin  BOF. 

Again,  sin  BF  =  sin  BO  sin  BOP,  and  sin  CF  =  sin  CO  sin  COP; 
bence>  ain  BF  sin  FC     sin  BO  sin  CO  sin  COF  sin  BOF ;  and  therefore 

ain  BF  sin  FC  =  sin  BE  sin  CD. 

Corollary. 

tan'OF  =  tan  OD  tan  OE. 
For,  tan  BO  :  tanOF  ::  tanOC  :  tan  OD,  and 

tan  OE  :  tan  BO : :  tan  OF  :  tan  OC  $  wbence  tbe  condonon  fiallowa. 

SekoUum. 

Neither  of  the  theorems  corresponding  to  this  proposition  or  its  coroUaiy  ia 
found  in  the  ordinary  hooks  of  elementary  geometry.  They  nrp,  however, 
familiar  to  most  geometers,  and  admit  of  easy  investigation  by  similar  triangles. 

PROF.  VIII. 

If  from  any  pouU  P  on  like  tpktre,  ares  he  drawn  to  etH 
the  an^nlar  pahits  A,  B,  C« . . .  N  ^  a  tpkerieal  polypon: 
them  the  eaatlnued  product  qf  the  sbus  of  one  set  of  the  ^ 
aUemsAe  anyles  made  by  these  arcs  with  the  sides  qf  the 
pr.ftjgfm  will  he  equal  to  the  continued  product     the  sines  ^f  - 
the  other  set  of  alternate  angles:  that  is 
sin  A  HV  sin  BCP . .  *inNAP  =  sin  BAP  sin  CBP  . .  sin  ANF. 
For  sin  A  BP  sin  BP  =  sin  BAP  sin  AP, 

ain  BCP  sin  CP  =  sin  CBP  sin  BP, 

ain  CDP  sin  DP  «  ain  DCP  tin  CP, 

sin  NAP  Hin  AP  =  sin  ANP  sin  NP. 
Whence,  multiplying  these  equations,  and  effacing  tbe  common  terms,  we  get  tbe 
stated  result. 
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Corollary  1. 

Tn  the  case  of  the  triangle,  the  converse  of  this  propo«5ition  is  true :  that,  if 
arcs  be  drawn  from  the  angles  A,  B,  C,  inal  ii^^  anorles  with  the  sides,  such  that 

Rin  PAB  sin  PBC  sin  PCA  =  .  n  V\\\  <m  PCB  ^in  PAC, 
then  theji'  wUl  meet  m  the  saine  point  P.    ihis  may  be  proved  readily,  es 
flftfiindb. 

I 

If  arcs  be  drawn  to  bisect  the  angles  of  a  triangle  they  %vill  meet  in  one  point; 
which  U  a  particuhtr  case  of  the  preceding  corollary. 

SehoUum,  I 

This  is  analogom  to  that  at  p,  460,  vol.  t.  Tha  fdaae  theorem  had  been  long  i 
known :  but  the  s])herical  one  was  first  given  by  Mr.  Lowry,  is  1793,  in  the 
Math.  Eepos.  O  S.  vol.  i.    Both  have  been  very  generally  attributed  to  Garaol, 
who  published  them  in  1803  in  liis  Oeomeirie  d»  PotUiam* 


PROP.  IX. 

Let  AB,  BC,  CD,  DA  be  the  sides  of  a  spherical  quadri- 
UUeralf  and  denoted  by  2au  2a,,  2a,,  2a^t  and  its  diagonals 
AC;  BD  6y  2<i„  2d^ ;  mdktth€  tUttatee  HI  of  ike  middk  a 
peiiUi  of  ike  tHs^fomtii  b§  2t:  iken 
fm^i+«aii*fl|-l-  «iii*a|+«iii'a«  =  2  (I— oof    cot cot Se) 
oo*'o,+co*'a,4-  cos^a^+cos^a^  =  2  (1  +  co*  d,  cosd,  cos  2e) 
For  since  AT,  BD  are  bisected  in  I  and  H,  we  iiavo 
iprop,  mi.),  if  BI  =  bu  and  I[)  =  b^,  H 

cos  2o,  Hh  cos  2a  ,  =■  1  cos  5,  cond^^ 
cos  20,  +  cos       =  2  cos  b^  cos  d„ 
and  cos  6j  +  cos  6,  =s  2  cos  d^  cos  2e. 
Add  the  first  and  second  of  these,  and  substitute  the  third  in  the  sum :  then 

eosSoi  +  cos3a,  +  cos 2a,  -I-  cosSa^  s  4  cosrfi  cos    coa  %e* 
But  co8  2ai  =1—2  sin'a,  =  2  cos-n,  —  1,  etc.  which  successively  substitntsd 
in  this  equation  giveai  after  slight  reduction,  the  stated  equalities. 

Scholium. 

Though  the  theorem  is  more  elegant  in  its  present  form,  there  is  no  familiar 
plane  theorem  analopnns  to  it.    It  may,  however,  be  rearlily  ronverted  into 
another  which  has  an  aualogon^  one  in  piano,  in  the  following  manner, 
cosdi  cos  J,  =  ^[coB  {d^  -f  (ij)  -j-  cos  (t/,  — 

=  1  _  sin-i  (rf,  +  <y  —  sin^i  (rf,  -  d,) 
=  1—2  sin'ld;  coe^M  ^  2  sin^d,  cos'^df,. 
Hence  the  second  side  becomes 

2  { I  -  cos  2e  +  2  cos  2«  (sin^^dj  cos^^d,  +  cos'^d,  sin'^c^} 
—  4  {sin'e  +  cos2«(8in»id,  cos'H  +  coe>|d|  sin'id,)}. 
When  the  ultimate  states  of  the  functions  are  taken,  this  becomes 
flr,5  +  n,^  +  a,'  +  n,^  —  (f,'  +  r/^^  -f  ; 
a  theorem  which,  slightly  modified,  has  long  been  well  known;  but  which 
(for  what  reason  i  know  not;  has  been,  by  some  writers,  attributed  to  Euler. 
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PROP.  X. 


Let  DHF,  GLC  be 
any  two  IflM  ^rekt  9f 
tke  tpken,  tk§  emUrm 
qf^Mek  are  XmdB; 
thmifE  be  such  a 
point  that  great-circle 
tniujfnts  EC,  EI), 
drawn  to  the  tiro  cir- 
cles be  equal  to  one  . 

flMlAer,  the  point  E  wUI  «i^mmf$  he  tUtuiti  m  a  great  circle  which  ii  ii  required 
to  determhte:  mtd  eem/ertely,  there  ii  a  great  drele  determimeMe,  tneh  tkU  tangents 
draum  to  tke  less  eirelee  from  ang  point  in  it  wiU  he  egmd,  endk  to  eadk, 

1.  From  E  draw  the  great  circle  EK  peqiendicular  to  that  passing  through  A 
and  B,  and  from  K  draw  the  tangents  K¥,  KG  to  the  cirdea  j  then  join  £A, 
AD.  AF,  BC,  EB.  BG. 

Then  KFA,  KGB,  EDA,  ECB  are  right  aoglesj  and  the  angles  at  K  are  also 
right  angles  by  construction.  Hence 

cos  ED  cosDA  =  cos  £A  =  cos  £K  cos  KA,  by  trians  EDA  and  EKA, 
cosEC  eoeCB  s  oosEB  s  coaEK  CM  KB,  by  triant  ECB  and  EKB. 
Hence  by  diviaion,  and  that  ooa  EC  ss  eoa  ED,  we  haver 

coaKA    cos  DA 

 c-n  =      r^n  =  a  COHiilant  ratio. 

cos  KB     cos  CB 

Hence  wherever  E  be  taken  to  fulfil  the  condition  of  the  equality  of  the  tan- 
gents, the  point  K  is  a  ^jiven  point ;  and  hence  KE  is  in  a  given  great  circle. 

2.  Let  the  arc  AB  be  so  divided  by  the  perpendicular  great  circle  in  K  that 
cos  AK  :  cos  KB  : :  cos  AD  :  cos  BC  ;  then  tangents  £D,  EC  drawn  from  any 
point  E  in  it,  to  the  two  great  circka,  will  be  equal. 

For»  as  in  the  preceding  case,  and  by  hypothesis,  we  have 

cos  AD  cos  DE  cos  EK  cos  K  A     cos  KA  cos  AD 

cosBC  co8UE~cos  EK  co>  KB  ~  cos  KB  coeBC* 

Hence,  alao,  coa  DE  s  coeCE,  and  D£  s  CE^  or  the  tangenta  are  equal. 

CorcUarg  1. 

If  from  any  point  E  in  KE  a  circle  be  described  with  a  spherical  radius  equal 
to  EC  or  ED,  it  will  alwajrs  cut  BC  in  the  same  two  points  M,  N  equidistant 
from  K,  eoaleacing,  however,  when  the  cirdea  are  situated  aa  in  the  second 

figure. 

For  by  the  right-angled  triangles  EDA,  EKA,  EKM,  we  have 
cosED  cos  DA  =s  cos  E.\  =  cos  EK  cos  KA;  and 
cosEK  cos  KM  ==  cos  EM  s  eosED;  from  which  two, 

cos  A  K       cos  ED 

cos  AD  cdsEf* 

Now  since  AK,  AD  are  constant  and  given,  cos  KM,  and  therefore  KM  itself  is 
given,  and  M  is  therefore  a  fi-ved  point,  independent  of  the  poaition  of  £.  In 

like  manner  N  is  a  (fiven  point. 

Also,  by  the  triangles  EAK,  EBK,  we  have,  since  EM  =  EN, 

cos  MK  cos  KE  =  cos  EM  =  cos  EN  =  cosNK  cos  KE, 
and  hence  MK  =  KJS',  as  alleged. 


cos  KM  = 
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ConUary  2. 

"When  the  circles  touch  each  other,  H,  K,  L  coincide :  whence  tangenu, 
drawn  from  any  point  in  the  great-circle  tangent  at  the  point  of  contact  of  two 
leea  circles,  are  eqnaL 

CoroBary  3. 

This  general  coneluaion  holds  also  when  the  two  given  circles  cot  one 
another,  as  by  porsuing  the  preceding  reasoning  in  its  applicailon  the  rcadsr  will 
see  to  be  at  once  apparent. 

These  properties  throughout  have  analogous  ones  in  piano,  of  considerable 
odehritjr.  TbB  circle  KE  corresponds  to  the  ratHeol  mci$  of  M.  Steiner,  in 
piano,  and  we  shall  designate  it  here  by  the  same  name.  See  also  the  geometry 
of  the  present  volume,  and  Jnn.  det  Maik»  im.  mm. 


PROP.  XI* 

^tkm  etrefof  (A),  (B),(C)*  be  dtMrihed  on  tJ^ 
tpker€f  their  rwUeal  axee  wiU  paee  tktwgk  the  eeme 
poitU  O  2  the  tengmts  from  O  to  the  three  circles  will 
be  eqful;  and  the  circle  deeeribed  from  centre  O  with 
radius  equal  to  one  of  the  egwd  tangents  will  cat  the 
(Uher  three  of  riyht  angles. 

1.  Let  Kh  i)L'  the  radical  axis  of  (A)  and  [W],  and 
IIF  that  of  (A)  and  (O.  and  let  them  intersect  in 
O  :  then  the  tangents  Irom  O  to  (A)  and  (B)  are 
equal,  and  the  tangents  from  O  to  (A)  and  (C)  are 
eqoal,  by  the  preceding  proposition.  Hence  also  the 
tangents  from  O  to  (B)  and  (C),  being  each  equal  to 
those  from  O  to  (A),  are  also  equsl,  and  O  is  a  point  in  the  radical  axu  of  (B) 
and  (C).  Whence  the  radical  axes  to  the  three  circles  pass  through  the  eame 
point  O. 

2.  It  has  been  also  just  proved  that  the  tangents  from  O  to  the  three  drdes 

are  equal. 

3.  Since  all  the  distances  LO,  MO,  NO,  PO,  QO,  TO  are  equal,  a  circle 
passing  through  one  of  the  points  of  contact  from  centre  O  will  pass  tliroii;^h 
all.  Join  AL ;  then  since  OL  is  a  tangent  and  AL  a  radius  at  L,  ihey  are  per- 
pendicular to  one  another;  and  the  inclination  of  two  circles  on  the  sphere  is 
measured  by  that  of  their  great-cirde  tangents,  and  thia  again  by  that  of  thttr 
linear  tangents.  Hence  (O)  is  at  right  angles  to  (A^  and  the  same  with  the 
others. 

■SoAolNiai. 

This,  also,  has  its  analogy  in  phmo.  The  point  0  is  the  radical  centre  of  the 
three  circles,  (A)»  (B),  (C).  The  name  was  given  to  this  point  by  Steiner,  in 
voL  xvii.  of  the  Aanalee  dee  Mathmatignee,  Some  other  plane  properties  con- 
nected with  this  point  will  be  found  in  a  future  part  of  this  woik. 


*  Tb«t  U  the  circic*  Mbo«e  ccatret  are  (A),  (B),  (C).  Tbit  Dotation  i$  rery  cooToiueat  in 
this  cbis  of  roMMefae*,  tad  in  ihai  nUtinf  to  wmsl  spheKt. 
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PROP.  XII. 

Let  OS,  OV,  OT  be  the  radical  axes  of  (A),  (B),  (C)  taken  two  and  two;  and 
let  (D)  be  any  other  circle  on  the  sphere,  the  radidA  axes  of  (D)  mik  each  ^  the 
atktr  tkrte  iokm  t^araUfy  wiU  meet  two  mid  two  in  tkejtrst  three  s  nU,  lAote  (A), 
(D)aMf(B).  (D)tm<Aff«o/(A),  {B\Mdto<m. 

For  by  the  preceding  propoeittoo,  the  radical  axes  OT,  PQ,  and  QR  of  (A), 
(C),  (D),  taken  two  and  two,  meet  in  one  point  P;  that  is,  the  radical  axes  of 
(A),  (D)  and  (B),  (D)  meet  in  that  of  (A),  (B);  and  similarly  for  the  othen. 

Corollary  1. 

A  very  neat  case  of  the  theorem  is  as  follows  :— 

If  there  be  three  circles  (A),  (B),  (C)  on  the 
sphere,  and  these  be  eut  by  any  number  of  other 
circles;  then  the  ehords  GH,  IK,  ML,  joininjr 
the  imeraections  of  (A),  (B),  (C)  by  (D)  will  two 
and  two  meet  in  two  points  Q,  Q,',  R,  R',  P, 
F;  such  that  Q,  Q*  are  in  the  radical  axis  of  (A), 
(C).  R,  R'  in  that  of  (C),  (B),  and  F,  P'  in  that 
of  tA).  (B). 

For  the  chorils  .su  drawn  are  the  radical  axes 
of  (D)  and  the  other  circles  separately  taken,  and 
hence  by  the  propotition  the  conclusion  is  justi- 
fied. 

Corollary  3. 

If  three  circles  touch  one  another  two  and  tiro^  and  tangents  be  drawn  at  the 
points  of  contact,  these  will  pass  through  the  same  point,  and  that  pomk  wiU  be 
equidistant  in  spherical  measure  from  the  three  points  of  contact. 

Corollary  3. 

If  any  number  of  circles, 
as  (D),  be  described  to  touch 
two  fixed  circles  (A),  ( U),  and 
tangents  be  drawn  to  them  at 
the  points  of  contact,  B  and 
F  to  meet  in  G  and  G' :  then 
G,  G'  will  always  be  in  the 
same  grent  circle,  the  radical 
axi'*  f'f  (A)  and  (B), 

1  or  KG,  FG  are  the  radical  axes  of  (A),  (D)  and  (B),  (D) ;  and  hence  they 
meet  in  that  of  (A),  (B). 

II.  THS  BAaXOmCAL  AND  ANHARMONIC  SECTIONS  OF  ARCS  AND  ANGLXS. 

nr.fiNirioNS.    (Firj.  next  page.) 

1.  If  an  arc  AB  be  divided  any  how  in  C  and  D,  the  three  following  fractions 
arc  called  the  cmharmonic  ratios  of  the  arc  AH  ;  viz. 

sin  AC  sin  BP  ^  sin  A('  «!in  BD     sin  AB  sin  CD 
sm  BC  BID  AU  '  sin  AB  sin  DC  '  bin  AD  hui  BC" 
a.  When  angle  APB  is  divided  by  PC,  PD,  the  fractions  following  are  caUed 
the  oMkttrmmue  nUioe  of  the  angle  APB ;  vit. 

Bin  APC  sni  BPD  Bin  APC  l^PD  sin  APB  sin  CPD 
•inBPCsiaAPD'  sinAPB  einDPC'  einAPOsmBPC' 
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3.  When  any  one  of  these  fractions  js  eijual  lo  tinity,  the  section  of  cither 
arc  or  angle  is  caUed  the  harmonicai  division  of  that  arc  or  angle. 

PROP.  XIII*. 

Let  any  four  ffrmt  circles,  PA,  PB,  PC,  PD, 
passing  throunh  ihi-  point  P  be  cut  Ity  any  yretd 
circle,  AB,  as  m  (he  Jujure :  then 

sin  AC  sin  BP  _  sin  APC  sin  BPD 
tin  EC  m  AD  ~  tin  BPC  sm  APD  * 
For.  "j^APrin  APC  ^  ^^^^p  ^  ^       ^  ain BP liii OPB ^ 

Bin  C*B 


md 


SI 


Bin  AC 

in  BP  sin  BPD 


=  sin  BDP  =  sin  ADP  = 


sin  AP  sin  APD 


sin  BD  ~ ^*  sin  AD 

Multiplying  the  extreme  members  of  these  trains  of  equations^  and  sl^tly 
changing  the  order  of  the  reault««  we  have  the  eaanciated  theorem. 


Cnroiiary  1. 

In  prcr^cly  the  same  manner  we  obtain  the  two  other  equationa  of  anfaar* 

monic  ratio  : — 

sin  AC  sin  BD  _  sin  APC  sin  BPD      ,  sin  AB  sin  CD  _  sin  APB  sin  CPD 
sin  AH  sin  DC  ~  sin  APli  sin  DPC*       sin  AI)  sin  BC  ~  sin  API)  BPC* 

The  three  equations  thus  obtained  are  pcilcciiy  cuubuuant  with  those  here- 
after to  be  foond  ia  piano. 

Corollary  2. 

If  the  four  arcs  PA,  PB,  PC,  PI)  be  given,  the  serlion  of  the  arc  ABCl)  wiU 
have  the  same  anhariiioiiic  ratios,  however  it  may  be  drawn;  fix  the  ratio  of 
tiie  angles  la  lu  tiiis  case  constant. 


Corollary  3. 

If  four  arcs,  PA,  PB,  PC,  PD,  be  drawn  from  four  points  A,  B,  C,  D  in  a 
great  circle  to  any  point  P  whatever,  the  anharmonic  ratios  of  the  angles  wiU  be 
conatantly  the  aame  wherever  P  be  taken  $  for  theee  are  in  all  caaet  the  aame  «e 
tfaoee  of  the  aiiglee  coneapoDdiog  theieto. 

CeroOery  4. 

If  one  of  the  anharmooic  latioa  be  that  of  equality,  all  will  be  fhoee  of 

equality ;  and  the  section  will  be  the  harmonicaL   From  thi^  we  learn : — 

(1.)  That  if  from  any  harmonically  divided  arc,  ABCD,  great  circles  are 

so  drawn  to  one  point  P,  the  angles  which  they  form  have  the  haimoDlcal  ratio: 

that  is,  sin  APC  :  sin  CPB  : :  sin  APD  :  sin  DPB. 

(2.)  That  if  from  the  harmonicai  pointa  A,  B,  C,  D  of  an  arc,  great  circles  be 

drawn  througii  any  point  P,  then  every  arc  which  crosses  tltem  is  harmonically 

divided  by  them. 

For  other  propertiea  eee  the  aoalogona  ooea  in  piano :  and  a  fiew  biatorical 
noticea  will  also  be  found  in  the  lame  phice. 


*  It  is  recoaiinradcd  lo  th«  Btudent  to  raid  with  this  ebit  of  invMtigstiena,  the  corre^oiMi- 
log  ones  in  rtference  to  lines  sitimted  in  a  plane,  and  in  reforence  lo  linss  wad  pkaas  titwlsi 
in  qMce^  wbidi  are  giv«n  in  a  fttiure  port  of  this  voluno. 
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PROP.  XIV. 

Denote  the  parts  AB,  BC,  BD,  of  an  kunnomcally  divide  arc  by  k,  0^,  and  Op 
and  tie  angles  APB,  BPC,  BPD,  %  K,  u„  e,:  then, 

(1)  cotBi  —  cot  9,  =2  cot  2e, 

(2)  cot  G,  —  cot      =  2  co/  2)C  ; 

(3)  tan^t:  =  /an  (r  —  0^)  tan  (c  -f  yj, 
(4j  ^a/i  k  =  /iirt  (K  —  O,)  /a/1  (K  +  ej. 

(l.)  For  by  the  definition  of  harmonicals  {p.  76,  d^.  3)  we  hare 
Hin  (2s  —  0,)  :  sin»|  ;;  8in(2«  +  0,)  :  sine,, 
or  expanding  and  reiiucing  we  get 

flin  3je  eotOi     COS  2k  =  ain  2ic  cot9,  +  COS  2jc,  ur 
cot  9,  —  cot  6a  =  2  eot2«. 

(2.)  Since  AB  b  harmonically  divided  in  C,  D,  the  angle  APB  is  harmonically 
Prided  {prop.  jnti.  Cor.  4.)- 

or  sin  (2  K  —  Oi)  :  sin     : :  sin  (2K  +  Oj)  :  sin  or 
cot  Ot  ~  cot  e«  s  2  cot  2K. 

(3.)  By  composition  and  divinon  of  tlie  first  proportion,  we  get 

sin  (2c— 00+ sin  9 /Ma  (2ic— 6,)— sin^j :  isin  (2ic+ea)+sin  0,:8in  (2ic+G^— sin  0, ; 
that  is, 

■in  c  cos  («  —  0|)  :  cos  je  sin  (c  —  0|)  : :  cos  c  sin  Ck  +  9«) :  sin  ff  cos  (k  +  9^ 

or  tan*ff  ss  tan  (c  —  9|)  tan  (r  +  0^ 
(4.)  This  is  obtained  from  (2),  in  the  esme  manner,  and  on  the  sane  principle^ 
that  (3)  was  found  from  (1). 

Schoiium, 

The  properties  correspondinp  to  these  in  piano,  as  far  as  the  lines  are  con- 
cerned, are  well  knou  n  :  h\it  thoae  which  relate  to  angles  have  not  yet  become 
faoiiliar  to  English  slmknts. 

The  foliowiug  properties  are  annexed  without  demonstration,  as  the  proofs  are 
sufficiently  simple  to  be  made  out  by  the  student  himself.  They  require  only 
the  ordinary  transfofmations  of  the  expressions  for  the  functions  of  two  or  of 
tbtoe  arcs,  combined  with  the  theorem  here  given  and  the  definition  from  which 
it  is  derived. 

If  the  arc  AB  be  harmonically  divided  in  C  and  D,  and  liliewise  bisected  in  £, 
the  iegmenti  will  have  the  following  properties 

m  !!iA^     DB  ^  sin  AC  sin  CB  _  cos'EB  sin'CD 
cos>£D  cos<£C  "co»»EUco»='bD 

(2)  sin^ED  —  nn'EC  =  sin  AD  sin  BC  +  sin  AC  sin  BD 

(3)  sin*ED  -  siD>£C  =  — g  |sin>DB  +  8in'CB| 

(4)  sin»ED  -  8in«£C  =  |ain«AD + sin«Ac| 

(5)  {8in»ED-sin»EC5«=  {sin'DB  +  sin  CB}  {sin'DA-h^m  AC} 

(6)  sin'DB  +  sin^CB  :  sin^DA  +  sinSAC  : ;  sin'BC :  sin'CA.  , 
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III.   SPHERICAL  TUANSYCaSALS. 

Definilion.  A  spherical  tran^ersal  is  any  figure  traced  on  tbo  ^ihen  to  col 
the  compooeat  paru  of  any  great  Qudtf  triangle,  or  polygon. 


PROP.  XV. 

Let  the  sides  of  the  tnanyle  ABC  he  , 
cut  by  the  transversal  DEF  in  1),  E,  ^• 
Ft  tki»  wiU  ikere  he  Mat  relatkm  mnongst 
tkt  ugmenU 

•in  AP  sin  BD  sin  CB  =  sin  FB  sin  DC  sin  EA. 

sin  AF  _  sin  E    si^BD  _  sinF    sin  CE  _  »in  D 
*'**'^sinAB"einF'  sinBF^^nD*  sin  CD  ~  sin 

and  multiplying  these,  we  have 


sin  AF  sin  BD  sin  Cfi  sin  E  sin  F  sin  D 

sin  AE  sin  BF  sin  CD     sin  F  sin  D  sin  E 
sin  AF  sin  BD  sin  C£  =  sin  FB  sin  DC  sin  £A. 


=  1 ;  and  hence 


CoroUary, 

As  the  transversal  DBF  cnts  the  sides  a  second  time  in  D',  JL\  V,  and  tlu 
resulting  expression  is  in  sines,  it  will  follow  that  for  any  of  these  scigmenta  their 
supplements  may  be  substitttted. 


PROP.  XVI. 

Jf  points  D,  F,  be  taken  in  the  sides  of  a  spherical  triangle,  so  that  either 
only  onp  nr  else  all  thrrc  he  taken  in  prolongation,  and  that  there  be  the /oUovM^ 
relation  amoUj/St  the  segments  into  V  hick  the  sides  are  divided, 

sin  AF  siti  BD  sin  CE  =  sin  FB  sin  DC  sin  EA^ 
then  icill  the  points  D,  E,  F,  be  in  one  great  circle. 

For  if  not,  let  the  great  circle  through  E  and  F  cut  the  side  BC  in  some  point 
d  diil^rent  from  D.  Then,  by  the  foregoing  proposition  and  the  hypothesis, 

sin  rfB  _sin  FB  sin  EA_sio  DB 
sin  dC  "  sin  AF  sin  CE    sin  DC' 

Whence  (oo/.  t.    426,  eq,  17),  and  that  Crf  —  rfB  =  CB  =  CD  —  DB, 
tan  i (Crf  +  ifB)  _  tan  \  (CD  -|-  DB) 
taiTi  (Crf"-:.  ilB)  -  Un4(CD-DB)*  '^"'^^^'^ 
Crf  +  rfB  =  ri)  +  nn.  which  is  impossible,  except  d  coalesce  with  P.  The 
three  points  D,  £,  F,  are  therefore  in  one  great  circle. 

Corotlttrj. 

The  three  points  D',  E',  F',  diametral  to  D,  E,  F,  are  also  in  the  same  great 
circle.  For  it  three  points,  D,  E,  F,  on  the  surface  of  the  sphere  be  in  a  diame- 
tral plane,  the  diameters  tliemaelves»  and  therefore  their  c^jipoaite  eztranitie^ 
D*,      F',  will  be  in  that  plane. 
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PROP.  XVII. 


If  a  spherical  polygon^  as  for  instance  the  pentagon 
ABCDE,  be  cut  by  a  great-circle  transversal  in  V,  (I,  II, 
K,  I ;  then  the  sides  will  be  dieided  at  the  points  of  sec- 
lion,  to  tkttt  tk§  pnitKt  of  tho  nut  ^eU  the  one  tet  of 
oMsfwatt  tegmmit  wiU  bt  tqiuA  to  Iht  f/rodmet  ^f  tht 
oimetoftktotkerteii^dttnutttttgmmtMs  that  it 

tin  AG  sin  BH  sin  CK  sin  DI  sin  EFssm  GB  sin  HC  sin  KD  sin  IE  sin  FA. 

For  join  BE,  CE,  meeting  tho  truisvenal  ia  M  and  N.  Than,  by  tho  tii- 
uiglet  ABE»  B£C,  we  have 

sin  AFsin  BG  sin  BM        sin  NC  sin  11 B 

sinFK  bin  (iA     siu  ME      sin  EN  sin  CU* 
From  this,  again,  and  from  the  tt  iangle  CDE,  we  iiave 

sin  AF  sin  BG  sinCH  _  sin  NC  ^sin^KDji^nJE 
tin  F£  aiii  GAVin  HB  "  tio  N£    ein  KG  sin  ID* 
The  first  and  hit  terms  of  whflch,  upon  cancelling  the  denominaton^  form 
the  equation  alleged  in  the  proposition. 

In  the  same  manner  may  the  demonstration  be  extended  to  a  polygon  of  any 
nnmber  of  sides. 


PROP.  XVIII. 

Jf  through  a  point  P  on  the  surface  qf  the  sphere  great  circles  be  drawn  from  the 
ngkt  A,  B,C,of  a  tpherieul  trUttgleABC,  to  out  tht  oppotitt  tidet  m  D,  E,  Fs 

tm  AFtm  BD  tm  CB    nm  IB  tm  DC  tm  EA. 


For  the  trianr^le  BAD  cut  by  the  transversal  FFC  and  the  tiiangle  DAC  cat 

by  the  trausversial  BPE,  give 

sin  AP  sin  DC  sin  BF  =  sin  PD  sin  CH  sin  FA, 
and  sin  PU  siu  BC  sin  EA  =  sin  AP  sin  DB  sin  CE. 

Multiply  these,  and  efface  the  common  terms :  then  there  results  the  stated 

e<j^uuuun. 


VkiuV.  XIX. 

Jf  points  St  F,  ht  ttkeo  ta  the  tides  BC,  CA,  AB,ofa  spherical  triangle,  to 
that  either  two  Of  MM  qf  thttt  bt  im  tkt  er/cMMW  tht  tidtt,  aod  to  at  to  hoot 
tkt  rtlatiom 

sm  A  F  siii  HI)  sin  CE  =  sin  tB  siu  DC  sin  EA  ; 

then  the  arct  AD,  BE,  OF,  wiU  pott  tkroogh  tko  tamo  point  P  oh  tkt  turfact  of 
the  sphere. 
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For  if  not,  let  two  of  them,  BE,  CF,  intersect  in  P,  and  draw  the  great  circle 
AFd  cneetiDg  DC  in  d.   Then,  by  prop.  xv.  and  hyp. 

sin  nf?_  sin  BF  sin  AK     sin  BD 
sin  rfC  ~  sia  FA  sin  CE  ~  sin  DC' 

Whsrafon^  reawning  m  in  prop.       we  have 

wbich  ia  imposnble,  except  d  coalewse  with  D ;  and  in  thia  case  AD,  BB»  CF» 
fMua  throogh  one  point,  P,  aa  aflkmed. 

This  proposition,  like  its  corresponding  one  in  piano,  is  exceedingly  efficient 
in  the  proof  of  theorems,  which  allege  that  three  tipecilied  arcs  pass  through  the 
same  point  on  the  surface  of  the  sphere  ;  as,  for  instance,  those  given  at  p.  22 
for  proof,  by  means  of  pure  spherical  geometry,  aod  many  others  of  a  similar 
kind.   A  few  are  annexed  in  the  way  of  corollaries, 

CoroUary  1. 

The  arcs  AD,  BE,  CF,  drawn  from  the  angles  of  a  triaiiglc  ABC  to  bisect  the 
opi>o8ite  aides  in  D,  E,  F,  all  paaa  through  one  point  P. 

For  AF  =  FB»  BD  =s  DC,  and  CB  s  EA;  whence  the  ainee  ol  these  Ibllil 
the  criterion. 

CoroUmy  S. 

The  arcs  AD,  BE,  CF,  biscctmg  the  interior  angles  A,  B,  C,  paaa  through 

* 

one  point. 

For,  sm  AF  :  sin  FB  : :  sin  AC  :  sin  CB  {prop,  xvii.p.  79), 
sin  BD  :  sin  DC  : :  sin  BA  :  sin  AC, 
sin  CB  :  ain  EA : :  sin  CB  :  ain  BA; 

whence,  muluplying  etc.,  we  liave  the  criterion,  viz. 

sin  AF  sin  BD  sin  CE  =  sin  FB  sin  DC  sin  EA. 

In  like  manner,  the  same  may  be  shown,  if  one  of  the  arcs  A!)  bisect  an 
interior  angle,  and  the  other  two,  BE,  CF,  bisect  the  otlier  two  exienor  ones. 

This,  however,  has  been  otherwise  proved  by  another  spherical  geoml 
theorem. 

Corollary  3. 

The  arcs  drawn  from  the  angles  A,  B,  C,  to  the  pointa  of  contact  of  the 
inscribed  or  escribed  circle,  all  pass  through  one  jioint. 

For,  in  both  cases,  AF=  AE,  BF=  BD,  and  CD  =  CE;  whence  the  product 
of  the  sines  of  one  alternate  set  of  segments  is  ct^ual  to  that  of  the  other,  and 
the  criterion  is  fultlUed. 

In  like  manner,  referring  to  fg.  p,  17t  we  ahonld  find  that  arcs  AD^  BB» 
CF„  would  paaa  through  the  aame  point  For 

CD,  =  BD  1  BP,  =  AF  I  AE,  =  CE 
D,B  =  DC  I  F,A  =  FB  |  £,B  =  EA. 

Whence  tin  CDt  sin  BF,  sin  AE,  =  sin  BD  sin  AF  sin  CE, 

and  sin  D,B  sin  F,A  ain  E,B  =  ain  DC  siu  FB  sin  EA. 
Now  as  the  right  sides  of  these  equations  are  equal,  the  left  are  so  too  ;  and 
the  resulting  equation  is  the  criterion  which  has  been  deduced  in  the  propoaitioa 
itseif,  of  the  great  circles  pasaing  through  the  same  point. 
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Corollary  4. 

Pfr])en(liru]ar<;  from  the  angles  A,  B,  C,  upon  the  opposite  sides,  BC,  CA, 

AB,  inci  t  111  one  point. 

Fur  denote  the  perpendicidars  by  pi,  p^  p^ ;  then  by  right-angled  triangles  we 

have 


sin  BD  =  cot  B  tan/i, 
tin  CB  s=  cot  C  tan;), 
sin  AF     eotA  tanj»| 


sin  DC  s  ecA  C  tan  Pi 
sinEA  s  cot  A  tanp, 
sin  FB  s  cot  B  tan  ji^ 


The  prodoets  of  the  second  sides  of  these  two  sets  of  equations  are  identicsl. 
and  hence  those  of  the  first  sides  are  eqoal,  and  eonstitnte  the  criterion. 

PROP.  XX., 

If  through  any  point  P  in  a  great 

circle  AD,  drawn  Jrom  the  vertex 

A  to  cut  the  base  of  tii  irimgk 

ABC  m  V,  (tret  BPE»  CPF  be 

drmm  to  cut  AC,  AB,  ikt  tidet 

of  tke  IrMMf   m  E,  F  .•  tkm  tk» 

are  FB  wtU  always  cut  BC  in  the 

Sftme  two  points,  H  and  H'  j  tUld 

HC  will  be  to  divided  that 
«in  BD  :  sin  DC  : :  sin  BH  :  sin  HC 
: :  8in  BH  :  am  UC. 

For,  by  props,  wm.  and  xv.  we  have, 
«nBD  :  sin  DC  ::  sinBPsinAE  :  sinFAsinEC  ::  sinBH  :  sinHC. 

Also,  sin  BH  s  sin  BH'  and  sin  HC  s  sin  CH':  whence  the  proportion  is  the 
aane,  wherever  P  be  taken  in  the  arc  AD,  which  divides  BC  in  a  constant 
mtio. 

PROP.  XXT. 

j/*  three  great  circles,  AD,  BE,  CF,  passing  through  the  s(une  point  P  on  the 

spkgre  mid  the  aa^itt  q^  iJbe  irkmgh  ABC,  eui  th§  CfpomU  tidtt  m  D,  E,  F  ; 

and  if  ike  ffreai  eirekt,  DE,  EF,  FD,  U  drawn  to  cut  the  eidee  AB,  BC,  CA  ta 

O,  6',  H,  H',  K,  K' .*  lAeie losf  napomlf  ore m  the  eirem^fermee qf  emgreat 

eirde.  (See  freeedrng/gmrej 

For  hy  the  preceding  proposition  we  have 

sin  BD  :  sin  DC  : :  sin  BH  :  sin  HC, 
sin  CE  :  sin  EA  : :  sin  CK  :  sin  KA, 
sin  AF  :  sin  FB  : :  sin  AG  :  sin  GB ; 
and  inidtiplying  these,  in  columns,  the  first  and  second  columns  become  equal, 
by  prop.  xvii.    and  hence  the  third  and  fourth  will  be  equal ;  that  is 
sin  BH  sin  CK  sin  AG  s  sin  HC  sin  KA  sin  GB. 

Also,  all  the  aides  of  the  triangle  ABC  being  cut  in  extenaion,  and  having 
the  relation  jnst  deduced,  the  three  points  of  aection  6,  H,  K  wUl  be  ui  one 
great  circle,  by  prop.  xvi. 

Also,  the  points  G',  H',  K'  being  at  the  distance  of  a  semicircle  from  G,  H,  K 
respectively,  are  at  opposite  extremities  of  the  diameters  thronph  G,  H,  K,  and 
ns  these  are  in  one  plane,  tiie  opjMJsite  points  G',  H',  K'  are  in  that  plane;  and 
the  ki\  p r  uus  being  in  one  plane  and  on  the  surface  of  the  sphere,  they  are  in 
one  great  circle. 

VOL.  II.  O 
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hd  two  cMm  ^ ihi  tphere  (A),  (B)  hmt  eonraioii  gneii 
etrdie  tnuftmU  drown  to  tkm,  out.  Ef,  OH  meeting  in  D»  D\ 
md  KI»  LH  mtOmg-in  C,  Oi  tkm  tkejbwr  pomU  C,  CT, 
D,jywiUbemthe  great  etrek  AB,  md  there  wUl  eM  the 
retaims 

sin  AC  :  nit  CB  : :  m  AD  :  sin  DB, 
sin  AC  :  sin  C'B  :  I  sin  AD'  :  sin  D  B. 

1 .  For  join  AD,  BD  by  great  circles :  then  in  the  righU 
aogled  triangles  GAD,  HAD  wc  have 

sin  ADG  =  sin  AG  cosec  AD, 
and  sin  ADE  =  sin  AE  coscc  AD  ; 

and  AG  =  AE  :  whence  ADG  =  ADE, 
or  AD  biteeto  the  angle  EDG.  In  the  tame  manner  BD 
bisects  it*  Hence  the  point  D  is  in  AB ;  and  it  may  be  simi- 
larly shown  that  C,  D',  and  C  are  in  AB. 

2.  Again,  sin  BP  =  sin  BD  tin  BDF, 

and  sin  AB  =  sin  AD  sin  ADE; 
from  which  sin  AE  :  sin  BF  : :  sin  AD  :  sin  DB. 
Similarly  sin  AI  :  sin  HNf  : :  sin  AC  :  sinCB. 
Whence,  since  AE  =  AI  and  HK  =  BM,  these  two  give 
sin  AC  :  sin  CB  ::  sin  AD  :  nin  DB. 
The  other  proportion  follows  in  a  stmilur  manner. 

Scholium. 

The  point!^  C,  D,  C,  D'  are  called  the  centres     nmiiUude,  otpoks  qf 
iiiude  of  the  circke  (A),  (B). 

PROP,  xxiir. 

If  great  circle  tangents  be  drawn  to  three  circles,  two  and  two,  the  sit  pairs  of 
points  of  interseclinn,  or  centres      similitsulet  wiU  be  ranjf«i  upon  four 
circles,  three  pairs  upon  each. 
Let  (A),  (B),  (C)  he  three  j^ven  circles,  G, 

G',  the  points  in  which  the  exterior  tangents 

to  (A),  (B)  intersect,  and  D,  D'  (D'  being  on 

the  other  side  of  the  sphere,  and  invisible  in 

reference  to  the  part  of  the  figure  exhibited) 

those  which  the  interior  tangents  intersect 

Also,  let  H,  H'and  F,  F'  be  the  correspond- 
ing parts  in  respect  of  (A)  and  CC),  and  K,  K 

and  E,  E  those  in  resj»prr  of  (B),  (C).  Then 

the  theorem  as??erts  that  there  are  three  j)airs 

of  thetHi  intersections  situaleU  on  each  of  tlie 

great  codes  GH.  FE,  DE,  FD. 
Let  a,b,o  denote  the  radii  of  the  circles  (A),  (B),  (O :  then  the 

ABC  is  eo  cut  at  the  points  A,  D,  £,  F,  G,  H,  K,  and  their  diametrals,  that 

sin  AD  :  sin  DG  : :  sin  a  :  8in6  (1) 

sin  CF  :  sin  FA  ::  sine  :  sin  a  (2) 

sin  BE  :  sin  E('  : :  sin  A  :  sin  c  (3) 

sin  ACi  :  sin  GB  : :  sin  a  '.  sin  b   (4) 

sin  CH  :  sin  HA  ; :  sin  c  :  sm  a   (5) 

sin  BK  :  sin  KC  : :  sin  &  :  sin  c  (G). 
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Combining  these  ia  triads  so  as  to  have  the  third  and  fourth  terms  equal,  vis* 
[h    6},  (1,  3,  5),  (2,  3,  4),  and  (4,  5,  0),  we  thiU  have,  by  equating  tba  fint 

lad  oeeood  tanns  of  the  reaalUt 

amADnnCFnoBKssmDGiiiiFA  nnKC, 
Bin  AD  sittBEitn  CH  =:  sin  DG  sin  EC  tin  HA, 

sin  CF  sin  BE  sin  A(j  =  sin  FA  sin  KC  sin  GB, 
sin  AG  sin  CH  sin  BK  =  sin  GB  sin  HA  hu\  KC. 
The  first  of  these  shows  that  K,  F,  D,  and  hence  their  diametrals  K',  F'  D\ 

■'-Tt  in  one  ^ent  cirH*\  the  criterion  of  prop.  xri.  beins^^  fulfillt  d.    In  like  m;i'<nt^r 

H,E,  1)  and  their  diametrals  H',  E',  D';  G,  E.  F,  and  their  (liaint  Tmls  G',  1 . .  ['  ; 

and  K,  G,  H,  with  their  diametrals  k',  ii',  U ,  are  respectively  lu  great  cucles 

citbc  tph^. 

KXBBCISES  IN  8PHBRICAL  OBOMETRY. 

(To  be  effected  by  the  aid  of  trigonomtr^f^J 

1.  If  fwm  a  fixed  point  on  the  surface  of  the  sphere,  arcs  be  drawn  to  cut  a 
given  circle,  each  in  two  points ;  nnd  if  these  four  ])oints  be  joined  two  and 
\wo  hy  arcs,  and  produced  <[{  necessary)  to  meet  :  llit  n  the  |)oints  of  inttTsectiun 
will  always  be  in  the  same  ^^reat  circle,  which  is  perpendicular  to  the  arc  drawn 
from  the  ^iven  point  to  the  centre  of  the  given  circle. 

2.  If  two  splierical  quadrilaterals  be  one  infscribtil  in  a  circle,  and  the  other 
cirtumscribt-d  about  it,  the  latter  having  as  jtoinls  of  contact  the  angular  points 
of  the  furmer  :  then  the  two  pairs  of  diagonulti  of  iheae  quadi  ilaleraU  will  mter- 
Mt  in  the  same  point. 

3.  If  the  pain  of  opposite  ndeB  of  the  two  qnadiiUitenjte  defined  in  the  laat 
awoK  be  produced  to  meet»  each  pair  in  two  pointa ;  then  the  eight  pointa  of 
intonction  wit!  be  eitUBted  in  one  great  circle  of  the  ephera. 

4.  If  the  oppoaite  aidee  of  a  spherical  besEagon  inscribed  in  a  circle  be  pro- 
<iQped  to  meet,  each  opposite  pair  in  two  pointa :  then  the  aix  points  of  aection 
vill  be  in  one  great  circle. 

5.  If  great  circle  arcs  be  drawn  to  join  the  opposite  angular  points  of  a 
spherical  hexng^on  circumscribed  about  a  circle,  they  will  all  three  pass  through 
the  same  two  poinUb  diametrally  utuated  with  respect  to  each  other  on  Uie 
sphere. 

6.  Let  AL>(.  U  be  a  quadrilateral  situated  on  the  sphere  ;  produce  AB,  CD,  to 
■ectin  E,  E ,  and  AI),  BC.  to  meet  in  F,  F',  and  draw  the  circle  EFE'F' ;  let 
P,?,  he  the  intersectbns  of  AC,  and  BD.  Q.  Q',  those  of  BD  and  BF,  and 
H,  R',  those  of  EF  and  AC;  draw  also  BP  and  FP  to  cut  the  oppoaite  sides 
AD.  fiC,  and  AB,  CD:  then  will  every  side  AB,  BC,  CD,  DA,  and  each 
dnfODsl  AC,  BD,  £F,  he  harmonically  divided  at  the  pointa  of  motual  aection 
of  the  ■•e  several  great  circles. 

7.  The  triangle  ABC  is  cut  by  a  transversal  circle,  AB  in  D  and  £>,  BC  in  F 
iad  6,  and  CA  in  H  and  K  :  it  h  required  to  «?how  that 

tan  ^AD  tan  \  hV  tan  U'H  tan  _^AK  tanJBG  tan  ACK  _ 
tan  ADH  t  r;  '  FC  tan  UlA  tan  ^Eli  tan"MiC  lari  ^KA  "  ' 
cnt!  to  generalise  the  theorem  by  the  substitution  of  any  spherical  polygon  for 
trianjfle  ABC. 

S.  In prop.  viii.  p.  71,  denote  the  angles  at  A,  B,  C,  etc.,  by  a,  /3,  y,  etc. ; 
the  m^ts  NAP,  ABP,  BCP,  etc.,  by  a„  n,  etc.,  snd  PAB,  PBC,  PCD,  etc., 
^1        y»  cfe. :  then, 

cot«j_— cot_a  cot ,  —  cot    cot  y,  —  cot  y        cot »,  —  cot V  _  J 
eote,— cot  a*cot^— cot^'cot  y,  —  coty  coty,— >€Oty  ~ 

«2 
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SPHERICAL  ASTRONOMY. 

OnsKRVATiONS  and  experiments  of  various  kinds  show  that  the  c:\rth  diflcr* 
very  Utile. in  its  figure  from  a  sphere ;  and  hence  the  principal  inquiries  and  cai- 
culations  of  practical  a^irunomy  are  conducted  on  the  hypothesis  of  its  bcuig 
accurately  spherical.  Moreover,  since,  to  an  observer  on  the  earth,  Uie  heaveiu 
appear  wt  «  hrg9  concave  sphere  (ill  the  fixed  elan  beiiig  w  renwte  that  the 
diameter  of  the  earth  would  aubtend  at  them  only  an  insenaible  angle),  erery 
part  of  wlucb  te  equidistant  firom  the  observer,  it  bas  been  fiiund  eaepedicnt, 
both  for  the  purposes  of  reasoning  and  calculation,  to  imagine  varions  circles  to 
be  described  upon  the  eartb»  and  their  planes  extended  to  intersect  the  celestial 
sphere  in  corresponding  and  similarly  situated  circles.  The  observer  is  su)>- 
posed  to  be  situated  at  the  centre  of  this  celestial  sphere,  and  therefore  that  tht 
planes  of  all  of  these  circles  pass  through  his  eye.  There  are  also  certain  po!nts 
mid  c  ii  c  le'^  thus  conceived  to  exist  on  the  celestial  sphere  which  have  no  cor- 
iL -[niii  lLtu  uiies  on  the  terrestrial,  some  of  which  are  permanent,  and  others 
variable  with  the  observer's  po!>ition  on  tlie  earth's  surface.  The  pnncipal  points, 
lines,  and  circles,  which  enter  into  this  department  of  astronomy,  are  described 
in  the  following 

DEFINITIONS. 

1.  The  arii  thi  emik  n  a  line  passing  through  the  centre,  and  tenmnati^g 
at  the  points  which  are  (juiesoeiit  during  its  daily  levoltttlon. 

9.  These  quiescent  points  are  the  poki  pf  the  mttk,  and  are  called  die  worth 
poti  and  the  jonlil  pole» 

3.  That  great  circle  of  the  earth,  the  plane  of  which  is  perpendicular  to  the 
axis  (or,  the  great  circle  of  which  those  points  are  the  poles),  is  called  the 
equator.  It  divides  the  earth  into  two  hemispheres^  the  northern  and  the 
southern^  m  called  according'  a«  they  contain  the  north  or  south  poles. 

4.  Secondaries  to  the  equator  are  called  the  maifUaM  of  the  places  through 
which  they  pass. 

5.  Terrestrial  longitude  of  ;i  yilace  is  the  arc  of  the  equator  interccj)ted  betwecu 
the  intersection  of  the  meridian  of  that  place  with  the  equator,  and  some  fixed 
point  in  the  equator.  On  the  earth  it  is  usually  reckoned  east  and  west  from 
the  initial  point  0^  to  160^  east  and  IW  west.  The  longitude  estimated  one 
way  or  the  other  is  called  soii  itniytliHle  and  tssff  kmgUmi9 

6.  The  falilwls  of  a  place  on  the  surface  of  the  earth  is  its  distanee  from  tbe 
equator  reckoned  upon  the  meridian  of  the  place.  It  is  nerlA  JMmie  or  ttmtk 
laHiuie,  according  as  the  place  is  dtuated  in  the  northern  or  tbe  southern  hemi* 
sphere. 


*  DifTerent  comitries  estimate  longllnde  from  difframt  tnitul  points,  vix.  from  tho  poiikU  in 

irliich  tlio  nit  ii.lliuis  of  their  nationtd  obMrratorics  mpeetiveiy  hitenect  tbe  eqmUor.  Tbot, 
Uir  English  ami  AuiciicaiH  csthuatc  from  tlic  meridian  of  the  Royal  Observatory  of  Gmn- 
•wich,  tlie  French  from  tin  ObMrvai.  ry  of  P.iri«,  the  fJcrmans  from  that  of  Berlin,  the  Rh«- 
rinifl  from  that  of  Pctcrsburgli,  aud  ihe  iMoes  from  that  of  Copenhagen.  A  very  simple  cooi- 
pntatlon  Mrtw  to  reduce  from  one  er^gln  to  any  other,  the  vdative  longitudfli  of  ell  the 
prindpil  obtertatoriM  have  hoen  caiefolly  dotetminod. 
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7.  A  panM  9f  lofteife  ia  a  len  cirde  of  the  sphere,  paadiig  through  any 
point  of  the  earth  which  has  a  specified  latitade,  paiaUel  to  the  equator,  aod  cut- 
ting off  equal  arcs  from  all  the  meridians. 

8.  The  horizon  of  a  place^  or  the  itiuibU  koritOH^  is  the  indefinitely  extended 
tangent  plane  to  the  earth  at  that  point. 

9.  The  axis  of  the  earth  being  conceived  to  be  prolonged  to  meet  the  celestial 
sphere,  intersects  it  in  the  celestial  polta,  or  poles  of  the  heavemt.  This  pro- 
longed axis  is  sometimes  called  ilie  mis  of  the  heavens  j  and  the  elevated  pole  is 
denoted  by  P  in  all  illustrative  figures. 

10.  The  terrestrial  equator,  tmog  prodnced  to  meet  the  csleetial  sphers,  cuts  it 
in  a  drele  called  the  etkBtial  tfuatur,  or  the  egutiieclial. 

1 1.  The  meridian  plane  of  a  place  being  ttmilarly  extended  to  meet  the  celes- 
tial sphere,  gives  the  ceUstuU  meridiaH  of  that  place. 

12.  A  plane  through  the  centre  of  the  earth  parallel  to  the  sensible  horiaon 
cuts  the  celestial  sj)]ierr  in  the  rational  horizon. 

13.  The  smallnessof  the  e  irth's  radius,  in  comparison  witii  the  distances  of  the 
fixed  stars,  causes  the  inuoducuun  of  no  sensible  error  into  the  calculations  or 
reasonings  to  arise  from  our  considering  the  rational  and  sensible  horiaon  to  be 
eokieideBt.  In  tiie  case  of  the  snn,  moon,  and  planets,  all  the  error  introduced 
can  be  rendered  a  subject  of  separate  computation,  and  the  leeult  of  the  hypo- 
theais  of  coincidence  be  thence  corrected.  Thia  correction  is  called  the  parallax. 

14.  The  poles  of  the  rational  horizon  are  called  the  zenith  and  the  nadtTp 
the  former  the  pole  above  the  observer's  head,  and  the  latter  that  beneath  him. 

15.  Circles  drawn  secondary  to  the  horizon  arc  called  vrfical  circles.  The 
aJtitiulcs  of  celestial  bodies  from  the  horizon  are  estimated  upon  them ;  they 
are  also  called  azimuth  circles^  or  amplitude  circles,  for  a  reason  explained  in 
definitions  17  and  18. 

16.  That  vertical  circle  wHcfa  ia  at  right  augles  to  the  meridian  of  the  place 
of  observation  is  celled  the  prim  vttiM.  It  cuts  the  horiaon  in  its  eastern 
and  western  points. 

17-  The  azimuth  of  a  celestial  body  is  the  angle  formed  by  a  vertical  circle 
and  the  meridian  of  the  obeerver.  It  is  measured  by  the  are  of  the  horiaon 
intercepted  between  the  meridian  and  the  vertical  circles. 

18.  The  amplitude  of  a  celestial  object  is  the  angle  formed  1-y  iIk  ;  crtical 
circle  passing  through  it  and  the  prime  vertical.  It  is  unu^urrd  ]iy  the  arc 
of  the  horizon  intercepted  between  the  east  or  west  pomt  and  tlic  vertical  circle. 

19.  The  circle  of  the  horizon  being  divided  into  four  quadrants  by  the  meri- 
dian and  its  prime  vertical,  each  of  these  quadrants  is  further  sub*divided  into 
ciglftt  smaller  portions,  the  pdnts  of  division  of  which  constituts  what  are  usually 
termed  HtMpomit  qfthe  eompau,  lliese,  however,  are  never  used  in  astronomy, 
properiy  so  csUed  $  but  they  are  extremely  useful  in  describing  approximately 
the  azimuth  or  amplitude  of  an  object.  For  thia  pnrpoee,  th^  are  extensively 
used  in  naviL'ation  and  nautical  astronomy. 

20.  Almacantars,  or  parallels  of  altitude,  are  less  circles  of  the  sphere,  the 
jilaiies  of  which  arc  parallel  to  the  horizon.  All  the  points  of  any  one  of  them 
axe  at  equal  altitudes  above  the  horizon. 

31.  Tlie  real  motion  of  the  earth  round  the  son  in  a  year,  givea  to  the  sun  an 
apparent  motion  round  tiie  earth  in  the  same  time.  Tlie  apparent  path  of  the 
aim  w  in  one  plane,  and  the  real  motion  of  the  earth,  therefor^  is  in  the  same 
plane.  This  plane  cuts  the  celestial  sphere  in  a  circle  called  the  eeUptic.  This 
plane  difleia  from  the  equinoctial,  and  the  angle  which  they  make  with  each 
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other  »  called  ibe  ktdmaium  </  the  eel^iU,  or  the  ohUquUif  ^  ikt  eel^rfie.  ICi 
devaled  pole  ia  marked  P  in  the  figures. 

23.  The  points  in  which  the  ecliptic  and  equator  intcrKect,  an  thee^inwMMr; 
and  one  of  thetn  is  technically  called  tbe/r«^  poM/  ^.^rteff»  or  Mraolegimof* 

the  other  beinf?  tlie  autumnal  equinor. 

23.  A  secondary  to  the  ecpiinoctial  through  any  celestial  object  cuts  the  ef}ualor 
in  a  point,  the  arc  between  which  and  the  first  of  Arie;?,  is  called  ilie  ri^hi 
ascension  of  that  object.  It  is  reckoned  entirely  round  the  circle  of  the  equinoc- 
tial from  0^  to  360^.  There  is  also  another  mode  of  eethnatioD,  as  m  the  neit 
definition. 

34.  Theee  aecondariea  themaelvea  are  called  hmt  Umet,  aince  they  beooine  the 

meridians  of  any  given  place  at  equal  successive  times,  arising  from  the  unifotm 
nte  of  the  earth's  rotation  on  its-  axis.  The  angle  which  any  two  of  them  form 
at  the  pole,  or  the  dihedral  anprle  of  their  planes,  h  called  the  komr  amgk  of  tboee 
aecondaries,  or  of  the  objects  through  which  they  pass. 

25.  This  uniform  rotation  has  caused  it  to  become  much  more  general  to 
express  the  right  ascension  in  time  than  in  degrees.  The  rij;{ht  ascension  in 
time  is,  however,  convertible  into  degrees  at  the  rate  of  16^  to  1  hour. 

36.  The  complement  of  the  deelinatioB  ia  the  jwlor  diflaiMW,  and  is  north  or 
aoath,  accordmg  to  the  |iole  reckoned  from.  It  ia  also  called  the  c^-MSmaikm, 

37-  The  distance  of  the  object  from  the  equinoctial,  eadmated  on  the 
secondary,  is  the  declination;  and  is  north  or  aotllh,  according  as  the  point  is 
situated  in  the  celestial  lu-ini^phere,  which  cont^iins  the  north  or  aoath  cdea* 
tial  pole,  the  division  being  made  by  the  equinoctial. 

28.  A  secondary  to  the  ecliptic  Ihrouich  any  celestial  body  cuts  the  erliptic  in 
a  point,  the  arc  between  whicii  and  the  first  of  Aries  is  called  the  lon(/iituie  of  the 
object.   It  is  usually  by  astronomers  reckoned  enUrely  round  the  ecliptic  from 

39.  The  distance  of  ihe  ohject  from  the  eqmnoetial,  eatiroated  on  the 
aecoodary,  is  called  the  latitude  of  the  object ;  and  is  north  or  south,  accordsof 
as  the  point  is  situated  in  the  celestial  hemisphere,  which  contains  the  north 
or  south  celestial  pole  made  hy  the  ecliptic.  The  complement  of  thia  ia  called 

the  colatitude. 

30.  The  parallels  to  the  ecliptic  and  e<juinoctialare  respectively  called  paraUeU 
of  cclfislial  lalilmic  and  parallels  of  declitiation. 

Jl.  i  he  parallels  of  declination  which  touch  the  ecHptic  are  called  the  tropux; 
of  which  that  In  the  northern  equatorial  hemiaphere  is  the  tropic  of  Cameer,  and 
the  other  the  tropic  of  Coprieom.  The  points  of  contact  are  called  tho  mammf, 
and  tie  wmter,  toittiee  respectively. 

32.  The  two  secondaries  to  the  equinoctial  which  pass  through  the  aolatioea* 
and  the  equinoxes^  are  called  respectively  the  eobtitial  eottwe  and  the  egws 
noctial  colure. 

33-  That  portion  of  the  circle  of  declination  passing  through  any  cele^itial 
object  which  is  above  the  horizon,  is  the  diumcU  arc  of  that  object,  and  the  part 
below  tlie  horizon  its  nocturnal  arc. 

34.  Those  bodies  whose  parallela  oi  dedmatioa  do  not  cut  die  horison  at  all, 
are  called  etrcaai^iMilar  etore,  aud  at  their  passage  of  the  meridian  of  a  place* 
have  their  grtaieet  and  leail  aUHmiee* 

35.  The  parallels  of  declination  which  pass  through  the  poles  of  Uie  ediptie 
are  called  the  polar  circles,  the  arctic  in  the  northern  and  the  oifarcfie  in  the 
southern  equatorial  hemispheres  respectively. 


Digitized  by  Google 


ASTRONOMICAL  PROBLEMS. 


87 


36.  The  secondaries  to  the  ecliptic  and  equator  which  pass  through  any  celes- 
tial object,  form  an  angle  which  is  called  the  angh  nf  pnntion :  and  the 
celc 'hil  body  being  marked  S,  the  triangle  PSP'  is  called  ihe/rti  astronomioal 

tTUivylt. 

37.  The  triangle  ZPS  formed  of  the  arcs  joining  the  zenith,  the  pole  of  the 
equinoctial,  and  a  star  is  the  second  astronomical  trum^k. 


PROBLEM  r. 


1  ^iaiihuk 


Of  the  six /oliowing  mngnitudcs.  taken  in  rrftrence  to  a  celestial  object t  ont/  three 

being  given  to  Jlnd  the  other  three  :  viz. 
i  =  (^Uqmtg  qf  the  ecliptic    I    p  =  angle  of  position 
^  =  rigki  ateamtm 
d  S3  deeUmUiom 

Lbt  8  be  the  position  on  the  sphere  in  referenee 

to  the  equator  EQ  and  ecliptic  EC  of  the  celestial 

body  J  draw  the  perpendicular  arcs  SR,  SL  to  EQ 
and  EC,  and  produce  them  to  P  and  P'  till  RP  and 
LP'  become  quadrants  ;  also  describe  the  great  cir- 
cle through  P.  P'  to  meet  EC,  EQ  in  C,  Q,  C,  Q, 
and  draw  EP. 

Then  by  the  definitions  we  have  ER  the  right 
ascension^  RS  the  declination,  EL  the  longitude, 

nod  LS  the  lalitnde  of  S ;  and  RSL  or  FSF  is  the  angle  of  position,  and 
CEQ  the  obliquity  of  the  ecliptic,  from  the  stmclnre  of  the  figui^  too,  it 

will  })p  obvious  that  each  of  the  six  parts  of  the  first  astronomieai  MmgU 
FSP  {def.  36)  is  a  function  of  a  single  and  different  one  of  the  parts  enun- 
ciated in  the  proposition  :  viz. 


PF  =  CEQ  =  i 
FSP  =  RSL  =  p 


PS  z=i\t  —  d\  SFP  =\XZ  =      —  X 

FS  =       —  /  I  SPP  =  Mil  =  \iT  +  fl. 


Now  of  these  si:c  parts  of  the  triangle  FSP,  any  three  being  given,  the  other 

three  can  be  found  by  the  rules  already  given  for  the  solution  of  spherical  tri* 

angles.  The  following  general  formubr,  ezpressire  of  the  connection  of  the 

parts,  with  recapitulations  of  partieolar  and  the  most  usual  processes  of  sdution, 

may,  however,  be  advantageously  annexed. 

From  (p.  32,  eq.  4.)  we  have,  merely  putting  changed  letters  for  A,  B,C,a,^,c. 

cos  PS  —  cm  P  P  cm  PS  -f  sin  FP  sin  PS  cos  P'PS 

cos  PS  =  cos  FP  cos  P  S  +  sin  FP  sin  FS  cos  PP'S, 

in  which  inserting  the  values  above  shown  to  belong  to  ihcbc,  we  have, 

sin  I  =  cos  t  sin  d  —  siu  i  cos  d  sin  a  (1) 

sin  tfs cost  sini  -f-  sint cosi  sinX  C^)- 

Again,  from  (p.  33,  eg.  6.)  we  get,  employing  the  same  set  of  Talueii, 

eot  PM  sin  FPS  =  cot  8P  sin  PF  —  cos  FPS  cos  PP, 

cot  FPS  sin  PP'S  =  cot  SP'  sin  PF  -  ooe  PFS  cos  PF;  or 

tan  X  =  tan  a  cos  •  -f  tan    sin  t  sec  a  • . , , 

tan  n  —  tan  X  cm  i  —  tan  f  sin  1  sec  \  

The  most  frequent  data  are  those  which  include  the  otjliquity  with  cither  the 

right  ascension  and  declination,  or  the  latitude  and  longitude  ;  whichever  pair 

be  given  the  other  pair  to  be  found.    Tiie  ordinary  mode  of  eiiecUiig  iL  by  a 

■nbsidiary  angle  is,  to  assume  9  and  w,  so  that 

sin  o      ,  sin  X 

tan  t>  =  z — 3>  and  tan  «» =  : — 
tan  rf'  tan  i 


(3) 

(4j 


then 


Diguizeo  by  GoOgle 


88 


ASTRONOMICAL  PROBLEMS. 


=  ^  --^^^ 


siQ  a  —  i  .  .(c) 

cotm 

tan  X  sin  (m  —  •) 

tan  a  =s  — — — .  . ,  .(d) 


Again,  in  nearly  the  same  manner  that  (3, 4)  wen  obtained,  we  naj  find  the 
expntsions  for  p  in  t,  a,  d,  or  in    X,  / ;  via. 

cot p  =  %\xi  d  tan  a  +  cos  (/sec  a  cot  i   (5 J 

cos  p  =  sin  X  tan  I  -f-  cos  X  sec  /  mt  f  (6) 

and  their  solutions  effected  by  a  subsidiary  angle  a-^  Ijclort*. 
These,  however,  may  be  superseded  by  the  foiiowing  ones  : — 

sin  •  cos  a         *  %     I  .  sin  i  cos  X  , 

cos  /  ^  '      \  COS  o 

which  are  the  immediate  results  of  (p.  31,  eq.  1.)  applied  to  PSP'. 
In  the  same  mtniifir  we  also  get  (.or  by  right-angled  triangles), 

eoaacoaJscoaXcoal   C7) 

whidi  becomet,  wboi  aa  piactically  tha  caaa  for  tbe  aine,  p/oml^l^ 

coa  a  s  coa  X  Me   •  •  (8) 

Alio^  by  ike  rigbt-anglad  triaoglea  EMR»  8ML,  we  have 

tan  a  =  tan  Xjcoa  I  (9)   {   sin  d  =  ain  X  ain  t  •  (11) 

coaX  =  cos  a  cos  <f  ....  (10)  {  ain X s  ainil coaae t  (12) 

The  cases  of  the  problem  arising  from  every  combination  of  the  aix  oondttiooa 
in  four  at  a  time,  are  contained  in  the  praoeding  eqnationa. 

It  is  to  be  remarked,  that  the  6gure  and  the  corresponding  signs  of  the  fanc- 
tiona  mvolved  in  the  expreasiona  above  given,  are  ao  framed  aa  to  be  adapted  to 
the  firat  qmidrant  of  right  aacenaioii  and  loogitnde :  when  the  point  S  haa  theae 
in  qnadmita  diffinent  from  the  fint,  there  will  be  correaponding  changea  of  aign 
in  the  values  of  the  expressions  ;  and  the  principles  hiid  down  at  p,  424,  vol.  %. 
will  alwaya  apply  to  the  determination  of  area  or  aoglea  from  tbeie,  or  of  thcae 
from  the  area  or  anglea* 


1.  The  right  ascension  of  the  star  Aldebaran  bein^  67^40'  30",  and  its  declina- 
tion 16°  8' 20"  N. :  and  it  is  required  to  tind  iiu-  latitude,  longitude,  and  the 
angle  of  porition,  the  obliquity  of  the  ecliptic  beiug  23 '  27  49". 

AHM.  kt  s:  6°  40'  18"  S.,  bog.  a  68^  89'  28",  ang.  poa.  s     44'  26''. 

2.  It  la  required  to  find  the  latitude  and  loogitode  of  the  moon  when  her  right 
aiceoaion  la  304**  21',  and  her  declination  22°  57'  S. 

Am.  hit  =  8**  8'  46"  S.,  long.  =  301**  21'  W, 

8.  When  the  longitude  of  the  moon  is  1*  7**  41'  23",  and  her  Jatitiide 

3°  49'  57"  S.,  what  are  her  right  ascenaion  and  declination  ? 

Ans.  R.  Asc.     36^  36',  decL  =s  10^  28'  N.  neariy. 

4.  When  the  eun'a  declination  is  id""  18'  80"  N.,  what  are  hia  right  ascenaion 
and  longitude  ?  Ans.  R.  Asc.  —  53°  5'  6",  long.  =  56**  26'  43". 

5.  Given  the  aun'a  longitude  6*  8°  ^  36",  to  find  the  right  ascension  and 
declination.  Am,  R.  Auc  =  la**  29"  58%  dccl.  =  3°  14'  24"  & 

6.  The  latitude  of  the  moon's  centre  being  4°  0'  34"  N.,  her  longitude 
7*  14  26'  2r  .  and  the  obliquity  of  the  ecliptic  23^  27' 48":  to  find  her  right 
aacension 

Ana.  R.  Asc.  =  223°  11'  11",  decl.  =  12°  21'  14"  N. 
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SrZ  =^  P  =  hour  z.  from  mer. 
£Z  =  L  ==  lat.  of  place 

B  semi-diurnal  arc 
OD'safD'=  seini-Doetanuil  are. 
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*  PROBLEM  II. 

T^Juid  the  expressions  which  connect  the  risings  and  settings,  azimulhs,  and  aUHudes 
pf  the  kemenly  hodie$  with  ike  loHhtde  of  the  place  of  observation. 

Let  HR  be  the  horizon,  and  Z  the  zenith  ;  1*  the 
elevated  pole  of  the  heavens,  EQ  the  equator  cutting 
the  horizon  in  W.  Let  S  be  the  heavenly  hoiiy  :  then 
PS  is  its  polar  diatan^,  or  compleiDeiit  of  the  dedina- 
tioo  SX I  ZS  ia  tlM  teoith  dittaaoe  or  compleiiMOt  of 
the  ahitnde  8V;  VR  (or  the  angle  SZP)  is  the 
«siiinitb»  or  amqdement  of  the  amplitude  VW ;  PR 
is  the  altitude  of  the  pole  above  the  horizon,  DO  the 
semi-diurnal  arr,  nnd  OD'  the  senni-noclurnal  arc; 
and  finally,  ZPS  ia  the  hour  angle  from  the  meri- 
dian. 

Besides  the  notation  of  the  last  proposition,  put 
VS  =  H  =  aiutude 
ZS  =  :  =  len.  diit. 
VRs  A  =x  aaimuth 
SP  s  #  »  polar  ditt. 

1,  The  kttUnde,  Since  G  is  Ib  the  oqnator»  and  P  is  its  pole,  EP  =  47 ;  and 
since  Z  is  the  pole  of  the  horison  RZ  ss  lar :  wherefore, 

EZ  +  ZP  =  EP=l«>  =  RZ=5RP  +  FZ,or£Z»RP:  that  is. 

tke  latitude  of  the  place  ie  equal  to  the  elevation  of  the  pole  obooe  the  horizon. 

Again,  let  the  parallel  of  declination  through  S  meet  the  meridian  in  D  and 
D'.    Then,  in  the  case  of  D'  being  6^/010  the  horizon,  ne  have  PD'  =  PI),  and 
EZ  =  RP     RD  —  DP  =  RD  -  PS  ^  meridian  alt.  —  co^clinatiom 

=  meridian  altitude  +  dt  cltaaiion  —  a  quadrant. 

Or  in  thi  (M  ffsfl',  where  botli  d  and  W  are  above  the  horizon,  or  the  star  is 
circum-pular,  we  have  i'd  ^  Vd',  and 

£Z  =  RP  -f  I'd)  4-  i  (RP  -  Prf')  =  ^{Rd-^Rd') 

=  half  the  sum  of  the  meridian  altitudes  of  the  object. 

Ur  again, 

EZ  s  ED  +  DZ  =  dSpclmiiffoii  +  temih  dhtanee  on  the  meridian. 

3.  The  azimuth  and  altitude  on  the  six-hour  circle.  In  tl^e  triangle  ZPS  we 
hare 

cos  ZS  =  cos  PS  cos  PZ  +  8in  PS  sin  PZ  cos  ZPS,  or 

cos  C  =  sin  d  sin  L  'f  COS  <f  cos  L  cos  P  (13), 

which  when  the  siz-honr  circle  is  tal&en,  gives  P  =  |n,  and  hence 

COS      diif.  =  cos  C  (=  sin  H)  s  sin   sin  L  . .«  .«.  (14). 

In  the  right-uigled  triangle  SZP,  which,  when  S  is  on  ths  six-hour  cirde,  the 
triangle  becomes,  we  have 

cot  SZP  =  cot  PS  sin  PZ,  or  cot  <um.  =  cot  A     tan  d  cos  L  . .  •'.  (15). 

3.  Tie  hour-angle  and  the  azimuth  of  a  hudg  on  lAe  Aoriron.  In  this  case, 

Z  =  equation  (13)  converted  into 

cos  hour  angle  —  ros  P  =  —  tan  d  tan  L  (16). 

Iliis  theorem  serves  for  tinding  the  time  of  ri-sinif  atul  setting  (abating  the 
effects  of  refraction  and  parallax)  of  the  heaveoly  hoUieii,  whether  the  sun,  stars, 
or  plauetu. 
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It  will  be  remarked,  that  If  d  and  L  be  both  of  the  nme  name  (K.  or  S.).  the 
anjjle  P  will  be  f^cater  than  90°,  and  if  of  diflTerent  nnmes,  less  than  90°.  That 
is,  in  the  former  caae  the  semi-diurnal  arc  corresponds  to  more,  and  in  the  latter 
to  less,  than  six  liours. 

A^ain,  io  the  quadrantal  triangle,  which  ZSP  becomes  when  S  is  in  the 
horizon,  we  have 

eoePZSsm  PZ  B  ooiFS^oroQiaffRi.  sooeAssoniffeeL  (17). 

4.  7%e  lonr^^m^lr  and  tdHhuk  ^  a  hoAf  cm  ike  prime  vtriwd.  In  tfait  etm 
FZS  =  |n,  or  the  triangle  PZS  ia  riglit-anitleds  whence,  by  Napiei^a  circular 
liart^  we  have 

COS  hotar  ang  =  cos  P  =  tan  ZPcot  SP  =  cot  L  tan  d   (18) 

008  SZ  00*  PZ  =  COS  PSt  or  ain  H  s  tin  d cosec  L  '..(19). 

6.  The  houT'OHgU,  zenith  dittance,  and  atinuUk  of  a  bod^,  at  the  instant  of  its 
rntHn  rnoHm  bemg  vertical  to  ike  koHttm.  In  thia  case,  the  motion  m  dtd'  mint 
coincide  with  that  of  the  vertical  circle  ZS',  which  tonchea  M  in  8.  Draw  Pa' ; 
then  P/  heing  the  spherical  radius  of  the  circle  dsd',  and  Zs'  a  tangent  at  j'.  the 
angle  ZS'P  is  a  right  one,  and  the  triangle  Za'P  ia  right-angled.  Hence  bj  the 
mlea  for  the  circular  parts,  we  have 

cos  P  =  tan  L  mt  d  ,  (20) 

sin  H  =  sin  L  cosec  d     (21j 

sin  A  =  sec  L  cos  d  (22). 

It  will  be  at  once  obvious,  that  ati  the  whole  of  the  motion  of  the  star  is  ver- 
tical, its  vertical  rate  will  be  ^cater  at  the  point  s'  than  in  any  other  on  the 
hemisphere  containing  the  semi  arc  dlV. 

The  observations  made  regarding  Uie  relractiye 
power  of  the  atmosphere  upon  the  raya  of  light  paaa- 
ing  throogh  it»  have  led  to  the  condnaion  that  the 
crepttscnlum  or  twilight  continues  during  the  time  that 
the  sun  takes  in  traversing  the  arc  OC  from  the  hori- 
son  to  the  parallel  AB,  situated  IS*^  of  vertical  dis- 
tance below  it.  We  can  compute  the  augle<;  OPR, 
CPR,  viz.  P  and  P',  for  we  have  ZS  =  108^  ind  the 
retit  as  in  the  preceding  problem  :  then  the  tmie  of 
passing  over  thia  angular  space,  at  15*^  to  the  hour,  will  give,  as  a  computiog 
formula, 

f  =  A(P-Pa. 
sxAMPLna. 

1.  To  a  place  having  north  latitude  53^  is*  35^  when  doe^  the  ann  riaa  nmi 
aet,  and  what  are  the  rising  and  setting  azimuths,  the  sun*a  declination  bei^g 

16^  (H  46",  no  account  of  its  daily  variation  or  of  refraction  being  taken  ? 

Ans.  time  from  noon  s  7^  26*  53|*,  azim  =  63^  14' 44"  from  north. 

2.  Abating  refraction,  what  time  does  the  aun  rise  at  the  equator  on  the  SOth 
of  July  and  the  5th  of  September,  1843 1         Ant,  at  6  o'clock  on  aU  day. 
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3.  WbcD  does  Um  san  rise  dae  esst  at  Woolwich*  its  latitade  hang  51^  98'  SQ"  } 

Ans.  at  the  eqniooxes. 

4.  Al  Cambridge,  in  lat.  52^  12'  35",  the  sun's  declination  is  15°  54'  26^  and 

his  altitude  40''  :  what  is  his  azimnth,  anr!  the  time  of  observation  from  noon  ? 

Ans.  azim.  =  ll'/  oH'  S"  from  north,  time  from  noon  =  2'*  55*. 
6.  Find  the  azimuth,  at  9  in  tlie  morning,  of  the  last  fjuestum. 

6.  The  declination  of  the  star  a,  Ursa  Majoris,  was  known  to  be  on  a  certain 
day  62"  50',  at  what  time  was  his  apparent  motion  vertical  to  a  person  situated 
at  N.  lat  52^  32';  and  vvliat  were  his  azimuth  and  altitude  at  the  time  ? 

Atu.  time  =  SMl""  51*,  the  azim.  48°  38'  28"  from  N.,  alt.  (33"  8'  29''. 

7.  At  what  time  on  the  15th  of  September,  1842,  did  twilight  begin  aud  end 
at  Woolwififa} 

B.  la  lat,  51^  33'  N.  the  son's  declination  on  the  shortest  day  being  taken  as 
93^  28'  S.,  it  is  required  to  find  the  time  of  dayhrcak  and  the  end  of  OTeninK 
tnrilight. 


PROBLEM  HI. 


Of  titti  tm  ihmffM,  mjf  tkrtt  bemg  gwm,  iojmd  the  <tiker  three 

e  =  eolB#.  qfpiaee 
9  s  coded,  of  bodf 
Z  =  Meii$tkditt. 


V  s  migle  ^ 

A  =  OSMMtfA 

P  s  ilorory  mgle. 

The  sides  and  angles  of  the  eteoHd  aetrmumSeel 
tnemgk  constitute  the  serenl  things  given  and  son^t 
in  this  problem :  m. 

•ndPSZ- V,  SZP=A,ZPS=  P: 

whence,  nny  three  of  these  being  given  to  find  the 
other  three,  is  an  applied  statement  of  the  general 
problem  of  K))herical  trigonometry;  and  the  sohition 
hn«  been  given  uf  all  the  cases  that  can  arise,  with 
all  desirable  minuteness,  in  the  former  part  of  this 

vdume,  that  of  the  second  general  case,  which  required  a  subsidiary  angle,  being 
given  in  a  variety  of  ways.  There  can  be  no  doubt,  however,  that  it  would 
contribute  to  convenience,  were  the  entire  solntions  of  all  the  cases  tabulated  in 
reference  to  the  netmd  astronomical  triangU  (d^.  37^,  and  the  notation  selected 
to  express  its  several  parts.  Dr.  Pearson  has  given  nearly  one-half  of  such 
table,  at  p.  459,  r'>'-  his  Practical  /Iv^ronnm?/ ;  hvA  rs.  he  only  inserted 

much  as  could  be  put  in  one  single  page,  it  may  be  uiseful  to  the  student  to  work 
out  the  entire  system  for  convenient  reference. 


BZAIIPLVS. 

1.  The  zenith  distance  of  the  sun's  centr-  on  the  -I'Mh  So;,tL  Tiiher,  1828, 
was  deduced  from  the  rccpiisite  correction  oi  ohsei  viiUoiiH  ma«lt;  ufjon  it,  to  bo 
58°  53'  3  57  ',  the  coiatitude  of  the  place  of  observation  as^-"  58'  22  ',  and  the 
correct  pohur  distance  of  the  sun,  corrected  from  the  Nautical  AUnanac,  was 
88^  86'  48" :  it  is  required  to  find  the  time  ? 
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In  Uui  we  have,  <&^.  7V^.  p.  35, 

*         V  Bin  c  Rin  K 

Wlicn  tlie  time  only,  without  either  of  the  other  angles  beinif  required,  the 
second  u  considered  to  be  the  Him  pier  form,    h  ruin  either  formuia, 

P      30-  9'  4"  =  2''  24"'  36-3'. 

2.  The  sun*8  declination  being  19  39'  N.,  and  his  nltitude  when  on  the  prime 
vertical  2i°  26':  it  i»  required  to  find  the  latitude  of  the  place  of  observation, 
ami  the  time.  Ans.  lat.      51   32  N.  time  from  noon  ==      54'"  5*. 

3.  In  lat.  51°  32'  the  sun's  altitude,  when  on  the  prime  vertical,  was  25°  26'  * 
what  was  his  decUuation,  and  tlic  time  ? 

Am.  dec.  =  19°  39'  N.  time  from  noon  —  4*  54"  5*. 

4.  At  what  time  \vna  the  star  Ref^lus  due  east  of  Greenwich  (lai.  o  l  2S'40"N.) 
on  the  20th  of  November,  1796,  its  right  ascension  and  decUaation  then  being 
4^  24*'  14%  and  16^  6'  19"  N.  i  and  what  was  ita  akitnde  at  the  time  i 

Ans,  Eaat  at  7^  28*  13%  altitude  =:  16^  ajK  S4^ 
6.  In  latitude  5 1"*  38'  N.  the  sun's  true  altitude  was  found  to  he  46*^  20'  whea 
his  dedination  was  23^  38'  N.  Find  his  asimnth,  and  the  time  of  ohsenration. 

A»9,  aaim.  —  113^  3'  from  N.,  time  from  noon  =  9^  55^  SO". 


PROBLEM  IV. 


Gmmii  the  r^kt  OMeamons  and  declinatioM,  or  the  latitudes  and  longitndes  of  two 

ceksHal  bodies,  tojmd  tkdr  distmics. 

Lit  S,  S,  he  ibe  hodies       EC,  the  equator  and 
ediptic :  then  there  are  given 


EL  =^  X,  EI/  =  \,\ 

LS  =  I,  I/S'  =  A  i 
»  a,  ER'»  Qi  \ 
=  rf,R'S'=d,  J 


or  ER  »  a,  ER' 
R8 

to  find  the  distance  SS'.  fi- 

Ilere  we  obviously  have  in  the  former  case  in  the 
triangle  SP'S'. 

SP  =  Itt  -  I  P'S'  =  \w  —     and  SP'S'  =  X,  -  X ; 
that  is,  two  sides  and  ttie  included  angle,  to  find  the  base,  which  is  the  jn^mary 
sub-case  of  case  it.  Sph.  Trig.  p.  57. 
In  the  latter  case  we  have 

SP  =  iir  —  d,  PS'  =  JjT  —  du  and  SPS|  =  a,  —  a ; 
▼if.  two  sides,  and  the  induded  angle,  to  find  the  base,  as  before. 

CoroUoif* 

If  X  and  I  be  conridered  as  terrestrial  longitude  and  latitude,  the  same  process 
applies  to  finding  the  distance  of  the  two  places,  S,  S',  on  the  earth's  surface,  in 
degrees.  This  may  be  converted  into  English  milM,  at  the  rate  of  69|  miles  to 
one  degree. 

KXAMPLES. 

1.  It  IS  required  to  hnd  the  distance  between  the  stars  Capella  and  Procyon, 
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the  right  aseeniiom  being  respectively  76<*  21' ig^',  aad  lia^6U7",  and  Uieir 
dedinatioaa  45^  46'  1 5^  and  5**  45'  Z",  both  north.  Am  SV*  6'  66». 

2.  Hie  htitttdM  of  tiro  sUm  are  82^  51'  sr  N..  and  IS*"  56'  14"  S;  and  thdr 
longitudes  2'  18**  57'  57",  and  lb**  58'  14"  S. :  what  ie  their  distanee  ? 

Am,  51^  35'  39''. 

3.  Suppoaing  tlie  Barie  observatory  to  be  in  lat.  48<*  SO'  14"  N.,  and  that  of 
Pekin  to  be  in  lat.  39^  54'  13"  N.,  and  their  difference  of  longitudes  to  be 
1 14^  r  30" :  bow  distant  are  they }  Ant,  73^  56'  40",  or  5139  miles. 


PROBLEM  V. 

Tico  stars,  S,  S',  whose  right  ascensions  and  declinations  ore  knoum,  are  observed 
to  be  nn  thr  snme  known  vertical  angle  at  th^  some  lUM;  U  it  reqmrtd  io  dettf 
mme  the  latitude  qf  the  place  of  observation. 

Lbt  S,  S'  be  the  stars,  and  ZV  the  vertical  on  which 
they  are  situated.  Then,  producing  PS,  PS'  to  meet  the 
equator  QW  in  L  and  L',  we  have  given  LS  =  rf, 
L'S'  =  rf,,  and  the  angle  SPS'  is  measured  by  LL'  = 
a,  —  a.  Wln-nrc  the  two  sides  Jir  —  d,  Jtt  —  rf,,  and 
iDcluUed  angle  u,  —  a  uf  the  triangle  SPIS',  are  given. 
Hence  SS*  is  also  known,  together  with  the  angles  S  and 
S'*  being /Trimory  stA-catt »,       Trig.  p.  57* 

Again,  the  vertical  ZV  being  imown  in  poeitioii  (its  asinnith),  we  have  given 
the  angles  Z,  S  (ur  S'),  and  side  SP  (or  ST) :  from  which  ZP,  the  colatitnde  of 
the  place  can  be  found  by  cats  i.  p,  56. 

SdbKam. 

The  problem  admits  of  many  variations  amongst  the  data ;  but  there  must 
always  be  one  (and  one  only)  which  has  reference  to  the  observer's  position  on 
the  earth.  They  are  so  obvious,  however,  in  their  trigonometrical  character, 
ao  to  require  no  specific  enmnenition  here  *. 

XXAMFLB. 

Two  stars,  the  right  ascensions  of  which  are  7d  24  »  and  104*^  52',  and  declina- 
tione  27^  25',  and  28^  SO*,  either  both  N.  or  both  S.,  are  distant  ftom  each  other 
28^  30'  (cither  by  calculation  as  in  jiro5.  w.  or  observation),  are  observed  to  he 
on  a  vertical  whoee  aiimnth  QZV  is  73**  36' :  what  is  the  latitude  of  the  place  i 

Am*  32°  23'  18"  of  tlie  same  name  as  that  of  the  stars. 


*  It  must  be  upparcnt,  that  the  ordinary  problems  thai  octur  for  solution  arc  only  direct  and 
nmplc  applieati0ii»  of  the  rule*  of  ^hwical  trigonomctr}- ;  and  hence,  that  the  f;w  preceding 
example*  are  quite  tnffidcnt  for  the  student's  exercise. 

Whatever  1>o  the  mnHifinTTi  of  the  question  prr)po<it  il  for  volnlinn,  a  rude  sketch  of  the  fiiruro 
which  represents  these  condition*  in  couoexion  with  the  quaraitunif  will  always  indicate  the 
trigoaomctriesl  dianeter  of  tiio  proUem.  It  will,  however,  verr  much  conduce  to  the  ftiideiit*t 
coenpveheiunoil  of  the  subject,  to  read,  in  connexion  with  what  is  here  given,  mme  treatise  on 
drscriptivc  astronomy.  Sir  John  Ht't-«<  IkI's,  in  tlic  f'jiliinet  f 'y(  luji-'r  ilin  ;  Dr.  Ikiiiklcs's  Tica- 
tiee  on  Astronomy  i  or  Dr.  Gregory's  Lcsaoos,  may  be  mentioned  a«  well  adapted  to  the  purpose. 
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PROBLEM  VI. 

Gicen  the  apparent  *  altitudes  of  the  sun  and  moon^  or  0/  the  moon  and  a  star, 
together  with  their  dktance,  and  Ukewiie  granted,  that  knowing  the  apparent  aiti- 
twdm  we  can  Jind  the  true:  U  it  retpdrtd  thence  to  find  the  trwe  diitance. 

Let  s  and  m  be  the  npparent  place*?  of  the  sun  and 
rnoon,  Z  the  T^enitVi  of  the  observer,  ms  the  a]jparent  dis- 
tance, SM  tlie  tme  j)laees  of  the  mn  and  inuon,  situated 
in  tlie  same  vertical  circles  Zs,  Zm.  Then  it  is  rt'(^uired 
to  hiid  the  true  dialaiict  MS, 

Id  this  there  are  given,  mZ,  Zs,  the  complements  of 
ihe  alsitttdes  mE,  «Q,  and  Uia  base  mf,  (rom  which  the 
angle  Z  can  be  obtained.  Then,  having  the  corrected 
ndea  ZS,  MZ,  and  the  included  angle  Z,  we  can  find  the 
base  MS,  or  tme  distanoe  eought  by  primary  enb-eote  U.   Spk,  TVig,  p.  S7. 

lliia  proUem»  however,  being  that  involved  in  one  of  the  best  and  most  gene- 
rallj  practicable  methods  of  determining  the  longitude  of  a  place  on  the  earth's 
stirface,  numerous  attempts  have  been  made  by  astronomers  to  shorten  and  sim- 
])lify  the  processes,  by  combining  both  the  operations  spoken  of  above  in  one 
only.  Three  methods,  conclu(Jingf  with  that  of  Borda,  are  given  here ;  but  in  a 
foot  note  on  next  page,  references  arc  made  to  nnmerous  others,  and  in  the 
Journal  of  the  Royal  Instilulmn,  no.  ijc.,  will  be  found  a  comparison  of  the  rela- 
tive advantages  uf  a  considerable  number  of  them. 

Put  h,  h^t  the  apparent,  and  the  true  altitudes  ;  d  the  apparent,  aud  D 

the  tme  distance. 

Hien  beeauoe  Z  is  conunon  to  the  two  triangles  MZS,  laZf  ,  we  have 
cos  D  —  sin  H  sin  H,  „    cos  d  —  sin  A  sin  A, 

  o        u  '  =s  cos  Z  =  .  -T  

COB  H  COS  H|  COS  A  COS  At 

Resolving  which  for  cos  D,  we  get 

(cos  <l  —  sin  A  sin  A|)  cos  H  eos  H, 

cos  D  =   r     ■■£  -  ■  ■         +  sm  U  sin  U. 

cos  h  cos  A,  '  ' 

fcoeif+co8(A  +  A|}— cosAcosilil  cosHcos  H.  ,  ...» 

s=  -*  7 —  .  *   -|-  sm  U  sin  H| 

COS  A  cos  A|  ' 

2  cosi  (A  +  A, +  rf)  cos  I  (A  4- A,  — «0  cos  H  cos  H, 
=  A  cos  A.  —  -      CH  +  H,) 

_  (acos|(A+A,+iOcos^(A+A.-^(/)  cosHcosHt  .  „  ^ 

-  t  cosAcosA,cos(U  +  UJ  +  "'^ 

 (I)- 

Put ciLK*±*L+  ^)        (*  +  *. cos^^  ^ 

cos  A  cos  A,  cos  (H  + 

cos  D  =(2  cos'F  -  1)  cos (H  +  H,)  =  cos  2F  co8(H  4-  H,)  (2). 


•  The  ftp]Mircnt  altitude  not  t}ir  tni«»  one  for  (wo  reasons,  which  have  been  called  parallax 
nml  refniclion  :  the  fortHcr  arising  fioni  our  oiiscrvations  beint;  nTni!f  nt  the  eurfnre  of  the  t.utli 
instead  of  ihc  centre,  causing  the  body  to  aiipear  lou-er  than  it  is,  unU  the  latter  trou)  the  atino- 
^here  reftwting  tbo  nya  of  light  oat  of  ttniight  lines,  catinng  tho  body  to  ajipear  higher  thaa  it 
ii.  The  moon  is  depressed  hy  their  conjoint  actSon  ill  other  bodiM  rftPtrfflrf,  but  almji  in 
wrtiaU  ciicleo.  These  will  be  explained  under  i'meHud  AMtrmrmg. 
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Again*  mbtnct  cadi  aide  of  (l)  from  unity :  then, 

,in'kD  =  cos=i  (H  +  H.)  -  gg.i j*-?j.±^«°«  I   t*i-J)  cot  HcQg  H, 

=  eo6'4(H  +  H.)  /  ,  _  +  rf)  co.^  ■■o«HewH.> 

*  I  COS  A  COS  A,  C08^  (11  + 110  / 

^.id     w«|(A  +  A,  -f   j  cos h  (h  -\-  h^  —  d)  cos  U  cos  U,  > 

cos  A  cos  A,  cos^i  (H  -f  H,} 
then  we  p^et  Borda's  theorem  *,  viz.  :— 

sin  'iD  =  cos'i  (H  -|-  H,j  cos-O,  or  sin  JD  =  co« ^  (11  +  H,)  cos 9..,,  (3) 

ScAoWum. 

This  method  of  investigaimp^  Borda's  theorem  is  taken  from  Young's  Trigo- 
nometry, and  is  one  of  the  most  elegant  that  hae  heen  given.  Professor 
Young,  however,  considers  that,  for  the  purposes  of  actiinl  computation,  the 
formula  (1)  is  preferable  to  Borda's;  and  1  believe  he  is  right  in  considenng  it 
to  be  original. 

EXAMPLES. 

1 .  Suppose  the  apparent  distance  between  the  centres  of  the  sun  and  moon  to 
be  83"^  57'  33^  the  apparent  altitude  of  the  moon's  centre  27°  34'  5",  that  of  the 


*  The  ftUofring  arc  the  authorities  referred  to  in  the  intvodactinn  to  tbis  Mladon 

App.  Rcqtii^itc  TaMcs   MA^kelyoe 

Sclectiouii,  Niiut.  Aiiu.  (p.  151)  1813   LyoM 

App.  Roq.  Tab   Witcb«U 

Selections  from  N.  Aim.  (p^  35)    Duntliofoe 

Iritr.  t(i  Sj.lu-rio.  1 '!(»■)   Kelly 

Nam.  Aim,  laiy,  1KJ5   Brinkley 

Comp.  Coll.  oTTabUt,  1805    Mcndou  Rioo 

Con.  ill  -  T<  mp9,  1775   Ilorda 

Additions  to  Dior's  A -^tr.  1811    Rossel 

Juuru.  Science,  ix.  lldi   Adams 

T«bl«o  for  comctinf^  App.  DiiL  1772   Shepherd 

Nova  AcU  I'ctrop.  1791   Krafft. 

Lit.ciii  L..1,,:.  Tables  and  Homy  TaUcs,  IJiW  M:ir-ctts 

On  the  Long.  lUlO   Mackajr 

Navigation,  1881   Inman 

LoDgitode  in  B««a*t  Cyd   Turner 

Ditto  ditto  •   Garrard 

lirande'fl  Joum.  iii.  N.  8   Wi«ciuan 

Luuar  and  Horary  Tabloa   Thompaoa 

Nant  TablM,182S;  Horaiy  Tablet,  I B28    Ljnn 

Tables  to  he  used  with  Nant  A]m.,andNaut.*l  - 

Aim.  m9  / 

Brando's  Joum.  xix.  117   Blackbnino 

Attmnoroy,  vol.  iL  613    Pcanon 

Lunar  Tables   Mrs.  Taylor, 

IaI.  and  Lonjr.  Cnmp'iter   Beverley. 

A  privately  printed  |»per    Gordon. 

Naot.  A»tr.,  Encrc.  Metrop   Kater. 

AI.o,  Cnu.  (h    r  a].*,  1775,  1785,  171*6,  1007,  1808. 
Tho  first  twrlvc  nutlioili  have  hicii  com|>ared  by  Dr.  Younif,  in  vol.  ix.  Quart.  Joum. 

p.  HMi  371.  Ill  point  of  simpUcity  the  mvtliod  of  Boverl«^y  is  arniucttionably  superior  to  all 

utile  n. 
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sun'i  centre  to  be  48^  97'  33'',  and  tlie  true  altitoflee  of  thor  eentree  to  be 
reipeetively  28^30*48",  and  48^96^49'':  wbat  ii  the  tnte  dietanee  of  tliar 
eentree  ?  Ant.  83^  SO'  54*. 

3.  Givea  the  apparent  and  true  altitudes  of  the  moon's  centre,  8^  26'  13*  and 

0°  20'  4  5",  those  of  a  star  35^  40'  and  35^  38'  49^  and  their  apparent  di.stance 
ai"*  13'  26",  to  find  the  true  distance.  Ans.  30''  23'  56\ 

3.  The  apparent  distance  of  the  moon's  centre  from  the  star  Regulus  being 
03°  35'  13"  when  the  apparent  altitude  of  the  moon's  centre  was  2S°  29'  44",  and 
of  the  star  45"^ 9' 12"  J  the  moon's  cori  JCLion  for  parallax  and  refraction  4>5  l" 
(additive),  and  the  star's  for  refraction  57"  (subtractive) :  required  the  true 
distance.  Ans.  63°  5'  8". 

4.  The  apparent  distance  of  the  moon's  centre  and  a  star  was  2°  20  when  the 
apparent  altitndea  of  the  moon'e  centre  and  of  a  etar  were  0^39'  and  1 14%  and 
their  cofffectione  reipectivdy  61'  SO''  and  4'40^ :  how  far  were  tfaey  really  apart } 

Ant.  r*4^nmgif. 

5.  On  the  14th  of  March,  1818,  the  apparent  altitndee  of  the  centres  of  tlie  eon 
and  moon  were  observed  to  be  48°  55' 49"  and  24°  43*37^,  and  the  mtnmmd 
distance  of  their  centres  to  be  86°  54'  25" ;  also  the  corrected  zenith  distances  of 
the  centres  of  the  sun  and  moon  were  4 i° 4' 66"  and  64°  29'  7" :  what  was  Urn 
true  distauce  of  the  centres  i  Ant,  86°  16'  44  2". 


macBLLANSoue  azsRcissa  nr  ePHXBicAir  ASTaoNoirr. 

t.  GxTSN  the  obliquity  of  the  ecliptic  33^ 27' 42",  and  the  tight  aawnaioo  of 
the  son  10P39'4O'',  to  find  the  son's  longitude,  declinatioo,  and  angle  of  poei> 
tion.  Ant,  1 1*'  36'  49",  4<>  35'  26%  and  6(i^  68'  I''. 

2.  Given  the  colatitude  of  the  place  63*  12';  and  the  zenith  distance  at 
6  o'clock  of  the  sun  71**  39'  37" :  ^nd  the  sun's  declination  and  azimuth. 

Ans.  2if  50'  12",  and  79"  56'  4"  from  the  north. 

3.  Given  the  colatitude  of  the  place  of  observation  3""  47'  IS",  the  codeclina- 
tion  of  the  sun  74''  61'  50  ".  and  the  sun's  zenith  distance  50"  44'  32",  to  find 
the  time  from  noon,  the  azimuth,  and  the  nufi^e  of  variation. 

Am.  time  2^  50"*  43%  azimuth  119°  55' 6",  variation  32°  22'  i5  . 

4.  In  what  north  latitude  will  the  shortest  day  he  three-fifths  of  the  longest  I 

Ans.  41^  23'  7". 

5.  At  what  tunc  in  tlie  month  of  May,  when  the  sun's  declination  is  20'  16'32", 
will  the  shadow  of  a  peq)endiciilar  dject  be  equal  to  Ha  length  ? 

Ant,  9^  13^  ie«,  A-M. 

6.  In  what  latitude,  on  the  1st  of  June*,  will  the  snn's  altitude,  when  dm 
east,  be  double  hie  altitude  at  6  o'docfc  ?  Ant,  49*6'  S. 

7.  On  the  34th  of  May,  in  lat.  50<»  13'  N.,  required  the  tune  it  win  take  the 
body  of  the  sun  to  rise  out  of  the  horiaon.  Ant.  3^  58'. 

8.  In  N.  lat.  at  1 1^  10^,  and  at  13^  40*  by  ehronometer,  the  ooireeted  altitn^ 


*  It  is  to  be  understood  that  the  information  to  be  obiaiiied  fwm  the  Nautical  Almanac  b 
witltiu  reach  of  the  pupil ;  ai  io  this  example  tbo  tun's  declination  on  the  1st  ot  J  uuc ;  ia  tKt 
next,  the  declin«ti(m  uid  Mnu-dhmetier ;  and  so  on.  That  given  fiir  the  ncwctt  tine  in  dM 
•luuituick  to  that  in  the  quc^^tion  \%  nhn  in  tLe-c  to  be  taken  as  correct,  di«K|punding  the  eli^kt 
changcf)  tlw>M-  quatititit^  might  have  undeigoae  in  the  ekpted  time.  These  coneetioas  will  be 
givca  in  a  lututu  pai  t  uf  this  volume. 
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of  the  sun*s  centre  was  26"*  55',  and  hig  dedinatum  5^  17'  S ;  nqnired  tha  hti- 
tude  of  the  place  of  obflenration.  ^aa .  57^  9'  N. 

9.  The  nortb  latitodea  of  tbiw  placea  are,  of  Moaeow  (M)  55*  30^,  of  yiamia 
(V.)  48''  12',  and  of  GibralUr  (G)  35°  30',  and  they  all  lie  in  the  same  greai 

circle  ;  the  difference  of  longitude  of  the  first  and  second  is  equal  to  that  of  the 
second  and  third  -  find  the  true  bearing  of  each  place  fiom  the  other  two*  their 

distances  and  dirtercnces  of  longitude. 


Distances. 
VG  =i  iti  2<j  =1146  Eng.  miles. 

VMsslI  23  ss  791  

HQs  37  S3  =  1937  


Ans.  common  diff.  lonj^.  =  14°  13' 27"; 
V  and  a  bear  from  M,  S.  56    4  W. 
V frani  M and G ....  N.  35  16E. 

MfromV  N.44  50  W. 

G  from  V  S.  44  50  B. 

10.  Reqnared  the  Utitade  of  the  plaee  and  deeUnation  of  the  ann  when  the 
leoiith  of  the  day  ia  to  that  of  the  night  aa  3  to  3,  and  the  aan'a  nid-day  altitude 
to  hie  nudnight  depreaaion  aa  3  to  1. 

let.    61"  57' N.  dee.  =  9031'N. 

11.  In  N.  lat  51°  30'  I  obeerred  the  sun  to  rise  on  one  point  of  the  eompoaa* 
and  eleven  hours  after  my  shadow  waa  cast  towards  the  same  point :  what  was 
the  son's  declination  i  Ant.  9°  54'  41^  N. 

13,  To  what  height  most  a  person  be  raised  above  St.  Paul's  on  the  81st  qf 
June,  to  just  see  the  sun's  upper  limb,  the  earth's  radius  being  39SO  mUea« 
neglecting  the  efifect  of  refraction  I  Am,  156*4283  miles. 

13.  In  the  latitodea  of  30°  and  50°  N.  on  the  same  meridian,  on  the  21  st  of 
June  (forenoon)  the  sun's  altitude  will  be  equal  at  a  particular  inatant :  when  ia 
that,  and  what  ia  this  altitude  > 

Ans.  tmie  from  noon  =  3*"  SS'"  IG',  alt.  =  37°  37'  17" 

14.  On  what  day  of  the  year,  and  in  what  latitude,  does  the  son  riae  at  half* 
paat  5«  and  appear  due  east  at  10  ? 

Am.  N.  or  S.  lat.  =  21^  13',  and  N.  or  =  S.  dec.  18«»35'. 

1 5.  '^liere  ia  the  aun'a  altitude  at  6  o'clock  on  the  longest  day  equal  to  the 
colatitudc  ?  Ant.  lat.  =  65°  1 7'  1 2". 

1 6.  Let  ^,      be  the  observed  azimuths  of  a  star,  p,  p„  the  obser\'ed  zenith 

distances,  at  two  difierrnt  time^  of  obeervation:  then    the  latitude  of  the  place 

of  obserfaUon,  is  compuuble  from 

^  -  sin  p,  co«  J,  —  sin  p,  cos  ^ 
tan  I  =  —  —EL  Li  z», 

coa  (),  —  cos  p, 

17.  The  hour  angles  from  the  meridian  are  /<,  and  I  the  latitude  of  the 
place,  d  the  declination  of  a  star :  then  the  change  in  star's  altitnde  will  be  the 
greatest  possible  in  passing  from  one  to  the  other  of  theae  circles,  when 

,     sin  A  (A,  —  , 

18.  Espkun  in  what  i^oni  of  the  ecliptic  the  aim  baa  greater  loDgitnde  than 
ligbt  ascension,  and  why. 

19*  The  son's  azimuth  was  observed  to  be  12°  b5'at  6  o'clock,  and  his  altitude 
when  due  eaat  to  be  36°  48' :  find  the  declination  and  latitude  of  the  phice  of 

pbserration. 

Ans.  decL  =  16°  23^  or  21°  31',  and  the  latitudes  corresponding  are  38°  42'  and 

54'  25'. 

•VOL,  II.  a 
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90.  If  M,  S»  be  the  ai)parent  and  M',  S^'  tbe  tnie  altitadei  of  the  noon  tad 
ran  icipectiv«ly  I  alio,  if  D  D'  be  the  apparent  and  tnio  dtttanceo,  then : 

rmn  W^Tm  (M'-SO  +  — ^  "^"^ !  {vers  D-to  (M  -  8)|. 

C08  M  COS  O   *^  ■» 

21 ,  On  a  certain  night  the  azifmith  of  a  certain  star  n  as  found  to  be  30  1 1  '47' 
from  the  north,  and  when  it  had  increased  its  allittniL  by  32"  31' 48"  liM  aziniuih 
was  84°  49' 47  '  from  the  south:  required  the  latitude  of  the  place,  and  the 
declination  of  the  star  that  was  observed,  it  being  equi-distant  in  ihc  two 
obaonratioBt  from  tlw  biandiM  of  tlio  naridian  baknr  and  abova  tha  polo. 

ilw.  lat.  ss  53"  6(r  1 0%  dad  s  U*  4a'  59*. 


MUCBLt.4ifnoita  nxAMFua  ron  bxbrciib  m  apansiCAi.  nraoiiOMsr»Y. 

I.  In  the  rif?ht-angled  triangle  of  which  A  is  the  right  angle,  there  are  girea 
a  =  78^20',  and  c  =  70  52  ,  to  find  B,  C,  and  b, 

S.  In  a  tpherical  triangja  ngbt-angled  at  C  an  given,  B  — 117^34%  and 
A  =  31**  51'  to  find  dia  other  parta. 

jM.a  =  76**5a'  10^,  B  ss  37**r 44",  A  =  saPSS'ST". 

3.  Tlia  apherical  ttiangia  BAO  ia  right-aoglad  at  A;  and  in  it  there  ara  gmn 
h  =  117^34',  C  =  31^51%  to  find  the  other  parta. 

Am,  a=ll2f*  54'  53",  e  =  28^  SCVaO",  B  ss  10ft*  7'  54^ 

4.  Gim  5  s  27*  6',  and  e  =  7C^^  52',  to  find  the  other  ]mrts. 

Ans.  a  =  78"*  20'  11",  B  as 27' 43'  11",  Cs33*  ST  ll*'. 

5.  6im  ft  =  43°  12',  B  =48%  to  find  the  other  parts. 

Ans.  a  =  64  40'  26",  c  ~  54'  43'  46",  C  =  64°  35'  1 S", 
or  o=  115  19  34,  c=  125  16  U,  C=sll&  M  42- 

6.  Giren  B  =  48°,  C  =  64^  45',  to  find  the  rest. 

Ans  a  =  (  4  ^n  i",  6  =  42"  1 1'  50",  c  =  54'  43'  1 9". 

7.  In  the  quadrantal  triangle  given  the  aide  c  =  90°,  G  s  64^  40'^  and 
A  =  42"  12',  to  find  the  rest. 

Ans.  b  =  115°  25'  15",  a  =  48°  O'  14",  B  =  125°  16'  53-. 

8.  In  an  oblique-angled  spherical  triangle  are  given  the  three  side6  a^^jo  40 , 
5= 83*  13',  c  s:  114°  30',  to  find  the  anglea. 

^iif.  As  48" 31' 15*34",  Bs62*55'42'',  Ga  m^'lS'^r. 

9.  Given  two  aides  equal  to  114*  30*  and  5^  40'  reapectively,  and  the  nngfe 
oppoaite  the  fomer  equal  to  135"  90 '« to  find  the  other  parte. 

Am,  e s83"  11'  55^  A  =  46* 30* 24",  B = 62" 53^  WT- 

10.  Gifen  the  two  angles  48"  30^  and  125"  20',  and  the  aide  opposite  the 
former  55"  ICt,  to  find  the  angle  oppoaite  the  former.  if  ni.  96°  40'  17^ 

II.  Given  two  sides  and  their  inelnded  angle  114"  30*,  56^40',  and  63*54* 
raapectivdy»  to  find  the  reet. 

Ans.  b  =  83°  11-48'  A  =  48* 30' 25",  C  =  125°  19'  59". 

12.  Given  two  angles  A,  B,  and  side  c,  eqnrd  to  125"  20',  48'  30',  and  8  J"  12', 
to  lind  the  rest.  Ans.  «  =  5G'  39'  32" ,  b  =  114'  29'  54",  C  —  62  53'  35' . 

13.  In  n  sphericnl  triangle,  the  anfrlcs  A,  B,  C,  are  4S' 31',  62^56,  and  125' 20, 
it  is  required  to  lind  the  sides  respectively  opposite  to  them. 

^n*.  a  =  56°  39  43",  ^»  =  83' 14  23  ,  c=  114  31  34  . 
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14.  Given  two  angles.  A,  D  s  60*  12',  and  58**8V  and  tha  dds  a  oppoute  tba 
fonoer  03^42*,  to  find  the  remaining  parti. 

or»  A=  166  Id  33,  e  sx  163 U  14,  &s  100  47  47. 

15.  Tlie  eieeea  of  tba  three  anglea  of  a  tnani^  meaenred  on  the  earth'a  aur- 
&ce  above  two  right  anglea  ii  l** :  what  ia  Ita  area,  eappoahig  the  earth'e  'l^^'^wttr 
to  be  7957*76  milee  ?  ilae .  7676299  milee«  or  neariy  76f  aiilae. 

16.  Detennine  the  eolid  anglee  of  a  regular  pyranud  with  a  heugonal  baae, 
the  altitude  of  the  pytanud  being  to  each  side  of  the  base  aa  3  to  1. 

ilnf.  dihednl  angle  of  any  two  facea  s  125^  22'  36" 
....     ...  of  base  and  surface  =  66  35  13. 

17-  Find  the  distance  between  the  observatories  of  Paris  and  Greenwich,  sup- 
posing their  latitudes  to  be  48''60'14"  and  61°  38' 40",  and  tbeir  longitudee 
2°  20'  24"  E.  and  0°  0'  0".  Ans.  3  2'  2 i  '. 

18.  Find  the  inclinations  of  the  face^  of  the  res:ular  tetrahedron  and  OCta^ 
bedron;  and  show  that  they  are  the  supplements  of  each  other. 

Ans.  2  sin-'-v^i,  and  2  8i^-'^/2  ;  or  70  3l'  43\,  and  109^28'  10^". 

19.  Two  f,Teat  circles,  AB,  AT,  on  the  globe  make  an  angle  nt  A  =  a,  and  a 
point  D  IS  a!s'>  tak'  n  on  the  sphere,  so  that  drnwing  the  perpendicular  arcs  DE, 
DF,  to  AD  and  AC,  we  have  AE  =  /3,  and  ED  =  y  i  what  are  the  lengtha  of  the 
arcs  AF,  FD  ? 

Jn$*  tin  DF  s:  ain  w  ein  ^,  coe  AP  =  cos  ^  see  DP;  when  DA  =  f, 
DAP  B  ii^  eoa  f  s  eoa  /3  eoa    and  taa  (a  +  •)  » tan  y  coaec  /S. 

SO.  Hie  right  aaceniioaa  of  two  atva  (A)  (B)  are  86*  10'  15"  E.  and 
IS**  16'  IS"*  W.  I  and  their  decUnationa  are  33"  10*  IS"  N.,  and  19f  16'  45"  S. : 
it  ia  reqaired  to  find  their  differences  of  latitude  and  longitude;  and  their 
rearpective  distances  from  Mch  other,  and  frofli  a  third  atar  whoae  poaition  ia 
Imt.  48*  10'  15"  N.,  and  long.  108  18'  30"  W. 

Ans.  Diff.  Jat.  =  27^  14'  39  ';  diff.  long.  =  5^  35'40"j  dist.  =  58'  22'  21"; 
and  the  other  two  distances,  104^  11'  43"  and  96-  1 8'  KV*. 

'^1 .  In  the  last  example,  if  a  s  23'  28',  /3  =  42°  18',  and  y  39''6',  what  are 
the  arcs  AF,  FD,  AD,  FE  ? 

Ans.  AF  =  48-36'4",  FD  =  12°14'5  ,  AD  =  49' 44' 20",  F£  —  17^7' 9". 

22-  Given  the  altitiules  of  two  stars  33  10' 15  "  and  28  18' 45  ',  ami  their 
azimuths  for  angles  made  by  vertical  planes  passing  tbrouj^h  them  with  the  meri- 
dian) equal  to  42^10'  18  "  E.  and  3=  15'  18"  W.:  to  find  their  difference  of  longi- 
tude and  difference  of  right  aaemnoiv  the  inclination  of  die  eqnatmr  to  the 
edipttc  being  supposed  33*38':  and  the  latitude  of  the  plaee  of  obaervation  (the 
Boyal  Military  Aeadeny,  Woolwich}  51*  38'  39*^  K. 

23.  The  crown  of  an  arch  of  Aurora  Borealia  waa  obaerved  from  Woolwich 
Common  to  have  the  altitude  15**  10' E.  and  the  aaimuth  18M2'  W.  The  same 
arch  was  seen  at  the  same  time  from  Bath  under  an  azimuth  of  3^2'  E.  What 
was  its  altitude  in  the  Bath  observation,  and  to  wiiat  place  would  it  a^war 
vertical ;  and  how  high  was  it  above  the  earth  ? 

K»f^.  The  latitude  of  Bath  is  51*  22'  30"  N.  and  its  longitude  2°  21'  31 '  W. : 
while  those  of  Woolwich  are  51'  28'  29 "  N.  and  0°  3'  34"  E. 

24.  It  is  required  to  find  a  place  equally  distant  from  three  given  places  on 
the  earth's  surface:  say  Bath  in  lat.  51<'22'30"N.  long.  2"^ 21' 30";  Constan- 

a  2 
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tinofde  in  lat.  long.  30°  E;  and  Gape  Horn  lat  55^58'  S.  and  loof. 

Asu,  IsU  11^  13  2"  S.«  long.  W,,  disk,  from  each  place  63''  5'&0^. 

25.  Demonstrate  the  following  properties  : — 

(1.)  wn'i  (A  —  B)  8in"ic  +  sin'i  (A  +  B)  cos^c  =  cos'^C  ; 

(2.)  cos^i  (A  —  B)  sin'>jc  +  cm^h  (A  +  B)  cos'^r  =  sinnC ; 

(3.)  fi\n-l  (n  —  h)  cos'U.'  -j-  sin*^  (n  +  b)  s\n"hC  =  giu-^c;  and 

(4.)  coH'-^i  i,u  —  b)  cos-:\C  -f  cos-'i  (rt  -f  b)  sin-.U7  =  cos'lc; 

(5.)  sin-C  sin  (a  +  b)  sin  (a  —  6)      aiu^c  sin  (A  -j-  li)  sin  (A  —  B); 

rfi  ^  8in(A  +  B)  ^  CM  jja -\-  b)  cos  Ha  —  ^) 

CO-;  —arc  • 

sin  (A  —  B) _  sin  i  (<i  +  40  sin  |(a  ~ 5) 

Six  sin^S  * 

ain  («  +    _  coe  |( A  +  B)  cos  ^  (A ^  B) . 

^^•^      sine     "  sin^iC  —  * 

sin  (n  -  *)  _  siB|(A+B)  t»ioi(A~B) 

26.  Prove  by  means  of  the  e^^uatioQS  that  connect  the  sides  and  angles  of  a 
spherical  triangle,  timt 

(1.)  Any  two  tiides  of  a  triangle  are  together  greater  than  the  third. 

(2.)  The  difference  of  two  sides  is  less  than  the  third. 

(3.)  If  three  sides  o^a  triangle  be  eqoal  to  three  sides  of  another,  the  angle 

and  area  of  the  one  are  equal  to  Aose  <tf  the  other. 
(4.)  If  two  aides  and  included  angle,  or  two  angles  and  incladed  side,  of 

one  triangle,  be  eqmd  to  thoiw  of  another,  the  remaining  parts  nto 

equal  each  to  each. 
(5.)  The  greatest  side  is  opposite  to  tbe  (^rcate**t  angle,  and  convcrselj*. 
(6.)  Two  triangles,  which  are  either  equiangular  or  equilateral,  or  hare 

part  for  part  equal  in  any  corresponding  manner  oa  the  same  spheres 

are  ecjual  in  all  respects. 

37.  In  a  spbcricai  Uiaugle  ABC,  if  A  =  179**  59',  B  =  179  '  Sii',  and 
C  »  179''  57',  prove  that  a  «  180°,  b  s=  180%  e  =  0;  or  nnifersally,  that  if 
A  s  iwiP  *  9|,  B  18QP  —  6k,  and  C  =  180^  —  {e^  +  9^,  then  a  s  18CP» 
b  s  18QP,  and  e  s  0. 

S8.  To  solve  the  spherical  triangle,  there  are  given  the  following  triads  of 
datat  where  4>  ^  ^  ai'^  arcs  from  A,  B,  C,  to  the  middles  of  a,  b,  and 
the  other  notations  as  before : 

(1.)  A,B,  <7-6         I        (7  )  A,  a,p, 

(2.)  A  —  B,  fl,  6  !         (8.)  PuPvPt 


(3.)  a  —  6,  &  —  c,  B 
(4.)  C,  c,  r 
(5.)  R,  r,  c 
(6.)  R,  r,  C 


(90  /i.  L  h 
(10.)/),,  l„  a 
(11.)/^,,  A,  A 
(13.)a  — 6,6  +  e,B 


(13.)  rin  n  eos    sin  a,  G 
(14.)  tan  a  —  tan  6,  Un  A  —  tan  B,  cot  C 
sin  a  sin  ft  tan  A  tan  B  sin  a 

cosec  c  *     cot  C    *  sin  A 
(16.)  sin  a  sin  A,  sinft  sinB,  sincsinC 

(17.)  S,  s,p, 

(18.)  *  —  a,  *  —  A,  *  —  0. 
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29.  Find  the  distances  D,  Di,  D,,  Dj,  of  the  centres  of  the  four  circles 
inscribed  in  the  associated  system  of  triani;1e8,  from  the  centre  of  the  circle 
circumscribin}^  the  fundauiental  triangle  oi  the  system. 

30.  Find  tlie  aogles,  the  diagonals,  the  angle  under  which  the  diagonals  inter- 
sect, and  the  area  of  a  spherical  quadrilateral  inscribed  in  a  cirde,  the  four  sides 
of  whkh.  sre  given. 

31.  Investigate  tlie  following  systems  of  eqnatioiis  as  ezpressmg  profieities  of 
spherical  triangles 

ten|(A-B)  _  tan  i  («  - 6) 

^     tan  ICA  +  B)  "  tin  ^ 

.        A  I  cot  B  sin  A        ,       ^       ^  ,  eotBsioC 
(2.)  cot  0  COS  A  +  :  ~  IS  cos  6  ss  cot  a  cot  C  4- 


(3.)  sin  (a  —  e)  s  sin  & 
(4«)  sin  (a  4-  c)  =  sin  d 


sine  '  sina 

cos  C  —  cos  A 


cos  C  4-  cos  A 


2  sia^'^B 

rs^  cofcA_  cosasind— 'sinocos^cosC 
^    cot  a  *^  cos  A  sin  B  +  sin  A  cos  B  cos  e* 
(6.)  un  B  dn  C  ~  cos  B  cos  C  cos  a  =  sin  ^  sin  0  +  cot  6  cos  c  cos  A. 
32.  In  the  following  eicpiessions  a  signifies  ss  in  the  jireeedii^  investigatiooa 
(p.  38} ;  and  it  is  lequiied  to  investlgata  them. 


(S.)  tani(— A  +  B  +  C)s 
(3)tani(  A  — B  +  C)as 
(4.)tani(    A  +  B  — 


n 

1  +  cosa— cos6  — coac 

n 

I  —  cos  a  -j-  cos  b  —  cos  c 
n 

1  —  cos  a  —  cos  6  +  cos  c 


Also  detennioe  the  values  of  cot  )  (a  +  ft  +  c),  efe.  in  terms  of  the  angles 
A>  B*  C  J  hoth  independently  and  by  means  of  the  polar  triangle. 

33.  Let  BDE  be  the  base  of  a  tetrahedron,  having  BD    7,  DB  =  8,  EB  =  9. 

and  let  the  edges  drawn  to  the  vertex  A,  be  BA  =3  10,  DE  =  11,  £A  s  13 :  to 
find  the  dihedral  and  solid  angles  of  the  figure. 

34.  In  every  tetrahedron  the  following  relation  subsists  : 

Let  the  angle  formed  by  AE,  and  a  line  through  A  parallel  to  BD,  be  called 
the  angle  (AF,  BD),  and  so  with  the  others;  then  AE.BD  sin  (A£,  &D)  == 
AB .  DK  sin  (AB,  DE)  =  AD  .  BE  sin  (AB,  DE). 

35.  Given  two  of  the  adjacent  triangular  faces  of  a  tetrahedron  and  their 
mutual  inclination,  to  find  all  the  other  angles,  plane,  dihedral,  and  solid. 

3(3.  Find  the  radius  of  the  s))here  which  circumscribes  a  tetrahedron^  whose 
edges,  taken  in  a  given  order,  are  given. 

37.  Find  the  radii  of  the  spheres  inscribed  and  escribed  to  a  Lelrahedron^ 
whose  edges,  taken  in  a  given  order,  are  given. 

38.  (jiven  the  three  diagonals  of  a  parallelepiped  equal  to  2a,  2b,  2c,  and  the 
inclinations  of  their  planes  respectively  equal  to  C,  B,  and  A,  to  find  the  edges, 
the  volnme.  and  the  plane,  dihedral,  and  solid  angles  of  the  figure. 

39.  Given  the  three  adjacent  edges  equal  to  a,  b,  e,  and  the  three  plana  an^as 
which  they  mnttially  form  eqnal  to  C,  B,  A  respectively,  to  find  the  diagonals 
wad  aU  the  other  angles  of  the  paraUelopipedon. 
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4a  In  a  triquadtiiital  triangk,  if  a,  y  be  the  distances  of  a  point  Ivmb  the 
three  angles  A.  B,  G,  show  that 

cos^a  +  cat^fi  4-  cos*7  =  1. 

41.  If  a  apherieal  qoadrllateral  have  eaeh  of  two  opposite  skies  equal  to  m, 
and  each  of  the  two  others  eqnal  to  h,  whilst  each  of  its  diagonals  is  eqnal  to  d, 
show  that 

oosV»  cos  i(a  -f  6)  oo«  — 

42.  Given  the  three  arcs  bisecting  the  angles  ixienaUf,  and  tenrnnating  in 
the  oppoeite  sides,  to  find  the  sides,  anglss,  and  area. 

43.  Of  the  four  circles  inscribed  within  the  associated  system  of  spherical 
triangles,  any  three  are  given  to  find  the  fonrth. 

44.  Of  the  circinnscril>ing  circles,  any  three  are  given  to  find  the  fourth. 

45.  If  through  the  vertex  and  through  the  extremities  of  the  haer  of  a 
spherical  triangle,  two  equal  and  parallel  less  circles  be  described  :  llu n  all  the 
Bpherical  iriatigie:^  which  have  the  same  base,  and  their  vertices  in  the  circle 
through  the  vertex  of  the  given  one  will  have  the  same  area. 

46.  If  the  vertical  anj^^le  of  a  spherical  triangle,  and  the  sum  of  the  three 
sides  be  given,  the  base  will  always  be  a  tangent  to  a  circle  wiiich  may  be 
found. 

47.  A  person  is  going  from  London  to  Constantinople,  and  intends  to  touch 
at  the  eqnator.  Which  is  the  shortest  route  and  distance  he  must  travel  to 
dfectit? 

4S.  A  cone  has  Its  base  on  a  given  circle  of  the  sphere,  and  its  vertex  at  a 
ipveo  point  within  or  without  the  sphoe ;  show  that  it  will  cot  the  spliere  a 
second  time  in  a  circle,  and  find  the  position  of  its  centre  and  the  magnitude  of 
its  radiust  hj  a  general  formula. 

49*  Find  each  drcomseribed  radius  in  terms  of  the  inscribed  radii,  and  each 
inscribed  radius  in  tenns  of  the  circumscribed  radiL 

50.  If  cf  be  the  length  of  the  are  which  bisects  C  and  terminates  in  e,  ihen 

tan  ({  sm  (a  +  d)  «s  a  sin  a  sin  6  cos  iC, 
cos   coe    s  cos  1(6  +    cos  I    — o). 

51.  If  a  plane  triangle  wlioee  sidee  are  o,  6,  e  is  placed  in  a  sphere  of  radius  r, 
show  that  the  angle  between  the  arcs  of  great  circles  of  which  o,  d,  are  chords, 

will  be  a  right  angle  when  a5  s  3r  V  a*     A*  —  c*. 

53.  If  two  great  eircles  ABC,  abe,  be  cut  bj  three  others  which  pass  through 
the  same  point  P  in  A,  B,  C,  and  a,  6,  c :  then 

sin  nfi    .  sin  Aa       „^  ,  sin  Cc  ,„ 

n,  .  Sm  ACSS    — .  gin  UL  +  -:  rj—  .  SlU  Al>. 

em  Po  sin  Pa  sio  Po 

53.  If  arcs  be  drawn  from  the  angles  A,  B,  C,  of  a  triaugle  through  any 
point  O  to  meet  the  opposite  sides  in  «,  b,  e,  and  P  be  pole  and  R  the  radius  of 
the  circumscribed  circle :  then 

pin  Oa     sin  Oh     sin  Oc  cos  OP 

sin  Ao     sin  B6     sin  Cc""  cos  R  ' 

f>4.  Tf  P  be  the  pole  of  the  circle  ^  hich  ctrcomscribes  the  equilateral  triangle 
ABC,  and  Q  any  point  on  the  sphere  : 

co<5  QA  +  cos  (iB  +  cos  QC  —  :?  cos  TQ  cos  PA. 
55.  If  O  be  the  pole  of  the  circle  about  the  triangle  ABC  ; 

cos  ^OB  =  sin     sin  yit     cos     cos     cos  C. 
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56.  If  CD  be  an  arc  drawn  to  bisect  the  angle  C  and  meet  Ab  in  D  j  then 

sin  AD  C08  BC  +  sin  BD  cos  AC 

COS  Uil  =  ; — i  ^  ; 

8tn  AB 

5r.  When  CD  bisects  the  base  AB,  or  the  central  angle  L,  the  followii^ 


sin  (A  +  B)  , 
cos  CD  =  — -V^^ — ^cos 

tiDCD  = 


rinC 

sin  A  sin  B  sin  e 
a  imiCA    B)  eoti(A-*B)  CMlC 


58.  If  ft,  the  distances  of  a  point  O  from  the  angles  A,  B,  C,  of  a 
ifbcrical  triao^ :  then 

on  (a  —  ft)  coa  I  +  no  (6  —  o)  coa  A  +  nn  (e— a)  coa  ft  as  0. 

59.  Given  a  ajdiafical  triangle  to  find  the  mdina  of  the  circle  which  panee 
Iknogk  the  three  angular  points  of  the  three  trianglea  aaiociated  with  it  which 
vt  not  common  to  the  given  triangle. 

60.  A  hemi^^ere  BC  B'C  is  divided  into  four  triangles  by  two  great  circles 
vhkh  intersect  at  A  on  its  surface ;  show  that  if  £,  Ef*  Est  be  the  spherical 
excesses  of  these  four  triangles,  the  anglea  A,  B,  C,  of  that  wiiich  the  exceia  ia 

£k  sad  a,    c,  the  sides  j  then 

A=KE  +  E,);  B  =  j(E  +  E,);  C=i(R  +  E,). 

.  sin    E  sin  lE,  sin  ^1^  sin  lE,  sin  E  sin  E, 

tttntc  ;  taino=  .  ,  ;  tan^es  ,7. 

sin  ^      t.m       '  hiu  .^E,  sin  nm  E,  sin  E^ 

61.  If  chords  be  drawn  to  the  two  sides  of  a  ppherical  triangle,  they  will  con- 
tra a  ks«  or  a  greater  angle  tUuu  that  of  the  spherical  triangle,  accurUing  as 
that  qJkrical  angle  is  greater  or  not  greater  than  a  right  angle. 

0S.  Let  ABCD  be  a  aphencal  quadrilateral,  AB,  CD  being  the  opponte  aidea, 
aponwhieh,  aa  baaeaf  deaeribe  any  two  trianglea  DLC,  AMB,  the  vertioee  L 
md  M  being  ia  AB  and  CD  leapeetively:  alao  draw  the  diagonala  AC,  BD, 
Ming  in  H,  and  let  AM,  DL,  interaect  in  E,  and  BM,  CL^  in  F:  it  ie  required 
to  prove  that  E,  F,  H,  are  in  the  aame  great  circle. 

63.  Let  there  be  three  area,  a,  fl,  y,  each  that  a  +  /3  +  y  =  180°:  then  it  ie 
Rgoind  lo  prove  that 

sin  a  -f  sin  /?  +  ^i'^  7  =  ^  sin  \a  sin  sin 

—  UD  o  -|-  sin  /3  4-  sm  y  =  4  co«  V«  sin  §/?  sin 
sin  a  —  sin  /5  -f-  sin  y  =  4  sin  h^i  cos      sin  Ay 
hiii  a  -\-  sin  /3  —  sin  y  =  4  sui      sin      cos  Ky 

sin  2(1  -f  sin  2/3  -|-  sin  2y  =  4  «in  a  sin  /j  8in  y 

—  sin  2a  -j-  sin  2/3  4"  sin  2y  =  4  sin  n  co8/3  cos  y 
sin  2(1  —  sin  2/3  +  sin  2y  =  4  cos  n  sin  /3  cos  y 
sin  2a  +  sin  2^  —  sin  2y  =  4  cos  a  cos  /3  sin  y  *. 


no 


t9H 


Tbe  following  valaes,  adapted  to  any  values  of  a,  /3,  y,  arr  of^cn  useful : — 
a-\-fi  -  -/)  =     9m  a  ro*  ft  f  r>«  y-^-coi  a  sin  fi  cos  y+cos  a  cos  /9  sin  y — sin  a  sin  /3  sin  y 

— V )  =  —  sin  a  cos    cos  y+cot  a  sin  /3  cos  y-|-cos  a  cos    sin  y  -J-sin  a  tin  /3  sin  y 
•--^-f  7)  ss     lin  «  COS    CO!  y— cos «  sin  /9  cos  y«f<o«  a  cot  /3  tin  a  tb  /3  »in  y 

«<H^'-y )  s    rin  «  cos  /I  cos  y+csB  a  no  ^  cosy— cos  acMfim  y^aina  dn§my 

«^^H>y)scss  «  catfiem  y^os  «  dn  ^«n  y— sm  a  cos  /I  tin  y—  rin  a  na  (9  cot  y 

--«-f~^-f-7)seM  mrm    cm  y— cot  a  rin  ^  do  y+*^  a  cot  /3  sin  y-|-tin  a  tin  /3  cot  y 

a — ^-}-y)=  cos  a  co«  ft  ro«  y-f-''<^'  «       ^  ^in  y  —  sin  a  cos  ^  sin  y  -j-  sin  a  sin  ft  co*  y 
— y)=  coi  a  cot  p  cot  y+^^ot  a      fi  tin  y^-tia  a  cot    tie  y  —  tin  a  tin /9  cos  y. 
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im  CONIC  SECTIONS. 

DEFINITIONS. 

1.  A  eonic  section  is  the  fi^rure  made  by  the  intersection  of  a  light  cone  *  vnth 
a  plane.  It  receiver  diffcrf  nt  namea  accordinjf  to  the  posilion  of  a  plane  drawn 
throii'/h  the  vertex  of  the  cone  jjarallel  to  the  plane  which  makes  tlie  section.  A 
fundamental  and  general  property  of  the  come  sk  uon  is,  in  each  case,  deduced 
from  the  plane  and  cone  conjointly;  after  wiiicii  are  deduced  from  this  one  pro- 
perty of  each  kind  of  section,  considered  in  piano,  all  the  other  properties  we  maf 
requirw  of  it,  by  menu  of  Unet  and  pdntt  in  the  jtlme  of  the  cam  itself. 

2.  The  plane  drawn  through  the  vertex  parallel  to  the  section-plane  is  called 
the  dtnetUtg  plant. 

3.  The  cone  itsdf  is  to  he  considered  as  extended,  or  capable  of  extenstoo, 
indefinitely  both  ways;  that  is,  helow  the  circular  base  and  beyond  the  vertex, 
and  constituting  two  opponie  eona,  or,  more  appropriately,  ike  eppotUe  sUtU  of 

the  same  cone. 

4.  When  the  directinp^  y>lane  tourhp«?  tlic  cone  :\]ourr  one  of  its  edge*:,  the 
section  made  in  it  is  called  the  parabola.  When  the  directing  plane  cuts  the 
sheets  of  the  cone,  the  section  is  called  tlje  hj/perhola— or,  as  both  sheets  of  tlie 
cone  are  then  also  cut  by  the  sectional  plane,  the  fi;4ures  formed  in  the  opposite 
sheets  are  often  called  opposite  hyperbolas.  They  are,  however,  treated  only  as 
two  branches  of  the  same  curve,  in  the  investigation  of  the  propertiea.  Whea 


*  There  are  other  ■orftccs  besides  the  t%bt  cone,  all  plane  MCtioDS  of  which  are  eortct  Idn- 

tical  in  all  tlicir  rliaractfrs  with  tlic  plane  sections  of  the  rigfht  cone.  The  obliqtTC  cone  i*!  oM 
of  them.  The  others  .TIC  nu)re  general  ^tiil,  as  the  oblique  cone  is  tt  ;ienenili/-ition  of  tlio  right 
one.  Tliey  are  the  ellipsoid,  prolate,  and  oblate,  to  which  the  sphere  ia  intertuediatc  ;  the  oaly 
•eetioiiii  of  vbkh  we  elliptes  or  eirelet :  the  hjrperboloid  of  one  tbcet  and  the  hyperboloU  ef 
two  tbeett,  to  which  the  cone  is  intermediate  ;  but  from  which  every  class  of  conic  sections  na 
be  cut :  and  the  vrnnlKdoiM,  the  elliptic,  and  hyperbolic  respectivi-ly,  intermediate  to  the  r!lif>- 
ao'id  and  hyperboluVd  of  two  sheets,  and  to  the  ellipsoid  and  hyperboloid  of  cme  sheet.  Tbe 
want  of  any  geomtineel  defiai^en  whbrb  ohmll  include  all  these  anrfiMca,  end  at  tlie  taDO  tioie 
be  independent  of  the  propertiea  of  any  of  the  paiiiettlar  aeetions  thenaelTei,  hii  hidierto  de- 
feated every  attempt  to  give  a  general  definition  of  the  conic  sections  materially  different  from 
thnt  in  the  text.  The  mere  extension  to  the  oblique  rone,  is  too  trivial,  when  mniparol  with 
the  number  of  other  surfaces  having  the  same  projicrtics,  to  merit  particular  aiu-ntion.  It  is 
therefine,  nnquettionably  the  meet  logical  mode  of  proceeding,  to  consider  the  propcitice  vader 
the  nmpleit  manner  of  their  geneiia,  eonaistent  with  their  names  of  conic  leetiotts ;  and  to  treat 
the  srvrral  snrfacefi  above  spoken  of  bv  mean?  of  the  properties  of  the  curves  whoise  scetion* 
they  are  proved  to  be.  A  tine  instance  of  this  mode  of  proceeding  may  be  seen  in  tiie  Memoir 
of  M.  Chasles,  on  the  general  properties  of  tie  Cones  of  the  second  degree^  published  in  tte 
Memotra  of  the  Braiaela  Academy,  which  has  been  ttmniUted,  with  intemting  and  nluaUe 
notes,  by  Mr.  C.  Qraves,  of  Trinity  CoUcfS,  Dnblin.  {Dubtin,  1B41.)  Any  attempt  to  trrat 
the  iiirf;ire»  above  mentioned  in  a  corrcspondinff  manner,  has  not  yet  been  matlc  :  but  M. 
Chasles  has,  in  the  case  of  the  hyperboloid  of  one  sheet,  (l^uctclel's  Cor.  Math.  torn,  ii,  X.S..) 
abown  that  the  aubjeet  under  another  aspect— >that  of  enharmonic  ntio— la  rich  in  Intcieitiof 
and  valuable  consequences.  His  researches,  howovor,  tend  only  to  the  anbatitution  of  this  rai* 
face  in  space  for  tlie  ^tiatght  line  (in>teacl  i>f  the  plane,  a*  we  may  bo  at  fii^t  -iiirht  Icil  to  nip;»ose 
the  most  appropriate),  in  the  ennneiation  of  a  considerable  number  of  flieoreins  relativt-  to 
apace  of  three  dimensions,  corresponding  to  those  which  ait;  known  to  be  true  in  piano.  A 
conne  ao  brief  aa  tbia  must  neceanrily  be,  ia  not,  howerer,  the  place  to  intioduce  or  dimtfi 
theee  intereatiag  topics. 
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the  directing  plane  neither  cuts  nor  toaehes  the  sheets  of  the  cone,  the  sectional 
plane  makes  tiie  eU^M§  *. 

5.  The  ftiostssnt  plose  is  that  pUne  which  passes  through  the  axis  of  the 
cone,  and  b  perpeodtcalar  to  the  sectbnal  or  to  the  directing  plane. 

6.  The  intersection  of  the  transverse  plane  and  the  sectional  plane  is  called 
the  transterse  axis  of  the  conic  section.  Where  this  line  meets  the  section  in 
two  points  (as  in  the  ellipse  and  hyperbola),  the  portion  intercepted  by  those 
intersections  is  called  the  transrerse  diameter:  and  where  the  transverse  axis 
meets  the  curve  but  in  one  point  (as  in  the  parabola),  the  portion  lying  withm 
the  concavity  of  the  curve  is  called  the  principal  diameter  of  the  parabola. 

7.  The  points  of  section  of  the  dianeters  with  the  curve  aie  called  the  verlieti 
4ff  f Aose  dHumten, 

8.  The  middle  point  of  the  diameter  of  the  ellipse  or  hyperboht  is  called  the 
etmirt  tht  CMnts  and  a  line  drawn  through  the  centre  at  right  angles  to  the 
transverse  axis  is  the  conjugate  axis.  The  conjugate  diameter  is  a  part  of  the 
COnju^te  axis  (half  on  each  side  of  the  centre)  which  is  a  mean  ])roj)ortional 
between  the  diameters  of  the  circular  aectioQS  of  the  cooe,  which  pass  by  the 
vertices  of  the  transverse  diameter. 

9.  The  angle  of  a  cone  is  the  angle  made  hf  the  edges  when  cut  by  a  plane 
through  the  axis  i  and  two  cones  an  said  to  be  Mig^phmmtary  when  their  angles 
are  so. 

It  is  obvious  that  the  common  tangents  to  the  two  supplementary  cones,  when 
thej  are  placed  in  contact,  wiU  he  peipendicniar  to  the  plane  in  which  their 
axes  are  situated. 

10.  Let  LCI  and  HCK  he  the  lines  of  contact  of  the  conjugate  cone?,  and  AB, 
aft,  their  axes  ;  take  any  point  I  in  one  of  the  lines  of  contact,  and  draw  the  per- 
pendiculars 111,  IK  cutting  the  axes  in  a  and  B,  and  being  themselves  conse- 
quently bisected  in  those  points.  Then  if  the  cones  whose  axial  seclioos  are  IICI 
and  ICK,  with  their  opposite  sheets,  he  cut 
by  planes  parallel  to  Uie  plane  of  the  axes, 
and  at  distances  from  it  equal  to  la  and  IB 
respectively,  two  pairs  of  opposite  hjrper* 
bolic  branches  will  be  produced  in  the  cones 
by  these  planes.  If  now  these  planes,  with 
their  sections,  be  moved  down  till  they  co- 
incide with  the  plane  of  the  axes,  and  their 
intersecUonswiththecommon  tangent  planes 
coincide  with  HK  and  LI  respectively, 
they  win  form  the  annexed  figure,  in  which  the  purs  of  branches  are  called  the 
coiiijwguU  hyperbotoM.  That  is,  the  branches  FBO,  DAE  ars  tm^wguit  to  the 
branches       dae:  and  mutuaUy/ft^,  dae  are  called  conjugate  to  FBG.  DAE. 

These  four  branches  of  the  curve,  though  not  cut  from  the  cone  by  the  same 
plane,  are  yet  to  be  viewed  as  forming  part  of  the  same  system.  Indeed,  though 
for  convenience  of  verbal  description  ihey  have  been  cut  by  means  of  two  planes, 
it  is  easy  to  see  that  by  a  dif  erent  method  of  placmg  the  axes  of  the  conjugate 

*  As  Ttrieties  of  theis  canras,  the  circle  js  a  case  of  the  ellipse,  and  is  formed  when  the  tee- 

tional  plane  is  paiallel  to  tlic  ba^o.  The  point  in  also  anothrr  rase,  viz.  when  the  sectional  and 
directinjr  planc«  coinciilr.  Whrn  tlic  (lirr(  tin;?  plane  of  tlic  li\ [ictliolic  ncction  coinritlis  «ith 
the  t«i:tional  plane,  the  •ection  itself  is  reduced  to  two  straigUl  lines.  When  tiio  cone  b^'  its 
IncreaSbig  aentencM  heeemes  a  cylinder,  the  iMraboUc  eection  heeomes  two  ]Nnallel  lines ;  or 
when  the  sectional  plane  is  coincident  M'ith  the  directing  plane  of  the  parabola,  tho  parabola 
itaclf  is  reduced  to  a  single  straiglit  line.  These  are  all  the  special  varieties  that  can  ocev. 
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cones,  the  conjugate  sectioiu  might  bare  been  made  by  a  Bingle  plane— nameljr, 
hj  dqpFetting  the  axis  ct  the  obtoee  angled  cones  below  the  pneeat  [dane  ti  the 
axis  (the  cone  etill  haTiog  the  same  tangent  planes  perpemticohv  to  the  ptsoeef 
the  paper)  by  a  distance  equal  to  the  excess  of  I A  above  IB. 

When  the  cones  are  right-an^ed,  the  two  lines  al,  IB  will  he  equal,  aad  tk 
construction  will  require  the  axes  aC,  CA  to  be  in  the  same  plane  and  tb« 
sectional  plane  parallel  to  it.  The  conjugate  hypcrijolas  are  then  equal  mail 
respects ;  and  in  this  case,  either  of  them  is  called  a  rectangular  Uy^erttoia,  0€  ta 
equikUerai  hyperbalat  thei>e  terms  being  used  indischmiaately. 

11.  The  lines  UK,  LI  are  called  the  asymptotu  the  kyperboia:  for  the 
reason  to  be  shown  in  prop.  A,  ear.  7* 

12.  A  tangaU  to  a  eetde  neHm  is  a  straight  Une  which  meets  the  curves  ffSt 
benig  produced,  does  not  cat  it. 

13.  Any  line  drawn  through  \hc  centre  oC  a  eomc  section  and  tBmtnate^l  hj 
the  cnnre,  is  called  a  diameter  of  the  coi^ic  section.  In  the  parabola,  since  tbe 
centre  is  infinitely  distant  all  tbe  diametexa  are,  in  fact,  paralld  to  tbe  prio- 
cipal  diameter. 

14.  If  a  t.mnrent  and  a  diameter  of  a  conic  section  be  drawn  throufirh  the  rarae 
point  m  liie  curve,  they  are  said  to  he  conjugate  to  each,  oiker .-  and  on^  luut 
pmrtM  to  lieec  are  abo  aaid  to  he  conjugate  to  each  other.  If  th^ befiaei 
terminated  by  tbe  curves  and  meet  a  point  wiikm  iU  they  are  called  conjngatt 
ekordtj  if  tfatty  meet  the  cnne  and  intersect  at  a  point  tsiljlenf  it,  they  are  c«k 
Jw^e  secants;  if  they  both  touch  it,ihey  eottptgoU  ttmgnU ;  if  they  both 
pass  through  the  centre,  they  are  conjugate  diameters  ;  and  if  one  be  a  diameter, 
and  the  other  a  chord,  the  latter  is  called  an  ordinal  chord  lo  that  diameter  j  and 
the  half-chord  is  called  an  ordinate  to  that  diameter  •. 

15.  Tbe  distance  from  the  point  in  which  an  ordinal  chord  or  ordinate  cuts 
the  diameter  to  the  vertex  of  that  diameter,  is  called  the  abscissa  or  absciss. 
The  ellipse  and  hyperbola  have  two  abscisses  for  eadi  ordinate,  the  distances 
from  each  vertex  of  the  diameter ;  but  the  parabola  has  only  one  absciss  fyt  each 
ordinate. 

16.  Hie  absciss  and  ordinate,  when  spoken  of  together,  are  called  the  co^^idh 
mates  of  tbe  point  or  points  in  which  the  ordinal  chord  cuts  the  carve. 

17.  The  para'nffer  of  any  diameter  of  a  conic  section  is  the  third  proportioosl 
to  that  diameter  and  its  conjugate,  in  Uie  ellipse  and  hyperbola;  and  to  any 
absciss  and  its  ordinate  in  the  ])arabola. 

18.  The  focus  of  a  conic  section  is  that  point  in  the  transverse  diiunetcr,  at 
which  the  ordinal  chord,  or  double  ordinate,  is  equal  to  the  parameter  of  tbe 
tnmsTcrse. 

Ip.  The  aaUaageiii  is  that  portion  of  the  diameter  of  the  cum  mtewepted 
between  the  tangent  and  the  ordinate,  whether  the  ordination  he  reetangohr  et 

ohltqae. 

20.  The  normal  is  the  portion  of  the  perpendicular  drawn  to  the  tanj^ent  from 
the  point  of  contact,  which  is  intercepted  between  that  point  and  the  tran<;r^r«e 
axis  :  and  the  subnormal  is  the  })ortion  of  the  transverse  intercepted  between  the 
normal  and  right  ordinate  of  the  point. 

21.  If  tangents  be  drawn  at  the  extremities  of  any  two  diameters  conjugate  to 
each  other,  they  are  shown  in  the  subsequent  part  of  the  work  to  form  a  paiat 
lelograra ;  and  thie  is  called  the  cot^ugateparalMogram,  when  it  is.right-anglsd 


*  It  will  be  ftliown,  in  the  couree  of  the  mfk,  that  the  pdnt  «f  bilcetUNi  of  the  erimei  ekeei 
it  its  point  of  intecMGtioa  with  the  dkneler. 
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it  is  called  the  conjugate  rectangle.  Also,  when  a  parallelogram  is  formed  by 
joiniog  the  points  of  conttct  of  tho  conjugate  pMiUdogram,  this  ia  also  conjii- 
gate»  and  the  two  are  disUogtiishfid  by  the  terns  wcwmtenbed  and  mteribtd 
eoojogate  psfallelogTaflis. 

23.  Id  the  ellipse  and  hyperbola,  tiie  focal  diatmiet  of  the  centre  signifieg  the 
distance  of  either  focus  from  the  centre  ;  and  the  excentricity  is  the  ratio  of  the 
focal  distance  to  the  gemi-tmn<«veT<;e  diameter.  In  the  parabola^  the  focal  dis- 
tance is  infinite,  and  the  excentricity  is  a  ratio  of  etiuality. 

23.  If  in  the  ellipse  and  h  \  iierbi>':a  there  be  taken  a  lourlh  proportional,  (all 
^timated  from  the  centre  on  tiie  transverse  axis,)  to  the  sctui-traubverse  dia- 
melerp  the  local  distance,  and  the  distance  of  the  right  ordinate  of  a  point ;  the 
eatremity  of  this  fourth  proportional  is  called  tk»  M^ng  point* 

S#,  If  a  third  proportional*  estimated  from  the  eentre  of  an  ellipse  or  hypeiw 
bola  upon  the  transverse  axis,  be  taken  to  the  focsl  dtsCanee  uid  semi-traatverse 
diameter ;  the  perpendicular  to  the  transverse  drawn  through  the  extremity  of 
the  tliird  proportional,  is  called  the  rfirrc/rix.  In  the  parabola,  the  directrix  is 
(lra\'.  n  |»er[)endicular  to  the  principal  diameter  from  a  point  in  the  diameter  pro- 
diiCi'd,  which  is  at  the  same  fli«;tanrp  from  the  vertex  that  the  focus  is. 

In  the  ellipse  and  hyperbola  there  will  be  twu  directnceH,  one  related  to  each 
locua :  in  the  parabola  only  one. 

SSj^If  two  straight  lines  be  drawn  from  any  point  in  the  carve,  one  to  eitiier 
of  the  foci,  and  the  other  perpendicular  to  the  oorrespoading  directrix,  these 
linee  will  have  the  same  ratio  wherever  in  a  given  curve  the  point  be  taken 
^pnp.  m.  Par.  prx.  Ell.  and  Hj/p.J,  and  this  ratio  is  called  the  determining  ratio, 

26.  The  distance  of  any  point  in  the  curve  of  a  conic  section  from  the  focus  is 
called  the  focal  distance :  any  chord  passing  through  the  focus  and  terminated  by 
the  curve,  is  called  a  focal  chord:  if  the  chord  be  an  ordinate,  it  is  called  the 
focal  ordinate;  and  the  tangents  to  the  curve  at  the  extremilies  of  such  an  ordi- 
nate, the  focal  tangents, 

97.  By  an  tdge  of  tkB  com,  is  meant  any  one  of  the  stnught  lines  by  which  it 
was  in  the  position  of  geoeiatrix  of  the  cone  itself,  conformably  to  itf,  19, 
p.  346,  vol.  t. 


Je  the  parabola,  lAe  abtei$9et  an  to  one  another  ai  the  equares  (^f  their  ordinales. 


THE  PARABOLA. 


SECTION  L 


pnopnanae  uLanva  to  tbi  axis,  and  cjkbs  oo.^NBCTan  witb  it. 


PROP.  I. 


Let  AVM  be  the  transverse  plane,  tAl  the 

parabolic  sectional  phmes  AH  the  transverse 
axia  KGI^,  MINi,  any  two  sections  of  the 
cone  perpendicular  to  its  axis,  which  also  cut 

the  '^erfional  plane  within  the  cone ;  and  let 
KL,  MX  be  the  intersections  of  these  with 
the  transverse  plane,  and  GFg,  IHt,  those 
with  the  sectional  plane. 


V 
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arp  circles  ;  and  since  the  transverse  plane  passes  throtigh  the  axis  of  the  cone, 
It  passes  through  the  centreii  of  these  circles,  and  the  lines  kL,  MN  are  di&- 
meters  of  lb*  circlet  KGL^,  MINt. 

Again,  ttnce  the  plane  AVM  passes  throngh  the  aads  of  the  right  coDe»  it  k 
perpendicular  to  the  base  and  to  each  of  its  parallels,  as  KGL^»  MINt,  efc.  s  and 
it  is  perpendicular  to  lAt  by  definition  {def.  5) :  wherefore,  the  two  plaMs  KGL, 
lAt  I  r  ing  each  perpendicular  to  MVB,  their  common  section is  perpendicolar 
to  MVB,  and  hence  \o  every  line,  as  AH,  KL,  situated  in  it. 

Now  KL  being  a  diameter  of  the  circle  KGL^  and  Gg  perpendicular  to  it.  this 
line  (t^  will  be  bi<;ected  in  F.  In  the  same  manner,  Ii  is  perpendicular  to  Al 
and  MN,  and  is  thercforu  also  bisected  in  H. 

'I'he  tangent  plane  to  the  cone  at  AV,  and  likewise  the  sectional  pine  lAi, 
being  perpendicular  to  the  tranaTerse  plane  AVM,  their  intereectioa  BS  i«  pcr- 
pendicuhu-  to  the  plane  AVM,  and  hence  also  to  the  Hoe  AH  in  it.  Wherefove, 
in  the  sectional  plane  lAi,  the  lines  RS,  G^,  It  being  perpendicolar  to  AH  in 
it,  are  parallel  to  one  another. 

But  RSV  being  a  tangent  plane  to  the  cone,  toiifhcs  it  only  in  the  line  AV; 
and  hence  the  straight  line  R\S  meets  the  cone  only  iii  the  j)oinl  A,  anf]  there- 
fore, also,  only  meets  tlie  ^cclion  in  that  point.  It  i-,  tlierefore,  a  tangent  at  A, 
the  vertex  of  the  principal  diameter ;  and  hence,  agaiu,  G^,  It  are  ordiiial  cborUs 
to  that  diameter,  and  FG,  HI  are  ordinatea.  ^ 

Now,  by  aimilar  triangles  FAL,  HAN,  and  the  equals  KF,  MH  (AH  bel^ 
paraM  to  VM),  we  have 

AF:  AH  ::  FL  :  TIN  : :  KF.FL  :  HM.HN. 

Bat  by  the  properties  of  the  circles  KGL,  MIN,  we  have 
KF.  FL^  FG-.  and  MH  .  HN  =  HP; 
wherefore  AF  :  AH  : :  Fti* :  HP. 

CoroUuri/  i. 

If  there  be  taken  a  third  proportional  to  any  abscisf?  and  its  ordinate,  this  will 
be  of  the  same  magnitude,  wherever  in  the  curve,  the  points  to  which  the  «*?tfi«i 
and  ordinate  refer,  are  taken. 
For,  by  the  proposition,  and  Eue,  si.  I, 
FG>:HI»::  AF  :AH, 
::j».AF:p.AH. 

But  (h^k), 

AF  :  FG  ::  FG  :/»} 
or|».AF=FG*. 

Whence FG»:  HP::FG':MHj 
orp  AH  =  HP; 
or  again,  AH  :  HI  ::  HI  :  p. 

Tt  follows,  therefore,  that  the  third  pnjportional  to  AF,  FG,  is  equal  to  iht 
third  proportional  tu  AH,  Hi;  and  so  on  for  any  other  absciM  and  ordinate. 
This  third  proportional  is,  then,  the  parameter  {dtf,  17). 

Cerotfory  2. 

Hie  dietanee  of  the  vertex  from  the  focus  is  equal  to  one-fourth  of  the  para- 
meter, or  to  one-half  the  ordinate  of  the  focus. 
Let  F  be  the  focus :  then  AF  a  |F6  ss  |p ;  or  p  =  4AF. 

For.  (M.  and  cor.  1,)  AF  :  FG  : :  FG  :  p; 
and  ifkf.  18)  FG  »  ip :  whence  also  AF  s=  iFG  ss 


Digitized  by  Google 


THE  PARilBOUL 


109 


PROP.  II. 

As  (he parameler  of  the  axis  is  to  ihe  sum  of  any  two  ordinntff,  so  is  the  diff'erence 
of  those  ordinales  to  the  diftrence  of  ike  abscisses. 

Let  G  and  I  be  any  two  points  of  the  parabola,  of  which  AF»  AH  are  the 
abaciaaea,  and  FG,  HI  the  ordlnates  :  then 

p  :  HI  +  FG  :  HI  -  FG  :  FH. 
For  (cor. ».)  HP  =  ;».  AH,  and  FG»  =  p  .  AF  :  hence 
HP-FG=  =  /).AH-/..AF,  or  (HI  +  FG)  (HI-FG)  =p  (AH-AF^  =p.KG  : 
whencep  :  HI  +  FG  ::  HI  -  FG  :  FH. 

CoroOary  1*  . 

Produce  HI  to  meet  the  curve  at  t :  llicn     :  Kt  : :  KI  :  FH* 
For  t'K  s  HI  +  FG,  and  KI  =  HI  -  FG ;  wherefore 
iK .  KI  =s  (HI+FG)  (HI  ^  FG)  =  HP-  FG*  =  p .  AH  - 1) .  AF  =  i; .  FH : 

whencep:  Ks::  KI:  FH. 

Coronary  3. 

If  a  doable  ordinate  be  divided  hf  Unee  paxalld  to  the  axia,  it  ia  divided  by 
them  into  eegmenta  whoee  rectanglea  are  aa  the  dividing  lioee  themielves. 

That  ia ;  if  the  double  ordinato  It  be  divided  by  linee  GK,  G'K'>  parallel  to 
the  dianeter  AH»  tlien 

tK.KI  :  »K'.  K'l  ::  GK  :  G  K'. 
For  /) .  GK  =  iK .  KI,  and  p  .  G  K'  =  iK' .  K'i :  hence 
iK.Kl ;  iK'.  K'I        GK  : p.GK' ::  GK  :  GX. 


PROP.  III. 


f  1 


In  the  parnhoJff,  the  determining  ratio  is  one  of  equality  :  or  the  line  draxcn  from 
the  focus  to  any  point  in  the  cune  is  equal  to  the  perpendicular  drawn  from  the 
tame  point  to  the  directrix, 

TuAT  is,  if  F  be  the  focus,  and  in  the 
ajcis  AF  produced  tlie  opposite  way  be 
taken  AG  =  AF,  and  the  perpendicular 
GI  be  drawn  to  GF:  then,  if  from  any 
point  C  in  the  parabola  a  hne  Ci  be  <lrau  n 
X>erpendicn]ar  to  the  directrix  GI  (dtf. 
94),  and  CF  be  joined,  the  Unee  FG,  CI 
will  beeqnaL 

For  draw  the  ordinato 'at  C.  Then 
since  CDF  is  a  right  angle, 
CP  =  FD2  +  DC'  =  FI)«  +  p  .  AD  =  FD^  +  4  AF .  AD  ( prop.  i.  cor.  2.) 
=        -f  ( FD  +  FA) .  2GF       =  FD^  +  2G F .  FD  +  2GF .  FA 
=  FD2  +  2GF .  FD  +  GF         =  (FD  +  FG)'. 
Whence  CF  =  GF  +  FD  =  GD  =  CI. 

The  lame  demonatntion  applies,  muiatit  tmUoMdis,  when  D  in  between  A  and 
F :  hut  the  steps  are  left  for  the  etudent'a  exeidae. 
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CoroUary  1, 

Hence  any  number  of  poinU  in  the  panbok  ii^iMe  parameter  »  gifen  mmcf  ht 

ea55ily  constructed. 

Vox,  taking  AF  =  A(i  =  \  parameter,  and  drawing  lines  througK  any  points 
in  the  axis,  AD,  such  as  DC  :  tlien  witli  F  aii  centre  and  distances  equal  to  DO, 
D'U,  etc.  describing  circles  to  cut  DC,  D'C,  in  C,  c,  C,  c',  etc.  the  i)oinU 
C,  C,  c.  etc.  will  be  in  the  curve.  For  CI  =  DG,  etc.  A  suiiicient  Dutnber, 
therefore,  of  tneh  pomte  b^ng  oonetnicted,  the  curve  may  be  approxlmatdy 
traced  through  thenit  tofficiently  accurate  for  all  the  purpoaea  of  cooatnictire 
practice. 

CoroUarff  2, 

A  line  drawn  through  the  vertex  A,  perpendicular  to  the  axiis  Al*,  will  be  a 
tangent  to  the  paraLK)la  at  A. 

For  any  other  point  in  this  line,  as  H,  is  at  a  greater  dij^tance  from  F  thao  A  is, 
and  hence  at  a  greater  distance  from  the  focoa  than  from  the  directrix  GI ;  and 
w,  therefore,  wUktmi  tie  cnroe.  Hie  line  AH,  therefore,  meeta  the  curve  in  oaXf 
one  point  A,  and  ia  hence  (dtf,  12)  a  tangent  at  A« 


PROP.  IV. 

Jf  a  line  be  dravon  to  bisect  the  angle  made  by  two  lineSt  one  qf  which  is  drawn  from 
a  ponU  m  tkt  panMt  io  ike  focus,  and  tkt  vtketfrcm  the  gamepomi  perpem- 
dtCMkar  to  the  HrectriM,  that  fiae  mU  be  m  lon^m^  to  tho  panbota  at  lAal 
|Mtal. 

Let  C  be  the  point  in  the  parabola, 
F  the  focus,  GI  the  directrix,  perpen- 
dicular to  which  CI  is  drawn,  then  die 
Una  GT  drawn  to  biaect  the  angle  ICP 
will  be  a  tangent  at  G. 

For  aince  C  it  a  point  in  the  curve, 
CT  meeta  the  curve :  and  if  it  be  not 
a  tangent,  it  will  meet  the  curve  again 
in  aome  point,  K.  Then  also  K  is  a 
point  in  the  parabola.  Join  KF,  and 
draw  KL  perpendicular  to  tlie directrix, 
and  join  IK. 

Then  K  being  a  point  in  the  para- 
bola, KF  =  KL  {prop.  Hi.) :  and  since 
IC  =  CF,  and  by  hypothesis  ICK  =  KCF,  and  KC  common  to  the  trianglea 
ICK,  KCF,  the  haae  IK  ia  equal  tn  KF.  But  KFsKL,  and  therefore  IKsKL. 
Whence  the  angles  KIL,  KLI  are  also  equaL 

But  KLI  ia  a  right  ang^e  by  eonstmction,  and  therefore  two  aaglea  of  the 
triangle  IKL  are  equal  to  two  right  angles :  which  ia  impossible  (lEae.  1. 17»  or 
Geom.  theor.  17»  oor.)  Hence  the  point  K  ia  not  in  the  parabola. 

In  the  aame  way  it  may  be  shown  that  no  other  point,  K'  in  the  line  CT  is  in 
the  parabola :  and  thereCon  that  CT  doea  not  cut  the  parabolic  or  it  is  a  ungent 
to  the  parabola  at  C.  Q.  £.  D. 
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Ill 


Lit  ihe  tangent  CT  ind  tlie  aids  AF  be  produced  to  laeet  al  T:  then  will 

CF=  FT. 

For  ICT  =  FCT  (by  tkeor.),  and  ICT  s  CTF  {Erne*  i.  29.  or  Gmmi.  th.  12) : 
wherefore  CTF  s  TCF,  and  CF  =  FT. 

Corollary  2. 

Draw  the  ordinate  CD :  then  will  Lbe  sub-taogent  DT  be  bisected  in  A,  or 

DA  =  AT. 

For  {car.  1.)  AF  -H  AT  =  FT  =  FC  =  CI  =  CD  =  GA  +  AO  =  FA  +  AD ; 
vlMBoe,  taking  FA  from  both^  we  have  DA  =  AT. 

CoroAiiry  3. 

Draw  the  normal  ON  to  meet  the  azia  in  N:  then  will  F  be  the  eeotie  of  the 

circle  described  thraogh  T,  C,  N. 

ForTCN  is  a  right  angle  (def.  20),  and  Lence  C  is  in  the  semicircle  on  TN. 
Moreover,  {Eue.  ri.  8,  or  Geom.  ik.  87.)  TCI)  =  CND  ;  and  since  CF=  FT, 
we  hare  TCF  =  CTF  =  CTN  =  DCN.  therefore  CiNF  =  CND  =  DCT  = 
DCF  +  FCT  =  DCF  +  DCN  =  FCN  :  and  hence  also  FN  =  FC  =  FT  j  or 
¥  is  the  centre  of  the  circle  throtigh  'T,  C,  N. 

Corollary  4. 

The  sub-normal  DN  is  always  of  the  same  magnitude  ^  viz.  equal  to  half  the 
parameter* 

For  eiDce  TON  ia  a  right  angle,  (jitf.  20J  we  have 
DT  (=  2AD)  :  DC  : :  CD  :  ON  {Sue.  vL  B,  ear.  I,  or  Geom.  th,  87). 
Also  AD  :  DC  : :  CD  :  j5  {def,  17). 

Wbenoe  DN  s     =s  2AF. 

Corollary  5. 

Jo'm  Fl  meeting  the  tangent  CI'  in  H  :  then  HA  is  coincident  with  the 
tangent  at  A,  and  a  mean  proportional  between  AF  and  AD. 

For  since  CF  =  CI,  and  CT  bisects  the  angle  FCl.  {tk.  iv.)  IF,  (TT  will  be 
perpendicular  to  one  another;  and  hence  FU  wiU  be  parallel  to  NC,  and 
NF  :  FT  ::  CH  :  HT.  Bat  NFs  FT,  and  hence  CH ss  HT.  Again,  as  the 
linaa  DT,  TC  are  biaeeted  in  H  and  A,  the  line  HA  is  parallel  to  CD;  that  is, 
perpendicular  to  DA,  and  therefore  a  tangent  at  A  (M.  iU.  ear,  8). 

Mao,  (Em.  «i.  8,  ear.  1 J  FA  :  AH  : :  AH  :  AT  (s  AD). 

Corollary  6. 

The  perpendicular  FH  is  a  mean  proportional  between  FA  and  FT,  or  FA  and 
FC ;  as  is  obvious  from  the  familiar  properties  of  the  triangle  {Ew,  vi.  8,  or 
Gtom.  th.  87). 

Corollary  7. 

Join  IT :  it  will  be  parallel  to  I'C,  anil  tiie  fiffure  CITF  will  be  a  rhombus. 

For,  since  IC  =  CF  =  FT,  aud  IC,  Fl  are  parallel,  the  lines  IT,  CF  joining 
the  extremities  of  the  equal  lines  IC,  FT  towards  the  same  parts  are  parallel  and 
cqnaL  Wherefore  10  s  CF  ss  FT  s  TI«  which  is  the  defining  property  of  a 
rtaoAbiM. 
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PROP.  V. 

^ there  be  a  tangent  drawn  to  any  point  of  a  parnbohi,  and  n  double  ordinate  to  the 
axis  be  drawn  from  the  point  of  contact :  then  anjf  line  drawm  pwraUd  t»  tkt 
arts  will  be  divided  into  segments  by  the  tangent, 
curve,  and  double  ordinate,  Khich  have  the  same 
ratio  as  the  segments  of  the  doiMe  ordinate 
made  bjf  that  Km. 

Let  CT  be  a  tangent  to  tlie  parabola  at  C, 
and  CL  the  double  ordinate  to  the  diameter 
AD;  and  let  any  line  IK  parallel  to  AD  be 
divided  by  the  curve  lu  E  :  then  will 

I£:  £K  ::  CK  :  KL. 

For  let  DA  be  produced  to  meet  the  tangent 
al  T,  making  the  triangles  CKI,  CUV  similar. 

Then.  CK  :   KI  : :  CD  :  DT  =  2DA  (pr.  iv.  cor,  2)» 

2DA::  p 
KI  : : 
CK::  KL 
KE  ::  CL 


and  CD 
whence  CL 

but  p 
whence  KI 
or  IE 


CL  (f»r.  i.  cor.  1)  ; 
CK  (alt.  and  Euc.  v.  11); 
KE  {pr.  II.  cor.  1) j 
LK  (GeoM. 11»  and  ali.)^ 


£K::  CK:KL(dio.) 

CoroUary  I, 


If  any  number  of  such  lines  be  drawn  in  any 
positions  whatever  relative  to  the  point  C,  then 
there  wdl  exist  between  the  external  pans  of 
those  lines  HA,  H,  A,,  H,  A,,  etc.,  and  the  cor- 
responding segments  of  the  tangent,  CH,  CH^ 
CH„  de.  the  relation 

AH :  A,H  :  A,H, :  etc, : :  CH*:  CH,':  CH,':  etc. 

For  taking  IK  of  the  figure  in  the  proposiiiun 
as  a  specimen,  we  have  by  alternation, 

IE:CK::EK:KL;orP.IE:CK»::P.EK:CK.KL. 

But  (pr.  a.  cor.  i)  />.K£  =  CK.KL;  whence 
also  plE  =  CK-.  'S 
Now  as  this  conclusion  applies  to  any  one  of  fi 
the  lines  H,  Di,  U«  Di,  efe.  of  the  figure  of  the  coroUary*  we  have  generally 

p.AH  =  CH<,p.A,  H,  =  CH,«  efe. 
or  AH  :  A,  H,  :  A,H, :  ele.  ::  CH>  ;  CU,^  :  Ca*,de. 

Corollary  2. 

A«?  this  pro])erty  is  independent  of  the  position 
of  the  tanj^ent  m  the  curve,  or  its  inclination  to 
the  axis  of  the  figure,  it  will  hold  good  fur  every 
alteration  that  can  be  made  in  the  inclination  of  the 
tangent.  If,  therefore,  the  lines  HA*  HiA„  II^A,, 
He,  be  appended  to  the  line  CM,  and  free  to  move 
about  the  points  of  appendage  H,  H|,  H,,  eta 
then,  80  long  as  they  are  all  parallel  to  one  ano- 
ther, whatever  the  angle  CHD  may  be,  their  ex* 
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tremities  A,  A|«  A,,  etc.,  v.  ill  always  be  situated  in  the  cun'c  of  some  parabola, 
provided  they  be  so  in  any  oii«  case.  The  annexed  figure  shows  two  positions 
of  the  langent,  liie  iiues  Dot  changing  their  original  direction :  and  it  will  be 
equally  simple  to  ikiteh  for  tlie  cms  of  the  tangent  retuniiig  its  pontioDj  and 
the  appended  paralleb  changing  their  diieetioo. 

PROP.  VI. 

If  any  ckord  ht  drmm  pmM  to  a  tmgeni,  lo  meei  tki  aarw  htwopohUts  tmd 
tffrom  ii$  mirtmlm  tmijivm  ik9  ptAU  iff  eomtaet  onBmattt  bt  dhnm  to  thg 
aKUs  then  double  the  or^nat9  of  tke  pobtt  i^ contact  unll  be  egnol  to  tJw  sum  or 
difference  of  the  otktr  two,  aseorHiiff  at  thijf  at§  situated  on  tht  ime  or  d^tnni 
nda  ^tke  ami. 


Let  any  chord  UE  parallel  to  the  tangent  CT^  and  the  ordinates  £G,  CD,  HI, 
be  drawn :  then 

Hl4*E6s2CD,  in  fig.  1, 
HI  —  EG  ^  3CD,  in>^.  9. 
For  draw  EK  paieUel  to  the  axis  AI,  and  produce  HI  to  meet  the  cure  «gain 

in  L. 

Then  by  similar  triangles  £IIK,  TCD,  and  pr.  U.  cor.  1, 
2AD  (=  Dl^  :  CD  ::  EK  :  KH  ::  KL  : 
or,  aU,  and  d^.  17,  this  gives 

2AD  :  KL  ::  CD  :  p  ::  2AI)  :  2CD. 
Wherefore  2CD  =  KL  in  both  figures.   Taking  them  separately,  we  get 
2CD  ss:  KL  s  LI  -f.  IK  ==  HI  +  IK  =:  HI  +  £0  m;^.  1. 
2CD  =  KL  8  LI  -  IK  s  HI     IK  s  HI  -  EG  in  A.  2. 

Conttarf  1. 

Any  chord,  as  EH,  panllel  to  a  tangent  CT,  wiU  be  bisected  in  H  by  the 
dismeter  CM  drawn  throogh  C. 

Let  CM  intersect  III,  EG  In  V,  S,  and  draw  MN  parallel  to  the  ordinates. 
Then  we  have  HI  CD  =  CD  +  EG,  as  1  or  2  is  taken :  but  in  both 
this  equation  expresses  UV  =  VK  =  ES,  by  the  properties  of  parallels.  Hence 
the  Inanities  HVM,  £MS,  are  siinilar,  and  have  HV  =  £S »  wherefore, 
HM  =  M£. 

Corollary  2. 

Tf  t^ro  parallel  chords  be  bisected  by  a  line,  that  line  will  be  a  diameter,  and 
the  tangent  at  iu  extremity  wiU  be  panllel  to  the  chords.  This  follows  from 
fcbe  last,  em  o&t. 

-VOL.  II.  < 
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CwroOary  3. 

If  A  diameter  be  dnira  to  bieeet  any  chord,  and  a  tangent  be  diawn  at  itfl 
inlenectioii  with  the  com,  the  chord  and  tangent  will  be  parallel 

PROP.  VII. 

Jf  two  imgmiiM  to  o  parabola  he  drawn  to 

meet,  and  from  ih§  pomi  fif  iniersectiom 

there  be  ebmon  a  diameter  and  a  line  to 

the  focus :  and  if  nlsn  fhrre  be  drawn  the 

chord  of  con! (id  and  lines  from  the  points 

of  cnntact  to  the  fori  f.f  •  (hfn, 
(1.)  The  line  from  the  tntersection  of  the 

tangents  to  the  focus  will  make  equal  angles 

with  those  from  the  points  of  contact  to  the  focus. 
(3.)  T%e  Umfrom  the  uUeneeHim  qf  lie  tmgenis  to  thefoaUt  md  the  dUmtUt 

tkronffh  the  isUentelum  qf  the  tmigente,  make  eqwd  esiglee  with  the  tatpente* 
(3.)  The  diamder  thnugh  the  mterteetkm  qf  the  tmgeeU  hieteti  the  ehord  of 

coutaetm 

Let  the  tangents  PD»  BD  intersect  in  D ;  and  draw  PF,  BF,  DF  to  the  focus 
Fs  alio  draw  the  chord  of  contact  PB,  and  the  diameter  D£  of  the  pnnboin 
through  E :  then 

DFB  =s  DFPi  PDF  s  BDE;  and PE  =  SB. 
For  draw  PC,  BL  perpendicular  to  the  directrix,  and  join  DO,  DL,  OF,  LF, 
OB ;  and  let  H  be  the  intersection  of  OF  with  PD,  K  that  of  the  directrix  OL 
with  the  diameter  DE,  and  I  that  of  OB.  FL.  Then 

First.  Since  PH  bisects  OF  at  right  angles,  the  triangle  ODF  is  isoscelef,  and 
OD  =  DF.  For  a  similar  reason  FI)  =  1)L  ;  and  hence  also  CD  =  DL,  and 
DLO  =  DOL,  or  adding  the  right  angles  LOP,  OLB,  we  have  DOP  =  DLB. 
But,  manifestly.  DFP=nOP,  and  DFB=DLR  ;  wherefore,  also,  DFP  =  DFB. 

Second.   Since  ODL  is  an  isoscelcH  triangle,  and  DK  perpendicular  to  the 
base  OL,  it  bisects  the  Tertical  angle  ODL,  making  ODK  =  KDL. 
Now  ODK  s  GDP  +  PDF  +  FDK  =  2PDF  +  FDK» 
and  KDL  s  LDB  +  BDF  -  FDK  =  SBDF  -  FDK ; 
wherefore  2PDF  s  2BDF  —  SFDK»  or  PDF  ^  BDF  —  FDK  s  BDE. 
TVrd.  By  aimihur  triangke,  and  Uiat  OL  ia  bieected  in  K*  we  havo 

OK  :  KL  ::  01  :  IB  ::  PE  :  EB. 
Wfaeiefore,  P£  «  EB. 

Corollary  1. 

Perpendiculars  from  L)  the  intfrsection  of  two  tangents  DB,  DP  of  a  parabola 
to  the  lines  BF,  PF drawn  from  ilie  tocus  F  to  the  pomts  of  contact  B,  P  are  equal 
to  one  another;  make  ec^ual  angles  with  the  line  DF  from  the  intersection  of  iha 
tangenta  to  the  focus;  and  make  equal  angles  with  the  tangents  BD,  VU  them- 
edvei. 

Corollary  2. 

Perpendiculars  from  D  the  intersection  of  the  tangenta  upon  those  PO,  BL 
drawn  from  the  pointa  of  contact  to  the  directrix^  are  equal  to  one  another. 
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SECTION  II. 

PBOEUTlBt  DKPttIf  DlKa  OIT  OBLtQUt  ORDUrATKa. 
PROP.  Tilt. 

IV  ilieiM  o/fliiy  diMf«r  art  fo  OM  wlicr  Of 

Lbt  PCP  be  the  tani^cnt  at  C,  CR 
thf  diameter,  and  K  K,  L'L  the  floii))1e 
orJjnatp<  to  the  abscisses  LU,  CH;  then 
sioil  Ca  :  CR  : :  QE'  :  RI.'. 

For.  drair  L'F,  E'l'.  EI,  LP  parallel 
toCR;  then,  since  E'E,  L  L  are  double 
fli&kates  to  the  diameter  CR,  they  are 
KMcted  in  Q  and  R  (pr.  vi.  eor,  1); 
iKCQsIE,  CR=::PL!,  CIssQB, 
CP=11L»  hj  tha  panUdognuna  CE» 
CL 

ThOt  (pr.  ©.  eor,  1 ,)  we  have 

IE  :  PL  : :  CP  :  CF,  or  CQ  :  CR  ::  QE' :  RL«. 
Trc  iame  reasoning,  obviooaly,  appliea  to  the  poiota      L'  on  the  other  aide 
6f  Um  diameter  CR. 

SekoUmm. 

Hence,  as  the  abscisses  of  any  diameter  and  their  ordinates  have  the  same 
rdations  tliose  of  the  axis,  namely,  that  the  ordinates  are  bisected  by  the  dia- 
fneter,  and  their  squares  yiroportional  to  the  abscisses  ;  all  the  other  proper- 
tiesof  the  and  it«  uifiiitatcs  and  abscisses,  bcf(  it- demonstrated,  will  like- 
wise holii  good  for  any  diameter  and  its  ordinates  iiud  abscisses.  And  also  those 
of  the  parameters,  understanding  the  parameter  of  any  diameter,  as  ft  third  pro- 
portional to  any  absciss  and  ita  ordinate  {Jef.  17).   Some  of  the  most  material 

tkflK  aia  dcmODaUttled  in  Ifaa  ftdlowing  propositkma. 

PROP.  IX. 

Tkt paraaieter  qf  any  dimneter  is  tqunl  to  four  iimM  the  distance  of  the  vtrttx  ijf 
that  diameter  from  the  focus  qf  the  parabola. 

Let  cm  be  any  diameter  different 
from  the  axia  A2s  ;  tht  ii  the  paramcLef 
rfthat  diameter  isp,  =  4CP. 

Kdt,  drair  the  perpendtcnhv  FH  upon 
<ka  laagent  CT«  and  tha  ordinate  AM 
&o«tlievcrtaz  of  the  azia  parallel  to 
CT;  iho  tha  ordinata  CD. 

Tben,tbe  nght-angled  trianglesCDT, 
FHT  having  their  angles  at  T  common 
iRiiiDiiar.  Alao,  by  paraUala  and  pr.  t. 

MM, 

p .  AD  =    .  CM  =  CD^  and     ,CM  =  MA*  =  CP. 
^erefore,  and  by  similar  triangles  and  pr.  iv.  cor.  6, 

p:p. ::  CD»  :  CT'  ::  FH^  :  FT«  ::  FA. FT  :  FI-  ::  FA  •  Fi\ 
But/)  =  4FA,  and  heuce  pt  =  -iFr  =  4FC  (pr.  iv.  cor,  1). 

I9 
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Corottarf, 

Hence  ibe  parameter  j»,  of  the  diameter  CIC  n  equal  to  4FA  +  4AI>,  or  to 
fi  +  iAD«  that  ia,  iho  paiameter  of  the  asi  added  to  4AD. 

PROP.  x« 

TM  oftwiM  of  any  ordSmrftf  which  posset  iknapk  the  focu  pf  file  jMrafole  it 
mpxA  to  ont'/imrih  Ifte  poramtUr  fAof  cKomelcry  ami  tit  ord^e  tt  one- 
Aa|f  ^  tie  eoflie  ponmef €r. 

Let  F  be  the  focus,         the  ordinate  T 
drawn  through  F  to  the  diameter  CM  s  then 
CM  ss  \p,,  and  EM  =  \pv. 

For  join  EC.  and  draw  the  tangent  CT. 
Then  hj  panUMt,  pr*  io,  cor.  1,  and  pr,  ur. 

•  we  have 

CM  =  FT  =  FC=  Jp,. 

Again,  (die/ 17,)  CM  :  ME  : :  ME  :  i»„  or  M£>  ssjik .  CM  s      ;  and  hence 
ME^iPi. 

CofoJZsry  !• 

Hence,  qf  any  diameter^  the  double  ordinate  which  paaees  through  the  focoa 
is  equal  to  the  paruneter,  or  to  quadruple  its  abaaaa. 

Corollary  2. 

Hence,  and  from  prop.  Hi.  cor.  1,  and  prop,  ix.,  it  ap-  ^    ^  c 
pears,  that  if  the  directrix  GH  be  drawn,  and  any  lines 
HE,  HE,  parallel  to  the  axis;  then  every  parallel  HE 
will  be  equal  to  KF«  or  ^  of  the  parameter  of  the  diameter 
to  the  pumt  K. 

PROP.  XI* 

fffrem  the  pohtt  qfamiaei  of  a  tmfftmt  Io  ihtpwabola,  u$p  tAgurd  he  dmuh  oad 
oaolAcr  Ume  panM  to  lie  acif  Io  sieel  the  chord,  eune, 
wiU  he  dbnded  2y  lAon  in  I^Maw  rolto  lAol  U  dwvUe  the  dbrdL 

Tf  CP  be  a  tangent,  and  CL  a  chord  to  the  para- 
boia,  and  auy  line  IK  be  parallel  to  the  axis  meet* 
ing  the  curve  in  £ :  then 

IE:EK::CK:KL.  y^^^^^L^^ 

For  draw  LP  parallel  to  IK  :   

Then  IE  :  PL  : :  CP  :  CF  : :  CK«  :  CU  (pr.  v.  cor.  i,  and  sim.  trians.) 
and  IK  :  PL  : :  CK  :  CL  : :  CK»  :  CK .  CL  («tm.  iHina.  and  G,  79)  ; 

whence  IE  :  IK  : :  CK ,  CL  :  CL-  : :  CK  ;  CL, 
and  IE  :  £K  : :  CK :  KL  {div.) 

Corollary. 

When  CK  =  KL.  we  have  also  IE  =  EK  =  ^IK;  or  the  sub  taDgent  KI  ii 
double  the  abi»cisii(i  KE. 
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PROP.  xn. 

Ifftfm  tU  pomi  of  tmdnei  pf  a  tm^ad  wtfft  iktparMa,  hso  Unm  be  inwm  to 
tketertienqfmg  two  ^amttm,  Mdb  to  iottnefit  tke  oHer  £amettrt  ike»  tU 
imtjomhff  these  two  pomte  ^fieUne^em  witl  heparaM  to  the  tmgeei. 

Let  CE,  CL  be  drawn  from  the  point  of  con- 
tict  C  to  meet  ih«  duoMteis  HL,  IE  in  G  and 
K:  tlMii  GKwUl  be  panlia  to  the  tangent  CH 
at  C. 

Pot  by  pr.  xi  and  pmvMeh,  we  have 

IE:  EK  ::  CK  :  KL::  CE  :  EG. 
Hence,  the  1ine>  CG,  IK  being  similarly 
divided,  the  linen  KG,  CI  are  paralleL 

SchoHtm. 

This  theorem  appears  to  have  been  first  given  by  ToricelTi,  the  inventor  of  the 

barometer,  n9  Piil)«ervient  to  tlie  con<Jlruction  of  a  problem  in  gUUMiy*  to  which 
leference  will  be  made  under  the  head  of  ProjeciUes^ 

PROP.  XIII. 

Jlf  ike  chord  of  contact  of  two  tangmts  to  a  paraholu  pas^  through  the  focus,  the 
tangent*  will  inlersect  in  the  directrix;  and  at  right  angles* 

1m  PB  be  any  chord  through  the  focus  F, 
and  PD,  BD  be  tan^^ents  nt  P  :inf1  B  :  then 
the  point  D  will  be  in  the  directrix,  and  FDB 
will  be  a  right  angle. 

For  il  not,  kt  the  tangent  at  V  cut  the 
directrix  in  D',  draw  1^0,  BL  perpendicular 
to  the  directrix,  join  DF,  and  draw  the  dia- 
meter D'HE,  and  draw  D'B,  DO,  DL. 

Then,  by  the  reasoning  employed  In  the 
demonstration  of  pr.  cti.,  we  have  DFP  = 
DOP,  and  DFB  =  DLB.  Also,  by  the  conclusion  of  that  theoreffl,  DFB  = 
DFP.  But  {hyp.)  BFP  is  a  straight  lim ,  and  hence  PFD  and  DFB  arc  together 
equal  to  two  right  angles ;  and  being  ecjual,  each  of  them  is  a  right  angle : 
wherefore,  also,  DOP,  DLB  are  right  angles.  Also,  since  D'  is  in  the  directrix, 
and  PO,  BL  perpendicular  to  it,  the  angles  D  OP,  D'LP  are  rigiit  angles ;  and 
hence  IKOP  =  DOP,  and  D^LB  =  DLB ;  the  less  to  the  greater  in  both  eases. 
The  point  of  intersection  of  the  tsngents  to  the  focal  chord  is  therefore  in  the 
directrix,  and  in  the  figure  above  is  represented  by  D'. 

Then  (pr.  vii.)  P£  =  £B ;  and  PB  will  be  conjogato  to  this  diameter.  Where, 
fore  {pr.  r.)  ?E,  ED',  KB  will  each  be  equal  to  the  semi-parameter  of  the 
diameter  ilE,  and  therefore  equal.  They  will  hence  be  in  the  circle  PD'B  of 
which  PB  is  a  diameter ;  and,  consequently,  PD'B  in  a  semicircle  is  a  right 
angle. 

CoreUsry  1. 

Hie  inteneetion  of  tangents  whieli  an  perpendicular  to  oim  aaodiert  wiU 


Digitized  by  Google 


118  CONIC  SECTIONS. 

always  be  in  the  diractrix^  and  tba  chorda  of  ooBtact  will  all  paaa  ibrongb 
thefocna. 

ConXkrfi  9. 

Every  tangent  limited  by  the  directrix  and  point  of  contact  wiU  subtend  a 
right  angle  at  the  focua. 

PROP.  XIV. 

Jf  tine  tangentt  to  apwnMa  hf  their  intersections  two  and  two  form  a  trian^ie, 
the  circle  dremuenbiMg  tkit  triangle  wiU  poet  tkrongh  the/oem, 

Lrr  DGH  be  the  triangle  formed  by  the 
interaection  of  the  three  tangenta  CD,  DE, 
GH  of  a  parabola,  and  F  the  foeoa :  then 
the  circle  deacribed  abont  DGH  will  paaa 

through  F. 

For  draw  the  perpendiculars  FL,  FP.  FK 
to  the  three  tangents :  then  each  of  these 
intersections  L,  P,  K,  is  in  the  tangent 
drawn  to  the  vertex  A  of  the  parabola 
(j)r.  iv.  cor.  5). 

Now  rince  FLD,  FKD  are  right  angles, 
the  foor  pointa  P,  L,  D,  K  are  in  a  circle : 
andFLK=FDK,orFLP  =  FDH.  Again» 
for  a  atmilar  reason  F,  L,  G,  F  are  in  a 
circle,  and  therefore  FLP  =  FOP  =  FGH. 
Consequently  FGH  :=  FDII,  and  the  points  F,  G,  D,  H  are  therefore  in  a  cirde. 
"Whence  the  circle  GDU  paaaca  through  the  focus. 

Corollary  1. 

The  two  triangles  CFD,  DFB  are  equiangular  to  LFK  and  to  one  another. 

For  draw  CO  perpendicular  to  the  directrix  :  then  O,  L,  F  are  in  one  line 
(pr.  ir.  cor.  5  ),  and  FLA  =  OCL  =  FCL,  and  CLF,  LAI  arc  right  angles: 
wherefore  LCF  =  FLA  =  FGP.  Also  it  has  heen  i)rovea  ilua  LDF  =  FKA 
=  FHP:  and  hence  tu o  of  the  angles  FCD,  FDC  of  the  triangle  CFD  are  equal 
to  two  of  the  angles  Viji\  i'ilP  of  the  triangle  GFIL  The  third  angles  CFD, 
GFH,  are  therefore  equal,  and  the  triangle  CFD  is  equiangular  to  GFH. 

In  the  same  way  it  ia  proved  that  the  triangle  DFE  is  equiangular  to  GFH : 
and  it  follow^  also,  that  CFD,  DFE  are  equiaDgnhur. 

Csrelfary  3. 

If  a  third  tangent  GI  vary  ita  position,  but  alwaya  cuts  the  two  fiiad  tangenta 
DC,  DE  in  two  pointa,  as  G,  H  :  then  the  angle  GFH  wiU  alwaya  be  of  the 

same  magnitude. 

For  it  has  just  been  shown  that  GFH  is  always  equiangular  to  the  two  CFD, 
DF£,  wliich  under  the  conditions  are  constant. 

Corollary  3. 

If  three  straight  lines  which  intersect  in  G,  D,  H,  are  tangenta  to  a  parabola, 

in  the  manner  of  the  fignre,  then 

GD. DH  =  CU.  HK,  DG.GH  =  DC. HI,  and  DH .  UG  »  DE .  Gl. 
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For,  by  the  pairs  of  similar  triangles  FC  G,  FDH,  and  FDG,  FEU,  we  have 
GC  :  HD  ::  GF  :  FH  ::  GD  :  HE.  or  IID  .  0(1  =  CG .  H£| 
and  in  the  same  way  the  other  two  cases  may  be  proved. 

CDfoOBry  4. 

It  two  tangents  CD,  DE  be  drawn  to  a  parabola  at  C  and  £  to  meet  in  D, 
and  GU  be  a  third  tangent  meeting  them  in  G,  H,  and  touching  the  parabola  in 
I,  then  according  aa  C  and  E  are  on  the  lame  or  diffinrent  aides  of  GH, 

DO.DE  +  DC.DH  =  DC.DE. 

For  (Cor.  3)  GC  :  HD  GD  .  HE,  we  have  {comp,)  CD  s  GQ  :;  DE  :  HD, 
orCO.DH  =  CG.DE.   Add  this  to  DG .  D£ :  then 

DG.DE-f  CD.DH  =  CG.D£  +  DG.D£ 

=  CD .  DE. 

In  a  iimilar  manner  the  other  case  may  be  proved. 

ConUary  6. 

If  the  thric  tangents  CD,  DE,  GH  be  drawn  as  before,  and  any  fourth 
tangent  LK  he  drawn  cutting  the  first  three  in  L,  K,  P,  and  touching  the  para> 
bola  at  A :  tlieo 

KP;PL::  HI:IG;  PL :  LK  ::  CG :  CD|  and  LK  :  KP    ED  :  DH. 
For  unce  the  three  tangents  at    A*  I  intersect,  and  Uliewiss  the  three  at 
3Bk  I,  A  also  intersect,  ws  have 

AL  :  LP  ::  PG  :  GI.  or  div  AP :  PL  ::  PI  :  IG 
PK :  KA  ::  IH  :  HP,  or  dh.  AP :  PK PI :  lU. 
Whence,  ex.  eq.  KP  :  PL  .:  HI  t  IG. 
And  in  the  same  way  the  other  two  stated  cooclueioos  are  deduced. 


PEOF.  XT. 

diameler  rut  fnirnU'-i  chords  ut  a  parabola,  the  segments  of  this  diameter  inter- 
cepted by  ihem  wiii  be  as  the  rectangles  of  the  segments  made  m  lAem  &y  tM 
diameter. 

Ir  tho  (larallel  chords  GD,  HE  be 
cut  by  any  diameter  PN  in  M  and  N : 
then 

PM  :  PN  ::,GM.MD  ;  HN.NE. 

For  draw  the  diameter  C8  bisecting 
GD,  HE,  and  fikswise  ths  ordinate 
PQ  of  the  vertex  P.  ITien  if  /»,  denote 
ftbe  parameter  of  the  diameter  CS, 
we  have 

.  CS  =  SUS  p, .  CR  =  GR»,  and  p, .  CQ  =  PQ' : 
whence    (SC  ~  CQ^  =  SH»  -  PQ«  =  SH«  -  SN%  or 
.US  :^/,,.PN  =  HN.NE. 
Similarly,  ;>i .  HQ  =     .  PM  =  GM  .  MD. 
Hence  PM  :  PN    6M.MD :  HN.NE. 
The  same  proof,  excepting  merely  what  depends  on  the  change  of  signs, 
applias  to  tho  case  where  PM  cuts  tho  parallel  chords  GD,  HE  in  pcotongation, 
as  in  the  case  figured  to  the  r^Al  of  the  diameter  CQ. 
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CoroUaty  1. 

If  aoy  chord  be  cat  by  two  diameten»  tho  intercepted  t^ments  of  thf^e  dk- 
meters  will  be  to  one  nn  other  u  the  reetaQglis  of  the  Mgmente  into  which  Uwy 

respectively  divide  the  chord. 

For  let  HE  be  cut  by  the  two  dia- 
meters PN,  VX,  and  let  p^  be  the 
parameter  of  CS  taken  as  before. 
Then 

Ih.  PN  »  HN.NE,aDd  #», .  VX  = 

HX .  XE ;  wherefore 
PN  :  VX ::  UN .  NE :  HX .  XE. 

CanUary  2. 

If  tiro  piraUel  cbofdt  be  cut  by  any  two  diunetere,  the  eegmente  of  tben 
diameten  leepectively  cat  off  by  the  chorda,  will  be  aa  the  rectanglee  of  the 
aegmenta  into  which  the  diords  are  respectively  divided. 

For  let  VX  cat  HE  inX,  and  PN  cat  QD  in  M|  then,  by  the  Haorw  and 

PM  :  PN  :.  GM.MD  :  HN.XE 
and  PN  :  VX  ::  HN  .  NE  :  HX  .  XE; 
hence  PM  :  VX  ::  GM  ,  MD  :  HX  .  XR. 
The  same  w  ill,  evidently,  be  the  case  when      N«  W,  X,  or  any  of  them  are 
without  the  field  of  the  curve  line. 

PROP.  XVI. 


|f  two  Unet  whidk  meel  one  (mother  (chords  or  teemUs)  be  panHUi  to  two  olk<rt 
which  meet  one  another  :  the  rectangles  of  the  segments  of  one  par  iff  parmUek 
will  b9tt$tkt  rectanglM  qftke  MgmenU  qf  the  other  pair. 


That  is,  if  EP,  AB  interaect  in  K,  and  an  panOlel  to  GB,  CD  which  intenect 
inL;  then 

EK .  KF  :  AK  .  KB  ::  GL  .  LH  t  CL.  LD. 


For  draw  the  diameters  KV,  LW  ;  then  we  have  at  once  from  pr.  xv,  cor.  2y 
EK.  Kt  ;  GL.LH  ::  VK  :  WL  :;  AK  .  KB  :  CL.  LD, 
from  which  the  ennneiated  property  flowa  by  alCematton. 

CanUarjf, 

Draw  the  tangents  MP»  NP  parallel  to  AB,  EP  respecUfely.  Then  in  tbb 
caae,  rectangles  of  the  segments  become  the  sqoaraa  of  tlia  taqgenta  themadfa^ 

and  the  eonatant  ratio  then  beeomo^  that  of  thc^e  squares ;  or 

EK .  Kl"' :  AK ,  KB  ::  N  F« :  M P«. 
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PROP.  ZVII. 

1/  three  tangents  to  tfie  parabola  intersect  two  and  two,  tkef/  wSU  tka  h§  lfotM» 
estimated  from  Mr  pomts  of  coaiaci  to  Hme  inieneetum,  tMlo  segnmU 
loUeA  AoM  tka  §ame  rolfo. 

Let  CD,  DE,  GH,  touch  the  parabola  in  C, 
I,  and  meet  each  otUtr  in  D,  H,  G :  then 

CG  :  GD  ::  DIl  :  HE  ::  Gl  :  IH. 
For  tliroiigh  G,  I,  D,  H,  dz«w  dwmeten  of 
the  pmboh,  and  join  CI,  IE, 

TtMDGKbitectoCI,  ( pr. ».  ear.  1 ,)  and  there- 
fore it  also  biaecti  CL ;  and,  in  like  manner, 
HN  bisects  LE,  and  DM  bisects  CE.  Whence 
KM  =  CM  —  CK  =  iCE  -  iCL  =  i  (CE  -  CL)  =  iLE  =  LN  =  NE. 
MN  =  ME  -  NE  =  iCE  -  ^EL  =  iCCE  -  EL)  =  |CL  =  CK  =  KL. 
But  by  paraUels  GI  :  IH    KL  :  LN 

CG  :  GD    CK  :  KM  (=  KL  :  LN) 
DH :  HE ::MN :  NE  (s  KL :  LN), 
wherefore  the  property  ii  eetahUihed. 

Coroflery  1. 

When  the  tangent  Gil  is  parallel  to  the  chord  of  contact  of  the  other  two,  it 
viU  biiect  CD,  DE  in  6  and  H,  For  in  thia  caae  we  have 

Bf  tktonm,  CG  :  GD  ::  DH  :  HE,  or  comp.  CD  :  DE  ::  GD :  HB| 
but  hj  pacallela  CE,  GH,  we  have  CD :  DE ::  GD  :  DH ; 
vhenfore  DH  s  HE»  and  therefore  alto  CG  s  GD. 

Corollary  2. 

A  tangent  to  the  paraboh  parallel  to  tho 
eborc!  of  contact,  ia  bisected  in  its  own 
point  of  contact. 

For  it  bisects  CD  and  DE  by  last  oor. 

and  bv  th.  itself, 

Gi  :  lU  ::  CG  ;  GD  ::  DH  :  HE. 

Corollary  3. 

The  diameter  which  passes  through  the  interMction  of  the  tangents  is  conja- 
^te  to  the  chord  of  contact. 

For,  CE  is  parallel  to  GH  the  tangent  at  the  extremity  I  of  the  diameter  IK} 
and  hence  the  diameter  IK  and  the  tangent  Gfl  at  I  being  conjugate,  the  chord 
CE,  which  ia  parallel  to  GH,  ia  also  conjugate  to  IK. 

Scholium. 

The  property  itself  has  been  often  attributed  to  Dr.  Ilalley,  but  it  i**  found  in 
the  Cnnir^  of  Apollonius.  The  uses  made  of  it  in  the  demonstratioti  of  ilicorems 
are  numerous;  but  its  chief  modem  interest  is  the  nul  \\lnch  it  nflwrds  in  tracing 
tbe  courbe*  de  raccordement,  according  to  the  methuds  of  Pruny  and  iinauciiun. 
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PROP.  ItVIII. 


The  areaqf  anj/  paraboUe  segment  is  hrn  thirdt  of  tie  area  t^its  coagwgalM 

paraUeioifram, 

Let  SAE  be  a  segment  of  the  para*  ^ 
bola,  GH  the  tangent  at  A  parallel  to  *\ 


KN  the  distance  of  the  lines  AD,  KI.  ' 

Then,  since  ER,  KE  are  tangents  at  E  and  E  meeting  in  R,  and  RK  ts  a 
diameter,  the  ordinate  ££'  is  bisected  ill  I  RK  {proj).  vii.)i  wherefore  the 
trapesinn  I>DEE'  ss  DD'.  KN. 

Ag»io,  since  AD = AT,  and  AD'sAT  (jwvp.  au  eer.l),  we  have  DD^TT; 
and  hence  the  triangle  TRT  =  ^TT.  KN  =  ^DD'.  KN.  Wherafoie  tnpenn 
D'DEE'  =  2  triangle  TRP. 

Now  this  conclusion  is  accurately  true,  however  small  the  distance  DD^  mar 
be,  an(1  applicable  to  every  one  of  such  inscribed  trapezia,  liow  manj'  soever  be 
taken  hi  succession.  If,  then,  we  take  DD'  indefinitely  small,  and  the  trapezu 
b«>  lormed  indefinitely  numerous,  so  as  to  form  by  their  assemblage  a  polygon 
inscribed  in  the  parabola  SAE;  there  wiU  be  formed  a  corresponding  number 
of  triangles,  each  of  which  is  the  half  of  the  area  of  the  ooiieeponding  trapezium, 
and  hence  the  whole  of  which  triangles  will  together  be  half  the  area  of  Uw  cor- 
respooding  trapezia. 

Again,  the  limit  towards  which  the  sum  of  all  the  trapezia  approzimatM,  and 
the  more  closely  as  the  distances  DD'are  diminished,  and  the  chord  EE'  approxi- 
mates to  the  arc  of  the  curve  EE',  is  the  area  of  the  segment  of  the  parabola 
DAE;  and  the  limit  to  which  the  sura  of  all  the  triangles  approximates  under 
the  same  circumstances  is,  the  exterior  space  contained  by  the  lines  AT,  TK,  ami 
parabolic  arc  AEE'.  The  former  space,  then,  when  DD'  is  diminished  sine  limite^ 
is  double  the  latter.  But  both  taken  together,  are  eqnsl  to  the  triangle  DTE; 
wherefore*  the  segment  DAE  is  two-thirds  of  the  triangle  DTE.  In  tho  ams 
way,  the  segment  DAS  is  two^thurds  of  the  triangle  DTS  i  and  henea  llie  meg" 
ment  SAE  is  two-thirds  of  the  triangle  STB. 

Lastly,  the  triangle  STE,  and  parallelogram  SHGE,  standing  on  the  aame 
base,  but  the  base  DT  of  the  triangle  beings  double  AD  of  the  parallelogram,  the 
triangle  and  parallelo^am  are  equal.  Wherefore  the  parabolic  s^ment  is  t«o> 
thirds  of  the  parallelogram  SiiCib. 


A  parabolic  segment  cut  off  by  any  chord  is  two-thirds  of  the  inangle  having 
Chat  chord  for  its  baae,  and  the  tangents  at  the  extremities  of  the  chord  for  its 


For,  dfiw  another  ordinate  E^D'S'  to 
the  diameter  AD,  and  the  tangents  at 

E  and  E'  meeting  the  diameter  in  T 
and  T',  and  each  other  in  R ;  through 

R  drnw  RK  parallel  to  AD,  cutting 
EE' m  I,  and  DK  in  K,  and  denote  by 


SE,  and  AD  the  diameter  through  A  j 
and  draw  SI!,  EG  parallel  to  AD: 
then  the  area  of  the  segmeut  SAE  is 
two-thirds  of  the  parallelogram  SHGE. 


Corottory  1. 


sides. 
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This  hn<;  been  proved  in  the  propoeitioiit  where  U  waa  sbowo  that  ^e  sag* 
nent  SA£  =  §  triangle  bTK. 

Cbrptfofy  3, 

(Se^  ff/.  pr,  wm.) 

Hie  triangle  CIE  is  double  the  area  of  the  trianjjle  GUD. 
For,  (cor.  1,)  2  exterior  space  CGI  =  segment  on  chord  CI ; 

2  exterior  space  IU£  =  segment  on  cbord  IB; 

3  exterior  ipeceCDEs  aeguiciit  on  chord  CB ; 

wfaenee* 

3  ext.  ep.  CDE— 3  ext.  tp.  CGI«*8  ext.  ep.  IHBsMg.  CB— aeg.  CI— icg  IB} 
or  3  triangle  GHD  s  tringle  CIB. 


TH£  ELLIPSE. 

I.  PROPBRTIia  OP  LINKS  RXLATSO  TO  THB  PBINaPAL  DIAMBTBB8. 


PROF.  f. 


The  squares  qf  the  ordinates  of  the  transverse  diameter  are  to  one  another  as  the 

rectangles  qf  thir  abscisses. 

Let  AVB  be  the  transTerae  plane;  A6IB  the  elliptic 
secttODal  plane;  AB  the  transverse  axis;  KOL/7  and 
MTNt  ?^nv  two  sections  of  the  cone  perpendicular  to  its 
axis,  which  also  cut  the  sectional  plane  within  the  cnnej 
and  let  KL,  MN  be  the  intersections  of  these  planes  with 
the  trannverie  plane,  and  GF^,  lUt  those  with  the  sec- 
tional plane. 

Then»  aince  KGI^,  MINt  are  aectiooa  perpendiodar  to 
the  aria  of  a  right  cone,  they  are  circles ;  and  since  the  ^ 
Iranaverae  plane  passes  through  the  axis  of  the  cone,  it 
passes  through  the  centres  of  these  circles,  and  the  lines  y 

KL,  MN  are  diameters  of  tlie  circles  KfJL?,  MlNi  / 

Again,  since  AVB  passes  through  tlie  axis  of  the  right 
cone,  it  is?  perpendicular  to  the  base  and  to  each  of  its  parallels,  as  to  KGi^, 
MINi,  He.  i  and  it  is  perpendicular  to  AGB^r  by  de6nition  ((/^.  5)  :  wherefore, 
tlie  two  planca  K6L»  AGB  being  each  perpendicular  to  AVB,  their  common 
section  6^  ia  perpendicular  to  AVB,  and  hence  to  everf  line»  aa  AB,  KL 
oitnated  in  it 

Now  KL  being  a  diameter  of  the  circle  KGL^andG^  peipendicular  to  it, 
this  line  wUl  be  bisected  in  F.  In  the  same  manner.  It  ia  perpendicular  both 
to  AB  and  MX,  and  is  therefore  also  bisected  in  H. 

The  tangent  planes  to  the  cune  at  AV,  BV,  and  likewise  the  sectional  plane 
AfH^,  I  f  lug  perpendicular  to  the  transverse  plane  AVB,  their  intersections  PQ, 
RS  are  also  perpendicular  to  AVB;  and  hence  also  to  the  line  AB  in  it.  Where- 
fore, in  the  aectional  plane  AGB,  the  linee  PQ,  BS,  U^,  It  being  perpendicnlar 
to  AB  in  it,  are  all  parallel  to  one  another. 

Bnt  QVP,  being  a  tangent  plane  to  the  cone,  tonchca  it  only  in  the  atiatght 
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hne  AV  ;  and  hence  the  straight  line  PAQ  meeta  the  cone  only  ia  the  point  A, 
and  tbmfore  alto  meett  die  lection  only  ia  that  pout.  It  is,  tbmfore,  the 
tugmt  at  A,  the  vertex  of  the  tnnsvene  diameter;  and  hence,  again,  G^,  U 
are  oidioal  ehoidt  to  that  diameter,  and  FG»  HI  are  crdioatee. 
Now  by  eimilar  triangles,  AFL,  AHN,  and  BFK,  BHM,  wehm 

AF  :  AH  ::  FL :  HN, 
FB  :  HB     KF:  MH; 
hence,  compounding,  AF  ,  FB  :  AH  .  HB  ::  KF  .  FL  :  MH  .  HN. 
But  by  the  properties  of  the  circles  KGL,  MIN,  we  have 
KF.FL=FG2,  and  MH  .  HN  =  HPj 
wherefore,  AF .  FB  :  AH .  HB    FGP  :  HP. 

Corollary  1. 

The  trnn°verse  rliamt  tor  AR  bisects  its  conjugate  chords  G^;,  li ;  and  the 
curve  its  c:i>uij)Ose(l  of  t'.vu  t(ju<il  branches  symmetrically  situated  on  each  side  of 
the  transverse  diameter.  The  term  diameter  is,  therefore,  pruperiy  applied  to 
the  line  AB. 

CoroUary  3. 

The  tangents  at  the  vertices  of  the  transverse  diameter,  the  ordinates  of  that 
diameter,  and  its  conjugate  diameter,  are  all  perpendicular  to  the  transverse 
axis. 

Corollary  3. 

Tlie  ellipse  is  entirely  situated  upon  a  single  sheet  of  the  cone,  and  fftmp^iyid 
of  one  smpjle  and  continuous  curve. 

For,  since  the  directing  plane  separates  the  two  sheets,  and  every  ]ilane 
parallel  to  the  directing  plane  must  lie  wholly  on  one  side  of  that  plaue,  the 
eectlooal  plane  cannot  cat  Htno  sheet  of  cone  situated  on  the  other  side  of  tho 
directing  plane.  The  scctioiul  plane,  therefore^  cuts  but  one  sheet  of  the  coo^ 
and  the  cnnre  is  situated  entirely  upon  it 

Also,  since  the  generatrices  of  the  cone  take  continuous  positions,  and  there 
is  no  one  of  them  not  cut  by  the  directing  j)lane  in  the  vertex  of  the  cone,  they 
mu^t  nil  be  rut  afrain  by  the  sectional  plane,  and  the  points  in  which  it  cats 
them  must  form  a  contmuous  curve. 

PROP.  II. 

The  square  of  the  transcerse  diameter  is  to  the  square  of  its  conjugate  OS  the 
rectangle  of  the  abscisses  to  the  square  qf  their  ordinate, 

CoNcisrvB  AB  of  the  preceding  figure  to  be 
bisected  in  C,  as  in  that  annexed,  and  a  circular 
section  1(1  be  drawn  cuttintj  the  transverse  plane 
in  TVV,  and  the  sectional  ])lano  in  ab.  Also,  let 
AA',  BB'  be  the  diameters  oi  the  circular  sec- 
tions at  A,  B.  Then  B'B  s  STC,  and  AA' 
SCW«  Wherefore  is  a  mean  proportional 
between  AA'  and  B'B,  and  is  therefore  the  eon- 
jngate  diameter  of  the  ellipse  8).  Where* 
fore,  as  in  the  former  proposition^  and  alter- 
nately. 
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AC .  CB  :  TC .  CW  ::  AF .  FB  :  KF .  FL ;  or 
AC  :     Ca«     ::  AF .  FB  :  FG=  i  or  again, 
AB':     alf*  ::AF.FBiFG'. 


Ordinates  equidistant  from  the  centre  of 
the  ellipse  are  equal :  tiiat  is,  if  CD  —  CG, 
then  DE  ==  GH. 

For  AD .  DB  :  AG .  GB ::  D£^ :  GH* » 
aim  AD  s  AC  —  CD  =s  CB  —  CG  =  GBs 
aod  DB  =  DC  +  CB  =  GC  +  CA  =  AG; 
wherefore  AD .  DB  =  AG  .  GB|  and  beoce 
D£3  =  GU^  or  D£  s=  GH. 


CoroOsty  2. 

Join  EH :  then  it  it  paiaDd  to  the  tranevene  AB,  and  perpendicuUv  to  the 
conjugate  ab,  and  bisected  hy  the  latter  in  K.  Whence  alio,  the  ellipse  it 
divideil  by  ab  into  two  branches  symmetrical  with  respect  to  e^ ;  and  06  is  a 
diameter  of  the  ellipse. 

CoroOsry  3. 

Ca  is  greater  than  any  ordinate  on  either  side  of  it.    For  by  the  proposition, 
AC»  :  Ca* ::  AG*  -  CD*  (=  AD .  DB) :  DE^  1 
and  since  the  first  term  AC  is  greater  than  the  third,  AC  —  CD",  the  second 
Ci^  is  grester  than  the  fourth  D£^.  Wherefore  Co  is  greater  than  DE. 

CoroUary  4. 

Drair  a  line  through  u,  parallel  to  the  ttansverse  AB,  it  will  be  a  tangent  to 

the  ellipse  at  a. 

For  if  not,  let  it  cut  the  ellipse,  as  at  U.  Then,  by  the  preceding  corollary 
aC  is  greater  than  GH,  and  hence  oH  is  not  parallel  to  AB;  but  it  is  ]varallel 
by  construction,  which  is  impossible.  The  parallel  through  a  does  not,  tiiere- 
forc,  cut  the  curve  in  any  otlier  point  H,  and  hence  it  is  a  tangent  at  a.  In  the 
same  mauncr,  a  line  through  b  parallel  to  AB  will  be  a  tangeut  lo  the  ellipse. 

CbrofioryS. 

The  tangents  at  the  vertices  a,  b,  of  the  conjugate  diameter  being  parallel  to 

AB,  and  oft  being  perpendietdar  to  AB  and  to  EH ;  the  lina  EH  ia  an  mfiffinal 
chovd  to  ab,  and  being  bisected  in  K,  EK»  and  KH,  are  ordinates  to  the  dia- 
meter 06. 

CoroUmy  6» 

The  axes  AB,  ab,  are  conjugate  diameters  to  each  other ;  and  the  tangents  at 
their  vcrticetf  constitute  the  conjugate  rectangle  {def.  2  \ ). 


•  A  niiiiibcr  of  curiou«  investigations  connected  witli  tlii^  ]»:»rt  of  tht-  sulijtct,  (IiMiioiij-trnteJ 
with  the  ri;.'oiir  of  the  ancients,  but  on  a  principle  pcculiur  to  the  author,  arc  ^'ivrn  by  tlio 
Duke  of  ijoiuem't,  in  his  Treatm  on  the  JStemaUtuy  Properties  of  tht  EUipte^  iWi.  I  he 
■MM  |np0Tti«i  tmj,  spin,  alio  be  deduced  from  tbo  coRcapondiaf  prapertiM  of  iho  dido,  tgr 
aMMM  of  IB  ohIlqM  wetieB  of  tho  tight  ^liader  Mudiag  upon  tho  ciido. 
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PROP.  Ill, 

Tke  trauveru  dUuittar  it  to     parameter  ns  the  reetmgU  ^  Ittf  oMMCff  to  tk$ 

square  qf  their  ordinate, 

(JSfJig.  io  coroUarf  l,  prop,  iL) 

FoBt  by  the  definition  (\7)»p  denoting  the  paraiiMtar, 

AB  tab  nab  I  pi 

and  henea  AB  hat  to  p  the  duplicate  ratio  of  AB  to  a6 ;  hence,  and  (jfrop*  ii*) 

AB  :|r ::  AB> :  a6>  ::  AD.DB :  0£*. 

PROP.  IV. 

The  square  of  the  semi-conjm^ale  diameter  is  to  the  sqmart  pf  the  transverse  at  tke 
reetomgle  qf  the  abscisses  qf  the  oos^ugaie  ie  to  the  square  qf  their  ordimaie, 

(Setfg,  to  eoroUarjf  i,  prop,  U) 

Vou.  let  EK  be  the  ordinate  to  the  point  £  referred  to  the  conjugate  axis  <i^, 
and  let  C  be  the  centre  of  the  ellipse ;  and  draw  ED  an  oidinale  to  the  aatia  AB. 
Then  iprep,  U,) 

Cd» :  CA«  ::  DE»  (=  CK*) :  AD .  DB  (=  CA»  -  CD«). 
Whence  Co" :  CA' ::  Ca>  -  CK*(s  aK.K6) :  CD>(=s  KE>); 
which,  converted  into  words,  it  the  ptopoaition  enunciated. 

Corollary  1. 

The  gquu^  of  the  semi-conjugate  diameter  iti  to  the  square  of  the  transrerse 
as  the  difference  between  the  squares  of  the  semi>conjiigate  and  the  distance  al 
the  ordinate  from  the  centre,  to  the  square  of  the  ordinate. 

This  form  of  enunciation  preserves  the  analogy  to  the  hyperbola  unbroken  as 

to  geuerui  properties. 

Coroliary  2, 

If  the  ellipse  and  circle  be  conceived  to  be  generated  hy  the  motion  of  a  line 
jKTju  iulx  ular  to  the  transverse  axis,  and  by  points  whose  distances  from  that 
axis  li  e  ah',  ays  in  the  given  ratio  of  the  diameters  of  the  ellipse,  the  spacer 
which  are  &uuuitaueou8ly  described  by  the  lines  cuutaiucd  between  the  traos- 
venecGameter  and  thoee  points,  wiU  also  be  In  the  same  conatutt  ratio.  Whence 

The  area  of  the  whole  ellipse  ia  to  the  area  of  the  cir^  aa  the  conjugate  to 
the  tranevene  diameter. 

The  areas  of  any  two  corresponding  portione  of  the  dlipee  and  hyperiiola  ns 
in  the  same  ratio. 

The  same  entire  or  partial  areas  are  as  the  square  of  the  diameter  of  the  dfde 
to  the  rectangle  under  the  two  axes  of  the  ellipse. 

The  areas  of  the  two  circles  described  as  in  the  proposition  arc  as  the  squares 
of  ilie  UAC6  of  the  elli^e. 

Tbeareaof  the  elHpeeian  mean  proportional  betweenthoeeof  the  twocirclea. 

Corollary  3. 

If  liie  two  axes  become  t  (jual,  ihe  ellipse  is  reduced  to  a  circle,  showiog  that 
the  circle  ia  a  simpUfied  variety  qI  the  ellipse. 
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Corollary  4. 

If  two  ellipses  have  the  same  line  for  their  transverse  or  for  their  conjugate 
(l  iHMu  ters,  their  ordinates  to  the  same  abscisses  are  always  in  the  same  ratiojviz. 
that  uf  tiie  other  axes  of  the  ellipses. 

PROP.  V. 

1.  If  /too  circles  be  descrUted,  one  on  each  diameter  of  an  ellipse,  the  one  will  lie 

whoUy  tnthout,  and  the  other  tohoUji  totlAui,  the  elHpee. 
3.  An  ordmaU  m  §itker  dnte  If  to  IA«  eom^^midkiff  ordSmale  m  the  eUipse,  as  ih» 

diameUr  to  wibtcft  ihu  orduutU  it  irmtm  it  to  the  other  dimeter, 

Firti.  Let  AB,  ab^  be  the  principal  dia- 
meterst  upon  wbicb,  as  cUauieten,  let  the 
elidet  AGB»  be  described ;  these  will 
lie,  in  the  first  witboot,  and  the  eecond 
within,  the  ellipse. 

For.  drrnv  the  ordinates  ED,  Ed,  from  any 
point  E  in  the  ellipse  to  cut  the  circles  in  G 
and     and  the  axes  in  D  and  d.  * 

Then  AD  .  DB  :  DE« ::  AC* :  Ca\  and 
hence  AD.DB  is  greater  than  DE*  in  the 
dlipee :  but  AD .  DB  DG*  in  the  dide; 
wherefore  DG  ie  greater  than  DE.  In  the 
eame  manner,  it  nay  be  proved  that  any  other  ordinate  In  the  circle  AGB  is 
greater  than  the  corresponding  ordinate  of  the  ellipse  A£B :  wherefore,  all  the 
points  of  the  circle  AGB  lie  farther  from  the  axis  AB  than  those  of  the  ellipse 
AE15  (except  A  and  B);  and  hence  the  circle  AGB  lies  wholly  without  the 
ellipse. 

Again,  ad.db  :  dE-  ::  Ca-  :  AC-,  and  hence  ad.db  is  less  than  t/E-  m  the 
ellipse :  but  oil.  di(  ss  dEp*  in  the  circle ;  wherefore  dg  is  lees  than  de.  And  by 
reasoning  analogously  to  the  preceding  pamgraph,  the  circle  lies  wholly 
within  the  ellipse,  the  points  e  and  h  excepted. 

Secondly.  The  ordinates  of  the  ellipse  are  to  those  of  either  circle  as  the  dia- 
melem  of  the  ellipse  themselves ;  that  is, 

AC  :  Ca  ::  DG  :  DE,  and  aC  :  CA  ::  dg  :  dE. 

for  by  the  circle,  AD  .  DB  =  DG' :  whence,  by  the  ellipse,  we  have 
AC»  :  Ca'  ::  AD .  DB  (=  DG')  :  DE^,  or  AC  :  Cfl DG  :  DE. 
And,  in  a  similar  manner,  we  get  aC  :  CA    dg  ;  dE, 

Corofkay. 

Tht  points  G,     C  are  in  one  straight  line. 

For  draw  GO,  ^C,  and  G^ ;  then, 

since  AC  :  Ca    DG  :  DE,  and  aC :  CA  ::  dg  :  (/E,  we  get 
DG  :  DE  ::  dE  :  dg,  or  DG  :  DC  :r  Cd  :  dq. 

Now  (con.v/r.)  Egd  is  a  straiglit  line  parallel  to  CD,  and  hence  the  triangles 
GDC,  gdC,  having  the  angles  at  D  and  d  equal,  and  the  sides  about  these  pro- 
portional, are  similar.    Hence  the  angles  DGC,  dCg  are  equal. 

Again,  DG  :  DC DG  —  Cd :  DC  ^  ::  GB  :  Eg,  and  the  angles  G^, 
GDC,  are  equal,  by  the  parallels  "Egd  and  DC  $  therefore  GE^^,  GDC,  are  similar 
triangles,  and  the  anglee  DCG,  %G,  are  equal. 

Whence  also  the  angles  E^G,  dgC,  made  by  Gy,  Qg,  at  the  point  jr  in  the 
Btiaigbt  Uoe  Mifd  are  equal,  and  hence  G,  jp,  C,  are  in  one  line. 
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PROP.  VI. 

Tke  igyan  of  the  distance  of  thifoemfro'  i  the  emUre  is  equal  to  the  diferenee 
iftki  tquares  of  the  semi-diameters  ;  or,  the  sqnare  of  the  ditttmct  ^  tke/bd  M 
tqmito     differmot  of  the  tqwtraoftke  two  diameiert, 

Tliat  is,  in  letonce  to  CF  and  /F, 
CP=s  CA«  —  Ca«;  or  F/'  =  AB'  — 

For  to  the  focus  F  draw  the  ordinate  FE, 
which  will  bo  the  semi-parameter.  Then, 
(prcrp.  ii.,) 

CA3 :  Cfl» : :  CA»  —  CP  :  FE' ;  and  {def\7) 
CA" :  Ca=  :  :.Ca»  :  FE*.  Whence, 

=  C A*  —  CP,  or  CP = CA»  -  W. 
AIM,  dovbUiig  the  Unes,  F/*  s  AB«  -  oft*. 

CoroBmy  1. 

If  the  two  semi-axes  and  the  focal  diitanoa  be  made  to  oonatitnte  a  triangle,  it 
will  be  feetangular. 

CoroOafyi. 

The  distance  of  either  vertex  of  the  conjugate  diameter  from  the  foci  is  equal 

to  the  semi-irausvertie  diameter. 

ConUarf  3. 

Hie  aemi-conjugate  Ce  is  a  mean  proportiomd  between  AF,  FB,  or  bemw 
A/,/B,  the  distancee  of  either  focus,  F  or/,  fiom  the  vertices  A  and  B  of  the 

**^*^^r  Cfl2  =  CA*  -  CP  =  (CA  +  CF)  (CA  -  CF)  =  AF.  FB, 
and  Co*  =  CB«  —  Of « =  (CB  +     )  (CB  -  or )  = 

PROP.  VII. 

y«ne»  he  dram  from  ike  foci  and  centre  of  an  elUpse  to  any  point  in  the  asne  .- 
(1).  Thai  drawn  to  the  centre  i$  equal  to  the  dietmtee  qf  the  vertex  ^  the  etteimgmte 

diameter  from  the  dividing  point. 
(2,  3).  Those  (Irmm  from  the  fori  arc  rtinal  to  the  distances  qf  the  correspomdiMg 

vertices  of  thv.  transcerse  from  the  dividing  point. 
(4,  5).  The  sum  of  those  drawn  from  the  foci  is  equal  to  the  transverse  diameter, 

and  their  difference  to  the  difference  of  the  se^nmtt  of  ike  trmu9ere§,  made  by 

the  dividing  point. 

That  is,  if  I  be  the  dividing  point  cor- 
respondent to  E  in  the  curve,  aud  make 
Cr  =  Cl :  then 

(1).  al  s  CE 

(8).EFs:  AI 

(3)  .  B/b  BL 

(4)  .  FE  +  E/=  AB 

(5)  .  FE-E/=  11'. 
(I).  For  {drf.  23),  CB« :  Q^''  : :  CD^  ;  CP,  or 
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CB*  :  CB«  -  C/'  (=  Cfl*)  : :  CD' :  CD«  -  CP ;  but  {pr.  ii.) 
CB^  :  Co-  : :  CB=  —  CD^  :  DE^ ;  whence,  ex  eg.  and  comp. 
CB' :  Ca«  : :  CB« :  CD«—  CP  +  DE^ 
::CB«:  CE»  .-CP. 
Whence  Go^  =  CE*—  CP,  or  CE^  s  CP  +  Go^  =  oP; 
and,  theiefiire,  CE  ss  aL 
(2).  Again,  (Euc.  ii.  12,)  FE«  =  FC«  +  CE^  +  2FC  .  CD. 
But  CE'  =  aC  +  CP  iprtetdkiff  eoie),  and  2FC .  CD  =  2CB .  CI  =s  2AC .  CI 
{dtf,  23)  i  whence  we  have 

FE»  =  FC«  -f  Ca^  -f  CP  +  2 AC  .  CI.  or  {pr.  vi.) 
-  AC-  +  2 AC. CI  +  CP  =  (AC  -i-  Cl)2  =  AI«. 
Wherefore,  we  have  EE  =  A  I. 

♦  (3).  Also,  13,) /E»  =/C»  +  CB»  -  J5/C.CD 

=/C»  +  CP  +  Ga'  —  ^.CD,  or  (pr.  vL) 
s  CA*  —  ^.GD  +  CP,  or  (dtf.  23) 
srCA'^2AC.CI  +  CP, 

=  (CA  -  CI)»  B  (GB  -  Cl)«  =  BP. 

Wherefore. /E2  ^  BT^ ;  or  E/a=  BL 

(4)  .  From  (2,  3)  we  have 

FE  +  E/=  AI  +  IB  =  AB. 

(5)  .  Make  CI'  =  CI :  then  we  have 

FE  -  E/  s  AI  -  IB  «i  SIG  -B  IF. 

ConUarjf  1. 

The  square  of  the  line  drawn  from  the  centre  of  an  ellipse  to  any  point  in 
ibe  corre  is  eqnal  to  the  earn  of  the  eqoares  of  the  aemUcoojogate  diameter  and 
distance  of  the  dividtog  point  from  the  centre  s  that  it,  CP  =  GE^  —  Co^. 

In  this  form  the  analogy  with  the  correepooding  property  of  the  hyperbola  ia 


CorollBry  2. 

From  (2,  3)  ia  derived  the  common  method 
of  tracing  an  ellipee,  when  email,  and  upon 
pnper^  by  points ;  and  when  brger,  as  in  the 
field  or  garden,  by  meana  of  a  string  or  cord. 

(1)  .  In  the  transverse  diameter  AB,  take  -^j 
the  foci  F, /,  and  any  convenient  number  of 
points  in  AB,  of  whucli  I  is  one  :  with  both 
centres  F,  /,  and  both  radii  AI,  IB,  describe 
arcs  intersecting  in  E,  E ,  e,  e  :  these  uili  he 
(onr  points  in  the  ellipee.  Proceed  eimilarly  with  a  new  dividing  point  K,  aud 
obtain  the  four  points  H,  A,  k :  and  when  a  sufficient  number  of  pmnts  have 
been  thus  fpund,  tiaoe  the  curve  carefully  through  them  by  hand,  or  by  an 
elastic  ruler,  capable  of  being  so  bent  as  to  pass  through  each  succeeding  three 
of  the  i)oint8. 

(2)  .  With  a  cord  whose  length  is  equal  to  the  transyerse  axis,  having  its  ends 
fastened  in  F  and  /,  kept  always  Stretched,  in  passing  a  marker  along,  the  point 
£  will  trace  the  curve. 

Corollary  3. 

Suppose  a  point  H',  to  be  taken  helovo  AB,  at  the  same  distance  from  F  that  k 
it  from/,  and  it  will  foUow  that  U/ =:  AF,  and  the  figuio  H'F  V  wiU  be  a 

▼Oi^  II.  K 
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parallelogium ;  and  hence  the  diagonals  Hh'  and  H'A  would  biMCk  acli  other. 
That  i8»  HA'  ii  a  diameter,  it  passing  througb  Ike  puddle  C  of  or  of  the  diip 
meter  AB,  and  ii  bisMled  in  that  point 

PROP.  VIII. 

1/  the  mtmot  angle  at  a  poimt  in  the  curve  nuuh  bff  producing  one  of  the  foeml 
lme$bebitected,tkebmamglimwiUbeui^K^ 

LsT  the  focal  line  FE  he  produced 
to  G,  and  the  angle  GE/  bo  bisected 
hf  EP :  then  EP  will  he  a  tangent 
atE. 

For  if  not,  let  it  meet  the  curve 
again  in  some  point  T :  take  EG  = 
E /,  and  join  FT,  /T,  TG,  and  /O, 
meeting  ET  in  P. 

Then  since  the  vertical  angle  /EG 
of  the  isosceles  triangle  /EG  is 
bisected,  the  bisecting  lineEP  bisects 
the  base/G  in  P  at  right  angles. 
Hence  the  triangle  /TG  ie  also  ieoeedei*  having  /T  s  TG,  and  FT  +  T/ss 
FT  +  TG.  It  follows,  dierefore,  that  FT^-Xf,  which  is  equal  to  FT  +  T6» 
is  greater  than  F6.  that  is,  than  FE  +  EG,  or  again,  than  FE  +  E/.  But 
since  T  is  a  point  in  the  curve,  FT  +  T/b  FE  +  E/:  which  is  impoanhle. 
The  point  T  is,  theielore,  not  in  the  ellipse :  and  it  may  be  shown  in  the  sSBis 
way,  that  no  other  point  besides  £  is  in  the  cor?e»  and  therafoie  TP  ie  a  tan- 
gent at  £. 

Corolfary  1. 

The  tangents  EP,  E'H,  at  the  opposite  extremities  E,  E",  of  any  diameter  BE', 
are  parallel  to  one  another :  and  parallel  tangente  are  at  the  oppoelte  extremities 

of  the  same  diameter. 

For  the  diameter  EE'  is  bisected  in  C  {pr.  wi.,  cor.  3),  and  likewise  Vf  is 
bisected  in  C:  hence  FE  fE'  h  a  parallelog^ram,  and  tlie  an^^le^  FEf,  FRy are 
equal.  Wherefore,  TEE'  =  11  ;r  -|-  FEE'  =  HE/  -f  /h  E  =  HE'E ;  and  the 
alternate  angles  TEE',  UE%  b«uig  equal,  TE  i$  parallel  to  BE'.  The  converse 
follows,  ex  absurdo. 

Corollary  2. 

Tlic  perpendictilnrs  /P.  FP',  from  the  foci,  intersect  the  tmgento  draWB  to 
all  points  of  the  curvi-,  m  ;\  circle  on  the  transverse  diameter  AB. 

For,  draw  CP.  Then,  since  Vf  and /G  are  bisected  in  C  and  P  respectivdj, 
CP  is  paraUel  to  FG,  and  F/G,  C/P  are  similar  triangles.  Wherefore  also 

F/  :/C  : :  FG  (=  Aii  =  2CB)  :  CP  : :  2  :  1.  , 

Whence  CP  =  ^AB  =  CB. 
Now  C  being  a  given  point,  and  CB  a  given  line,  the  point  P  k  in  a  eiids 
on  AB> 

la  the  same  way  we  maj  show  that  F  is  in  the  same  cirde. 

Corotiory  S« 

The  reetaugle  under  the  perpendiculaie  from  the  foci  upon  any  tangent  if 
equal  to  the  square  of  the  semi-conjugate  diameter. 
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For  let  FP'  and/P  be  UuMe  perpendiculaxs  upon  the  tangent  at  £;  and  pro- 
duce ^to  meet  the  cixde  oo  AB  in  H. 

Then  F/./H  =  Af./B. 

A|{am,  since  the  tangent  at  E'  it  parallel  to  FP,  the  perpendicular  /H  fren/ 
upon  it  will  coincide  with  fV;  and  the  intersection  of  the  tanf^ent  at  E'  with  the 
perpendicular  from  /  will  be  in  the  circle  on  AH.  I  he  point  is»  therefor^ 
that  interaection.  Hence  the  tAvo  triangles  FEl*',/E'H  are  equal  in  all  respects, 
and  /H  =  FP.  Uence  the  condition  ^./H  =  V»/^  becomes  VJ,  = 
A/./B  =  CXr*. 

PROP.  IX. 

If  a  tangent  and  an  ordinate  be  drawn  fmtn  any  point  in  thr  ritrre  to  rnpct  the 
transverse  nxis,  the  semi-transverse  tvili  be  a  mean  proportional  between  the  diS" 
tances  of  the  two  intersections  from  the  centre. 

That  is,  if  E  Tip  the  point  frona 
which  the  tangent  ET  and  ordi- 
nate ED  be  drawn  to  the  trans- 
vecse  diameter,  ^ 

CT:  CB  ::  CS  :  CD. 
For  dnm  FB>  eod  predace  it  to  , 
G,  and  draw/St  ako  let  I  be  the 

dividinjf  point. 

Then,  {Eue.  w,  J»)  FT  :  1/  ;: 

FE  :  E/;  that  is, 

TC  -i-  (y  :  TC  -  C7  : :  FE  :  E/;  and  comp.  et  divid, 

Cr  ;  or ;;  BC  ;  CL  or  CT  :  CB  : :  C/- :  CI»  or  {drf,  23), 

::CB:  CD. 

CoroOttrf  1. 

If  foUowe,  that  if  any  ellipse  have  AB  for  ili  Umumnt  diasietcr»  and  D  for  the 

intersecting  point  of  the  ordinate,  then  the  tangent  at  the  point  in  wincli  the 
ordinate  from  I)  cuts  the  olliji-^f ,  will  alway??  pass  thronj?h  T. 

For  in  all  case^,  two  of  the  Unea  CD,  CB,  being  given,  the  third  proportional 
CT  is  fixed  in  inagmiude. 

Whence,  the  circle  being  a  variety  of  the  ellipse,  (the  foci  coalescing  in  the 
centre,  and  the  conjugate  diameters  equal)  we  ara  enabled  to  construct  a  tangent 
to  the  ellipae  from  a  point  T  in  its  tnuMverae  aiia. 

For  deacribe  the  drele  on  AB»  and  from  T  draw  the  tangent  TB^ :  and  then 
the  ordinate  at  E'  to  cat  the  eUipae  in  E.  The  line  TE  ia  a  tangent  to  the 
eUipae. 

Corollary  2. 

The  tiBMveiae  diameter  AB  ia  harmonically  divided  (poL  u  p>  340)  in  C 

an(i  r. 

For  since  (TV  :  (^H  : :  CB  :  CD,  we  have,  comp.  et  divtd. 

CT  +  CB  :  Cr  -  CB  : :  CB  +  CD  :  CB  —  CD,  that  is 

AD  :  DB  : :  AT  :  TB. 

Corollary  3. 
AD.DB  =  CD.DT. 
For  each  \^        to  CB'  ~  CD*,  the  former  by  Sue,  n,  5,  and  the  ktter  fol- 
lowa  from  the  proposition. 

K  2 
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Corollary  4. 

Let  another  tangent  ifR  and  ordinate  e'd'  be  drawn :  then 

C<r  :  CD  ::  CT  :  CR. 
For  as  before,  Cd' .  CR  =  CB»  =  CD .  CT;  wherefore,  etc, 

CoroUarf  6. 
BD»  :  BT* CD  :  CT. 
For  by  the  propontion  CD :  CB  ::  CB  :  CT,  and  hence^  oomp. 

CB  —  CD  :  CT     CB  ::  CD  :  CB$  that  is,  BD  :  BT  ::  CD  :  CB,  or 
BD«  :  BT* ::  CD*  :  CB«  ::  CD*  :  CD  .GT ::  CD  :  CT. 

Corollary  6. 

If  F  be  the  focuF,  FE'  the  ordinate,  and  ET  the  tarii^ent  at  K'.  rind  if  TH  be 
drawn  ]icrpcndicular  to  the  transverse  axis,  it  will  be  the  directrix  {def.  24): 
whence  by  the  proposition,  the  semi-transverse  is  a  mean  proportional  between 
the  distances  of  the  centre  from  the  focus  and  the  directrix. 

CoroBofy  ST. 

Let  the  tangent  meet  the  conjogato  aads  at  I,  and  an  ordinate  also  be  drawn  to 
meet  it  at  d.  Then 

1,  Cd  :  Ca  ::  Ca  :  Ct.  I  3.  bd :  da  ::  bt  :  ta, 

2,  da^  :at-::Cd  :Ct.  I  4.  bd  .  da^Cd.dt. 

For  these  are  related  to  the  conjugate  diameter  as  the  other  magnitudes  ana  to 
the  transTetae^  and  aimiUr  reaaoning  evidently  applies  to  both  cases. 

PEOP.  X. 

Tk*  ditkmeeifthg  Hn^riw  from  a  pQuU  in  th€  fXSpie  has  t9^dManee  of  th§ 
fbeui  from  ike  tame  jMiaf  the  §m»  ratio,  wAsrswr  tn  the  carve  that  ptMU  he 
iakea*. 

Tbat  is,  if  NL  be  the  directrix  with 
respect  to  the  focus,  and  N'L'  that  with  ^ 
respect  to/,  we  shall  have 

FE  :  EL  ::/E  :  EL' ::  OF  :  OA; 

that  is,  a  constant  ratio  wherever  £  be  ^ 

taken  in  the  curve.  *1 

For  let  I  be  the  dividing  point :  then 
by  the  property  of  the  directrix  (j?r,  ix,  i 
cor.  6,  and  dtf»  23),  ' 

*  This  cttitttsnt  ntlo  it  thftt  defined  at  page  107  «•  the  dttmrmbiii^  ratio.  The  property 
itwlf  WM  known  to  the  ancient?.  .iikI  waa  probably  employed  in  discussing  the  conic  sections; 
as  it  is  accidentally  mentioned  by  Pappus,  but  not  made  further  UM  of,  hit  CoUtetiom  not 
including  any  systeui&tic  exposition  of  the  properties  of  conies. 

Boscovich,  about  a  century  ago  (1744)  made  it  the  basis  of  a  treatise  on  these  curres;  and 
about  ludf  a  century  later,  the  Rev.  Tbomas  Newton,  of  Cambridge,  poUithed  a  very  ele|(uit 
little  treatise  founded  on  the  same  principle.  Several  geometrical  treatises,  of  greater  or  It 
merit,  linve  ^inee  been  founded  vipon  it  !lic  principal,  and  h\  far  the  mo?t  proftnind,  i«  tli;it  ot 
Sir  John  Italic.  The  property  has,  al&o,  beea  oftea  used  as  the  basis  of  the  Cfhordinate  methodi 
of  treating  tbe  subject. 

More  recently,  (»ince  1820,)  tbo  reiearebea  of  Qnstelet  and  Daoddin  havo  fpnai  new  intcwt 
to  this  subjec  t,  by  deducing  the  property  from  the  cone  itself  by  the  aid  of  tilS  iaSGlibsd  spbcfl> 
Their  theeiema  will  be  bneflj  admted  to  in  a  fntwre  p^o. 
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CF  :  CA  ::  AC  :  NC,  and  AG  :  NC  ::  CI :  CD;  or  eomp.  tte^ 
CP :  CA  ::  AC  +  CI  :  NC  +  CD  ::  AI  :  ND  :s  FB :  EL. 
hkhktmuaer^i^:  CB ::  CF :  CA  n/£ :  £1/. 

Corollary  1. 

If  a  line  HE  be  dravim  through  the  focus  F,  and  the  lin«t  UN*  EN  be  drawn* 

they  will  make  equal  angles  with  CN. 

For,  draw  the  ordinates  ED,  HP,  to  meet  the  axis  in  D  and  P,  and  lir  i\v 
UM,  EL  parallel  to  the  axis  meeting  the  directrix  in  M  and  L,  and  produce 
EHtoK. 

Tlien  by  the  propoailloo  and  the  eini.  triani.  PHF*  DBF* 

ON  I  PN  ::  EL:  MH  ::  FB  :  FH  ::  ED  :  HP. 
Hence  die  right-angled  trianglee  DEN*  PHN  have  the  sides  about  the  right 
anglee  proportional  i  and  they  an  therefore  equiangular*  having  END  s  HNP. 

Corollary  2, 

The  cliord  HE  is  divided  harmonically  by  the  focus  in  F  and  K. 
For  by  the  similar  triangles  KHM,  KEL,  and  by  the  prop, 

KH  :  KE  ::  MH  :  EL     HF  :  iE. 


PEOP.  XI. 

Jf  two  lines  be  dravcn  /rom  any  point  in  the  directrix  of  an  ellipse  to  cut  the  curve, 
om  qf  which  posset  thrmiffh  the  focus,  and  Imet  hi  ^kamm  fnm  that  focus  to  the 
pomi$  taken  ike  other  the  enlt  ike  CHnet  then  thete  wiU  wiake  egaol  might  wUk 
the  Ume  drmm  lAroa^A  the /ease. 

That  is,  if  from  T  m  the  directrix  NL 
a  line  TR  be  drawn  through  the  focue  F  t 
corraponding  to  the  directriz  NU  and  m 
mny  other  line  through  T  cut  the  curve 
in  E  and  H ;  then  the  angles  EFT*  HFR  > 
inll  be  equal. 

For,  draw  EL,  HM  parallel  to  the  axis, 
and  HR  parallel  to  EF  meeting  TF  in  R. 

Then,  by  i)arallel9  EF,  HR,  and  EL, 
HM,  and  prop,  x.,  we  have 

EF  :  HR ::  TE  :  TH  ::  LE :  M H  : :  EF :  FH* 

Whence  HR  =  HF,  and  HFR  =  HRF  =  EFT. 

CoroUary  I. 

If  the  secant  TEH  by  revolving  so  as  to  bring  the  points  E  and  H  to 
coalescence^  become  a  tangent  at  Q,  the  property  still  holds  good,  and  the 
aogka  QFT*  QFR  become  right  angles.  Whence, 

If  from  a  pointTia  the  directiiz  a  tangent  TQ  be  drawn*  and  aline  TF  to 

the  corresponding  focus*  then  QF  w  ill  be  always  perpendicular  to  FT. 

In  like  manner*  if  the  tangent  TS  be  drawn*  TFS  will  be  a  right  angle. 

« 

Corollary  2. 

If  tanrrents  TS,  TQ  be  drawn  from  a  point  T  in  the  directrix,  the  chord  of 
conUct  iSU  will  pass  through  the  focus. 


Digrtized  by  Google 


THE  ELUPSE. 

For,  (oor.  U  SPT  and  TFam  right  aiigi0B$  wtmn  the  poiatB  8,  F,  Q  tte 
in  one  liue»  or  th»  ohoid  BQ,  paMca  tfaroiigh  F. 


Corottflry  3. 

Hie  angle  EFH  U  hisected  bjr  the  line  QF ;  as  is  at  once  obnous. 

ConOarf  4. 

Die  cliui  d       is  banDookally  divided  in  K  and  Tj  by  the  cboid  QF  and 

directrix  NT. 

For  the  interior  angle  EFH  being  bisected  by  FQ,  the  exitiiur  uue  is  bisected 
by  FT,  the  perpeodjeulv  to  FCL  Hence 

HK:KE»HP:FB::UT:TB. 


PROP.  Xlt. 


A  chord  drawn  through  the  focus  of  an  ellipse  is  so  divided  in  that  point,  that  /our 
timet  tkt  netaig!§  mMntd  hf  Hi  wtgrnmU  it  egmf  #tt  rtdirngk  cmUmd 
hy  the  oAoni  and  the  parameter. 

That  is,  4HF .  FE  =  ;> .  HE. 

For,  draw  the  lines  HL,  EM 
perpeiidiculur  li>  tlie  directrix, 
and  join  EN,  which  produce  to 
cut  HL  in  and  draw  FS  the 
focal  ordinate^  or  aemUpara- 
raaler. 

Then,  (pr.  «.  cor.  1,)  HNL 
=  ENM  =  RXT. ;  hence  RL= 
LU.orRH  =:2HL. 

By  similar  triaoglea  RH£  and 
NFE,  we  liave 

EH  :  EF::  RH  :  NF,  or  NF  .  EH  =  EF .  RH  =  2HL  .EF. 
And  ipr.  X.)  HL  :  HF  ::  NF :  FS,  or  2HL .  FE  :  2HF .  FE  ::  XF  .  HE  :  FS  .  HE. 

But  since  2HL .  EF  =  NF  HE,  we  have  aHF .  f E  =  f S .  HK  or  Hrnit^iiir 
both,  4HF .  FE  =  2FS .  HE  =  p .  HE. 

CoroOmy  I. 

If  another  hoe  H'E'  pass  through  the  focus ;  then  we  shall  have 
HF .  FE  :  H'F .  FE' ::  p .  HE  ::  H'E' :  H'E'. 

CoreUarf  2. 

Draw  the  focal  tangent  NS  to  meet  any  ordinate  J>G  in  H,  and  Join  FGj 

then  FG  =  DK. 

For  (prop,  aci.)  SF  is  perpendicular  to  FN,  and  therefore  paraiiei  to  DK. 
"Wherefore  NFS,  NDK  ate  ainilar  triangles,  and  we  have 

NF:FS::ND:DK; 
iflso  {prop,  a?,)  NF :  FS    ND  :  FG, 
Hance,  since  the  first  three  terma  of  each  proportion  aie  8«i^t8fij^  the  fourth 
tenna  of  each  mnat  be  equal;  that  la,  FG  s  DK. 
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PROP.  XIII. 

\f  Mere  hi  any  tangerU  vmimg  fotw  perpmHedan  to  ike  atii  dram  from  ih»t§ 
Jiimr  jndiCij  wmdf,  Out  tmtn,  IA»  im  ettrmiHm  if  li«  tatU,  and  ikapantt 
qfeoaiactj  tkoH/awrperpeiidiaUanidUhtpnportim^ 

That  is,  AG:  DE     CH  :  BI. 
i'or  ipr.  Lc.),  TC:CA::CA  :CD, 
or,  ciip.TA:AD::TC:CA, 
::TCiCB; 
vdA  eomp,  TA:TO::TC:TB; 
and  benee,  bf  die  nnular  trluigles 
TAG,TDE.  TCH.TBI, 

AG:D£:;CU:BL 


TA  :  TD    TC  :  TB,  and  TG  :  TE  ::  TH  :  TI. 
'Vhey  beiog  homologous  Bides  of  the  four  triangles  mentioned  m  the  demonstra- 
tion. 

Corollary  2. 

Draw  AI  to  intersect  Dli  in  P :  then  DE  is  bisected  in  P. 

For,  by  the  prop,  and  precedinjf  corollary^ 

TA:  TC  ::TD:TB::TE:Tlj 
wherefore  the  triaoglet  TAB,  TCI  are  similar,  and  AE  parallel  to  CI.  Hence, 
again,  Ibe  triangles  AED,  APD  aie  similar,  respectively*  to  CIB»  AIB  {  and, 
cooeeqaeDtly, 

AD  :  DE  ::  CB  :  BI.  aodAD:  DP  ::  AB:BI{  end,  tbcraCne, 
DE,:  DP  ::  AB  :  CB  ::  3  : 1»  or  DE  s  SDP. 

Corotimry  3. 
AG .  BI  sr  Ce«. 

For  draw  YA  parallel  to  AB :  then  Cd  wb  DE.   Alao,  by  tbepr.  and  JSee.  ei. 

16,  ED  .  HO  =  Crf .  CH  =  Co*,  {prop,  wr,  cor.  4.) 
T^lienee  we  derive  an  elef^nt  oMthod  <rf  drawing  a  tangent  at  any  point,  £,  in 

the  curve  ol  the  ellipse  :  viz. 

Bisect  the  or  Inuae  ED  in  P  ;  draw  AP  to  meet  the  tangent  BI  in  i;  and,  Uie 
line  IE  bemg  drawn,  it  will  be  the  tangent  required. 

CoroUaiy  4. 

Draw  the  perpendicular?  FK,/L  from  the  foci,  then  FK  ./L  =  AG .  BL 
For  {precedimff  cor.),  Ati  .  BI  =  Co'  s=  FK  ./L  {^prop.  viii.  cor.  3). 

m 

CoroUary  5. 

Let  ag,  d^e,  Ch,  fit,  be  drawn  correspondingly  to  the  conjugate  axes :  then  will 
the  same  mode  of  inooi  apply  to  e^tabhtjh  ilm  following  conditions : 
ag  ,bi  =  Cb^i  ae  parallel  to  Ct;  and  <fe  bisected  by  ai. 
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8£CT10N  IL 

THB  MOPBITIBB  OT  TUB  BLUPSB  DBplHOlNft  VPON  OBLIQVB  CON JOOATm 

DtAMBTBRe. 

PROP.  XIV. 

If/rotn  the  foci  and  centre  of  an  ellipse  li7ics  he  drauii  to  thepoinit  qf  contact,  a$ul 

also  the  iiitrrscction  of  two  tangents  of  the  elU^ae,  then: 
1.  The  angle  contained  by  the  lines  from  the  points  qf  coaiaci  to  eiiier /bau,  if 

bisected  by  that  drawn  from     inlerwelibii  qf  ike  tamgtaU  to  the  mmej^csm. 
%  Tie  Hum  drmmfnm  lie  utt^ntotion  of  the  tangenU  to  iko  iwofoei,  make  egmtl 

angkf  imth  thote  tangenti. 
3.  Th§  Uho  drawn  from  ike  iniamelum  qf  ike  tmigmU  io  ike  centre  if  ike  eUSpetp 

iieeete  the  chord  »jUdl  JoUte  the  peutte  tf  eontaei, 

Lbt  AB  be  the  transverse 
dismeter^  F  and  /  tbe  foci,  C 
the  centre;  and  let  DT,  ET 
be  tbe  tangents  meeting  in  T 

and  touching  the  ellipse  at  D 
anrl  E  ;  draw  EF,  FD.  Fl', 
F/  T( ,  and  ED,  meeting  TC 
inM:  then 

,  fDFT  =  EFl^  ) 
*•  \DfT  =  EfT\ 

|DT/=ErF  i 
3.    DM  —  ME. 

FSret.  Draw  FG»  FH  perpendicular  to  tbe  tangenU  DT,  HT,  and  meeting 
/D,/B  in  K  and  U  and  join  TK,  TL. 

Then  (prop,  em.)*  FDG^  KD6,  and  tbe  angles  at  6  are  eqnal  (eomlr.)*  and 
tbe  side  DO  common  j  hence  KD  =  DP,  and  K/ss  l>f+  KD  ss     +  FD 
AB  (jw.  wi.) ;  and  in  the  same  way  L/=  AB.   Whence/K  =/L. 

Again,  by  the  triangles  FDG,  KDG,  we  have  FG  GK;  and  (constr.)  the 
angles  FGT,  KGT  are  equal,  and  the  side  TO  comnion  to  the  triangles  FGT, 
KGT.   Tlierefore  KT  ^  TF ;  and  similarly.  LT  =  TF.    Whence  LT  =  TK. 

In  the  two  triangles  I'K /,  TL/,  we  therefore  have  the  sides  TK,  K /,  equal  to 
the  sides  TL,  L/,  each  to  each,  and  ly  common  to  the  two  triangles  ;  whence 
the  angles  at  /  are  equal;  that  is,  KfT  —  L/T,  or  D/T  =  E/T.  In  the 
same  way,  by  drawing  perpendiculars  from  /  upon  the  tangents  at  D  and  E  to 
meet  FD,  FE  produced,  it  may  b«  shown  that  DFV  =  EFT. 

Second.  Since  the  triangles  TI^,  TL/  have  been  shown  to  be  equal,  we  have 
the  angles  LT/,  KT/ equal;  that  is, 

LT/ss  KT/,  or  2ETP  +  FT/=  SDTF  —  IXfi  or 
DTF  =  FTE  +  FT/=  ET/,  and  FTB s=  DTF  —       =  DV- 

JTdrd.  Drau  CD.  CE ;  then  the  triangle  TEC  is  composed  of  the 
three  triangles  TEF,  FTC,  and  CEF,  which  are  respectively  equal  to  the 
three  TEL.  TC/,  ar.d  /EC ;  and  the  whole  six  constitute  the  triangle  TL/. 
Wherefore  TRC  is  half  the  triangle  TL/;  and  similarly,  TCD  is  half  the  triangle 
Ti^.  But  the  triangles  TUf,  TL/  have  -  been  already  proved  to  be  equal,  and 
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hence  their  halves  TEC,  TDC  are  also  equal.  Whence  the  triangles  TEC,  TDC 
standing  on  the  mme  h^'te  and  on  opposite  sides  of  it,  the  line  D£f  Joiniog  their 
▼erticeSf  is  bisected  in  M  by  the  base,  or  £M  ss  MD. 

CorolUuri/ 1. 

If  one  diameter  of  an  ellipse 
(def.  23}  be  conjugate  to  ano- 
ther, the  second  is  conjugate  to 
the  first :  that  is,  if  GH  be  paral- 
lel to  the  tangent  DT,  at  the  ex- 
tranity  of  DE ;  then  DE  vill  be 
pftnllel  to  tbe  tangent  at  H,  the 
extremity  of  GH. 

For,  join  EH,  HD,  and  CT 
cutting  HD  in  M.  Then  DH 
is  bisected  in  M,  and  DE  in  C. 
Hence  CT  is  parallel  to  EH. 
Consequently,  CEH  =  DCT,  and  because  by  hypothesis,  CH  is  parallel  to  DT, 
TDC  =  IICE,  and  DC  =  CE,  the  triangles  DCT,  ECH  are  in  all  respects 
equal,  and  CT  =  EH  and  parallel  to  it.  Hence  (Geom.  theor.  24,  or  £uc.  i.  33), 
HT  it  equal  and  pataUel  to  CD. 

CoroUanf  2» 

Hence  any  cirenmseribed  eo^fugate  pwnMogrwn  {dtf,  31)  can  be  drawn  when 
one  of  tbe  points  of  contaet  ia  given :  end  it  will  be  double  the  corresponding 
iuscribed  conjugate  paralUtogram,  That  the  inscribed  figure  is  a  parallelogram, 
ia  evident^  since  GH,  DE  are  bisected  at  their  intersection     (jm>p.  oi.  cor.  3.) 

Corollary  3. 

The  diagonals  of  the  conjugate  parallelograms  are  conjugate  to  one  another. 
Thw^  LN  and  KT  are  conjugate;  they  being  each  parallel  lo  the  tangents  at  the 
other's  extremities. 


PROF.  XV. 


1.  Mverjf  orimd  ekofdit  biteeied bjf  U$  con^nffuie  diameier, 
3.  Tie  tangents  to  eptry  ordieal  ckord  mmt  im  thai  diamtter  frodneed, 
3.  The  semi-diameter  it  a  mean  proportional  betwem  lAe  SCfmenii,  tt^maitdfiim 
tkt  centre,  aU^bjftke  chord  and  tangeitt. 

Lbt  WS  be  a  tangent,  and  VA  a 

diuncter  to  the  ellipse  through  the 

point  V  situated  in  the  curve  ;  and  let 
any  chord  ED  be  parallel  to  WS, 
which,  (filtf,  14,)  is  an  ordinal  chord. 

Then, 

1 .  DE  is  bisected  at  M  by  the  dia> 
meter  VA. 

2.  The  tangenta  at  D  and  £  meet  at 
T  in  CV. 

3.  CM  :  CV  ::  CV  :  CT. 
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Let  the  tangents  at  D  and  E  meet  tliat  at  V  in  "W  and  S  ;  join  SC,  WC,  cat* 
ting  the  chords  1)V.  EV,  in  G  and  H,  and  the  chord  DE  in  Q  and  R.  Draw, 
also,  through  C  the  chord  LK  to  meet  tlie  tangents  ia  K  and  h,  and  VN  pamBcl 

to  CS  meeting  KT  in  N. 

First.  '!'he  rhrep  lines  WS,  DE,  LK,  are  parallel  (def.  14,  and  constr.),  and 
hence  the  triangles  \'\\G,  SVH,  are  respectively  similar  to  DGQ  and  REM  : 
and  (prop,  ate.)  VCj  —  GD  and  VH  =  HE.  Hence  the  triangles  are  alao 
respectively  equal  in  all  respects,  or  VW  =  DQ,  and  SV  =  ER. 

Again,  the  dmilar  triangles  LCS,  RES,  and  the  similar  triangles  CWK,  QWD, 
mpecUyely  give, 

CL  :  RE  ::  GS  :  SR  ::  CW  :  WQ  ::  CK  :  CU). 
But  (by  jfKoraSUb  DE,  US^  and  prop*  th.)  we  have  LC  s  CK^  and  banee 
RE  =  QD  f  and»  agab,  since  RE  =  SV,  and  QD  =  V  W,  we  have  SV  =c  VW. 
Again,  by  similar  triangles  SCV,  RCM.  and  VCW,  MCQ,  we  have 

SV  :  RM  : :  VC  :  CM  : :  VW  :  MQ. 
Also,  SV  =  VW ;  wherefore  RM  =  MQ,  and  hence  again,  KM  =  MD. 
Secondly.    It  was  proved  {prop,  xiv.)  that  TC  passes  through  M,  Uie  middle 
of  ED,  or  that  T,  M,  C,  are  in  one  line  ;  and  {former  case  of  xc.)  that  C,  M,  V, 
are  in  one  line :  hence  T  and  M  are  in  CV  :  that  is,  the  taogeats  at  D  and  £ 
meet  in  the  same  poinl  T  of  the  diameter  DV  produced. 

Thvrdis*  Because  SH  is  parallel  to  N V,  and  EU  =  HV,  we  bave  ES  =  SN. 
Then  by  tbe  similar  triangles  TNV,  TSC,  and  MET,  VST,  we  bava 
CV  :  CP  ::  SN  :  ST  ::  SE  :  ST  ::  MV  :  VT,  or  olr. d dis. 
CV-  MV  :  CV  ::  CT -  VT  :  CTj  tbatis, CM  :  CV  ::  CV  :  CT. 

Hie  diameter  AV  is  barmonically  divided  hi  M  and  T. 
For  (eom.  ef  d!e.)*  CV  +  CM  :  CV  -  CM  : :  CT  +  CV  :  CT  -  CV ;  Ibat 
is^AM  :  MV  ::  AT:  TV. 

CmnXiurif  2. 

AM.MV=CM.MT. 

For.  CV-  -  CM-  =  AM  .  MV,  and  CV«  -  CM»  =  CT.  CM  —  CM«  = 
CM  (Cr  —  CM)  =  CM  .MT.  Wbenca»  by  equality,  the  result  foUows, 

Corollcay  3. 

AM  .MV :  AT.TV CM* :  CV*. 

•  For  {prop,  XV.)  CM»  :  CV»  ::  CV'  :  CT» ;  hence,  die.  <f 

CV«  ^  CM* :  CP  -  CV*  t:  CM*  i  CV*  $  or,  as  abofe  stated. 

CoroUary  4. 

Every  ordiaale  to  a  diameter  is  parallel  to  tba  tai^nt  at  its  votax* 

CoroUary  5. 

AU  ordioates  to  tbe  same  diameter  are  parallel  to  one  anotber. 

Corollary  6. 

Any  straight  line  which  bisects  two  parallel  chords  is  a  diameter,  and  is  conju- 
gate to  tboM  chords,  and  any  diameter  which  bisects  a  chord  is  coigtitgata  to  it 
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PROP.  XTI. 

The  square  qf  any  diameter  has  io  the  si^uare  of  its  coi^ugate  the  same  ratio  that 
the  rectangle  of  the  tibmmt  hmiotks  Mfumre  qfHU  ardliulv. 

Let  DE,  GH  be  two  conjugate 
diameters,  and  PQ  an  ordinate  to 
the  former,  corresponding  to  the 
poiot  P  in  th«  curve:  tlien 

ED*:GH>::Ea.QD:FQ'. 

Diaw  tfaa  tangent  at  P  to  meet 
the  coojugnte  diemetera  in  S  and 
'V.  Then  (prop,  asv.  and  £iic.  ei. 
20,  cor.  2),  we  have 

CQ  :  CD  ::  CD  :  CS,  or  CQ«  :  CD'  ::  CQ  :  CS ;  and  hence,  die, 
CD-  -  CQ-  :  CD* ::  CS  -  CQ  :  CS,  or  CD=  —  CU'  :  CD=» ;:  Ob  :  SC. 

Again  (by  parallels  and  pr.  xo.)  we  have 

CDS  -  Ca* :  C0* ::  OS  :  SG    PQ  (=  CR) :  CT P<;^ :  CH* 

Henoe  CD*  t  CW ::  CD*  *  CQ'' :  PQ*,  or  ED* :  GH* EQ .  QD :  PQ*, 

In  the  t«M manner,  GH*  :  ED*::  HR.RG  :  RF*. 

Otroilary  1. 

The  rectangles  of  the  abscisses  of  any  diameter  arc  as  the  squares  of  the  cor- 
r«8pondin^r  ordi nates :  i(X  each  ratio  m  the  same  as  that  of  the  squares  of  the 
coDjugate  diameten. 

CoroUary  2. 

Any  diameter  is  to  its  parameter,  as  the  rectangle  of  its  abscisses  to  tbe  s^oace 
of  the  cormponding  ordinate.   It  is  shown  as  in  cor.  I, prep,  i. 

CoroUary  3. 

Draw  the  tangent  GK,  IlL  at  the  extremities  of  the  diameter  GBj  then 
HL  ;  PR  ::  CS  :  GK  (see  tfcm.  oiprop,xi.) 

CaroBarf4. 

If  any  taogent  LK  be  drawn  to  intersect  two  parallel  tangents  GK,  HL,  it 
will  cut  off  segments  BL,  GK,  whose  lectangie  is  equal  to  the  square  of  the 
nemi^amettt  CD  paiidlel  to  them. 

CorMuy  5. 

The  tangent  KL  is  hmsnowcally  diTided  in  P  and  T. 

Corollary  6. 

In  the  same  way  as  in  cor.  1,  j^rop.  xi.  it  may  be  proved  that  HK  and  LG  will 
bisect  PR»  and  hence  that  the  three  lines  pass  through  the  same  point. 


Corollary  7. 

If,  as  in  prop,  ffttt,  cor.  3,  the  line  HK  were  drawn,  it  would  bisect  PR  at  the 

point  of  intersection. 

We  are  thus  furnished  with  a  more  general  method  of  drawing  a  tangent  to 
the  ellipse  at  the  point  F  than  that  given  in  prop,  xiii.,  cor.  3. 


Digitized  by  Google 


140 


THE  ELLIPSE. 


PROP.  XVIT. 

llf  any  two  straight  lines  which  intersect  each  other  and  meet  the  ellipse  be  parnlM 
to  two  fixed  diameiers,  then  the  rectamjles  undrr  the  set/ments  of  the  onef  inter- 
cepted between  the  point  of  section  of  the  lines  and  the  two  sections  with  the 
Ctarve,  untt  be  to  the  rectanyle  under  the  segments  of  the  other  similarly  estimaied, 
OB  tki  square  of  the  sem-diameter  parallel  to  thefrsi  it  to  the  square  qf  Hat 
paraUel  to  tka  neoad  Una, 


Let  the  two  lines  DE,  GH,  parallel  to  tbe  semipdiameten  CQ,  CR,  inlenwct 
i&  the  point  P :  then 

DP.PE  :  GP.PH  ::  CQ»  :  CR» 
For,  draw  the  semi-diameter  CV  to  bisect  GH  in  M ;  also  draw  the  diameter 
KL  through  P,  and  KN  parallel  to  GH,    Then  {pr.  xm.  cor.  6)  the  diameter 
CV  is  coajugate  to  the  chord  GH,  and  therefore  to  tbe  diameter  CR.  Thea, 

CR*  -  KN«  :  CR«  ~  GM* : :  CN' :  CM*  (pr.  goi.) 
GUI*—  KN*  :  CR*-  KN* ::  CN*-  CM* :  CN*. dSoidMb, 

::  KN*  -  PM* :  KN*.  by  Sim.  triam. 
GfiP  — PM*:  C^*  ::  KN*»PM*  :  KN*, dr. el eoay . 

: :  CK»  -  CF  :  CK«,  sim.  triana. 
But  GH  and  KL  are  respectively  bisected  in  M  and  C;  and  hence  CBae,  «.  6, 
ear,)  GM«  -  MP*  =  HP  PH,  and  KG*  -  CP*  =  KP .  PL.  Whenfon» 

GF.Pil  :  CR=  ::  KP.PL  :  CK*. 
Similariy,  EP  .  PD  :  CQ-  : :  KP .  PL  :  CK». 
Whence,  DP .  Pfi  :  GP .  PU  : :  CQ' ;  CR». 

CoroUary. 

If  one  of  the  lines  be  a  tangent,  the  rectangle  of  its  segments  becomes  the 
square  of  the  tangent;  and  if  both  be  tangents,  {fig.  3J  iheu  these  tangeaU 
liavB  tha  aaaia  fatb  at  tbeir  paraM  diameters,  and  GD  is  parallel  to  QR. 


PROP.  XTIII. 

Jffnm  the  mitemitiat  ^  any  Imo  wi^tiffat§  ^Uamettn  m 
dhnea  to  aay  tfurd  liiamefcr,  f As  nctaagU  pf  Uka  abtaimt 
ordauUes  is  equal  to  the  square  the  dittaaeafivm  the 
isamder)  ^  the  other  ordioate. 

Let  DB,  GB  be  tbe  conjugate 
diameten,  and  from  tbe  extremi- 
ties D  and  G  to  any  other  dia* 

meter  PQ  let  there  be  drawn  the  / 
Ofdinate«  DS,  G H :  then  QH  HP  *^ 
=:  CS«,  and  QS.SP  =  CH^. 

For,  let  the  tangents  at  D  and 
G  meet  the  diameter  PQ  in  X  and 


sBi^Me  oftiiROffV  ie 
Madb  hjfoaoifthe 
(eeHsoaiedm^ikai 
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K ;  then«  by  the  pairs  of  Bimilar  tnanglea  K(iH,  CDS,  and  QUC,  SOT«  wo 
have 

KH  :  CS  ::  KG  :  DC ::  KG  :  Cr. 

AgaiD,  ipr.  XV.)  KC  .  CIT  =  CQ»  =  CS  .  CT ;  and  hence, 

CS  :  CU  : :  KC  :  CT  : :  KH  :  CS,  or  (pr.  xc.  cor.  2). 

Id  precisely  tiie  same  way  the  otiier  case  loay  be  proved. 

CoroOary  1. 

KC.CH=:TC.CS. 

CoroUary  2. 
CH .  HK  =  CS^,  and  CS  .  ST  =  CH«. 

CcroUary  3. 

Let  NR  be  the  diameter  conjugate  to  PQ«  and  draw  the  ordioatea  EM»  GL  to 
it^  then 

CQ»  =  CS«  +  CH»,  and  CR'  =  CL'  +  CM». 
For,  CS'  +  CH^  =  CH .  HK  +  CH-  =  CH  (CH  +  HK)  =  CH  .  CK  =  CQ«, 
and  similarly  for  the  othtf  ceae. 

CoroAiirjr  4. 
QC  :  CN    CS :  GH. 
For  {props,  mm,  and  xfriii.)  we  have 

aC> :  CN*::  QH.HP  (=  GS^ :  GH*|  andhenee  QC  :  CN  ::  CS :  GH. 


PBOP.  ZIX. 

1.  The  sum  qf  the  squares  qf  the  pairs  qf  conjugate  diameters  is  constantly  the 


2*  Tie  erme  ^  <Af  conjugate  panMogrmsM  U  eesuitmify  tk§ 
mmaenbed  or  iueribed. 

Let  PQRS  be  a  con- 
jugate rirrumsrrihe<l  pa- 
rallf  1 'j^raai,  and  (jg 
the  corresponding  io- 
aeribed  one,  the  ^ne* 
teiv  EG  and  being 
eonjtigate  to  one  ano- 
ther  ;  and  let  AB,  a6  be 
the  transverse  and  con- 
juji^ate  diameters  inter- 
sectin{?  in  tlie  centre  C. 
Al&u  draw  eT.  llien, 

1.     EG»  + e/«AB«  +  a4». 

^    r  par*  PQRS  ssAB,  oft. 

^'  tpef  BcG^  =s3AC.C». 

For  dmr  the  ordiaatei  SD^  ei  to  the  ttaiimM,  ind  CK  perpfiidicnkr  to 
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•one  of  the  sides  PQ  of  the  drcnmscnbed  parallelogram ;  and  let  CX  meet  ibie 
sides  QP,  PS  in  1  and  t 
First,  {prop,  xmii,)  GA*  =:  CD>  4-       nd  Ga^  =  DP  + 

Whence.  CA^  +  Ca*=  CD»  +  DE«  +  W  + A»=sCE«  +  Ce«;  or 

99WL  COT.  S,  and  prop,  a.)  we  havt 

CA  :  Ga  ::  CD  :  de,  and  CT  :  CA  ::  CA  :  CD ;  hence 
GA.GT:Ca.CA  ::  CD  .  CA  :  rfc  .  CD,  or  CT.  rfe  =  CA  .  Co. 
Now  the  rectangle  contained  by  CT .  de  is  double  of  the  triangle  CT*,  whose 
base  is  CT  and  altitude  is  de;  also  the  paralleloyram  ePEC  is  donWe  of  the 
same  triangle  CTe  which  stands  upon  the  same  base  Ce,  and  hetw  tn  n  the  sarae 
parallels  eC  and  PQ  as  the  paralleloj^ram  does.  The  rectangle  contained  by  CT 
and  de  being  therefore  equal  both  to  the  parallelogram  ePECand  to  the  rectangle 
AC,  Co,  they  are  equal  to  one  another ;  as  are  also  the  quadruples  of  these,  viz:, 
the  parallelogram  PQRS,  and  the  rectangle  contained  by  the  principal  diameters 
AB  and  ab. 

Again,  the  uiscribed  paraUelognms  are  reBpectivdy  the  halves  of  the  cirenm* 
.scribed  ones  $  and  hence  the  property  is  tia«  also  of  thsoL 


PEOP.  ZX. 


The  emirdl  dif/met  iifthg  ar&uU  ofapoUU  on  eUHer  qf  ike  prmeipal  dktmeten, 
ktothi  mbmormail  iha  pmrnt  upon  the  tame  dUmeter,  at  the  eqwe  that 
prmeipaii  diameter  ie  to  the  equareifthe  other. 

Lbt  AB,  ab  be  the  principal 
diameten  meeting  in  the  centre 
C,  •  AB  heh^f  the  tnmtverae ;  let 
the  normal  at  E  cnt  them  in  P 
and  F,  and  the  ordinatea  of  E  to 
them  respectively,  be  ED  and 
ED'  I  then  DP  and  D  P  are  the 
lespective  subnormals,  and 
CD  :  DP  ::  AB'  :  flft^, 
and  CD  :  D  P  ::  ah^  : 

For  {prop,  ii.)  AD  .  DB  :  DE«  -.:  AC«  :  Ca^  r.  AB*  :  o6«. 
But  {prop,  xviii.  cor.  2,  and  right-angled  triangles)  we  have 

AD .  DB  =  CD  .  DT,  and  DE*  =  PD .  DT ;  wherefore, 
AB'-.ad*::  CD .  DT  :  PD .  DT  ::  CD  :  DP, 
In  predsely  the  same  way  the  other  part  of  the  proposition  may  be  proved* 

CoiroUary  1. 

CP  :  Ca«  ::  CP  :  PD. 
For       ACa  ^  Ca2  :  CflS  ::  CD  -  PD  :  PD  ;  and  {prop,  ii:^ 
AC*  -  Ca*  s  CP^andCD  -  PD==CP. 

Corollary  2. 

AB  ip  XI  DC  :  PD,  and  AB :    ::  P'D' :  D'C  (d^.  17,  and  Mwt.  tL  91.) 

Corollary  3. 

From  the  preceding  cocoDary,  PD .  D'P'  ss  DC .  CD^. 
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Corollary  4, 

Draw  tbe  diameter  SR  panUal  to  the  tangent  TEl,  entting  tlie  mnmal  in  6 : 
then  PE .  EG  =  Ca». 

Fur  produce  ED  to  meet  CO  in  H :  then,  since  the  aogjea  at  D  and  G  are  ^ 
right  anp^les,  the  triangles  EDP,  EGH  are  similar,  and 

ED  C=  CD  )  :;  EP  ::  EG  :  EH  (=  C/).  or  EP .  EG  =  CD'.  Ct  =  Ca\ 

Corolbny  5. 

Draw  PK  perpendirnlar  to  E/(or  EF)  ;  then  EK  —  ^p. 

Let  the  diameter  ills  meet  E/in  L,  then  EGL,  KKl*  are  similar  ;  and 

EG  :  EL  ::  EK  :  EP.  or  LE .  EK  =  EP .  EG  =  C«"  (cor.  4). 
But  EP  bisects  the  angle  FE/j  whence  EL  =  J  (FE  +  E/)  =  AC :  whence 
we  haTe 

AC .  £K  ss  Ca*,  or  AC  :  Ca Ga :  EK,  and  £K  cr  i p. 


THE  HYPERBOLA. 
L  paopBRTiae  or  unsa  rslatbd  to  thb  pkincipal  DiAmnaa. 

PROP.  I. 

The  squares  of  thM  onKmrfcff     ihe  trmumrte  £ameitr  ore  to  one  mother  at  iha 

rtetaofflet  of  their  ahtemei. 

Let  AVB  be  the  transverse  plane ;  AGIB  the  hyper* 
boHcacctioaal  plane;  AB  the  tnmaverae  asbj  K6I^  and 
MINt  any  two  aeetiona  of  the  cone  perpendkolar  to  ita 
■xia,  which  alio  cut  the  aectioBal  plane  within  the  cone  i 
and  let  KiUMN  be  the  intersections  of  these  planes  widl 
the  transrerae  plane,  and  GFy,  lUi  those  with  the  aac* 
tional  plane. 

Then,  since  KGL^,  MINi  are  sections  peqiendicular  to 
the  axis  of  a  right  cone»  tliey  are  circles ;  and  since  the 
transverse  plane  passes  through  the  axis  of  the  cone,  it 
peesea  through  the  eentree  of  tbeae  cirelea,  and  the  Ikiee 
KL,  MN  are  diaMOlera  of  the  cirelea  KGI^  MINI. 

Again,  anice  AVB  peaeee  through  the  aiia  of  the  right 
cone,  it  ie  perpendicular  to  the  bate  and  to  each  of  its  parallels,  as  to  KGL^, 
MlNv  tio, ;  and  it  iH  ]>erpendi€ular  to  AGB^  by  definition  (def.  5) :  wherefore, 
the  two  planes  KGL,  AGB  beinpr  each  perpendicular  to  AVB,  their  common 
section  is  perpendicular  to  AYB»  and  hence  to  every  liDe»  as  ABj  KL 
situated  in  it. 

Now  KL  being  a  diameter  of  the  circle  KGLj;  and  perpendicular  to  it, 
thia  line  G^  will  be  bisected  in  F.  In  the  same  manner.  It  is  perpendicular  both 
to  AB  and  HN,  and  is  therefore  also  bisected  in  H. 

The  tangent  ptance  to  the  cone  at  AV,  BV,  and  likewiee  the  sectional  plane 
AGB,  being  perpendicular  to  the  tr  isvcrse  plane  AVB,  their  intersections  PQ, 
RS  are  also  perpendicular  to  AVB;  and  hence  also  to  the  line  AB  in  it.  Where- 
fore, in  the  sectional  plane  AGB,  the  lines  PQ,  RS,  Gg,  li  being  perpendicular 
to  AB  in  it,  are  all  parallel  to  one  another. 


Digitized  by  Google 


141.  THE  HYPERBOLA. 

But  QVP,  being  a  tangent  plane  to  the  cone,  touches  it  only  in  the  stra^bt 
line  AV ;  ud  bence  ibe  atnight  line  PAQ  meets  the  cone  onlf  in  the  point  A, 
and  thcnfore  also  meets  the  section  only  in  that  point.  It  is,  therefore,  the 
tangent  at  A,  the  Tertex  of  the  transverse  diameter;  and  hence*  itfun,  Ghy,Ii 
are  ordinal  chords  to  that  diameter,  and  FG,  III  are  orrli nates. 
Now  by  similar  triangles,  AFL,  AHN,  and  BFK,  BUM,  we  have 

AF  :  AH  ::  FL  :  HN, 
FB  :  HB  ;:  KF  :  MH; 
hence,  compounding,  AF .  FB  :  AH  .  HB  ::  KF.  FL  :  MH .  HN, 
But  by  the  properties  of  the  circles  KGL,  MIN,  we  have 
KF .  FL  =  FG«,  and  MH .  HN  =  HI*  S 
wherefore,  AF.FB :  AH .  HB ::  FG* :  HI*. 

Cbrottsry  I. 

The  transverse  diameter  AB  bisects  its  conjugate  chords  Gy,  It ;  and  the 
com  is  composed  of  two  cqnal  branches  symmetrically  sitoated  on  each  aide  of 
the  transverse  diameter.  The  term  diameter,  is»  therefors,  propeiiy  applied  ts 
the  line  AB. 

CerefliBry  8.' 

The  tangenta  at  the  vertiose  of  the  transverse  diameter,  the  oidinatea  of  thst 
diameter,  and  its  conjugate  diameter,  are  all  perpendienlar  to  the  tnntvene 


ODTolZsry  8. 

The  complete  hyperbola  is  situated  upon  both  sheets  of  the  cone,  and  is  com- 
posed of  two  separate  and  infinitely  extended  bnnchce. 

For  the  directug  plane  cutting  both  sheets  of  cone,  the  eeetional  plane  will 
cnt  the  prolongations  of  all  tluMe  generatrices  of  the  lower  sheet  of  the  oone 
which  lie  on  the  opposite  side  of  the  directing  plane  from  the  sectional  ptan^ 
and  give  the  branch  IBi  in  the  upper  sheet :  whilst  it  will  cut  all  those  which 
lie  on  its  own  side  of  the  directing  plane  in  the  lower  sheet  of  the  cone,  giving 
the  branch  GA^.  The  complete  curve  is  therefore  composed  of  two  separate 
branches,  one  upon  each  sheet  of  the  cone. 

Again,  as  the  generatrix  of  the  cone  moves  from  the  position  VA  on  either 
side,  as  to  G,  I,  e/c,  the  distances  V6,  VI,  at  which  they  are  cut  by  the  see* 
tional  plane,  continually  increase  {  till  when  it  coincides  with  the  edge  in  whidi 
dw  cone  is  cnt  by  the  directing  plane,  it  becomes  infinitely  distant,  the  com 
being  continuous  during  this  progress.  The  semi-branch  AG  is  therefora 
infinite,  and  hence  the  entire  branch  GA^  is  infinite.  In  like  manner*  IBs  is 
infinite  in  the  upper  sheet  of  the  cone. 

PROP,  II. 

Tie  sgnsrv     iht  inmt9en$  diameter  is  to  iht  Mqntn  ef  Ut  cm^ugeiU  «f  lis 
neUmgk  iftk»  titditei  u  to  thg  ipuaro  t^tUir  ercSaole. 

ConcsiTa  AB  in  the  preceding  figure  to  be  bisected  in  C,  and  a  circolsr 
section  to  be  drawn  cutting  the  transverse  plane  in  TW,  and  draw  the  tangent 
Ct,   Then  as  in  the  former  proposition,  and  alternately 

AC  .  CB  :  TC  .  CW  ::  AF.  FB  :  KK.  FL;  or 
AC:     Ca«        AF.FB  :  FG»;  or 
AB»:    4Co»  :;AF.FB:FG'. 
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Now  2Ca  ia  equal  Co  the  cODjng^te  diioieter,  aod  hoDce  400*  is  its  square : 
whence  the  propoeition  is  Cftablisbed. 


SdMmm. 

If  the  plane  of  the  hyperbolas  be  parallel  to  the  axis,  it  will  ciit  the  transverse 
plane  AVB  that  the  triangle  AVB  will  be  isosceles,  and  hence  the  plane 
through  C,  the  middle  of  its  base,  will  poM  throi]^  the  vertex,  end  the  line  CV 
will  be  the  coujugate  aemi-duuneter,  the  circle  W«/T  being  then  reduced  to  a 
point,  and  GT,  CW,  and  Ca  all  equaL 

If  now  we  suppose  the  two  suppleoMOtarf  conet  (dtf.  9)  to  haTO  their  axes 
IMSsing  through  V  and  at  right  angles  to  the  transverse  plane  AVB,  the  pkne 
of  the  axf^s  will  be  parallel  to  the  plane  of  the  hyperbolic  sections. 

I^t  Mii  pose,  then,  that  a  second  plane  parallel  to  the  plane  of  the  axes,  and 
at  a  distitnce  from  V  equal  CA  be  made  to  cut  the  pair  of  conjugate  cones.  This 
tvill  give  another  pair  of  opposite  sections  G'Ag'  and  I'B't',  which  (by  def.  10) 
we  the  hyperbolas  conjugate  to  the  original  ones  GAjr  and  IBs :  and  it  is  neces- 
sary to  show  that  the  relation  of  these  two  pairs  of  h)  pcrbohs  is  mutual,  or  that 
the  former  pair  GA^  and  IBi  are  conjugate  to  G'Ay  and  VW. 

Conceive  the  vertical  transverse  planes  to  be  drawn  to  the  two  pairs  of  conju- 
gate sections :  then  since  these  pass  through  the  axes,  they  make  in  the  conical 
«urfarps  linear  «prHons,  whose  inclinations  to  the  refpcctivp  axes  are  equal  to  the 
l^eneraliog  conical  angles.  Also  since  these  angles  are  (by  def.  9)  the  coniple- 
rocnts  of  each  other,  and  by  construction  the  perpendicular  CV  in  the  right- 
angled  triangle  CVA  is  equal  to  the  base  CV  in  the  other  C'V'A',  the  triangles 
are  equal,  and  the  hypothenuse  of  the  one  VA  is  equal  to  the  hypothenuse  in  the 
other  VA';  and  the  base  CA  in  the  former  equal  to  the  perpendtcuhr  CA'  in  the 
latter.  The  rehtion  between  the  two  diameters  AB,  A'B'  and  the  two  distances 
CV  and  C'V  is  therefore  the  same,  whichever  be  taken  first.  That  iat  if  the 
aectioa  made  through  C  be  conjugate  to  that  through  C,  the  latter  section  will 
be  is  the  same  sense  {drf»  10)  conjugate  to  the  former  one. 


PROP.  III. 

Tie  UrmifMfM  Oameier  it  to  Ui parameter,  as  ike  reeUm^  if  ikt  o&fcisses  to  tk§ 

aquart  of  their  ordimte. 

Foe  by  the  definition  (def.  17).  p  denoting 
the  parameter  and  the  notation  for  the  dia- 
meters lieiiig  the  same  as  before, 
AB  :  ab  : :  ab  :  p ; 
and  hence  AB  has  to  p  the  duplicate  ratio 
of  AB  to  ab;  hence  (prop.  ii.J 

AB  :  p  : :  AB= :     : :  AD.DB  :  DE»; 
which,  in  syniboU,  is  tantamoimt  to  the 
enunciated  proposition. 

PROP.  IV. 

The  s quart  qf  the  eoi^fugaie  diameter  u  to  the  tguare  of  ike  irwuoerte,  as  the  tarn 

of  the  square  of  the  semi-conjugate  together  with  the  square  of  the  distance  of 
the  orrUna/efrom  the  cen/re,  to  the  square  of  Ike  ordumie  qf  that  pwU,  r^erred 
to  the  covjugate  axis.    (See  preceding  JigureJ 

Fob  let  EK  be  the  ordinate  to  the  point  £  referred  to  the  conjugate  aiis  eft, 

VOL.  II.  h 
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mndkt  C  be  the  oentre  of  the  ellipse,  and  diBW  ED  an  ordiMte  to  the  aads  AB. 
Then,  (prop.  UJ , 

Ge* :  CA'  :;  DE^  (=  CK«)  :  AD.DB  (=  CD*  -  CA*), 
whence  W  :  CA«  : :  C3i^  +  CK»  :  CD'  (=  KE*). 
wbkhi  when  the  fint  and  leoond  terma  an  qnadrapled,  expresaes  the  eoandated 
theotem* 

CoroOarjf  1. 

If  weeonnderfffttobethetnuMTeneand  AB  the  oonjogate  diaoieCer  of  the 
coigagete  hyperbok  kati  then  in  the  aame  way  we  fiod  that  if  Di'  bo  an 
oidinite 

CA« :  Ca* ::  CA«  4.  CD« :  De^. 

Corollary  2. 

DE«  :  Ve'^  ::       —  CA'  :  CD»  +  CA^ 
For  rpr.  m.  iv.)  CD"  -  CX'  :  DE»  ::  CA^  :  Co^  .  -  CA=  +  CD»  :  De^. 
whence  the  conclusion  fuiiows. 

CoroUary  3. 

Taking  ofr  aa  the  tranaverse  diameter,  and  reasoning  as  abote, 

OnroUmy  4. 

In  the  eiiuilalerai  hyperbola  the  square  o{  the  ordinate  is;  cquai  to  the  reciax»- 
gle  of  the  ab:iciii8e8 :  fur  in  this  case  the  axes  are  equal  idef.  10),  or  AC  as  Co; 
and  hence 

AC* :  Co* : :  AD« DB  :  DB>  gifea  AD. DB  »  DJ^. 

PROP.  V. 

1.  Jfupon  the  two  diameters  of  the  hyperbola  as  diameters  eqmhteral  hyperholm 
be  described^  the  one  pair^toill  lie  wholhj  without  and  the  other  wholly  irithim  tkt 

Ojypoffitf  hvprrholns  which  have  thesf^  (ixrs  rffpfcdvfhj  fi.s  their  frnnsrtrsts. 
3.  An  ordmnte  m  tiiher  equUntrral  hvjirr/iola  is  to  the  correspondnMj  ordiunte  of 
the  first  hyptrbolaSf  as  the  diameter  to  which,  this  ordinate  is  drawn  is  to  the 
other  diameter. 

first.  Lbt  AB,  ab  be  the  principal 
diameters  of  the  given  hyperbola,  that 
is,  the  transverse  diameters  ol  lU*^,  ae, 
upon  which  as  diametera  describe  the 
eqnikteral  hyperbolae  B6,  affi  theae 
win  lie»  the  fint  widiout  and  the 
eeoond  within  the  original  hyperbolae 
BE  and  ae. 

For  draw  the  ordinates  ED,  ed  from 
points  E,  e  in  the  origrinal  hyperbolas, 
to  cut  the  equilateral  hyperbolas  in  6 
nnd  q,  and  the  axes  in  D  and  d.  Sap* 
pose  alao  AB  greater  than  ab. 

Then  AD .  DB  :  Dlv  : :  AC^  :  Ca',  and  hence  AD  .  DB  is  greater  tlian  UE* 
m  the  geuerai  hyperbola  BE :  but  AD  .  DB  =  DG^  in  the  equilateral  hyperbola 
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BG  i  wherL-fure  DG  is  greater  than  DE.  In  the  Bame  way  it  may  be  proved 
that  any  other  cmUnale  m  the  eqnikteral  hyperbobi  B6  is  greater  than  the 
eorreipondiog  ordinate  in  the  general  byperbofai  BE :  therefore  all  the  pomte  of 
BG  lie  farther  from  the  axie  BD  than  the  eorresponding  ones  of  BE  (except  B 
nnd  A) ;  and  hence  the  equilatenl  hyi»erbohi  BG  lies  wholly  withoot  the  general 
hyperbola  BE. 

Afipitn,  nd  .  db  :  de^  ::  r<i»  :  AC* ;  and  hence  ad .  db  in  the  general  hy[)erhola 
is  less  than  dt- :  but  ad  .  db  ^  dg^  in  tl^e  equilateral  hyperbola ;  wherefore  dg  ia 
less  than  de.  And  by  reasoning  analogously  to  the  preceirmfc  paragraph,  the 
equilateral  iiypcrbola  ag  lies  wholly  within  the  general  hyperbola  ae,  the  poiuts  a 
and  h  excepted. 

8teondl§,  The  ordinates  of  the  equilateral  hyperbola  are  to  tboee  of  either  of 
tha  conjugate  goieral  hyperbolas  as  the  diameters  of  the  gi?en  hyperbohtt  them- 
•dves;  that  is 

AC  :  Ca  : :  DG  :  DE,  and  aC  :  Ck     dg  :  de. 
For  by  the  equilateral  hyperbola,  AD  .  DB  =  DG';  whence  by  the  general 
hyperbola,  AC-  :  Ca'  : :  AD  .  DR  (=  DG^  :  DE',  or  AC  :  Co  ::  DG  :  DE. 
And  in  a  similar  manner  we  get  aC  :  CA     dg  de, 

ConUanf  1. 

If  the  equilateral  and  general  hyperbola  be  conceived  to  be  generated  by  the 
motion  of  a  line  perpendicuhur  to  tiw  transrerae  axis,  and  by  points  whose  dis* 
tancis  from  that  axis  are  always  in  the  given  ratio  of  the  diameters  of  the  general 
ellipse,  the  spaoea  which  are  ainoltaneoosly  described  by  tha  lines  contained 
between  the  transvcne  diameter  and  thoae  pointa^  will  abo  be  in  the  aanw  con- 
atant  ratio. 

CoroUary  2. 

He  two  axea  of  the  general  hyperbola  becoming  equal  rednces  it  to  the 
eqoihiteral  one. 

Cofslfaiy  3a 

If  two  hyperbolas  have  the  same  line  for  thdr  transverse  or  for  their  con- 
jugate diameter,  their  ordinates  to  the  ssme  absdss  are  alwaya  in  tha  same  ratio, 
vis.  that  of  ttie  seeond  principal  axea  of  the  hyperbolaa. 

PROP.  VI. 

The  ftqvarf  f>f  the  dUtanrf  of  nther  forufi  from  the  rmfre  is  equal  to  the  sum  nf 
the  s(;uf!res  nf  the  semi-dianicters  ;  or,  the  square  of  thfi  dittanC9  iff  tks  /oci  is 
ei^uai  to  the  sum  of  the  squares  of  the  tvoo  diameters. 

That  is,  in  reference  to  CF  and  /F, 
CF«=CA»+Ca«j  orF/»=AB--|-a6*. 

For  to  the  focus  F  draw  the  ordi- 
nate FE,  which  {def.  18)  will  be  the 
seiui-pararaeter.  Then  ( prop.  «.), 
CA«  :  Ca2  ::  CF  —  CA'  :  FE'i  and 
idtf.  17). 

CSA*  1  Ca* ::  Ca* :  FE*.  Whence, 
CF*-CA*=Ca*,  or  CF»=CA»+Cd*. 

Also,  doubling  the  lines,  we  have 
r/^  s  AB*  4-  06*. 

1.9 
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Corollary  1. 

If  the  two  teiiit'>az6a  wad  the  focal  distance  be  made  to  conatitute  a  triaogle»  it 
wiU  be  KctaDgular. 

The  distance  of  either  vertex  of  the  conjugate  diameter  from  either  Yertex  of 
the  tnnsverae  ii  eqnal  to  the  focal  diatance  of  the  centre. 

Corottory  3. 

The  senuoconjugate  Co  is  a  mean  proportional  between  AF,  FB,  or  between 
A/,/B,  the  respectiTB  distances  of  either  focoa  For/  from  either  of  the  vertioeB 

A  or  B  of  the  transverse. 

For  Ca-  =  CF»  -  CA'  =  (CF  +  CA)  (CF  -  CA)  =  AF  .  FB, 
and  Co"  =      -  CB*  =s  (C/  +  CB)  C<y  -  CB)  = 

Corollary  4. 

The  foci  of  the  four  hyperbolas^  which  are  composed  of  the  conjugate  pairs 
upon  AB  and  ab  as  tnuMverse*  and  at  and  AB  as  conjugate  axes,  an  equi- 

from  the  centre  C. 

For  in  both  cases  the  proposition  gives 

CF^  =  CA^  -H  Co-,  and  CF  -  =  Ca«  +  CA= :  wbeoce  CF  =  CF, 
and  the  four  points  ¥,/,  F',/'  are  equidistant  from  C. 


PROP.  VII, 

1/  lines  be  drawn  from  the  foci  and  centre  of  an  hyperbola  to  any  point  in  the 
curve:  then, 

(1.)  The  square  ef  that  drawn  from  the  centre  if  equal  to  the  difference  of  the 
equaree  qfike  eemueonjugate  and  the  dtetaaee  of  the  dimding  point  from  the 
centre, 

<2, 3.)  Thoee  drawn  from  the  fbm  are  equal  to  the  dMlemoee  ef  iheeerreapaai' 

ing  vertices  of  the  transverse  from  the  dividing  point, 
(4,  5.)  T%e  difference  of  thoee  draumfrom  the  foci  is  equal  to  the  traneterse 
diameter,  and  their  eum  to  the  ium  qf  the  ee^fmenie  of  the  iramoerwe  atadi 
by  the  dimdmg  point, 

Tbat  is,  if  I  be  the  dividing 
point  correspondent  to  E,  and 
we  make  CF  =  CI,  then 

(1.)  CE«=  CP  -  Ca« 
(2.)  EF  —  AI 
(3.)  E/=  IB 
(4.)  EF-B/s=AB 
(5.)  EF  4-  E/a5  IF. 

(1.)  For  {def  23) 
CB*  :  C/2 : :  CU'  :  CP,  or 

CB=^  :  C/»  -  CB=  (=  C«»)  ::  CD-  :  CP  -  CD^  but  {pr.  u.) 
CB^ :  Cfl=  : :  CD  •     CB^  :  DE> ;  whence,  ea  eq.  and  dkfid., 
CB» :  Ca«  : :  CB^  ^  q^,  _       _  jj^s . 

: :  CB*  :  CP  —  CE*. 
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Whence       =  CP  -  CE%  or  CE'  =  CP  -  Co«. 

(2)  .  Again,  (/sue.  u.  12,)  FE»  =  FC  +  CE^  +  2FC  .  CD. 

But  CI-— Ca2  {preceding  case),  and  2FC  .  CD  =  2CB .  CI=  2CA .  Ci ; 

hence,  FE"=  FC«+  CI*  —  Ca*  +  2AC .  CI ;  or  {prop,  vi.) 

slG*+  CA'+  2AC.CI  s  (AC  +  Ci)*s:  AP. 
Wherefore  we  have  FE  s  AI. 

(3)  .  Also,  (Aic.  t»»  13,)/E«  =:/C«  +  CE«  -  2/C .  CD, 

=:/C5+  CI--  Ca»  — i^.CD,  or(pr.ct.cor.3) 
=  CA-  —  2/C .  CD  +  Cl«,  or  (<i^^.  23) 
=  CA»  -  2AC .  CI  +  CP 
=  (CI  -  CA)'  =  CCI  -  CB)2  =s  BP, 
wherefore /E«  =  BP,  or/E  =  BI. 

(4)  .  FE  -  E/=  AI  —  IB  r=  AB. 

(5)  .  FE  +  E/=:  AI  +  IBs  2CI  =  IK 

OmXIanf  1. 

Similar  properties  obviously  exist  amongst  the  correspoading  lines  in  the 

coujugale  iiyperbuias. 

Corollary  2. 

Let  a  point  D'  be  taken  in  the  hyperbola  opposite  to  EB,  such  that  CD'=CD. 
Then  CV/  =  CE,  and  E'CE  is  one  straight  line  bisected  in  C.  For  D'E'  =  DE 
(as  is  easily  proved")  and  CD'  =  CI),  anJ  the  angles  at  D'  and  D  right  angles. 
Hence  CE'  —  CE,  aud  tiie  angles  D'CE ,  DCE  equal,    iience,  &;c. 

Conliary  3. 

Hence  every  diameter  ia  bisected  by  the  centre  of  the  curve. 

Orrollary  4. 

Hence  if  by  any  contrivance  (and  there  are  several)  a  string  can  be  fixed  at 
two  puinib  1'  and  /  and  kept  stretched,  so  that  the  difference  between  its  parts 
are  always  of  the  same  length,  a  pencil  moving  in  the  intersection  will  trace  an 
hyperbola* 

ConUary  5. 

Or,  it  may  be  done  by  points  as  in  the  ellipse,  see  prop.  vii.  p.  129. 


PROP.  VIII. 

^  ik9  iitieruyr  angle  made  at  a  point  in  the  curve  by  the  focal  lines  be  Inteettd,  the 
bitectmg  Ume  wiU  be  a  iangeni  to  the  AjgMr^a  at  the  pond. 

Lit  the  angle  FE/  be  biaected  by  the  line  TET':  then  TET  vill  be  a  tan- 
gent at  £. 

For  if  not,  let  TET'  cut  the  curve  in  some  other  point,  as  T.  Join  TF,  Tf, 
and  from  one  of  the  foci,  as  /,  dra\v/PG  perpendicuJar  toTEP,  and  produce 
it  to  meet  the  Ime  FE  at  G,  and  join  (iT. 

Then,  since  the  vertical  angle /EG  of  the  isosceles  triangle /EG  is  bisected, 
the  bisecting  line  EP  bisect:^  lUe  base  /G  at  ngiit  augkb.  Hence  the  triangle 
/TG  ia  dao  iMMcelM,  having  /T  s  TO,  and  FT  —  1/ =  FT  —  T6.  It  foU 
iowt,  thowfon,  FT^iy,  which  ia  Im  than  FG,  the  thiid  aide  of  the  triangle 
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FTG,  is  less  than  the  differ- 
encc  FE  —  K/ ;  that  is,  less 
than  AB  (prop,  vii  )  But  since 
T  is  a  point  in  the  hyperbola, 
FT— l/is  equal  to  AB:  which 
is  impossible.  The  point  T, 
therefore,  is  not  in  the  hyper- 
bola :  and  ii  may  ba  ahown  ia 
the  same  way,  that  no  other 
point  on  the  lame  tide  of  £  in 
TET,  and  in  very  nearly  the 
aame  way  that  no  point  T',  on 
the  other  side  of  £,  is  in  the 
curve ;  and  therefore  TP  ia  a 
tangent  at  £« 


The  tangenta  ET»  E*i  at  the  oppoaite  extremitiee  of  any  dianeler  EE'  an 
paiaUel  to  one  another :  and  pareUel  tangenta  are  at  the  oppoeite  extremitlea  of 

the  same  diameter. 

For  the  diameter  EE'  is  bisected  in  C,  and  likewise  F/'is  bisected  in  C:  hence 
if  E/  be  drawn,  FE/E'  is  a  parallelogram,  and  the  angles  FE /,  FE'/are  equal. 
Wherefore.  tE'E  —  FE  E  -  FE7  =  fKE'  -/KT  =  TEE' ;  and  thealtemaU 
angles  tE'E,  TEE'  being  ecjua],  the  tangents  tE',  T'E  are  parallel 

The  converse  follows  ex  absurdo. 

Corollary  2. 

Tb.e  yi;  rji  niliculars  /P,  FP' from  llie  fori  intersect  the  tangents  drawn  tO  iJi 
points  ot  the  curve,  in  a  circle  on  tli-  t[  iiri^\  <  rse  diameter  AB. 

For  draw  CP.  Then,  since  F/  aa  l  /  (i  arc  bisected  in  C  and  P  respectively, 
CP  is  parallel  to  FG,  and  F/G,  C/"    are  smiilar  tnaagles.    Wherefore,  aijio, 

^:/C    FG  (=  AB  =  2CB)  :  CP ::  2  i  1. 
Whence  CP  s  ^AB  «  CB. 
Now  C  being  a  given  pointy  and  CB  a  given  line,  the  point  P  la  in  a  circle  on 
AB. 

In  the  nme  way  it  may  be  ehown  that  P*  ia  in  the  cirde. 

CoroUary  3. 

The  rectangle  under  the  perpendicniars  from  the  fod  upon  any  tangent  la 

equal  to  the  square  of  the  seml^onjogate  diameter. 

For  let  FP'  and /P  be  those  perpendiculars  upon  the  tangent  at  E  j  and  let 
FP'  meet  the  tangent  at  E'  in  t.  Whence,  the  points  A,  t,  F,  B,  being  in  the 
circle,  P'F.  F^  =-  BF.  FA  -  CF  -  iW-  -  Cn'  =  (semi-conjuf?ate)^ 

But  the  triangles  FE7,/l'.P  are  equal  in  all  respects^  and  bence/P  =  Eti 
wherefore^  substituting  ia  the  last  result, 

FP'./P=  Co>. 

CoroUary  4. 

If  from  the  foci  and  the  centre  of  an  hyperbola  perpendiLulars  be  drawn*  tbit 
from  the  centre  will  be  half  the  difference  of  those  drawn  from  the  foci. 


Digitized  by  Google 


THB  HYPBRBOLA« 


161 


PROP.  IX. 

ffattmgmitami  an  ordinate  he  drmBfrom  any  point  in  the  curve  to  mtet  the 
transverse  axis,  the  semi-transverse  toill  be  a  mem  pteporUaiud  Mpcoi  iht 
diBtaiteea  i^tke  twe  intetseetioiu/ron  the  centre. 

Tbat  i>»  if  £  be  the  point  from 
which  the  tangent  ET  and  ordinate 
£D  be  drawn  to  the  tianmrene  dia- 
meter, then 

CT  ;  CB  ::  CB  :  CD. 

For  draw/£,  £F,  and  let  I  be  the 
dividing  point 

Then  {Euc.vi.Z),  FT :  1/::  FE :  ^f  ; 
tbatia, 

/C  +  CT  ifC  ^Ct  it  VE I  ^fi 

tnd  div.  et  comp. 

CT:  qf  ::  BC  :  CI, 
or  CT  :CB::  C/  :  CI,  or  {dtf.  23) 
::  CB  :  CD. 

CorpUarp  I. 

Since  CT  is  always  a  third  proportional  to  CD  and  CB,  if  D  and  A  remain 
constant,  T  will  also  remain  constant.  Whence  every  hyperboh  described  on 
AB  as  its  tiansirerse  diameter  wiU  cut  ED  In  a  point  E  rach  that  TE  will  be  a 
tangent  to  the  cnrre. 

Corottory  2. 

The  transverse  diameter  AB  is  hartnonically  divided  (vol.  i.  p.  340)  in  T  and  D. 
For  since  CT :  CB  ::  CB  :  CD,  we  have,  comp.  et  div,, 

CB  +  CT :  CB  »  CT : :  CB  +  CD  :  CD  —  CB  I  that  iff, 

AT:TB::AD:DB. 

CgnUaiy  3. 

AD.DBsCD.DT. 
For  each  ia  equal  to  CD*  — GB*»  the  former  by  £M.li.79  end  the  latter 
lows  fipom  the  proposition. 

CeroQofy  4. 

Let  another  tangent  eR  and  ordinate  ed  be  drawn ;  then 

Cd  :  CD  ::  CT  :  CR. 
For  as  before,  Cd.Cit  a«  CB*  =  CD  .CT ;  wherefoft,  efe. 

BD2  :  IVn  ::  CD  :  CT. 
For  by  the  proposition,  CD  :  CB  ::  CB  :  CT,  and  hence,  divid., 
CD  —  CB  :  CB  ^  CT ::  CD  :  CB;  that  ie,  BD  :  BT ::  CD :  CB,  or 
BD* :  BT*  :t  CD*  :  CB* 

i:  CD* :  CD .  CT 
CD :  CT. 
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Corollary  6. 

If  /  be  the  focu«,  /E'  the  ordinate,  and  ET'  the  tangent  at  E',  and  if  T'H  be 
drawn  perpendicular  to  the  tran^sversp  axis,  it  will  be  the  directrix,  {dtf.  24)  ; 
whence,  by  the  proposition,  tlie  semi-transverse  is  a  mean  |)roportioaai  between 
the  difitauces  of  the  focua  and  directrix  from  the  centre. 

Corollary  I- 

Let  the  tangent  meet  the  conjugate  axis  at 
and  an  ordinate  also  be  drawn  to  meet  it  at 
d,  Tbeo» 

(1)  .  Qd     Ca  : :  Ca  Ct 

(2)  .  da'  :  ai'  :  :  Cd  :  Ct 

iz).  bd  :  da  ::  u  :  to 

(4).  bd,da  =  Cd.dt. 

For  these  are  related  to  the  c<Nijiigate  hyper- 
bolae in  precisely  the  same  way  that  the  cor- 
responding parts  are  to  the  primary  hyper* 
bolas ;  and  the  same  proof  applies  to  them. 


PROP.  X* 

TTie  distance  of  the  directrix  from  a  point  in  the  hypeibola  has  to  the  distance 
r^  the  focus,  from  the  same  point,  the  some  ratio  wherever  in  the  evrve  that  p&imt 
,  hetdkm* 

That  is.  if  NL  and  N'L'  he  the 
resjicctive  directrices  with  respect 
to  F  and  f,  we  shall  have 
FE  :  EL  ::  /E  :  EL' ::  CF  :  FA; 
that  ie,  a  conitant  latio^  wherever 
B  he  taken  in  the  curve. 

For  let  I  be  the  dividing  pomt : 
then  by  the  property  of  the  direc- 
trix ipnp.  t».  cor.  6),  and  dtf.  93, 
we  have 

CF  :  CA  ::  CA  :  CN,  and 
AC :  NC ::  CI  :  CD  ;  hence 
CF  ;  CA  ::  CI-CA  :  CD-CN 

::     AI  :ND(=EI^ 

::     FE     :  EL. 

In  the  iaroe  way,  CF  :  CA  :: /K  :  EL'. 

Corollary  1. 

If  a  line  HE  be  drawn  throusrh  the  focua  F,  and  the  hnea  HN,  EN  be  drawn, 
they  will  make  equal  angles  with  CN. 
For,  dmw  the  ordinatea  ED,  UP,  to  meet  the  axis  in  D  and  P,  and  draw 
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Htf ,  EL  paiaDiI  to  the  uia  nuoting  the  dii«ctibt  in  M  ind     tnd  prodnee 

EHtoK. 

Hmo  bf  the  proposition  and  the  similar  triangles  PHF,  DEF,  we  have 

DN  :  PN  .:  EL  :  MH  ::  FE  :  FH  ::  ED  :  HP. 
Hence  the  right-angled  triangles  DEX,  PUN  have  tlie  sides  abmit  the  right 
proportioualt  and  tbcy  arc  thei dure  equiangular,  having  END  =  UlsT, 

j  Corollarf2, 

Tht  cboid  HE  le  divided  liaitDooically  by  tbe  foent  in  F  and  K. 
I    For  by  the  aimilar  trianglea  KHM,  KEL»  and  by  tbe  prop, 
!  KH  :  KE ::  MU  :  EL ::  HF  :  FE. 


FEOP.  Xi. 

I  ITtao  fiMf  he  drmm  fnm  any  pomt  m  ikg  Mrtehve  iff  en  l)per6o£i  lo  e*l  fie 

I 

j     That  is»  if  from  T  in  the  directrix 
M  a  line  TR  be  drawn  tbroogb  tbe 

focus  F  corresponding  to  the  direc- 

'   trit  XL,  and  any  other  line  through 
Tcut  the  curve  in  E  and  H;  tlien 
j  lb*  angles  JSFr,   HFR  wiU  be 

;  filial. 

j     For,  draw  EL,  HM  parallel  to  the 
I       and  UR  parallel  to  £F  meeting 
TFittR. 

Ikn,  by  parallels  £F,  HIU  and 
EI^  BU>  and  jtr^. «.» we  bare 

EF:HR::TE:TH::LE;MH  ::EF:FHi 
mcnce  HR  =  HF»  and  HPR  s  HRP  =  EFT. 

Coroflsty  1. 

AeacantTBH  by  revolving  so  as  to  bring  the  pomts  E  and  H  to  coalesce, 
fcenoe  a  tangent  at  Q,  the  property  still  holds  good,  and  the  angles  OFT,  QFR 
right  angles.  Whence, 
If  iiem  a  point  T  in  the  directrix  a  tangent TQ  be  drawn,  and  a  lineTF  to  the 
correspoodiog  focus,  then  QF  will  be  always  perpendicular  to  FT. 
Ja  like  manner,  if  tbe  tangent  TS  be  drawn,  TFS  wiU  be  a  right  angle. 

Coroiiary  2. 

If  tan^enis  TS,  TQ  be  drawn  from  a  point  T  in  the  direetriz,  tbe  chord  of 
^tact  SQ  will  pass  through  the  focus. 

V  (cor.  I,)  SFT  and  TFQ  are  right  angles ;  whence  the  points  S,  F,  Q  are 
in  one  line,  or  the  chord  SQ  passes  through  F. 

Corollary  3. 

Ibe  angle  £FU  is  biaected  by  the  line  QF,  as  is  at  once  obvioaa. 
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The  chord  EH  is  hannonlcally  divided  in  K  and  T»  by  the  dioid  QF  and 
dixectrixNT. 

For  the  interior  angle  EFfl  hchv^  bisected  by  FQ,  the  exterior  one  is  bisected 
by  FT,  the  perpendicular  to  FQ.  Hence 

UK  :  K£  ::  HF  :  FE  ::  HT :  T£. 


SchoUum. 

This  proposition  involves  several  properties,  either  as  eases  or  ^ 
which  it  may  be  worth  the  stiu^rnt's  while  to  investigate;  and  several  mois 
geueral  ones  will  be  given  under  the  General  Fropertiei  qftke  Come  ffpffWM,! 
little  farther  on  in  the  volume. 


PROP.  XII. 

A  chord  drmcn  throwjh  the  fortui  of  nn  hypirbola  is  so  diriileil  in  that  pciuf,  Imt 
Jour  times  the  rectangle  coniained  by  its  iegmentt  ii  €quai  to  the  rectamgk  cm- 
tained  hrj  the  chord  and  the  pararaeter.  ' 

That  is,  4HF  .  FE  =p.  HE. 

For.  draw  the  lines  HL,  EM  i)crj)cn- 
chcuiar  to  the  directrix,  and  join  EN, 
which  produce  to  cut  UL  in  R,  and  draw 
F8  the  focal  ordinate,  or  semi-parameter. 

Then,  (pr, cor.  1.)  HNLs  ENM  s 
RNL :  hence  RL  =  LH,  or  RH  =  2HL. 

By  similar  triangles  RHE  and  NP£»  we 
have  , 
EH  :  EF  :.  RH  :  NF,  or 
NF .  EH  =  EF .  RU  =  2HL .  EF. 
And  ipr.  x.) 

HL;HF::NF:FS,or 
2HL.  FB :  3HP.FE  ::  NF.HE  :  FS.UE. 

Bat  since  2HL.EFs  NF.HE,  we  haye 
SHF.  FE  s  FS.  HE,  or  dooblug  both, 
4HF.FE  s  2FS.HB  s p. HE. 

CoroOsfy  1. 

If  anotber  line  H'E'  pass  tbrough  the  focus ;  then  we  shall  ha?n 
HF.  FE  :  H'F.  FE' :: p .  HE : p . H'B' HE  :  H'E'. 

CwoUary  2. 

Draw  the  focal  tangent  NS  to  meet  any  ordinate  DG  in  K,  and  join  F6; 
then  FG  s  DK. 

For  {prop,  xi.)  SF  is  perpendicular  to  FN,  and  tbeiefoie  paitllftl  to  DK. 
Wherefore  NFS,  NDK  are  similar  triangles,  and  we  have 

NF  :  FS  ::  ND  :  DK ; 
also  ( prop,  a- )  NF  :  F8  ::  ND  :  FG. 
Hence,  since  the  first  three  terras  of  each  proportion  are  identical,  the  fourtii 
tarns  of  each  mnat  be  equal}  that  is,  FG  =  DK. 
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FROF.  XIII. 

\f  Hmt    mijf  taagaU  mteimg  four  ptrpmdkntan  to  lib*  «m  dhnrni  from  ikm 

four  points,  namely ^  ikt  cmtre,  the  two  extremities  of  the  tutit,  aad  tke  poimt 
4^  eimtact  j  tketefour  ptrpendia^t  will  b9  prcporiionalt* 

That  is,  AG  :  UE  ::  CH:  BI. 
For  (jtr.  ir.),  TC :  CA : :  C A :  CD, 
or,  dw,  TA:AD::TC:CA, 
::TC:CBi 
and  comp,  TA:TD::TC:TBf 
and  hence,  by  the  mmilar  triangles 
TAG,  TDE,  TCII.TUI, 

AG  :  DM, ::  CU  :  BI. 


Corollary  1. 

TA  ;  TD  ::  TC  :  TB,  and  TG  •  TE  t:  TTT  :  TT. 
They  bebg  homologous  sides  of  the  four  triangles  mentioned  in  the  demonstra- 
tion. 

Corollary  2. 

Draw  AI  to  intonect  DE  in  P :  then  D£  is  bisected  in  P. 

For,  by  thejmgi.  and  preceding  corollary, 

TA  :TC  ::TD  :  TB  ::  TE  :  TI ; 
wherefore  the  triangles  TAE,  TCI  are  similar,  and  AE  parallel  to  CI.  Hence, 
again,  the  triangleti  A£D,  APD  are  siaular,  respectively,  to  CIB,  AlB;  and, 
consequently, 

AD :  DB  :t  CB :  BI,  and  AD  i  DP  ::  AB :  BI;  and,  therefor^ 
D£  :  DP  ::  AB  :  CB  ::  3  : 1,  or  DE  =  2DP. 
Whence  we  deriTe  an  elegant  method  of  drawing  a  tangent  at  any  point,  E,  in 

the  cnrvc  of  the  hyperbola :  viz. 

Bisect  the  ordinate  ED  in  P  ;  draw  AP  to  meet  the  tangent  BI  in  1 5  and  the 
line      being  drawn,  will  be  the  tangent  required. 

Corollary  3. 

The  rectangle  AG  .  BI  =:  Ca"  =  (seiiii-conjugate)-. 
For  draw  Erf  parallel  to  AB  :  then  Cd  =:  DE.    Also,  by  the pr.  and  Euc,  ti» 
10,  ED  .  UC  =  CJ .  CU  =  Ca^,  {prop.  ix.  cor.  4.) 

Corolfary  4. 

Draw  the  perpettdienlars  ¥li,fk  from  the  foci,  then  FR  ,fk  ^  AG .  BI. 
For  (precMfiHy  cor.),  AQ.  BI  =  Ce>  ss:  FK  »fk  (pnp.  mi.  ear.  3). 

Scholium. 

A  more  general  property,  vis.  where  the  fkmr  lines  hare  any,  but  equal,  uiduiB* 
tioos  to  tbe  axis,  will  be  foimd  on  a  futuie  page. 
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SECnON  IL 

m  AIYMPTOTM  or  THK  HTPMBO&JU 

PROP.  A. 

AU  parallelofjrams  formpd  bt/  lines  drawn  from  points  in  the  hvprrholn  parallel  fo 
the  asjfmptQiett  and  ike  segments  of  the  asymptotes  interested  bjf  them,  «re 
equaL 

hax  AB,  oft  be  ^  tnnmrM 
and  oonjugate  diameteri,  and 

HIKL  the  conjugate  rectangle 
{Hff.  '2]):  then  KH,  LI  are  the 
as\ nijitntes  {dff.  11).  Now  if 
fruiu  any  poiut  E  ia  one  of  the 
branchea  of  the  carve,  linea  EP, 
EQ  be  drawn  parallel  to  HK.  LI, 
BO  as  to  form  the  parallelogram 
CQEP  ;  this  parallelojfrain  will  be 
of  the  same  magnitude  wherever 
in  the  curve  of  the  hyperbola,  the 
point  E  be  taken,  rut,  equal  to 
BMCN  formed  by  drawing  lines 
BM,  BN  from  the  vertex  B  pa^ 
rallel  to  the  ;(HYm|Uote9. 

Fur,  (iraw  the  ordinate  EDe,  and  produce  it  lo  mett  the  asymptotes  in  G  aad^. 
Tlien,  by  the  aiailar  triangles  CBI,  CDG,  and  pro^p.  it., 

CD*  :  DG*  t:  CB<  :  BP  ::  CB* :  Co' ::  AD  .  DB  :  DE^i  wbenco 
CD»  :  AD  .  DB  -  CI)5  ::  DG» :  DG^  -  DE«. 

But  AD  .  DB  -  CD-  =  CB-,  and  DGj  -  DE»  ssQ^.lSf, 
whence  ait.  and  by  similar  triangles  CDG,  CBI, 

CB«:  GE.E^  ::  CD*  :  DG« ::  CB^  t  BP  j  orBPs  GE.E^. 

Again,  by  the  similar  trianglea  OPE,  IHB,  and  BQ^r,  BNK, 

PE  i  MB  ::  EG  :  IB.  and  QE   BN  ::  E<7  :  BK ;  whence;, 
PE .  m  :  MB  .  BN  ;  (H:   K,7  :  IB  .  BK. 

But  IB  .  BK  =  BP  =  GE  ,  E^;  and  hence  PE  .  EQ  =  MB  .  UN.  or 
PE  :  MB  ::  BN  :  QE.  The  sides  of  the  parallclograuis  EPCQ,  BMC.N  about 
the  ciunmon  angle  C  aie  therefore  reciprocally  proportional,  and  the  pintli^ 
gnuns  themselTOs,  thersfora,  eqnaL 

Corollary  1. 

If  lines  be  drawn  parallel  to  one  asymptote  of  the  liypcrbolas,  to  meet  tho<i 
curves,  these  lines  will  be  bisected  by  the  other  asymptote;  as  ET  parallel  u> 
UK,  cutting  LI  in  P,  is  bisected  in  P. 

For  draw  TZ  parallel  to  LI:  then  the  paraUelogram  TC  ia  equal  to  SM, 
which  is  equal  to  MN,  which  ia  equal  to  PQ.  The  equal  psnnciagnuna  TC^ 
PQ,  therefore,  being  between  the  same  paiallela  HK,  T£  are  upon  equal  faaMS 
TP.  PE ;  or  the  line  TE  is  bisected  in  P. 

In  the  same  way  it  may  be  shown  when  lines  are  drawn  parallel  to  the  utiier 
asymptote  U. 

Goroltsry  2. 

If  TE  be  drawn  panllal  to  one  asymptote  UK«  and  from  T  and  E  paraOdt 
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TX,  EW  be  drawn  to  the  other  asymptote  HK,  meeting  the  opposite  curve'?  in 
X  and  W  :  then  WX  being  drawn,  it  will  he  parallel  to  the  first  asymptote  UK; 
and  the  figure  TXWE  will  be  a  parallela^ratu. 

For,  (ogr.  1.)  TZ  =  ZX,  and  EQ  =  dW ;  wlieiioe»  nnct  alto  TZ  «  QB,  wo 
hare  ZX  =  QW.  The  lines  ZQ,  XW,  tberefora,  joining  the  eztremitim  of  the 
equal  and  parallel  lines  ZX.  QW  sffe  themseliree  equal  and  poraUel,  or  XW  is 
parallel  to  the  Hsymptote  UK. 

Also,  XW  IS  parallel  to  TE,  for  both  are  parallel  to  HK;  and  since  TX,  EW 
are  parallel,  each  being  parallel  to  IL,  the  figure  TXWE  is  a  parallelogiam. 

ConUmy  3. 

If  EC»  CX  be  drawn  thejr  will  be  in  one  line,  and  ECX  will  be  a  diameter  of 

the  hyperbola :  and  the  same  is  true  of  TC,  C W. 

For  conceive  the  lines  TC,  CX  (not  in  the  figure)  to  be  drawn.  Then, 
PE  =  WY  =  YX,  and  PC  =  CY,  and  the  angles  EPC,  XYC  also  equal  { 
hence  XC  =  CE.  and  the  angle  XCY  =  angle  ECP.  \Mierefore  X,  C,  E  are 
in  one  linet,  and  EX  ia  bisected  in  C. 

Corollary  4. 

All  parallelograms  formed  of  lines  parallel  to  the  asjrmptotes,  and  having  its 
angular  points  in  the  curve,  will  be  equal  to  one  another,  and  each  equal  to  half 
tbe  conjugate  rectangle. 

For  the  eonetitnent  parallelogranw  into  which  the  whole  jianllelograni  TXWE 

is  divided  by  the  asymptotes  are  aeverally  equal  to  those  into  which  the  paral- 
lelogram A6B<i  is  divided  by  the  asjTnptotes;  viz  T'/.W  t  .  aSCM,  KPCQ  to 
M  BNC.  and  so  on.  Hence  TXWE  is  equal  to  Abba,  that  is,  to  half  HLKi, 
the  conjugate  rectangle. 

Corollary  5. 

If  any  line  Cfjr  be  drawn  parallel  to  one  of  the  axes,  as,  for  instance,  to  o6,  the 
rectangle  of  the  eegmrate  GE,  Eff,  or  Gt,  tg,  into  which  it  is  divided  by  the 
cnrre  and  its  asymptotes,  is  always  of  the  lanie  magnitude,  via.  to  the  square  of 
the  semi-aiis  to  whtcb  it  ie  paralld. 

Corolfafy  6. 

The  segroents  intercepted  between  die  curve  and  ite  asymptote  are  equal,  vis. 

GE  =  ge,  and  Ge  =  E^r. 
For  DG  =:  D^,  and  D£  »  Des  hence  also  G£    jv,  and  Ge  &= 

Corollary  ?• 

The  curve  and  its  asymptotes  never  meet,  however  far  produced. 

For,  BP  =  GE  .  Ej7  =  DG*  ~  D£* »  or  DG*  a  Bl>  +  DE*.  Wherefore 
DG  ie  greater  than  DE,  or  the  point  E  of  the  hyperbola  always  lies  between  the 
indefimte  lines  CB,  CO.  This  property  holding  good  for  aU  poeitiona  of  E  in 
the  curve*  the  curve  can  never  meet  the  asymptote  CG* 

Corollary  8. 

The  curve  and  its  asymptote  approach  more  nearly  than  any  distance  which 
can  be  anigned. 

For,  let  PE  he  any  distance  aesignedi  and  take  Cp  in  the  aeymptotc  greater 

than  CP,  and  drawpr  parallel  to  PR,  meeting  the  carve  in  r;  and,  lastly,  draw 
rq  parallel  to  Qp,  Then  the  parallelograms  EFCQ,  rpCq  being  equal,  and 
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having  the  angle  at  C  common,  Cp  :  CP  : :  PE  :  pr.  But  since  Cp  is  grt:a.ter 
than  CP,  P£  it  greater  than  pr  {Ew.  v.  14).  Wherefore,  since  this  holds  true 
vherever  in  the  asymptote  the  point  P  is  taken,  it  follows,  that  however  mau^ 
we  take  PE,  it  is  possible  to  find  a  distance  pr  between  the  eiirro  and  its 
asymptotSy  which  shall  he  still  less  than  PE. 

If  any  nnmber  of  distances  be  taken  from  C  on  one  asymptote^  which  are 
continued  proportbnals  of  greater  or  less  inequality,  the  lines  drawn  from  them, 
parallel  to  the  other  asymptote  to  meet  the  curve  will  be  continued  proportioiiain 
of  less  or  greater  inequality,  respectively. 

PROP.  B. 

If  a  tiraijfhi  Un§  be  drMom  la  osy  wof  whatever  to  meei  ike  kjiperteia  md  Us 
oejfmptotes,  the  eegnneete  m» 

tercepted  between  the  curve 
and  the  asymptotes  will  be 
egaia/. 

Lax  the  line  HK  cut  the 
asymptotes  in  H  and  K,  and 

the  curve  in  E  and  m  then 
HE  =  mK,  and  Hm  =  EK. 

For  draw  the  !ines  CiE<7, 
^mn  perpendicular  to  the  axis 
AB,  meeting  it  in  D  and  L. 
Then  the  triangles  E^K,  11  EG 
are  respectively  similar  to  Kmn, 
BmS,  end  we  have 

mn :  mK ::  ^E :  EK,  and 

aiN:mH::GE:£Ui 

wherefore,  wn.HiN  :  Ksi.inH  ::  6E.£^  :  HE.EK. 

Buty  (pr.  if.  eor.  4.)  GE, E^  s  Ml. fliN ;  and  hence 

Km  .  mil  =  HE  .  EK.  or  Km  (mE  +  EH)  —  EII   Km  +  mK)  ; 
that  is.  Km.  m£  s  HE .  Em ;  or  HE  =  mK.  and  Hm  =  £K. 

In  a  similar  manner  it  may  be  shown  that  EH'  =  m'K',  and  £K' s  mH', 

Corollary  1. 

If  the  line  HK  be  moved  parallel  to  itself  till  it  arrive  at  the  position  QR,  and 
touch  the  hyperbola  at  then  UP  =  PKy  or  the  tangent  is  bisected  by  the 
asymptotM. 

Corollary  2. 

If  any  line,  as  HK,  be  dran-n  parallel  to  a  tangent  QR,  both  be inf^^  limited  by 
the  asymi)totes,  then  the  rectangle  of  its  segments  made  by  the  curve  will  be 
equal  to  the  square  of  the  intercepted  tangent :  that  i», 

Pa-==  HE.EK  =  Hm.mK. 

Corollary  3. 

If  a  struigiit  line  VW  be  drawn  parallel  tu  any  tangent  QR,  then  the  diameter 
CP  being  drawn,  it  will  bisect  VW  in  U. 
For»  siaee  QR  ia  panllel  to  ST,  and  is  bisected  in  P  (eor.  \,\  wa  bnva  also 
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SU  =  UT:  also,  since  the  line  VW  i**  (Irawn  to  meet  the  hyperbolas  conjagate 
to  the  former,  VS  =  TW  (pr.  iOi  and  hence  we  have  VS  +  SU  =  WT  +  TU, 
or  VU  =  UW. 

Corollary  4. 

Ail  parallel  chorda  are  bisected  by  the  same  diameter,  and  that  diameter  is 
conjugate  to  them  (,dtf.  14). 

CoroUary  5. 

All  the  triangles  formed  by  tangents  and  the  intercepted  segments  of  the 
aeynoptotM  are  each  eqad  to  half  tlw  emgn- 
gate  rectangle. 

Fur  from  the  point  of  contact  E  draw  EK, 
EG  parallel  to  the  asymptotes.  Then  it  is 
easily  shnvn  that  the  triangle  TCS  is^ouble 
of  the  parallelogram  GK,  since  (cor.  I)  the 
tangent  TS  is  bisecttd  in  B.  Also,  {prop.  A. 

4.)  GK  is  ooe-fontth  of  tbe  conjugate 
rectangle,  and  hence  TCS  ia  half  the  aame 
rectangle. 

PROP.  C« 

1/  a  paralltlogram  U  iuenM  to  tovpA  the  four  hyperbolas,  and  A«M  mu  ^  Ut 
m^uhrpoUtls  in  an  asym^iaUt,  U  wiB  have  aU  its  antfular  pomtt  i^mmi  the  fwo 

asymptotes,  and  will  be  a  conjurjate  parallelogram  (dtf.  2!).-  and  no  paraUeh- 
fjrmn  not  having  iu  angular  points  so  situated  can  be  constructed  that  shall  be  a 

cmijiiijals  one. 

Let  any  point  I  be  taken  in  the 
asymptote  CI,  from  which  let  IK, 
IH  ba  drawn  tondiing  the  hyper* 
bolas  in  P  and  S,  and  draw  HR, 
KQ  tangents  to  the  other  two  hy. 
perbolas  at  R  and  Q :  then  their 
point  of  intersection  L  will  be  in 
the  ftrat  asymptote,  and  iSbm  figwv 
HIKL  win  ba  a  eonj^gaie  panl-« 
lelognun*  And  no  panJIdognm 
whose  angular  points  are  not  in 
the  asymptotes  is  a  conjugate  one. 

First.  Because  IH,  IK  are  bi- 
■aeted  at  the  points  of  ooniaet  S 
and  P,  the  line  SP  is  bisected  mE 
nt  its  intersection  with  the  asympti  ti  (prop.  S.  eor.  also  (Euc,  oi,  2,  or 
Geom.  theor.  82),  SP  is  parallel  to  HK.  In  the  '3amc  manner  RQ  is  parallel  to 
UK;  and  hence  ako  to  SP.  Similarly,  RS  and  PQ  are  parallel  to  the  Other 
asymptote  XL,  and  the  figure  SPUR  is  a  parallelogram. 

Join  EC,  PC,  SC,  QC  (not  in  the  figure) :  and  beeanse  SPQE  is  m  parallelo. 
gram  inscribed  between  the  four  hyperbolas,  SP  =  RQ,  and  ES  s  QP,  and 
(prop.*B.  cor.  3.)  the  diajronals  RP  and  QS  pass  through  the  centre,  and  are 
diameters  of  the  curve.  But  RP  bisects  the  sides  Tlf^  and  IK,  and  SQ  bisects 
the  sides  HI,  KL,  and  hence  these  diameters  are  parallel  to  the  sides  of  the 
parallelogram  HIKU  touching  the  four  hyperbolas :  that  is,  each  diameter  is 
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panUd  to  the  tangtnts  dravn  to  the  comi  from  the  extramities  of  the  other ' 
diameter,  or  they  are  coojiigate  diametem       14),  and  the  figure  HIKL  ia  a 
conjugate  panllelogram  {dtf,  21). 
SecamHig,  No  parallelogram  whoee  angular  pointa  aie  aitoated  otherwiae  than 

in  the  asymptotes  can  be  a  conjugate  parallelogram. 

For,  let  the  panllel  tanp^ents  hi,  Ih,  be  drawn  touching  the  oppo«{!te  hyper- 
bolas at  P  and  K,  an(i  iV;.  kl  touching  their  conjugate  hyperbolas  at  s  and  q  :  and 
let  the  angular  points  k,  i,  k,  not  be  in  the  asymptotes.  Then  it  U  to  be 
proved  that  hi  -dud  ki  are  not  parallel  to  RP. 

Let  tk  and  hi  cut  the  aj^yinptotes  in  I  aud  L,  and  draw  the  tangents  IH,  LK 
from  I  and  L  to  the  conjugate  hyperbolas :  these  will  be  parallel  to  RP  by  the 
preceding  demonatiation.  Join  SI.  Then,  since  <  is  a  point  not  In  the  tangent 
to  the  curve  at  S,  and  t  lies  without  the  curve.  Si  cuts  the  curve  in  aome  point. 
Hence  the  tangent  from  t  to  the  curve  lies  between  Si  and  iC,  and  eonaequentljr 
it  will  intersect  SI  in  some  point.  It  is  hence  not  parallel  to  SI,  and  oonso- 
quently  not  parallel  to  RP.  Hence,  the  paraUelc^irram  kikl  not  having  its  aidea 
parallel  to  the  djAmeters  drawn  to  the  alternate  points  of  contact,  is  not  a  con- 
jugate parallelogram. 

Cbfoflisry  1. 

If  one  diameter  of  a  parellelagram  be  conjugate  to  another  diameter^  the 
second  is  conjugate  to  the  first. 

Corollary  2. 

All  ronjugate  paralltlograins  described  to  touch  the  four  h3rperbolas  are  equal 
tu  one  aiioiher,  aud  to  the  rectangle  contained  by  the  two  axes. 

For,  the  parallelogram  HIKL  is  composed  of  the  four  equal  parallelograms 
CSIP.  CPKQ,  CQLR,  and  CRHS,  which  are  lespectivcly  double  of  the  four 
equal  triangles  SCP,  PCQ,  QCB,  RCS.  But  these  kst  four  compose  the 
parallelogram  PQRS,  which  (by  prop.  A,  eor  4.)  is  equal  to  half  the  rectangle  of 
the  aies  s  and  hence  the  paralldogram  HIKL  is  equal  to  the  rectangle  contained 
by  the  axes,  and,  therefore,  always  of  the  same  magnitude. 

ComUarif  3. 

If  the  Bne  CP  he  produced  to  cut  any  chord  parallel  to  the  tangent  at  P  in  F, 
that  chord  is  bisected  in  P',  and  P'E,  Vm  are  wdinatea  to  the  diameter  CP  {f§. 
pr,  4). 

PROP.  D. 

\f  from  n  point  in  the  hyjjeri/ola  upon  the  transverse  diwafti-r  an  ordinate  be 
drawn  to  the  conjugate  axis  to  cut  the  asymptote;  the  dijermce  between  the 
squares  qf  the  ordinate  and  the  portion  of  it  intercepted  between  the  asymptote 
md  the  fl«t»  is  egual  to  the  iquare  qfthe  sems-tratmens  diameter. 

Lit  any  ordinate  EH  be  drawn  from 
the  point  £  of  the  hyperbola  to  the 
conjugate  axis  CH,  cutting  the  asymp- 
tote CK  in  G  :  then 

EII-  -  HG-  =  AC-. 

For,  draw  the  ordinate  ED  to  the 
transverse:  then  (prop. 

CD»  -  C.\» :  DE^ CA«  :  Ca*. 
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Now  GH  :  HC  ::  Ka  :  nC  ::  AC  :  Ca  ;  whenfore 
CD^  -  CA»  :  DE2  ::  GH'^  :  lin 
Also,  DE»  =  HC%  and  UD^  =  HE»  j  »u(i  hence,  finally, 
EB* AC* «  6H>,  or  EH*  ~  UG*  s  AC*. 


PROP.  S. 

Tke  tkrHjUhmng  spaem  huhBttm  the  asymptoUt  and  (AecwM  «re  cjiib?;  fMiiMiy» 
lAf  Mc/or  or  trilinear  space  contained  bjf  m  arc  o/*  <Ae  evrve  and  twQ  rodit.  Or 

drawn  from  its  extremities  to  ike  centre ;  and  each  oj  the  tuo  quadrilaie' 
rals,  rrintn'ined  by  the  said  arc,  and  two  lines  drawn  from  its  extremkie$ paraUet 
to  ont  <!sijr/ij.,(ote,  and  the  intercepted  part  of  the  other  asyn^tots, 
Fuou  A,  L,  any  two  points  in  the  curve  of  the 

hjrpeibola,  draw  AP,  EG  {Miillel  to  one  asymptote 

CK,  and  intercepting  GP  upon  the  other t  and  nmi- 

larly  draw  AQ,  EK  parallel  to  the  other  asymptote. 

Intercepting  QK  upon  the  former  {  and  alao^  dmr 

AC,  EC  to  the  centre :  then 

quad.  PAEG  =  quad.  AQKE  =  sect.  CAE. 

1.  For  ipr.  A.)  CPAQ  =  CGBK,  hence  takb|r 
away  CGIQ,  we  have  PGIA  =  IQKE ;  and  adding  AIE,  we  have 

quad.  PAEG  =  quad.  AQKE. 

2.  Again,  from  the  quadrilateral  CAEK  take  separately  the  equal  tiiangles 
CAQ,  CEK,  then  there  respectively  remain  tlie  sector  CAE  and  quadrilateral 
QAEK,  equal  to  one  another.    Hence  the  stated  equalities  take  place. 


PROP.  F. 

If  fnm  (Ae  pomi  iffcimtaet  of  any  tangmUt  mi  tke  two  isiUrseetioiu  the  emvt 
with  M  UiiepmvUti  to  lAt  imgmtp  tkrtt  paraUel  fteat  be  d^ewm  In  any  tUreoHen, 
and  teramaied  ly  either  aeytapieie,  tkoee  three  Uaee  wiU  he  m  eemtumed  pro- 
portion. 

Lbt  HK  be  any  chord  paral- 
lel to  the  tangent  at  I ;  then 
linee  HD,  IE,  KG  drawn  paral- 
lei  to  either  asymptote,  CP,  to 
meet  the  other,  CM,  in  D,  E,  G. 
will  he  continued  pro[)ortioiiale, 
or  HD  :  IE  ::  IE  :  KG. 

For,  draw  the  tangent  IL,  and 
produce  HK  to  meet  the  asymp- 
tote in  M  t  then  the  three  trianglee  HDM,  IBL,  KGM  are  etmilar,  and  hence 

EI  :  IL  ::  DH  :  HM,  and  EI :  IL  ::  6K  :  KM  i 
wherefore  EP  :  IL» DH  .  GK  :  HiM  .  MK. 

But  (pr.  B.  cor.  2.),  HM  .MK  =  IL»,  and  hence  DH  .  GK  =  EP,  that  ia» 
HD  :  IE  ::  IE  :  KG. 

CereOary, 

Draw  the  lemi-diamelera  CH.  CI,  CK ;  then  will  the  eectora  HIC,  ICK  be 
espial* 

For  since  CN  bisects  TTK,  the  triangles  HCN,  NCK  are  equal :  and  nnceall 
the  ordinales  paraikl  to  HK  are  re«pfctively  bisected  by  IN  or  CX,  the  scffment 
of  the  hyperbola  HiN  is  equal  to  the  segment  KLM  :  wherefore  the  difierencea 

roj..  II.  u 
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are  equal,  tis.  HCS  ^  HIN  s  KC^  ^  KIN,  or  the  seetor*  HCI,  KCI  are 
equal* 

PROP.  G. 

[Figure  to  preetding  prop<mtwnJ\ 
Jfmf  wmim  uj  scynmiU  CD,  CE,  CO,  CQ,  efe ,  m  dee  (uympMe  be  takem  com" 

iMMif  pnporlWHalt,  tmd  DH,  SI,  QK,  OR,  cfc.  bt  drawn  paralM  to  the  oiker 

aigmptoU:  tkm  the  ipaee$  HDEI,  lEQK,  KQQR,  He,,  wiUbeatt  tqnaL 

FM.  Let  CD  :  CE CB :  CO ;  then  will  the  eectore  HCI,  ICK  be  equal, 
and  likewise  the  apacee  HDEI,  IE6K  be  equal. 

For  draw  the  tangent  at  I,  the  intermediate  one  of  the  three  pointe  H»  I,  K 
meeting  the  asymptotes  in  L  and  S,  and  draw  HK  meeting  the  aaymptotes  in 
M  and  P  and  the  diameter  CI  in  N. 

Then,  since  (prop.  B,  cor.  1)  SI  =  IL,  and  that  {by  hypoth  )  IE  is  parallel 
to  CP,  we  have  CE  =  EL.  Also,  (prt^.  B,)  since  PU  =s  KM,  we  have 
CD  =  CM,  n!i  1  hence  CG  —  DM. 

Again,  (Jiypoth.  and  prop.  A,)  we  have 

CE  :  CG  :;  CD  :  CE  ::  EI  :  DH  ;  wherefore 
EI  :  EC  ::  DH  :  CG,  or  EI  :  EL  ::  DH  :  DM. 
Hence  the  triangles  DHM,  EIL  having  the  anglea  HDM,  lEL  equal,  and  the 
aidee  abont  theae  angles  proportional,  are  aimilar.  Moreover,  EI  being  parallel 
to  DH,  and  EL  coincident  with  DM,  the  third  aidea  lU  HM  are  parallel. 
Wherefore,  (pn^.  F.  eor.)  the  aectora  HCI,  ICK  are  equal;  and  {pnp.  B)  the 
apacea  HDEI,  1 1    K  are  also  equal. 

Secondly.  Let  CE  :  CG  : :  CG  :  CQ ;  then  will  the  aectora  ICK,  KCR  be 
equal,  and  the  spaces  lEGK,  KGQR,  also  be  equal. 

For,  draw  the  tangent  at  K  :  then  it  may  be  proved  as  before  that  thia  tangent 
iA  parallel  to  IR,  and  the  sectors  and  spaces  equal  as  asserted. 

In  the  $>aine  way  the  demonstration  may  be  extended  to  any  number  of  sectors 
or  of  (quadrilateral  spaces. 

When  the  segments  CD,  CE,  CG,  CQ,  etc.,  are  taken  in  geometrical  pro- 
gression (continued  proportionals)  the  appicea  intercepted  between  HD,  and  the 
aueoeaaiTe  paraUela  IE,  KG,  RQ,  elc ,  will  be  in  arithmetical  progreaaion* 

Scholium. 

The  analnrfv  bctwcrn  tlie  proj^ertv  deduced  in  this  corollary,  and  the  cliarac- 
tcristic  or  dtliiiHiLr  ;)roperty  ol  loganthma  to  the  modulus  1,  has  led  to  the  terra 
hy/irrbofic  lopai  ilhiits  being  applied  to  that  system  which  is  otherwise  called  the 
huiiureati.  I'his  will  be  noticed  at  greater  length  in  the  part  of  the  volume 
devoted  to  the  Difftreniial  and  Integral  Calculus,  to  which  it  more  strictly  apper- 
taina. 

It  will  be  remarked,  too,  that  the  ellipse  and  hyperbola,  however  diaaimihr  in 
▼if  ihle  form,  have  a  considerable  number  of  properties  which  possess  a  striking 
geometries!  similarity.  Of  the  properties,  however,  in  this  section  of  the  work, 
there  are  scarcely  any  which  can  be  discovered  to  have  the  altgbtest  analogy  to 
correaponding  ones  in  the  ellipse.  The  reason  cannot  be  welt  explained  in  the 
present  stage  of  the  work }  but  it  will  be  hereafter  seen,  in  treating  the  subject 
algebraically,  that  the  expressions  which  relate  to  corresponding  lines  in  the 
ellipse  and  hyperbola,  in  all  ra^es  where  th?  properties  are  not  analo^nns,  in- 
volve in  the  two  cases  the  functions  «/     a-  and  V  "  ^^^^  implying 
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SECTION  UI. 

PftOMATIKS  OF  T9B  HTPMBOLA  MFBttDtttO  VVOIT  OBUQUB  OOliJTOATB 

OlAMEtUS. 

PROP.  XIV. 

If  from  fhe  foci  and  centre  rf  an  hyperbola  lines  be  draicn  to  the  pomtt  COatMtf 
and  also  the  intersection  (f  tirn  (nngents  of  the  hyperbola,  then  : 

1 .  The  angle  contained  by  the  lines  from  the  points  of  contact  to  either  focus,  it 
hiitettd  bjf  thai  drmt»from  the  ii^entetkn  ^  the  tange»t»  to  the  eamefceut, 

2.  7%e  Umee  drmm/^im  the  uderuetuM  oftke  temgnU  to  the  twofe^,  mote  eqtuA 
angles  with  those  tangents. 

3    The  line  drmrn  frmn  the  intersection  of  the  ton^ents  to  the  CffH/rt^  the  l^per- 
tola,  bisects  the  chord  which  joins  the  points  qf  contact. 

Let  AB  be  the  transverse  dia- 
meter, V  and  /  the  foci,  C  the 
ct litre;  and  let  DT,  ET  be  taa- 
i;eDt«  meeting  in  T  and  touching 
the  liv[)erbola  at  D  and  E;  draw 
EF,  FD,  FF,  T/.  TO.  and  ED, 
meeting  TC  in  M$  oko  produco/T 
to/':  then 

,  /DIT  =  EFr\ 

'*\d/t=e/t; 

,  /DT/=ETF\ 
{  DTK  =  ETf  I 
3.    DM  =  ME 

First.  Draw  FG,  FII  ]>erpendicular  to  the  tangeots  DT,  ET,  and  meeting 
/D,/E  in  K  «nd  L,  and  join  TK,  TL. 

Then  ( pr.  vln.)  FDG  =  KDG,  and  the  angles  at  G  are  eqnal  (comlr,),  and 
the  »^  1*  DG  common:  hence  KD=  DF,  and  K/=  /D— DFsAB  (jMtp.PU.)s 
anil  in  the  same  way  Lf=  AB.    Wlience /K  =  /L. 

Again,  by  the  triangles  FDG,  KDG  we  have  FG  =  GK  j  and  {constr.)  the 
angle!)  FGT,  KGT  are  equal,  and  tho  tide  T6  common  to  the  trIanglM  FOT, 
K6T.  Theiefore,  KT  s  TF ;  and  similariy,  LT  =s  TP.  Wlienee  LT  ss  TK. 

In  the  two  triangles  TK/,  TL/ we  have  the  sides  TK,  K/ equal  to  the  two 
sides  ri,.  Lf,  rpch  to  each,  and  Tf  common  to  the  two  triangleti  whence  the 
angles  at/  are  eqnal  ;  that  is,  K/T  =  L/T,  or  D/T  =  E/T. 

In  the  same  way,  by  drawing  perpendictilars  from  /  upon  the  tangenta  at  D 
■nd  E;  to  meet  PD,  FE  prodaoed,  it  may  be  shown  that  0FT  as  BFT. 

Seamd.  Since  the  trian^iles  TK /,  TL/  have  been  shown  to  be  eqnal,  we 
have  the  angles  LT/.  KT  f  equal;  tl  at  is,  LT/ =  KT/,  or  L'l/'  -  KTf\  or 
2E  rF  +  FF/'  =  2D  IF  -  Flf  i  or  DTF  =  FTE  +  FJf'  =  ET/'.  and  FTE 

DTF  —  Fl/'  =  DT/'. 

ThML  Draw  CD,  CE,  and  fhe  perpendieatars  fg  and  CP  from/and  C  upon 
the  tangent  Thea  tri./KT  « tri./DT  -  iri.  KDT  =  tri./DT  -  tii.  FDT 
«iDT  ./i^  -  |OT .  FG  =  IDT  J>Jr  -  FG}  =  DT .  CP  {pr.  wL  ear.  4)  = 
8  tri.  CDT. 

MS 
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In  the  same  manner,  tri./LT  =  2  tri.  CET ;  and  it  haa  been  shown  that  the 
triangles /KT, /LT  are  equal;  and  hence,  also,  the  triangles  CDT,  CET  are 
i  ijual.  Moreover,  the  equal  triangles  CDT,  CET  lying  on  opjKisite  sides  of  the 
tame  base,  the  line  ED  joining  their  vertices  will  be  bisected  by  the  base. 

PROP.  XV. 

1 .  Every  ordinal  chord  is  bisected  by  its  conjugate  diameter. 

2.  The  tangents  to  every  ordinal  chord  meet  in  that  diameter. 

3.  TTie  semi-diameter  is  a  mean  proportional  between  the  segments,  estimated  from 
the  centre,  cut  off  by  the  chord  and  tangent. 

Let  WS  he  a  tangent,  and 
VA  a  diameter  to  the  hyperbola 
through  the  point  V  situated  in 
the  curve;  and  let  any  chord  ED 
bo  parallel  to  WS,  which,  (def. 
14,)  is  an  ordinal  chord.  Then, 

1.  DE  is  bisected  at  M  by  the 
diameter  VA. 

2.  'Vh<6  tangents  at  D  and  E 
meet  at  T  in  CV. 

3.  CM  :  CV  ::  CV  :  CT. 
Let  the  tangents  at  D  and  E 

meet  that  at  V  in  W  and  S  ;  join 
SC,  WC,  cutting  the  chords  DV 
EV,  in  G  and  H,  and  the  chord 
DE  in  Q  and  R.  Draw,  also, 
through  C  the  chord  LK  to  meet 
the  tangents  in  K  and  L,  and  VX  parallel  to  CS  meeting  KT  in  N. 

First.  The  three  lines  WS,  DE,  LK,  are  parallel  {def.  14,  and  constr.),  and 
hence  the  triangles  VVVG,  SVH,  are  re8|>eclively  similar  to  DGQ  and  REH  : 
and  {prop,  riv.)  VG  =  GD  and  VH  =  HE.  Hence  the  triangles  are  also 
respectively  equal  in  all  respects,  or  VW  =  DQ,  and  SV  =  ER. 

Again,  the  similar  triangles  LCS,  RES,  and  the  similar  triangles  CWK,  QWD, 
respectively  give, 

CL  :  RE  ::  CS  :  SR  ::  CW  :  WQ  ::  CK  :  QD. 

But  (by  parallels  DE,  LK,  and  prop,  xiv.)  we  have  LC  =  CK,  and  hence 
RE  =  QD  ;  and,  again,  since  RE  =  SV,  and  QD  =  V W,  we  have  SV  =  VW. 

Again,  by  similar  triangles  SCV,  RCM,  and  VCW,  MCQ,  we  have 
SV  :  RM  ::  VC  :  CM  ::  VW  :  Ma 

Also,  SV  =  VW ;  wherefore  RM  =  MQ,  and  hence  again,  EM  =  MD. 

Secondly.  It  was  jiroved  {prop,  xiv.)  that  TC  passes  through  M,  the  middle 
of  ED,  or  that  T,  M,  C,  are  in  one  line  ;  and  {former  case  of  rv.)  that  C,  M,  V, 
are  in  one  line :  hence  T  and  M  are  in  CV :  that  is,  the  tangents  at  D  and  C 
meet  in  the  same  point  T  of  the  diameter  DV. 

Thirdly.  Because  SH  is  parallel  to  NV,  and  EH  =  HV,  we  have  ES  =  SX. 
Then  by  the  similar  triangles  TNV,  TSC,  and  MET.  VST,  we  have 

CV  :  Cr  ::  SN  :  ST  ::  SE  :  ST  ::  MV  :  VT.  or  alt.  et  comp. 
CV  +  MV  :  CV  ::  CT  +  VT  :  CT;  that  is,  CM  :  CV  ;:  CV  :  CT. 

Corollary  1. 

Tlie  diameter  AV  is  harmonically  divided  in  M  and  T. 
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For  (eom.  <f  CV+  CM :  CM  ^  CV  ::  CT  +  CV  :  CV  CT;  that 
u,  AM:MV::AT;TV. 

Corollary  2. 

AM  .MV=.  CM.MT. 
For,  CM«  -  CV  =  AM  .  MV.  aod  CM«  -  CV«  =  CM«  -  CT .  CM  = 
CM  (CM  —  CD  =  CM .  MT.  Whence,  bf  equality,  the  leeult  foUowe. 

Coroliarjf  3. 

AM  .  MV  :  AT  TV  :■.  CM* :  CV«. 
For  {prop.  XV.)  CM«  :  CV-  ::  CV-  :  CP  ;  heoce,  div.  et  alt.. 

CW  -  CV*  :  CV>  -  CP  ::  CM» :  C  V»  i  or,  as  above  stated. 

Corollary  4. 

Every  orcKnote  to  a  diameter  is  par&Uel  to  the  tangent  at  its  vertex. 

ConUary  5. 

All  ordinaies  to  the  same  diameter  are  parallel  to  one  another. 

CiDfettary  6. 

Any  straight  hne  which  bisects  two  parallel  chords  is  a  diameter,  and  is  conju- 
gate to  those  chorda,  and  any  diamettf  which  bisects  a  chord  is  ooiyugats  to  it. 


PROP.  XVI, 


n«S9Mre^M|rdinMlsr  AoslolAssyoare  ^tto  eo»§vigwH  tkt  tme  raUa  that 


DB,  OH  bo  tiro  conjogate  diameCm,  aiid     an  ordinato  to  the  focnier» 
comaponding  to  the  pobt  P  in  the  cam:  then 

BDS:GH>::BQ.€ID:PQ*. 
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Draw  the  tangent  at  P  to  meet  the  conjugate  diameters  in  S  and  T.  Thea 
{prop.  XV.  and  Euc.  ti.  20,  cor.  2}.  we  have 

CQ  :  CD  ::  CD  :  CS,  or  CQ'  :  CD»  ::  CQ  :  CS ;  and  henw,  dir., 
CQ'  -  CD' :  CD» ::  CQ  -  CS  :  CS,  or  CQ*  —  CD«  :  CD» ::  QS  :  SC. 
Again  {by  parallels  and  pr.  xo.)  we  have 

CQ»  -  CD'  :  CD«  ::  QS  :  SC  ::  PQ  (=  CR)  :  CT  ::  PQ'  :  CH». 
Hence  CD' :  CH»  ::  CQ-  -  CD-  :  PQ^  or  ED»  :  GU» ::  EQ .  QD  :  PQ\ 
111  the  same  manner,  GH»  :  ED' ::  HR .  RG  :  RP. 

Corollary  1. 

Tlie  rectangles  of  the  abscisses  of  any  diameter  are  as  the  squares  of  the  cor- 
responding ordinates :  for  each  ratio  is  the  same  as  that  of  tbe  squares  of  the 
conjugate  diameters. 

Corollary  2. 

Any  diameter  is  to  its  parameter,  as  the  rectangle  of  its  abscisses  to  the  sqaare 
of  the  corresponding  ordinate.    It  is  shown  as  in  cor.  I,  prop.  i. 

Corollary  3. 

Draw  the  tangents  GK,  HL  at  the  extremities  of  the  diameter  GH ;  then 
HL  :  PR  ::  CS  :  GK  (see  dem.  of  prop,  xi ) 

Corollary  A. 

If  any  tangent  LK  be  drawn  to  intersect  two  parallel  tangents  GK,  HL,  it 
will  cut  off  segments  HL,  GK,  whose  rectangle  is  equal  to  the  square  ut  the 
semi-diameter  CD  parallel  to  them. 

Corollary  5. 

The  tangent  KL  is  harmonically  divided  in  P  and  T. 

Corollary  6. 

A^  the  square  of  any  diameter  is  to  the  square  of  its  conjugate,  so  is  the  sum 
of  the  squares  of  that  semi  conjugate  and  of  the  distance  of  any  ordinate  to  it 
from  the  centre,  to  the  square  of  that  ordinate. 

For,  CH» :  CD»  ::  QP* :  CQ'-CD»  ::  CR» :  RF-CD* ::  CR»-f  CH»  :  RP'. 

Corollary  7. 

In  the  same  way  it  may  he  proved  that  in  the  conjugate  hyperbola, 

CD= :  CH» ::  CQ'  +  CD'  :  QP'«. 

Corollary  8. 

By  reasoning  similar  to  that  in  prop.  Hi.  cort.  I  and  2,  we  have 
QP'  :  QP' ::  CQ'  —  CD' :  CQ'  -f  CD',  and 
Q'P"  :  Q>'  ::  CQ'-  CH' :  CQ'-+  CH«. 

Scholium. 

Tlie  corresponding  properties  of  the  parabola  and  ellipse,  together  with  this 
])roperty,  are  but  particular  cases  of  the  succeeding  proposition  in  each  ca«e : 
and  tliose  succeeding  propositions  admit  of  demonstration  in  a  direct  and  simple 
form,  as  pointed  out  in  the  next  Scholium. 
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PROP.  XVII. 

If  any  two  straight  UmH  wkiek  wHtrttet  tuA  other  and  nu«t  the  kyptrffoki  be 
panMel  to  two  JSged  diamtt9r9»  them  f  A#  r«elM|l(t  meder  th§  ttgnmte  tf  the 
ome,  mttrtepted  between  the  point  of  section  of  the  limes  and  the  two  sections  with 

the  curve,  will  be  to  the  rectamjle  under  tht  srr/mentx  of  the  other  similarly  etti- 
mated,  as  the  fqu^re  of  the  semi-diameler  paraikl  to  the  first  is  to  the  equeare 
qf  that  paraUei  to  the  second 

Lkt  tbe  two  liBM  DE,  GH, 
paralle]  to  the  aemi-diametert 
CQ.  CR,  intenect  io  the  point 
P:  then 

DP.FB:  6P.PH ::  CQ':  CR«. 

For,  draw  ibe  semUdiameter 
CV  to  bisect  GU  in  M ;  also 
draw  the  diuneter  KL  through 
P,  and  KN  panllel  to  GH. 
Then  {pr.  xvi.  cor.  6)  the  dia- 
meter CV  is  conjugate  to  the 
chord  GH,  and  therefore  to 
the  diameter  CR.  Then, 

4NWe  6  ^ 

CR» :  CV» ::  CR«  +  KN» :  CN».  and 

CR* :  CV  :  CR'  +  GM'  :  CM';  whence 
CR»  +  KN-  :  CR*  +  GM«  ::  CX-  :  CM- 
GM»  —  KN* :  CR*  +  KN*  ::  CM»  -  CN= :  CN-,  dimdendo, 

::  P.NP  -  KN' :  KN%  by  aim.  triana. 
GM»  —  PM2 :  CR»  :t  PM'  -  KN«  :  KN^  alt.  et  div. 

::  CP*  —  CK*  :  CK?,  sim.  trians. 
But  GH  and  KL  are  respectively  bisected  in  M  and  C;  and  hence  {Euc.  it.  5, 
cor.)  GM»  -  MF  =  GP .  PH,  and  CP*  -  KC»  =  KP .  PL.  Wherefore, 

GP.PH;CR*::  KP.  PL  :  CK». 
Sunilarly,  £P .  PD  :  CQ*  KP .  PL :  CK*. 
Whence.  DP .  PE  t  GP .  PH  n  CQ' CR* 

Corottory. 

If  one  of  the  Hnea  be  a  tangent,  the  lectaogle  of  its  aegnenta  beeonee  the 

square  of  the  tangent;  and  if  bnih  be  tangents,  then  these  tangente  hate  the 
same  ratio  a«  their  parallel  diameters,  and  GD  is  parallel  to  QR. 

SehoUum. 

This  general  property  of  the  conic  sections  has  now  been  proved  for  each  of 
the  cnrrce  aeparately  i  via»  f<v  the  parabola  at  p.  120,  the  at  p.  140,  and 
for  tlie  hyperbola  in  this  propoeition.  It  might,  however,  have  been  proved  for 
the  eone  itself  generally,  as  is  done  hereafter  at  p,  212,  and  the  importanee 
and  naee  of  it  are  there  pointed  out 


line. 
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PROF.  XVIII. 


Jfffitm  ikt  edrmtfMf  of  mtjf  iwo  em^wgaie diameitn  q^m  kgperbola  ordSnia#< 
drmim  io  my  third  diamtiir,  the  rectangU      the  abscisttM  made  bjf  omm 
ordinaies  if  equal  io  the  square  ^  tka  duUmaefram  ike  cealra  (etOmated 
dkaaeterj  ni  ike  other  ordmaU, 


Lr.T  HE,  0 B  be  the  conju-^ 
gate  diameters,  and  from  the 
extremities  1)  and  G  to  any 
Other  diameter  i'Q  let  there 
be  drawn  the  ordinaies  DS, 
GH:ib«naH.HPsBCS*, 
andQS.SPaCH*. 

For,  let  the  tangoits  at  D 
■od  6  meet  die  diameter  PQ 
in  T  and  K  s  then,  by  the 
pairs  of  similar  triangles 
KGH,  CDS,  and  GKC, 
TCD,  we  bave 

KH:CS 


KG  :  DC  ::  KG  :  CT. 


Again,  ipr.  xc.)  KC  .  CH  =  CQ^  =  CS .  CT ;  and  hence, 

CS  :  CH  ;;  KC  :  Cr  ::  KH  :  CS,  or  {pr.  xv.  cor.  2), 
CS«=  KH.HC  =  QH.HP. 

In  precisely  the  same  way  the  other  case  may  be  proved. 

Corollary  1. 
KC.CU  =  TC.CS. 


CoroUarp  2. 
CH.HK»  CS^,  and  CS.ST  »  CH«. 

Corolkay  3. 

Let  NR  be  tbe  diameter  conjugate  to  PQ,  and  draw  the  ordinatea  Elf,  GL  to 
it|  thm 

CQ'  =r  cs^  —  cn», 

and  CR2  =  CL«  —  CM*. 
For,  CS«  -  CH=  =  CH  .  HK  -  CH«  =  CH  (CH  -  HK)    CH .  CK  «  ca% 
and  eimilarly  for  tbe  other  case. 

CoroUarjf  4« 

QC  :  CN    CS  :  GH. 

For  (pfopi^arii.  and  xviii.)  we  ha%'e 

QC^ :  CN' ::  QH  . HP  (=  CS^)  :  GH«; 
and  hence  QC  :  CN  ::  CS  :  GH. 
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PROP.  XIX. 

1.  T%e  difermoi  the  tquares  qf  ike  poire  of  conjugate  diameten  it  eoMfMl^ 
tk»Mme, 

3.  Tie  artat  of  the  conjt^oU  partiUehgrmB  u  etm^mUfy  H«  »om,  «l«lJI«r  cirw 
emmter^ed  or  uaeribed. 

Let  PQBS  1n»  a  conjugate 
scribed  parallelogrnm,  nnd  V.r  Grj  the 
corresjMsndin^  inscribed  one,  the  diame- 
ten EG  and  eg  being  conjugate  to  one 
anolheri  and  lei  AB,  «ft  Im  die  tnne- 
TMie  and  eonjngtte  dimntm  inteneel- 
bg  in  the  centre  C.  Aleo  dmw  /T. 
Tbea, 

1.      EG«  -  eg'  =  AB«  ~  e«». 
^   fpar- PaRS  =  AB.a6. 

tpu*  EiG^  SSAC.C6. 
For  dftv  the  ordinates  ED.  ed  to  the 

transverse,  and  CK  perpendicular  to  one 
of  the  sideg  P()  of  the  circumscribed  parallelogram  i  and  let  CA  meet  the  aidee 

0,1',  FvS  in  1'  and  t. 

Bnt,  iprop.  nUi,)  OP  ss  BD .  DA  s  CD>  —  CA*;  or 

CA'  =  CD«  -  C<2' ;  and  aimikrly,  Ca*  ss  A*  —  DE^; 
whence,  CA'r-  Ca"  =  CD'  +  DE>  —  C<^  -  (ie*a:  CB*  —  C0>s  or 

Secondly,  i  ius  property  has  been  proved  in  prop.  C.  cor.  2,  in  a  rnort  siri;[  lo 
manner  than  it  conld  be  by  the  process  adopted  in  tlie  corresponding  caiie  oi  the 
eOipe^  at  p.  142. 

riiop.  XX. 

The  central  J'lsfnnre  nf  the  ordinate  of  a  point  on  fithfr  of  the  principal  diameter$t 
is  to  the  subnormal  of  that  point  upon  the  same  cUameter,  as  the  square  qf  that 
principal  dumgler  is  to  the  square  qf  the  other. 


Let  AB»  aft  he  the  prin- 
cipal dhunetere  meedng  in 
tha  eeotre  C,  A  B  being  tba 

transverae;  let  the  normal 
at  E  cut  ihem  in  P  and  1**, 
and  the  ordinate^  of  Jft^tu 
Aem  teepcetivelyy  be  BD 
and  ED'  i  then  DP  and 
D'P'  are  the  reqtectiTC 
Bobnonnnls,  and 

CD:DP  ::  AH»:a6», 

and 

CD  :  D  P:;  oi-  :  AD-. 
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For  {prop,  it.)  AD  .  DB  :  DE«  ::  AC^  :  C««  ::  AB«  :  flA«. 
Bat  {pnp.  xviii.  cor.  2,  and  right-angled  triangles)  we  bave 

AD .  DB  =  CD .  DT,  and  DE«  =  PI)  .  DT ;  wherefore, 
AB«  :  ab^  ::  CD  .  DT  :  PD .  DT  ::  CD  :  DP. 
In  precisely  the  same  way  the  other  part  of  the  proposition  may  be  proved. 

Corollary  1. 

CF :  CV    CP  :  PD. 
For  comp,  AC  +  Ga« :  Ca> : :  CD  +  PD  :  PD  I  and  ( jif^.  mO 
AC  +  Co*  a  CF,  Md  CD  +  PD  CP. 

AB  :^ DC :  PD»  and  AB  :p ::  FD' :  DX3  {irfi  17»«nd Mm^  vL  31.) 

Corollary  3. 

Ffom  the  pnceding  eoroUary*  PD .  D'F  =  DC .  CD'. 

Corollary  4* 

Dnw  the  diameter  SB  parallo]  to  the  taogent  TE/«  cutting  the  normal  tn  G : 
thenPE.EG  =  CaS. 

For  produce  ED  to  meet  CG  in  H  :  then,  since  the  aog^s  at  D  and  G  are 
right  angles,  the  triangles  EDP,  EGH  are  similar,  and 

ED  C=  CD)  ::  EP  ::  EG  :  EH  (=  C/).  or  EP. EG  =  CD'. a  =  CaK 

CoroUary  S.  ' 

Draw  PK  perpendicular  to  Bf{or  EF) ;  then  EK  =  I  p. 

Let  the  diameter  US  meet  E/in  L,  then  KGL,  KKP  are  similar;  and 

EG  :  EL    EK  :  EP.  or  LE.  EK  =  EP .  EG  =  Co«  (cor.  4). 
But  EPbiMcta  the  angle  FEK;  whence  EL  =  UE/~  FE)  s  AC:  whence 
we  bave 

AC .  EK  ss  Ci^,  or  AC  :  Ca  : :  Ca :  EK,  and  EK^kp* 

Scholium. 

The  definitions  of  similar  conic  set^Ums  (indeed,  of  similar  curves  general]}} 
may  be  given  in  various  forms ;  but,  perhaps,  the  best  mode  (and  that  which 
accords  most  nearly  with  the  application  of  algeV'ra  to  tlie  ^^eometry  of  curve 
lines)  i«,  tn  say,  that  Iwo  rarrrs  are  similar  vhru  tkt  lines  upon  which  their 
existence  dij:)f''ids  are  in  the  same  ralios^  each  to  each.  Under  this  view,  the 
circle  dejiends  upon  one  line  only,  the  diameter;  and,  hence,  all  circles  are 
similar  figures.  In  the  same  way  the  parabola  depeuds  oa  iLs  pai-aLactcr  only, 
and«  hence,  all  parabolas  are  similar  figures. 

An  elltpse  depends  on  its  two  rectangular  diameters  i  iid»  henoe^  if  thaae  be 
denoted  by  T  and  C  for  one  ellipse,  and  t  and  e  for  another;  they  will  bo  eisMlar 
when  T :  C  ::  I :  e. 

Q 

In  the  hyperbola,  T  and  C  are  the  sides  of  the  conjugate  rectangle  ;  and  ^ 
is  the  tangent  of  the  inclination  of  the  asymptote  to  the  transferee  axis.  Ucnci^ 
if  the  other  hyperbola  be  between  the  same  asymptotes,  we  have  j  for  the  tan* 

gent  of  incfination,  and  ,p  =  ^,  or  T :  C I :    and  the  hyperbolas  are  similar. 
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Had  any  other  deflnition  been  need,  then  thw  would  have  flowed  from  it  it  a 
conaeqoeneet  and  anj  other  property  of  nmilar  conic  eeetiona  nay  be  deduced 
from  die  one  hen  adopted. 

■LBnaifTAfty  BXBaciece  in  conic  ascrioife. 

1.  DsMoimaATn  that  if  a  right  cylinder  be  cut  by  a  phme  obliquely  the 
■ection  will  be  an  ellipse* 

2.  Show  how  to  draw  a  tangent  to  an  ellipee  whoee  foci  are  F,/^  from  a  gifen 

point  P,  situated  on  or  w  ithout  the  curve. 

3.  Show  how  to  draw  a  tangent  and  a  normal  to  a  given  parabola  from  a 
given  point  P,  either  in,  or  without  the  curve. 

4.  The  diametere  of  an  ellipie  are  16  and  13:  required  the  parameter  and 
the  area,  and  the  magnitude  of  the  equal  conjugate  diameters. 

5.  Tlie  base  and  allitude  of  a  parabola  are  12  and  Q  :  required  the  parameter* 
and  the  ordinates  corre-jionding^  to  the  abscissa*  2,  3,  and  4. 

6.  In  the  actual  fonuaitun  uf  arches,  the  vou!ti»uir&  or  urch-stonea  are  so  cut 
aa  to  have  their  faces  always  perpenMadwr  to  the  reepective  points  of  the  curve 
upon  which  they  stand.  By  what  eonstructiooa  may  this  be  eilecced  for  the 
parabola  and  the  ellipse  ? 

7  ( '  >nstnict  accurately  on  pap«r«  a  paiahola  whose  bsse  shall  be  12  and 
altitucle  9. 

6.  A  ooue.  the  diameter  of  whoee  base  is  10  inches,  and  whose  altitude  is  12, 
ie  cut  obliquely  by  a  plane»  whieh  enten  at  3  inches  from  the  vertex  on  one 
alant  side,  and  comes  out  at  3  inches  from  the  base  00  the  opposite  slant  aide« 

required  the  (limrTuions  of  the  section  ? 

9.  Suppose  tiie  same  ff^ne  to  be  cut  by  a  plane  parallel  to  one  of  the  slant 
sides,  enteruig  the  utlier  tiiuat  side  at  4  inches  from  the  vertex,  what  will  be  the 
dimeneiona  of  the  section  I 

10.  The  rectangle  umkr  the  transvetee  diameter  and  any  focal  chord  ia  equid 
to  the  square  of  Ihe  dhnneter  parallel  to  that  chord. 

11.  All  circles  are  oiinilnr  figures:  all  parabolas  are  similar  figurse:  and 
hyperbolas  between  the  ^ame  asymptotes  are  similar  figures. 

12.  Similar  ellipses  or  similar  hyperbolas,  have  iheir  axes  in  the  same  ratio: 
■od  if  two  similar  fignree  of  eillMr  kind  have  either  their  centree  or  a  focus, 
coincident  in  position,  and  tiieir  transversa  aaea  also  ooinddent  in  direction,  aU 
lines  drawn  through  the  cuquDon  ooDtre  Off  oommoo  iiKue,  wiU  he  divided  by 
the  curves  in  the  same  r;>t!'). 

13.  To  describe  a  polygon  in  a  conic  section  similar  to  a  given  polygon  in  a 
given  and  similar  oonie  section. 

14.  Ut  TP,  <^  be  Ungents  10  a  paraboht 
whoee  axis  is  VM  at  the  extremis  P  and  p  tit 
the  right  ordinates  PM,  pm :  then 

1.  tao  TPM  :  tan  tpm  ::  PM  :  pvi,  and 

2.  tan  TPM  —  tan  /pm  =  2  tan  /»PM. 
Required  demonetratiow  of  these  two  useful 

.  theorems  in  practical  gunnery.  '  I 

15.  A  straight  line  cannot  cut  a  conic  section  in  more  than  two  points. 

1(3.  More  than  two  tangents  to  a  conic  secuoa  cannot  be  drawn  from  the 
same  point 

17*  Chorda  drawn  through  the  foci  of  an  ettipae  or  hyperbola  are  proportional 
to  the  equaree  of  their  paialiel  diameters ;  and  through  the  focua  of  a  parabola* 
proportiottat  to  the  parametem  of  their  conjugate  diametere. 
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18.  The  chords  which  join  the  extremitiss  of  conjagtte  diameten  of  the 
ellipse  and  hyperbola  are  conjugate  to  one  another  \  and  the  diaineten  which 

bisect  these  are  conjugate  diameters. 

la.  If  a  variable  tangent  to  the  ellipse  or  hyperbola  cut  two  fixed  parallel  tan- 
gents, it  is  rlivifled  at  the  point  of  contact  into  segmcDts  whose  rectangle  is 
equal  to  the  square  of  the  semi-diameter  parallel  to  it. 

20.  The  segment  of  iht  uoi  inal  intercepted  by  the  principal  axis  of  the  ellipse 
or  hyperbola  ik  equal  to  the  distauce  of  the  focus  from  the  centre. 

21.  Two  concenttk  ellipeea  or  hyperbolae  whoee  transverse  axes  are  perp«n. 
dicnlar  to  one  another,  if  they  interaeet  at  all,  interaect  in  fbur  pointa  aitiinlad  in 
the  eucamfeience  of  a  circle. 

23.  The  rectangle  nnder  the  focal  diitancea  FB»  ^  ia  equal  to  the  aqiiare  of 
the  lemi-diameter  RS,  conjugate  to  the  diameter  CE. 

33.  If  a  conic  section  be  cut  by  a  circle  in  four  points,  the  lines  drawn  to  Join 
the  corresponding  points  of  intersection  will  be  eqfiially  inclined  to  Sther  ana. 

24.  If  two  circles  be  inscribed  within  any  conic  section,  and  from  any  point 
in  the  curve  a  tangent  be  drawn  to  each  of  the  circles,  the  sum  or  difference  (jf 
these  tangents  (according  as  the  point  in  the  curve  from  which  they  are  drawn, 
is  situated  between  or  beyuiul  the  two  points  m  which  tiie  tu o  circles  touch  ihi* 
curve  on  the  same  side  of  the  axis)  is  a  constant  magnitude,  and  is  etjual  to  the 
disunce  of  the  centres  of  the  circles,  multiplied  by  the  ratio  of  the  semi-txans- 
verae  duuneter  to  the  ezcentricity. 

35.  On  the  aame  tranaverse  and  conjngate  diametera  deecribe  aa  ellipse  and 
hyperbola  %  and  from  any  point  in  one  of  these  draw  tangenta  to  the  other  ;  then 
the  chord  of  contact  of  theee  tangents  will  be  a  tangent  to  the  cnrve  in  which 
the  point  waa  taken. 

86.  In  every  quadrilateral  circumscribed  to  a  parabola,  the  straight  linea 
drawn  through  the  opposite  extremities  of  two  adjacent  sides,  and  reciprocally 
parallel  to  these  sides,  will  interaect  in  the  diameter  of  the  quadrilateral  which 
connects  the  two  other  sides. 

27-  In  every  pentagon  circumscribed  lo  a  parabola,  the  parallels  drawn  to  the 
two  sides  of  any  of  the  angles  through  the  opposite  summits  and  the  diag;onal 
which  joins  the  two  other  summits,  intersect  in  one  point. 

28.  Let  ABDE  be  a  given  parallelogram,  and  through  C  the  middle  of  one  of 
ita  aidee  ED  draw  any  straight  line  PCQ  meeting  the  opposite  aides  in  P  and  Q; 
and  draw  PB,  OA  to  interaect  in  V$  then  V,  and  all  pointa  determined  in  the 
aame  manner,  will  be  in  the  cnrve  of  a  parabola,  the  foena  and  vertex  it  ia 
required  to  assign. 

39.  If  a  circle  of  a  given  diameter  roll  upon  another  internally,  of  twice  that 
diameter ;  then  any  point  in  the  plane  of  the  rolling  circle,  either  within  or 
without  the  circumference,  will  describe  an  ellipse,  whoee  principal  diametera  it 
ia  required  to  flnrl,  both  in  magnitude  and  position. 

30.  If  the  generating  point  be  taken  within  the  circumforence  of  the  roiling 
circle,  half  the  sum  of  the  serai-axes  of  the  generated  ellipse  will  be  equal  to  the 
radius  of  the  circle  :  if  the  point  be  without  the  rolling  circle,  half  the  difference 
of  the  semi-axes  of  the  ellipse  will  be  equal  to  the  radius ;  and  if  the  point  be  in 
the  drcumferenoe  of  the  rolling  circle,  the  dlipae  becomea  a  straight  li&e^ 
diameter  to  the  fixed  cirde. 

31.  The  four  radii-vertices  drawn  from  the  foci  of  a  conic  aeetion  to  two 
pointa  in  the  curve,  will  be  tangents  to  ode  circle;  and  ita  centre  is  the  inter- 
section  of  the  tangenta  of  the  pointa  in  the  curve  to  which  the  radii-veitieea  are 
drawn. 
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33.  If  from  a  focus  of  a  conic  Motion  perpendiciilan  be  drawn  to  two  tangents 

to  the  curve,  and  a  line  be  rlrrt^vn  to  join  the  two  intersections;  then,  the  per- 
pendicular drawn  to  this  line  from  the  concourse  of  the  two  tangents,  will  pass 
through  the  second  focus  of  the  curve,  in  the  ellipse  and  hyperbola,  and  be 
parailel  to  tbe  axia  in  the  pambola, 

33.  If  two  conic  aeetioiia  which  cut  one  another  have  the  Bane  foci,  they  will 
be  perpendicular  to  each  other  at  their  points  of  section. 

34.  Two  fixed  tangents  heinff  drawn  to  a  conir  section,  the  intercepted 
segment  of  a  third  and  variable  tangent,  will  always  intercept  at  either  focus,  an 
angle  of  an  invariable  mi^nitnde. 

35.  When  the  concourse  of  the  fixed  tangents  in  the  last  example  is  in  the 
dtrectriXt  that  invariable  angle  is  a  right  angle;  and  when  their  point  of  contact 
is  at  the  extremities  of  the  transverse  diameter,  the  angle  is  also  a  right 

3d.  A  conic  section  and  a  fixed  tangent  to  it  being  given,  if  about  either 
focnsb  as  a  vertex,  an  an^  of  invariable  magnitude  be  made  to  revolve,  and 
through  the  point  in  which  one  of  its  sides  meets  the  fixed  tangent  a  eeoond 
tangent  be  drawn  to  the  curve,  this  second  tangent  will  meet  the  second  side 
of  the  angle  in  a  line  which  forms  another  and  determinable  tangent  to  the 
curve. 

37*  If  the  sides  of  a  variable  right  angle  are  tangents  to  a  conic  section,  the 
angular  point  itself  will  always  be  ntoated  in  die  dreamferenee  of  a  drch^-or, 
in  the  cass  of  the  parabola,  b  a  straight  line. 

38.  If  there  be  two  concentric,  similar,  and  similarly  situated  ellipses,  havinff 
the  ratio  uf  their  corresponding  diameters  as  the  diagonal  to  the  side  of  a  square: 
then,  if  any  chord  be  drawn  to  the  outer  ellipse,  which  also  meets  the  inner 
dUpee,  ituHUI  be  divided  by  the  inner  slfipse  into  sigments  whose  rectangle  is 
eqiml  to  the  sqtnre  of  the  semi-diameter  parslld  to  that  ehoid. 

30.  Let  CF,  CG,  be  any  two  r  njagate  semi-^metcrs  of  an  ellipse,  and  from 
G  draw  GP  perpendicular  to  CFj  take,  in  contrary  directions,  GH  niifl  OH', 
each  e(jual  to  CF,  and  join  CU,  CU' :  then  the  principal  diameters  bisect  the 
angles  formed  by  CH,  CH  s  and  the  sum  and  difference  of  CU,  CH',  will  be  the 
transverN  and  eonjogate  diameters  of  the  eliipee. 

40.  If  through  tlie  extremity  of  any  diameter  of  an  ellipse  we  draw  two  lines 
terminating  at  the  conjugate  diameter,  and  equal  to  the  demi-diameter  of  Uie 
curve,  they  will  pa»8  through  the  foci  of  the  ellipse. 

41.  If  a  circle  be  described  uu  the  minor  axis  ab  of  the  ellipse,  and  from 
any  point  P  m  the  eliipee  tangents  PB,  PO,  be  drawn  to  the  circle;  also,  if  RS 
be  conjugate  to  PQ,  Knee  diawn  for  R  or  S,  lines  RF,  I^,  be  dmwn  pavallel 
to  the  tangents,  they  will  pass  through  the  foci  F  and /■ 

42.  If  from  the  angle?  of  i\  qdndrilatern!  circumscribed  about  a  conic  flec- 
tion lines  be  drawn  to  the  focus,  the  angles  subtended  by  either  pair  of  opposite 
sides  are  togetlier  equal  to  two  right  angles. 

43.  Let  the  angle  DFE,  remaining  constant  in  magnitude  revolve  about  the 
focus  F  of  a  conic  section  ADB,  and  cut  the  curve  in  D,  E;  and  draw  the  chord 
DE,  and  the  tangents  DG,  EG  :  then  DK  will  always  be  tangent  to  a  conic  sec- 
tion, the  point  (t  will  be  in  a  conic  section,  and  tlip^f  conic  sections  will  be  con- 
focal  with  the  given  conic  section  A1>B,  and  similar  to  each  other. 

44.  In  the  pteeeding  case,  the  line  FG  will  bisect  the  angle  DFE. 

45.  When  a  quadrilatml  ia  described  about  a  cmiic  eection,  two  opposite 
aides  subtend  at  either  focus,  anglee  which  are  tbs  supplsmeots  <rf  one  another* 
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PROP.  I. 

If  from  tkehiUrteetiim  ift      tangmit  to  a  cmieneHoK,  almebeitmm  to  tmeet 
tkeemvemdtkgekord^ctmtaet^ihUUMmUbedioukdi^  ai  the 

fourpoinif. 

Lit  E,  F  be  the  poiate  of  contact  of  the 
taogentB  drawn  from  D  (without  the  conic 
section)*  and  let  DB,  drawn  also  from  D, 
meet  the  section  in  A»  B,  and  the  chord  of 
contact  £F  in  C  -.  then 

AC  :  CB  :  :  AD  :  DB. 
For  through  A,  B  draw  parallels  HI.  H  K,  m 
meet  the  tangents  in  11,  G,  I,  K,  and  lac 
curve  again  in  P,  Q  ;  <lran'  also  the  diameter 
through  D,  cutting  the  parallel  chords  AP, 
£F,  Ba  in  L,  M,  N. 

Then,  since  DM  is  conju^rate  to  EF  {pp.  Mi,  167,  and  ioi).  it  bisects  all  the 
parallel  chords  Al*,  liV,  BQ }  and  since  DM  bitaeti  the  chord  EF,  it  biaacts  HI 
and  GK.   Wherefore,  HA  a:  IP,  HP  =  lA,  GB  sc  KQ,  and  6Q  as  KB. 
Also,  by  aimaar  triaoglee, 

DG  :  DH  s:  GQ     KB)  t  HP  (a  lA), 
andDG:DH::BO  :AU| 
whence  D6<  :  DH> ::  BG .  Ca  :  AU  .  UP. 
But  aince  HG  ia  a  tangent,  we  have 

BG.GQ:  All.  HP::  GE^ :  HE^j 
whence  GD« :  DH« ::  GE» ;  EH*,  or  GD  ;  DH  ;:  GE  ;  EH. 
Bat  by  parallels, 

GD  ;  DH  ::  BD  :  DA,  and  GE  :  Ell    BC  ;  CA;  whence  finally 

AC  :  CB  ::  AD  j  DB. 

Corottory  1. 

If  the  diameter  be  biaected  in  0  we  have  OD  •  OM  «  O  V*,  a  theorem  ab«ndy 
obtained  for  the  aUipae  and  hyperbola  acparately. 

Corollary  2. 

If  anv  chord  AB  of  a  conic  section  be  harmonically  tin  ided  in  C  and  D,  C 
being  wiihm  and  D  without  the  curve ;  then,  if  from  D  taiigeDla  be  drawn  to 
the  curve,  their  choid  of  contact  EF  will  pass  through  C. 

For  if  it  do  not  paaa  through  C,  let  it  cut  AB 
in  aome  other  point  C  Then,  by  the  theorem 
and  tlie  hypothetia  reapectively,  we  have 

AC  :  CB    AD  :  DB,  and 

AC  :  CB  ::  AD  :  DB;  wbence 

AC  :  CB  ::  AC  :  CB,  or  comp. 

AB  :  AC  .:  AB  :  AC,  and  AC  =  AC, 
which  is  impossible.  Whence  the  chord  of  con- 
tact passes  through 


-  ij 
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Osrolfary  3. 

If  tlio  chord  AB  be  divided  harmonically,  as  in  the  preceding  corollary,  and 
the  polar  ccmjqgsle  £F  lo  O  be  dram,  Uw  Itnea  DE^  DF  wiQ  be  tangents  to  the 

curve. 

For  if  not,  let  the  tangents  from  D  touch  the 
ctirve  in  E'F ;  and  to  the  diameter  VS  through 
C  draw  the  tangent  VK. 

Then,  nnce  ia  the  chord  of  contact  it 
jmsses  throtigh  C  (cor.  1),  and  is  parallel  to  VK ; 
also,  by  hypothesis  EF  passes  throuj^h  (',  and  is 
parallel  to  VK,  which  is  impossible.  Hence  DE, 
DP  are  tangenta  to  tiie  com. 


If  the  chord  AB  be  divided  harmonicaUy  in  C, 
D,  and  A*B'  in  C,  D :  tlun  CC  ia  the  chord  of 

contact  of  the  tangfnts  from  D. 

For  (cor.  2),  tlic  chord  of  contact  passes  through 
each  of  the  points  C«  wherefore  the  ime  CC 
ie  the  chtnd  of  cmtaeC. 


If  from  the  points  D  and  M  in  the  diameter  VS  of  a  conic  aeetioa,  determined 

as  in  the  proposition,  lines  DA,  MA  he  inflectf  d  to  any  point  A  in  the  conic 
section,  which  al'^n  nit»  the  curve  again  in  Band  Qt  then  tiie  line  BQ  will  he 
parallel  to  the  chord  of  contact  EF. 


T  RUl'.  II. 

jy  iines  be  drawn  through  a  givi  n  pole  to  rut  a  conic  section,  ami  to  eack  of  these 
lines,  comidered  as  a  chord  oj  contact,  pairs  of  tangents  be  drawn :  the  inlef' 
ueHom  ^  feefjf  jidr    tangml$  laiU  be  ^tmted  w  ik»  tarn  «frtffpAl  Ime. 


Let  E  be  the  pole  without  (Jig.  1)  or  within  (^g.  2)  the  conic  section,  and 
MN  one  of  tlie  Knee  drawn  throngh  it  to  eat  the  cnnre  in  M  and  N ;  and  let 
the  corresponding  pair  of  tangents  MD,  ND  meet  in  D  :  then  D  will  be  alwaya 
ntoated  in  the  ^i-nr  linr,  for  all  positions  of  the  chord  MN. 

For,  throuph  E  lirau-  the  diameter  GH,  in  the  ellipse  and  hyperbola,  and  let 
O  be  the  centre;  draw  the  diameter  AB  through  D,  and  the  tangent  GP  and 
Ofdmate  GL  at  P  to  the  diameter  AB ;  and,  lastly,  draw  DK  parallel  to  GP. 

Then,  since  MN  and  GL  are  eonjugatea  to  the  diameler  AB,  and  MD»  GP  are 
tMigenta  at  M  and  G«  we  hare  (frqp- 1,  eor.  1.) 


I 
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OC  .  01)  =  OH-  =  OL.OP,  or 

DC  :  OL  ::  OP  :  OD. 
But  OE  :  OG  ::  OC  :  OL  (parallela  CE.  GL), 
and  OP :  OD ::  OG  :  OK  (puillels  GP.  DK)  i 
whence  0£  :  00  ::  OG  :  OK. 
But  O,  E,  G  are  the  same  for  all  positions  of  the  line  MN  «5u))jert  to  the 
hypothesis  I  and  hrnce  K  is  a  fixed  point.    Also  KD  is  pariHel  to  a  fixed  line 
GP,  and  {lasses  through  a  fixed  point  K,  and  hence  its  posiuon  is  invaxuklue. 
Tbe  point  D  is,  tfaenfore,  alwayt  ntitated  in  a  line  drawn  throi^h  K,  and 
haviim  a  pontion  oonji^plt  to  tho  diameter  throogb  E  $  and  the  point  detoi- 
mined  from  OE .  OK  =  OG*. 

When  the  conic  section  is  a  parabola  wp  shnll  have  DP  ==  PC,  and  nwiy 
similar  reasoninfj  will  hrinu  out  the  conclii-;un  that  KG  =  flF:  Th-T<  ^ivin^ 
uho  in  this  caiit  K  a  iixed  puiut  and  KD  drawn  tbruugh  it  paraiiei  to  a  giren 
line. 

CoroUarf  1. 

When  the  point  E  is  without  the  conic  eection  (as  in  Jig.  1.)  the  line  DK  viQ 
be  tbe  chord  uf  contact  for  the  point  E. 

For  since  OK  :  OG  ::  OG  :  OE,  the  diameter  GU  is  divided  barmonicaDy  ie 
K  and  E.  Whence,  (j)rop.  i.  cor.  S.)  the  line  KD  b«ng  eonjogate  to  GH,  it 
paaaee  throiigh  (he  points  of  contact  of  tangents  deawn  fiom  E. 

Cwnolfary  3. 

The  point  E  heing  still  tdihout  the  curve  (Jig.  1.)  all  the  chords,  as  MN, 
which  pass  throuj^h  K  will  he  harmonically  divided  by  the  pole  K  and  [xjlar  DK 

For  since  the  diameter  GU  is  divided  harmonically  (cor.  1.)  in  K  and  E,irA 
that  KD  is  parallel  to  the  tangent  at  G,  it  is  the  chord  of  contact  for  E  ijtrop  u 
cor.  2.}.  Whence  iprop.  i.)  MN  is  liarmonically  divided  in  Q  and  IS. 


PROP.  Iti. 

Jlffrom  jmniB  m  any  Iwe  wlleA  ere  eitaolMf  wtfAenf «  coetie  iMtftcw,  loayenfr  ht 
drum  to  the  curve,  their  ekordt  of  etmtaet  mtt  att  pou  thrwfsk  one  point orf 
thai  poku  will  be  intkemt  or  wUkm  lAc  come  aeetiam,  accerdu^  «f  ik§  Mae 
or  dbet  nof  cnl  f Ae  oarve. 


If  from  points  in  DK,  which  lie  withont  the  conic  section,  tangents  DM.  I)N 
he  drawn  to  the  curve :  then  the  chords  of  contact  will  all  patts  through  the 
same  point  E. 

For  parallel  to  DK  draw  a  tangent  GW  to  the  cur\'e,  touching  it  in  G,  and 
draw  the  diameter  IKJ,  meeting  DK  in  K.  Draw  the  chord  of  contact  for  K, 
c  iittmg  the  diameter  in  E:  then  it  ia  to^be  shown  that  all  the  chords  of  contset 
pass  through  E. 
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For  if  the  chord  of  contact  MN,  oomtpoDding  to  the  point  D  in  the  line  DE, 

does  not  pass  through  F,  Ifi  It  cut  the  diameter  GH  in  some  other  point  E', 
Then  {prop.  ii.  ami  cor.  1)  the  dianaeter  GH  is  harmonically  divided  in  E' and 
K :  and,  ai^ain,  by  the  construction  (and  prop,  i.)  HG  is  harmonically  divided  in 
B  mmI  K*  Wbeoee  EG  :  EH  u  E'G  :  E  H.  or  GH  :  GB ::  GH :  GE',  or 
GE'  sss  GB,  which  is  imposciUe.  Wli«rcfon  the  chord  of  contact  does  not  pue 
throngh  £' ;  that  is.  it  does  pass  through  £,  as  enunciated  in  the  theorem. 

Again,  if  the  line  KD  (Jig.  1.)  does  not  cut  the  conic  section,  the  tangents 
from  all  the  points  of  K  will  have  their  contacts  on  opposite  sides  of  the  vertex 
G  of  the  diameter  GH ;  and  the  more  remote  from  K.  we  take  the  j)oint  D,  the 
nearer  does  N,  and  the  more  remote  does  M  become  from  G.  The  chorda  of 
contact  therefore  cross  the  diameter  GH  between  G  and  H,  that  is.  within  the 
curve.  The  same  holds,  simjily  reversed  in  order,  also,  when  the  points  are  taken 
on  the  other  side  of  K  from  D,  Whence  the  chorda  of  contact  pass  tbrou|{b  £ 
situated  within  the  curve. 

If  the  line  KD  2.)  doea  cnt  the  canre»  it  may  he  ahown  that  whilct  D  is 
in  the  branch  of  KD  above  GH,  both  pmnte  of  contact  will  be  on  the  iame  aide 
of  the  vertex  M  of  the  diameter  GH;  and  hence  the  dMNrdsof  contact  pees 
through  a  point  £  wUkmU  the  cnrve. 

Scholium. 

This  proposition  and  the  preceding,  which  are  the  converses  of  one  another, 
show  that  there  is  for  every  point  a  corresponding  line,  and  for  every  line  a  cor- 
responding point,  which  have  a  very  remarkaUe  relation  to  each  other.  The 
point  itself,  through  which  the  chord  of  contact  always  passes,  is  called  the 

prile,  and  the  line  in  which  the  points  of  contact  or  the  intersection  of  the  vary- 
ing lines  is  always  situated,  is  called  the  polnr.-  hoth  taken  in  respect  of  the  couic 
section.  Taken  together  they  are  called  conjugate  polars  *. 

PROP.  IV. 

Jay  clerd  ^  «  eottie  MC<jon  ifrnm  llbwyA  a  pofe,  «f  Aoram^^ 

pokmiiil$  polar, 

{fSjfmtpneeMiiff  proporiHtm,) 

Lbt  E  be  the  pole,  and  KD  the  corresponding  polar,  in  reference  to  the  eooie 
aaetion  GMH ;  and  let  PQ  be  any  chord  drawn  through  E  to  meet  the  polar  in 
D:  then 

QE  :  PE  ::       :  DP. 

For.  draw  the  lan«?cnt««  DM,  1)X  ;  then  (prop.  Hi.)  the  chord  of  contact  passes 
throughE.  Also,  since  the  line  VQ.  is  drawn  through  the  intersection  D  of  the 
tangents,  it  is  harmonically  divided  by  the  chord  MN  and  point  D  {prop,  i.) : 
but  it  meeta  the  chofd  of  contact  in  E ;  and  hence  B  ia  the  conjugate  harmonic 
point  to  D.  Whence  PQ  i«  harmonically  divided,  or 

QB :  PE  :t  QD :  PD. 


*  Tliis  »v«ti-m  of  names;  is  cxrrodincrlv  apprnpriatr.  The  tfrrn  pn(r  of  a  strai^'Iit  lino  in  refer- 
ence to  a  conic  section  was  tirst  used  by  Scrvoi*,  and  the  Icnn  jxtlar  was  propotcd  by  (icrgoonc. 
The  sinplcst  esse  1*  Ibst  ef  ib»/hom  ewf  if I'meCrir,  wldch  see  cenjogate  polan  aeeoiding  (•  iIm 
mast  gen  end  deSaitioiu 

▼OL.  II.  Ifl 


Digitized  by  Gopgle 


178  GENERAL  PROPERTIES  OF 


CoroBarg, 

If  two  clwrdt  AB,  A'B'  inteneet  in  C,  and 
be  harmonicaUx  divided  by  D  and  D*:  then 
DD'  wiil  be  the  polar  to  the  pole  0. 

For  if  not,  let  dkf  be  the  polar  to  tbe  pole 
C }  then  by  the  propoeitioii  the  chord  AB  ie 
hariQonically  divided  in  d  and  C,  and  the  chord 
A  B'  is  haraioiiically  divided  in  cf  and  G. 
Wherefore,  reasoning  by  compoeition  of  ratioe, 
AD  =  Acf,  and  A'D'  =  A'd',  which  is  impossi- 
ble. Whence  rid'  15?  not  the  polar  to  C,  and  no 
Other  line  except  DD'  is  the  pokr  to  C. 


PROP.  V. 

The  pole  and  ike  polar  art  emmeeiedmtk  each  olfter  «•  rtfemue  to  a  eonie  wectim 

m  ihefaUommp  mmiier  t — 
tknngk  amf  poini  wkhin  or  wUkoiU  a  eonie  ttoHoo  dnw  imo  Utui  to  omi  iho 

emve,  and  join  the  pairs  of  intemetioiu  tkiu  mode,  tk§  liiief  giving  two  other 
points  by  their  mutual  sections :  then,  any  one  of  the  three  pouUi  is  the  pole. 
and  the  lioe  itmm  through  the  other  tieo  ieite  polar,  m  rf^%reiice  to  tke  oomio 

section. 

If  from  any  point  P  the  lines 
PAB,  PDO  be  drawn,  meeting  the 
curve  ;  and  if  AC,  BD  intersect  in 
Q,  and  AD,  BC  intersect  in  R ; 
and  if,  finally,  PQ,  Qll,  RP  be 
drawn  :  then  P  is  jjole  to  the  polar 
QR;  Q,  is  the  pole  to  the  polar  RP| 
•ad  R  ie  thejMlB  to  the  polar  PQ, 

For,  join  PQ  cutting  Uie  curve  in 
k,f,  and  tbe  eidee  of  tbe  quadrila- 
teral AD,  BC  in  H  and  F;  and  RQ  cutting  the  curve  in  g,  e.  and  tbe  sidea  I>C. 
BA  in  G  and  £ ;  and,  finally,  join  PR,  meeting  AC,  BD  in  L  and  K. 

Then  (property  ef  guadrilaieralj  AB,  CD,  are  harmonically  divided  in  E  and 
G ;  and  hence  (prop.  i.  cor.  4)  the  line  EG  is  the  chord  of  contact  in  refevcnce 
to  the  point  P.  In  tbe  same  manner  HF  is  the  chord  of  contact  in  reference  to 
the  p.  I  III  R.  That  is,  EG  or  &U  is  tbe  polar  to  the  pole  P»  and  UF  or  PQ  ie 
tbe  polar  to  the  pole  R. 

Again,  since  EG  is  tbe  chord  of  contact  to  P,  the  chord  hf  is  linrinnuically 
divided  in  Q  and  P  (prop.  and  lor  a  similar  reason,  eg  is  liurmonicaliy 
divided  in  Qand  R.  Whence  (prop,  Ie.  eor.)  PR  is  the  polar  to  the  pule  Q, 
The  propoeition  ie  hence  eetabliehed. 

CoroOarjf  1. 

Tbe  ayetem  of  linee  and  pointe  which  enter  into  tbe  enunciation  of  tbie 
theorem  will  eqnaHy  admit  of  the  following  general  conetmetion,  giving  a  pro- 
position  of  great  elegance  and  utility. 

If  the  pain  of  opposite  eidee,  AB,  CD,  and  AD,  BC,  of  a  quadrilateial  ABCD 
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hiBcribed  in  a  conic  section,  be  produced  to  meet  in  P  and  R,  and  if  the  duigo> 
ndt  mtet  in  Q:  tben  PR  it  tiw  pdl«  of  tlia  pok  Q,  RQ  the  polar  of  tlio  polo 
P,  and  QP  tlio  polw  of  the  pole  R. 

Corollary  2. 

If  the  pairs  of  opposite  sides  AB,  CD,  and  AD,  BC  of  the  quadrilateral 
ABCDiDeeribed  in  a  conic  section  be  produced  to  meet  in  P  and  R;  and  if 
iron  P  vbA  R  tangents  Pe,  P|7»  and  Itf,  RA  be  dmra  to  the  curve,  the  chordo 

of  contact  eg  and / h  will  each  pass  through  the  other  point  of  intersection  R  and 
P  respectively,  and  both  will  pass  through  Q  ihr  intrrsrrtion  of  the  di;in:onn!<?. 

For  this  is  only  a  diflfefent  mode  of  descriliii;;  the  general  figure  in  the  pro- 
poeition ;  and  keocc  the  properties  must  be  e<^uaiiy  true. 

Corollary  Z, 
If  from  a  point  P  taithout  the  conic 
s^rtion  any  secants  PAD,  PCD,  PEF,  etc. 
be  (Iruwn,  and  the  diagonals  AU,  BC  he 
drawn  to  intersect  in  (>,  the  diagonals  AF,  ^ 
BE  to  Intersect  to  H,  the  diogOMde  DE» 
CP  to  hiteneci  in  K,  efo. :  then  G,  H,  K, 
tte»,  wOl  be  in  one  line,  viz.  the  chord  of 
contact  UR  beloQging  to  the  tangenta 
from  P. 

For  Q.R  is  the  polar  to  thf»  pole  P,  and 
the  conclusion  in  a  case  ui  liie  geuerul 


PROP.  VI. 

Jffa  quadrUaleral  be  iwcriW  within  a  conic  section,  and  from  iU  angidar  points, 
as  points  of  contact,  a  quadrilateral  be  described  about  the  conic  section :  then, 

\,  If  ilu  four  pairs  qf  opposite  tides  be  fntdnced  to  wmt,  the  four  points  qf  mtet' 
ateHon  ifritt  be  titulSiim  M§  Iim9. 

2.  77; r  four  diayoKok  ff  these  two  quadrilaterab  will  pat$  tkrot^h  the  same pomt, 

3.  TkepaiMteasdUMwUlbeapokamlpi^mr^firmeetotkeco^ 
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Let  ABCD  be  tbe  inscribed  quadrilateral,  having  its  opposite  sides  produced 
to  meet  in  P  and  R ;  and  let  A  B  C  D'  he  the  circiimscnbed  one  touching  the 
conic  section  in  A,  B,  C,  D,  and  havinj?  its  oppoaiit-  sides  produced  to  meet  la, 
F  and  R' ;  then  P  ,  P,  R  .  R,  will  be  in  one  line ;  the  diagonals  AC,  BD,  A'C, 
B'D',  all  pass  through  the  same  point  Qj  and  Q  is  the  pole  to  the  polar  PR. 

FirMt.  For,  since  AC,  BD  ai«  the  diegODali  of  the  qutdrilatfnl  ABCD,  they 
are  divided  baTmonicaUf  in  P  and  R'  hy  the  line  PR  and  point  of  iotmectlos 
Q ;  and  eince  the  chords  of  the  conic  eeetion  AC,  BD  are  divided  hanaonicallj 
in  Q,  and  F,  R',  the  line  PR'  is  the  ixAax  to  the  pole  Q  (cor.  to  prop.  iv.).  But 
Q  is  also  the  pole  to  the  polar  PR  (prop.  v.  cor.  1) ;  and  hence  the  lines  PR 
and  PR'  coincide  $  or  the  four  pointe  of  intersection  of  the  four  pairs  of  opposite 
iidps  are  in  one  line. 

Second.  Agnin,  (prop.  v.  cor.  1,)  F  is  the  pole  lb  the  [volar  KG  or  ey,  and 
through  this  there  is  drawn  the  chord  AB  ;  wherefore  iprop.  Li.)  the  inter- 
section A  of  the  tangents  at  A,  B,  is  in  EG.  In  a  similar  manner,  the  tangents 
at  C,  D  meet  at  C  in  £6.  Wherefore  A'C  coincides  with  the  polar  EG  of  the 
pole  P  {  or»  in  other  words,  the  diagonal  A'G'  of  the  circumscribed  qua<lrilaterBl 
passes  through  Q  the  intersection  of  the  disKonals  of  the  inacribed  one.  In  the 
same  way  it  will  follow,  that  the  other  diagonal  B'D'  of  the  circomscribed 
quadrilateral  also  passss  through  Q.  The  second  part  of  the  propoeitioa  is, 
therefore,  proved. 

Third.  It  has  also  been  proved  that  Q  is  the  pole  of  the  identical  lines  PR, 
FR'i  that  is,  of  R'R  in  the  figure  above. 

Coronary  1. 

The  diagonals  AC,  BD  of  the  inscribed  quadrilateral  pass  respectively  through 
the  intersections  R',  P',  of  the  pairs  of  opposite  sides  uf  the  circumscribing  one : 
and 

The  diagonals  A'C,  B'D'  of  the  drcumserihed  quadriUtersI  pass  respectively 
through  the  intersections  R,  P  of  the  pairs  of  opposite  sides  of  the  inacribed 
one. 

CoroJlary  2. 

The  diagonals  AC,  BD,  and  A  C',  B  D'  of  the  in<<crihed  and  circumscribed 
quadrilaterals  divide  the  i>oIar  PR  belonging  to  tlie  ]K)le  through  which  the 
four  diagonals  pass,  iiarmonicallv.  in  the  points  R ,  P,  P,  R,  or 

R'P  ':  Pi»  : :  UR'  :  RP'. 
For  these  several  points,  R',  P,  P.  R  are  the  limits  of  the  sog^ments  of  the 
diagonal  PQ  of  the  complete  quadrilateral  ABCD,  made  by  the  two  other 
diagonals  AC  and  BO. 

Corollary  3. 

The  lines  EF,  GU  being  drawn,  will  pass  through  R,  and  EH,  FG  will  peas 
through  P. 

Corollary  4. 

If  e,/,     k  be  made  the  angular  points  of  an  inscribed  quadrilateral,  and  the 

points  of  contact  of  a  circumscribed  one ;  then'the  intersections  of  the  opposite 
sides  of  the  former  will  he  R'  and  P',  and  of  l\w  latter  R  and  P;  and  the 
diagonals  of  the  inscribed  and  circutnscrihed  orif^inal  qiiadrilaterals  will  become 
tho§e  of  the  circumscribed  and  inscrihrd     !  :  tj  lary  quadrilaterals. 

For     and  hf  are  the  chords  of  coniaci  m  reference  to  P  and  R;  and  heiice, 
reasoning  as  in  the  general  proposition^  the  conclusion  follows  at  once. 
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CoroHarjf  5. 

Tf  the  sides  A  B',  CO'  of  a  trapezium  circumscribed  to  a  conir  <;f  ction  meet  in 
R',  and  the  sides  A  D',  B'f"  in  P' ;  then  the  chords  of  contact  A(  ',  Bl)  respec- 
tively past)  ihruugl)  P'  and  ii  ;  and  if  they  intersect  in  Q,  they  are  respectively 
divided  in  bariDOiiical  ntio  in  Q,  P  and  Q.  R'. 

For  these  «re  the  diagonals  of  the  inscribed  qnadiilakeni,  and  the  eondnsbn 
foUowa  from  eor.  1. 

5^Aoltim. 

The  mutuality  of  the  two  ayitems  of  quadrilaterali  suggested  by  the  fouith 

corollary  leads  to  some  curious  and  elej^nnt  results,  which,  whilst  they  are 
necessarily  excluded  from  thi«  work,  will  yet  furnish  a  useful  and  interesting 
exercise  for  the  student's  investigating  powers. 

PROP.  TIL 

^eajr  nam^    coaie  seefions  foveA  hn  ^rmgkt  Utui  m  the  same  iwo  points^  end 

/rom  any  pobii  in  the  aetension  of  the  comnum  ehord  of  contact  tangents  to  att 
the  conic  sections  be  drawn,  their  points  of  contfict  toill  all  b«in  the  Same  Stroigkt 
Hut,  tendiHjf  to  the  itUerseetioH  ^  the^st'Hamed  taugents. 

Lnr  AT.  TB  be  two  straight  lines 
meeting  in  T,  and  arc  touched  in  A 
and  B  by  any  conic  sections  ABE, 
ABF,e/c. ;  and  from  any  point  i)  in 
AB  produced,  draw  tangents  to  all 
the  cnrvce :  then  the  pointa  of  con- 
tact E.  E',  F,  P,  (to.,  ace  all  in  the 
aame  straight  line. 

For  make  AC  :  CB  : :  AD  :  DB ; 
then  the  chord  of  contact  LE'  passes 
throogh  C  iprop.  0>  Moreover, 
the  tangents  AT,  BT  meet  ;ii  'V,  In  the  chord  of  contact  {prop,  it.),  and  hence 
the  fixed  line  CT  is  the  chord  of  contact  for  the  point  D,  in  reference  to  the 
curve  ABE.  In  like  manner,  it  is  the  chord  of  contact  for  D  in  reference  to 
the  curve  ABF;  or  to  any  other,  and  therefore  to  all  other  conic  sections 
which  touch  AT  and  BT  in  A  and  B.  All  the  pointe  of  contact,  therefore, 
nnge  in  one  line  tending  to  the  pomt  T. 

Coioiiary  1. 

The  point  D  is  the  pole  to  the  polar  CT,  aa  is  evident  from  prop,  i,,  cor.  2. 

GoroBory  3. 

The  chorda  NP,  QSL  are  divided  harmonically  in  E,  D,  and  JSf,  D.  For  EE'  ia 
tfae  chord  of  contact  to  the  point  D. 

Corollary  3. 

The  lines  LH.  QP,  KM,  NR,  all  intersect  in  the  same  point)  via.  that,  C  in 
which  CT,  AB  intersect. 

For  FF  ia  the  pokr  to  the  pointD  in  reference  botii to  the  curve  and  the  linea 
TA,  TB;  and  the  eooclniion  is  obvious. 
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PROP.  VIII. 

Let  there  be  two  eoncentric,  similar  and  tmUtarlf  tUmated  amie  tedkmt,  ami 

line  be  drawn  to  cut  them  both  :  then, 

1.  The  segments  int&rcejitcd  between  the  two  curves  will  be  equal. 

2.  J/  the  chord  of  the  exterior  touch  the  interior,  it  will  be  bisected  in  the  point 
of  contact. 

3.  The  redaiigk  mdtr  tk»  ugmmit  hd»  wMeft  tUh»  irmeA  of  the  kiUriiir 
the  pari  vtUreepltd  bp  ike  oiktr  wUl  bt  euutaiti,  tekUtt  ike  Hmt^ 


4.  For  iHMt  d^l^erm^  mdiati,  thmt  rteta^/kt  wU  U  a$lJia  JfMrct  ikaSr 
partiU  JSaauiwt  or  thtkr  panlM  taofftaitm 

First.  Let  curves  MHN,  PDQ  be  Rimilar  and  similarly 
situated,  and  have  a  coininon  centre  O;  and  let  KL,  any 
chord  of  the  outer,  intersect  the  inner  one  in  G  and  H : 
then  KG  =  HL,  and  KH  =  GL. 

For  draw  the  diameter  conjugate  to  KL  a  chord  of 
HBN  j  ind  tince  the  curvet  are  eiiiiikr,  it  ii  conjagate 
to  GH  a  cliord  of  PDQ.  Wfience  both  KL  and  GH  are 
bisected  in  E,  and  the  eondusion  followe. 

Second.  Draw  the  tangent  RS  at  D;  then  it  is  conjugate  to  the  diameter 
CD  of  PDQ,  and  hence  to  the  diameter  AB  of  the  similar  and  similarly  situated 
curve  MBN.  Hence  it  is  bisected  in  D  by  the  diameter  AB;  that  ia^  in  ita 
point  of  contact  with  the  exterior  curve  PDQ. 

Third.  The  rectangle  KG  .  GL  or  Kli  .  UL  is  constant  for  the  same  inclina* 
tion  of  the  line  KL  to  any  fixed  line. 

For  since  the  tigures  I'DQ,  MBN  are  similar  and  similarly  situated,  we  baye 
0B>  —  OE' :       £K*     ::  0B>  —  OD*  :  RD«, 
aiidOD«-OE^:       EG«        OB' *  OD* :  RD*  s  whence 
OB*-OE^:OD*-OE*::      £K*  :£G3,aiid 
OB?-OD>:  OD*  -  0E»  ::  EK*  -  EG*  :  EG>. 
Bot  OB'  -  OD» :  0D»  -  OEt  ::       RD'       :  EQtj 
and  hence  RD»  =  EK»  -  EG*  =  KG .  GL  =  KH  .  HL. 
Fourth.    Let  KL,  TV  be  two  chords  intersecting  at  G  in  the  interior  fijpire, 
and  ON,  OW  semi-diameters  (or  tangenti?)  parallel  to  KL%XV:  then  it  ia  at 
once  obfious  that,  in  virtue  o(pp.  120,  140,  167>  we  have 

KG  .  GL  :  TG .  GV  : :  0N»  :  0W». 

CbroSlBry  1. 

If  a  series  of  chords  to  a  conic  section  tend  to  mutually  bisect  each  other,  as 
by  the  kir  of  their  connexion  they  approximate  more  and  more  nearly  to  suc- 
ces8i?e  comcidenee,  they  will  all  be  taogenta  to  another  conic  eection«  concen- 
tric»  similar,  and  einihtilf  aitoated  with  reepect  to  the  given  one. 

Corollary  2. 

If  through  any  point  6  in  the  plane  of  a  conic  section,  lines  KGL,  TGV,  de., 
be  drawn  meeting  the  curve,  as  in  K,  L,  T,  V,  etc.,  in  pairs ;  and  if  in  theee, 
points  H,  Z,  etc  ,  be  taken,  so  that  HL  =  KG,  ZV  =  TG,  etc. :  then  H,  Z,  eie^ 
will  all  be  situated  in  the  curve  of  a  concentric,  similar,  and  simiUrlj  aituated 
conic  section  passing  through  G. 
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The  asymptotes  of  the  hyperbola  and  its  asymptotes  are  a  particular  case  of 
this  property. 

Scholium. 

For  the  two  concentric  parabolas  we  roust  substitute  equal  parabolas,  having 
their  principal  axes  coincident.  Thf.  same  properties  are  true,  but  a  slight 
though  obvious  change  must  be  made  in  the  mode  of  demonstration. 


PROP.  IX. 

If  a  polygon  he  inscribed  in  a  conic  section,  all  whose  sides  but  one  are  parallel  to 
given  lines  ;  that  remaining  side  icill  touch  a  concentric  and  similar  conic  see- 
tion,  or  be  parallel  to  a  given  line,  according  as  the  entire  number  of  the  sides  it 
odd  or  even. 

The  demonstration  involving  several  distinct  steps,  we  shall  take  them 
seriatim. 

1.  Let  two  triangles  ACD,  BGE  inscril>ed  in  a  conic 
section,  have  their  sides  CA,  AD  parallel  respectively  to  EB, 
BG  :  then  the  lines  CO,  ED  will  be  parallel. 

For  let  AC,  BG  intersect  in  H,  and  AD,  BE  in  K.  Then, 
ipp.  120,  140,  167). 

AH  .  HC  :  GH  .  HB  ::  EK .  KB  :  AK  .  KD. 
But  by  the  parallels  we  have  AH  =  BK  and  AK  =  HB  ;  whence 

CH  :  HG  ::  EK  :  KD. 
Also  the  angles  at  H  and  K  are  equal ;  and  hence  the  triangles  CHG,  EKD  are 
similar :  and  the  sides  CH,  HG  being  parallel  to  EK,  KD,  the  sides  CG, 
ED  are  also  parallel. 

2.  Let  the  given  polygon  be  the  triangle  CAD  ;  the  third  side  will  touch  a  conic 
section.  The  lines  CD,  EG  are  generally  unequal,  and  therefore,  also,  the  seg- 
ments into  which  they  mutually  divide  each  other  in  L;  but  as  A  and  B  approxi- 
mate more  and  more  closely  towards  coincidence,  the  point  G  approaches  more 
and  more  closely  towards  the  middle  of  each  of  these  chords.  At  the  extreme 
limit,  or  the  point  of  absolute  coincidence,  they  therefore  bisect  one  another. 
Whence  the  variable  side  CD  of  the  triangle  CAD  touches  a  conic  section  con- 
centric, similar,  and  similarly  situated  with  respect  to  the  given  one  CABGDE ; 
or  in  the  case  of  the  parabola,  another  parabola,  equal  and  co-axial  with  the 
given  one  {prop.  viii.  cor.). 

3.  Let  the  given  polygon  be  the  quadrilateral  ABCDj  then  the  fourth  side  AD 
will  be  parallel  to  a  given  line. 

For  let  AB,  CD  meet  in  E  :  and  draw  the  semi- 
diameters  or  tangents  OP,  OQ  parallel  to  them. 

Then  AE .  EU  :  DE .  EC  : :  OP'  :  OQ,',  a  given  ratio. 
Also  since  the  three  sides  of  the  triangle  EBC  are  parallel 
to  given  lines,  the  ratio  BE  :  EC  is  given  :  wherefore 
also  the  ratio  AE  :  ED  is  also  given. 

Now  the  sides  EA,  ED  of  the  triangle  AED  being 
parallel  to  given  hues,  and  having  also  a  given  ratio,  the  base  AD  is  also 
parallel  to  a  given  line. 

4.  Let  the  pentagon  ABCDE  have  four  of  its  sides  AB,  BC,  CD,  DE  parallel 
to  given  lines  ;  the  ffth  EA  will  touch  a  conic  section. 
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For  draw  AD.   Then  by  the  preceding  case  AD  will  be 

parallel  to  a  given  line.  Hence  there  are  the  sides  AD,  DE 
of  the  lrian«?le  ADE  parallel  to  given  lines;  wherefore,  the 
remaining  side  \K  will  touch  a  conic  seclioD  cooceatriCt 
similar,  and  similarly  situated  to  the  given  one. 

5.  Let  the  hexagon  ABODE F  hace  all  its  sides  except  AF 
parallel  to  given  Imes  :  then  AF  will  always  be  parallel  to  a 

For  draw  AD:  then,  as  before,  the  Ihree  tides  AB,  EC,  CD  of  tbe.quadri* 
lateral  ABCD  beiog  panlkl  to  given  lines,  the  fonrth  AD  is  also  psrmlld 
to  a  given  fine.  Whence  three  of  the  aides  AD.  DE,  EF  of  the  qnadtilatenl 

ADEF  being  parallel  to  given  lines,  the  fourth  AF  (which  is  the  sixth  side  of 
the  hexagon  ABCDEF)  is  also  parallel  to  a  given  line. 

6.  Qenenlly*  since  we  may  divide  every  polygon  of  an  eeoi  nomber  (n) 

of  sides  (into  ?  *  1)  qnadiilatersls;  we  may,  by  reasoning  in  the  same  con* 

tinuous  manner,  8how  that  the  last  of  thetn  is  parallel  to  a  given  line. 

Again,  a  pol)goii  ui  uu  odd  number  (n)  of  dides  may  be  divided  into 
n  —  1 

— ^  1  qnadrilaterals  and  one  triangle,  we  can  similarly  show  that  the  last 

of  them  touches  a  conic  section,  concentric,  simihr,  and  similarly  situated  with 
the  given  one. 

Scholium. 

This  demonstration  was  first  n:iven  in  the  Mathematical  Repository,  vol.  ri. 
pp.45 — 47.  There  are  several  other  connected  proj)ertip«?,  sorm-  of  them  more 
general,  and  some  but  variations  of  the  fundamental  conception  involved  in 
this.  Their  demonatraliou,  however,  would  occupy  more  space  than  can  be 
devoted  to  the  subject  in  this  worli ;  and  tbey  are,  therefore,  left  as  exercises 
for  the  studsnt. 

PROF.  X» 

Jffrom  any  poiui  mi  f As  ewve  qf  a  oonie  Mdion  liset  be  dSrawn  to  make  ghm 
mtfflet  wiih  two  adjacent  ndu  of  a  given  inscribed  quadrilateni  j  then  the 
rectangle  contained  by  the  segments  of  one  of  these  lines  intercepted  by  either 

pair  of  oppmite  aidf-^,  vnfl  hare  a  given  ratio  to  the  ser;rr}erit<;  nf  the  ttOOtld  ItSS 
intercepted  by  the  other  pair  qf  oppofite  tides  ^  the  quadrilateral. 


CASB  I. 

Lbt  the  lines  FBG,  BHI  be  drawn  from  any  point  B^ 
panlM  to  the  two  adjacent  sides  AB,  BC  of  the  in- 
scribed quadrilateral  ABCD ;  and  let  that  parallel  to  AB 
meet  the  opposite  sides  BC,  DA  in  H  and  T,  and  that 
parallel  to  BC  meet  the  opposite  sides  AH,  CD  in  F 
and  (i  :  then,  wherever  in  the  curve  Uie  point  E  be 
taken,  the  ratio  UK.EI  :  FE.EG  wiU  be  given  and 
constant. 

For  draw  the  Ungents  PO,  OQ  parallel  to  AB,  BC;  and  produce,  where 
necessary,  the  lines  AB,  BH,  CD<  to  mset  in  L  and  M{  also  let  HI  meet  the 
curve  in  K,  and  join  KQ,  10. 


» 
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Thfn,  bj  tbe  nm.  triun.  BLQ,  HMC»  and  ALD,  IMD, 
CL :  CM  ::  BL :  HM,  and 
LD :  DM ::  LA :  MI  {  wherefore, 
CL.LD:CM.MD ::  BL.LA:HM.ML 
Bnt  (J9>.  190, 140,  167)  we  have 

CL.LD:CM  .MD  ::  BL.LA:  EM.MKi  or 
HM.MI  =  EM.MK. 
merefore,  HM  :  ME  (::  CM  :  MG)  ::  MK  :  MI  ;  and  hence  KC  ia  paialld 
to  Gl,  and  tbe  triangles  KUC,  lEG  are  similar.    Hence,  again, 

HK  :  HC  ::  IE  :  EG,  or 
KH  .  HE  :  BH  .  HC  ::  HE .  EI  :  BH  .  EG. 
But  KH  .  HE  :  BH  .  HC  ::  OP^ :  OQ^; 

whence  HE .  EI :  BH .  EG  (=  FE .  EG)  ::  OP' :  ()Q> ; 
and  PO,  OQ  being  tangents  to  a  given  conic  section  parallel  to  given  lines,  are 
tbenaelvea  given,  and  hence  theur  ratio  ia  given.  Wherefore  HE .  EI :  FE .  EG 
ia  a  given  ratio. 

« 

CASE  II. 

Lbt  FG,  hi  drawn  through  any  point  E 
in  the  curve  be  inclined  to  the  adjacent  sides 
AB,  BC  in  any  given  angles  :  then  the  ratio 
HE.  EI  :  FE.EG,  will  be  given  and  con- 
alant,  for  all  poaitiona  of  B  in  the  cunra  of 
the  conic  section. 

For  draw  HT  and  F  G'  through  E  parallel 
to  the  adjacent  sides  AB,  BC,  meeting  the 
opposite  pairs  of  sides  in  H',  I',  and  b  ',  G'. 
Alao  through  C  draw  XY  parallel  to  £1, 

meeting  AB,  AD  in  X  and  Y }  and  through  D  draw  VW  parallel  to  FG  meeting 

AB,  BC  in  V  and  W 
Then,  the  triangle  HEH'  is  similar  to  BXC,  and  lEl'  to  XAY :  and  we  have, 

H  E  :  EH  ::  BX  :  XC,  and 
EI'  :  EI  ::  AX  :  XY ;  wherefore, 
H'E.EI' :  HE  .  EI  ::  BX  .  XA  :  CX.  XY. 
Again,  tbe  triangles  EFF,  VBW  are  similar,,  as  are  likewise  the  triangles 
EG€P,  WDC;  whence, 

PE I EF ::  BW :  WV,  and 
EO'i  OE ::  WC :  WD ;  wherefore, 
FE.EG': FE.EG::  BW.WC:DW.WV. 
But  the  triangles  DXC,  AXY»  WBV,  and  WDC  are  given  in  species ;  where- 
fore the  two  final  ratios  of  each  of  the  proportions  above  are  also  given,  vii.— 
AX .  XB  :  CX  .  XY.  and  BVV .  WC  :  DW  .  WV. 
>Toreovcr,  the  ratio  H'E  .  EI'  :  FE .  EG'  is  given  by  the  former  caae  of  the 
propoeilion,  viz.  that  of  PO^ :  OQr  ;  and  hence  the  ratio 

HE.EI : FE.EG 
im  abo  given,  and  tbe  proposition  is  fully  established. 

OprofllBry  1. 

The  ratio  of  HE .  EI :  FE .  EG  ia  compoonded  of  the  ratioa. 
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H'E .  BI' :  PB .  EG',  CX .  XY :  AX .  XB,  and  BW .  WC :  D W .  WV  $ 
and  it  may  b«  wrilteo, 

HE . BI ,  FB .  EG . H'E.EI' :  ^'^^^  FB.  EG-. 

CoroUaqf  3. 

If  then  be  taken  any  nmnber  of  pmnta  B„     B^  ele,,  in  the  plane  of  At 

conic  section,  such  that  the  rectangles  under  the  se^^meats  of  the  lines  dravn 
through  them  jiarnlld  to  f^'iven  lines  XDY  and  DVW,  and  intercepted  by 
Bides  of  the  insc  ril)cd  quadnlateral,  as  in  the  propo«sition,  have  the  same  ratio  m 
the  segments  of  those  drawn  through  £  :  then  all  these  points,  E^,  £^  £^  ete^ 
wSH  be  eitnated  in  the  curve  of  the  coide  eeetioa. 

Thia  ao  obvioady  foUonrs,  «r  aftcardb,  aa  the  convene  of  the  progawtion,  at 
to  fender  a  detailed  and  formal  proof  altogether  Buperfluoos. 

Corollary  3. 

Pive  points  are  necessary,  and  they  are  sufficient  for  the  determination  of  a 
conic  section.  For  all  the  ratios  are  fixed  by  the  point  E,  and  the  coadusioa 
follows  from  the  preceding  proposition. 


PROP.  XI. 

I 

anffular  points  there  be  drawn  lines  parallel  to  the  sides  of  ike  ijmiifi  itatmtt  i 

about  the  opposite  nnrjle  ;  if  nho  from  the  two  remnininn  angles  there  be  drwn 
lines  to  any  point  in  the  curiae  to  meH  ihf  parnlhh,  thf  infrrctjTf^  jtortiot 
qf  the  parallelst  estimated  from  their  common  pointy  wUl  kace  a  jftceu  rtUm, 
wharrnr  in  Ike  emve  the  ffth  point  Ae  tnkm, 

Fbom  one  of  the  angles  of  the  inscribed  quadrilateral  ABCD,  draw  I>£,  Df  i 
parallel  to  the  ddea  AB,  BC,  containing  the  opposite  angle  B  {  and  from  any  | 
point  P  in  the  cnrve  draw  PA,  PC  to  meet  DE»  DM  inBaod  F:  then,  DE  :  DF  | 
will  be  a  constant  ratio  for  all  poaitioni  of  P  in  the 

curve  of  thf  ronic  epcfion. 

For,  tlirouu^h  I'  draw  GPFT  ]>nrnlle1  to  BC,  meetinf( 
AB,  CD  in  G  and  i\,  and  TKl  parailul  to  AB,  meeting 
BC,  AD.  DM  in  K,  I,  L ;  and  let  DM  meet  AB  in  M. 
Then  by  parallels,  LM  =  PG ;  and 

PK  :  KL  ::  PC  :  CF  ::  PH  :  DF.  and 

IP  :DE:;AP:A£»LM(«^PG);  DM| 

whence, 

Ki» .  PI  :  KL .  DE  ::  liP  .  PG  :  KD  .  DM,  or 
KF.  Pi  :  HP.  PG  ::  KL. DB :  PD .  DM. 

But  KP.  Pis  HP.  PGia  given  {prop.tg),waA  hence  KL .  DB  :  FD .  DM  b 
given.  Also  KL  and  DM  are  both  given,  and  hence  KL  :  DM  is  given;  and, 
therefore,  rmally,  the  ratio  DB  :  DF  ia  a  given  ratio,  independently  of  the  parti- 
cular position  of  the  point  P. 

Corofiery  1. 

Since  if  we  draw     Ungents  RT,  TS  parallel  to  AB,  BC,  we  have 

KL .  DE  s  FD .  DM  ::  BT> :  TS', 
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««  afaall  be  able  le  fiad  third  proportional  U»  KL  ind  BT  and  DM  aod  TS| 
then  caUiag  thaee  ai  and  »,  we  shall  have 

DE  :  DF ;;  m  :  a. 

Corollary  2. 

Since  DE :  DF  is  a  given  ratio  and  EDF  a  given  angle,  the  line  EF  is  parallel 
td  a  giT«B  line* 

Corollary  3. 

If  any  number  of  pointit,  P,,  P,,  etc.,  be  taken,  and  the  corresponding  eeg- 
raeata  eat  from  tbe  paralleh  DB,  DF  ba  alwaya  in  tbt  aame  ntio,  the  pobta 
P,.  P„  ete^  will  all  be  litnated  in  the  eonie  aeetion  deaeribed  throngh  A, 

B,  C,  D,  P. 

Tliis  follows  at  once,  er  abfnrdo,  sinee  the  value  of  the  ratio  is  fixed  hj  the 
point  P,  and  the  conic  section  depending  on  it,  therefore,  is  invariable. 


PROP.  xn. 


If  «ft0tf  Am  pomit,  oi  poUo,  Iwo  givm  mffka  revoJbe,  i»  ndk  a  wuamer  ikat  a 
sj}ecifi€d  tidt  of  one  angle  always  intersects  a  specified  side  of  the  other  eo^ht 
in  n  girt-n  straight  line ;  tkn  ikt  otker  tidet  qf  tkoo  <mgU»  wiU  idmaift  iMtenoet 

in  a  ytven  conic  section. 

If  about  A  and  C  as  pn^rs  the  -^nRles  DAG,  DCG  revolve  so  that  the  sides 
AG,  CG  always  intersect  in  the  straight  line  GH  ;  then  the  two  other  sides  AD, 
CD  will  always  intersect  in  the  curve  of  a  couic  !»ection. 

Let  G  and  D,  H  and  P,  be  two  colemporaiwona  |ioiitiom«ltbe  tmo  iotMnwtiona 
of  the  aidea  of  the  anglea,  lo  aa  to  define  the  line  6H  in  which  the  first  pair  of 
•idea constantly  intersect:  it  b  lo  be  diown  that  D,  P,  dc^  ore  always  in  the 
curre  of  the  same  conic  section. 

Make  DAB  =  AGX,  and  DCB  =  CGH  ;  draw  DE,  DF  parallel  to  AU,  iiC 
meeting  AP,  CP  in  E  and  F ;  make  DM  = 
DE;  draw  IIN  parallel  to  CP,  and  prodnca 

BA  U)  a. 

Tlten,  since  (hyp.)  DAG  =  IIAP,  we  have 
GAH  =  DAP  —  DAK  Al^o.  since  (constr.) 
BAD  =  AGX,  and  ih  parallel  to  AU,  we 
bm  ADE  =  QAD  =  AGH  i  and  the  trian- 
gles ADE,  AGH  having  two  angles  of  the 
one  equal  to  two  an^^les  of  the  one.  axe  sqm- 
angular,  and  therefore  similar. 

Afjain,  since  {hifp.)  PCHssDCG,  we  have 
GCH  =  DCP  =s  DCF.   Also,  since  {constr.) 
DCB  B  CGH,  and  DF  is  parallel  to  BC,  we 
have  CDF  =  DCB  =  CGH  i  and  the  tiiaogles  DPC,  GHC  ai«  thetefoie  equi. 
angular  and  fiimilar. 

Uence  AG  :  GH  ::  AD  :  DE,  and 

Cti  :  GU    CD  :  DF  ::  ND  :  DM  (=  DE). 
'Whence  AG  :  CG  »  AD  :  ND;  and  AG  :  CO  is  given,  since  AG  and  CG  are 
both  given.  Cooaeqnently,  the  raUo  AD  :  DN  are  both  given. 

Moreover,  the  ratio  AD  :  CD  i>;  s^iven,  Rince  the  lines  ihemaslTes  are  both 
givsoj  aod  hence  the  satio  NC ;  CD,  or  DE :  DF,  ia  given. 
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In  the  next  place,  conceive  that  a  new  point  H'  in  GH  is  takea  as  the  inter- 
section  of  the  iioeii  AG,  CG,  and  that  V  in  the  corresponding  intersection  of  the 
Other  ftidet.  Then,  obvioasljr,  the  triangle  ADS'  is  similar  to  AGH'«  anti  DF'C 
to  GH'O ;  tnd  as  before,  the  ratio  DE' :  DF  it  fftven,  and  the  same  a«  the  imtio 
DB»  DF. 

If  now  a  conic  aection  ha  descrihed  through  A,  B,  C»  D,  P,  it  wiU  be  fixed 
and  invariable  (prop.  x.  cor,  3) ;  and  since  all  the  lines  drawn  to  fulfil  the  con- 
ditions are  cut  by  the  parallela  DE^  DF  drawn  through  the  angle  D  parallel  to 

the  sides  which  contain  the  opposite  angle,  are  divided  in  the  same  ratio,  all  the 
points  P',  P P  ',  etc.,  in  which  they  intersect^  will  be  in  the  curve  of  that  conic 
section  {prop.  art.  cor.  3). 

Scholium, 

This  demonstration  is  immediately  applied  to  the  case  in  which  the  cor* 
responding  sides  revolve  in  the  same  angular  direction  (always  giving  the  eUip^e 

or  its  varieties,  or  its  limitin?  carve,  the  parabola)  ;  but  tbat  for  the  revolution 
he'm^  in  the  opposite  angular  direeuon,  will  be  precisely  similar  to  it,  in  respect 
of  i^eneral  reasoning,  and  give  the  hyperbola. 

This  theorem  wa^  given  by  Newtun,  as  the  foundation  of  his  method  of  con- 
structing the  conic  sections  (PrtAC.  lib.  i.  Um.  40).  Many  of  the  details  may  be 
consulted,  in  a  very  amplified  state,  in  Maclanrin'a  QeomHriea  Orgamca,  i  r  1 9. 

PROP.  XIII. 

^  ike  three  sides  of  a  variable  triangle  poet  constantly  through  three  fixed  points, 
and  two  of  its  angular  points  be  always  situated  upon  two  f  rr-d  Unets  ikem  tte 
third  angle  will  dlwajft  be  situated  in  the  curve  qf  a  conic  section, 

Lbt  a,  L»  C,  be  three  fixed  points*  and  DF,  DO,  two  fixed  lines ;  let  the  side 

PG  of  the  variable  triangle  pass  through  A  ;  the  side  GF  through  L|  and  the 
Ride  FP  through  C :  then  the  point  P  will  always  be  situated  in  the  curve  of  a 

conic  section. 

Let  m,  before  examiniriLr  tho  vrrntTal  cur^'e 
in  \vhirh  P  mores,  find  siu  li  jinmts  in  it  as 
are  dt-pendent  on  particular  reiaiions  of  the 
Tariable  data. 

1.  Suppose  F  to  be  infinitely  distant,  on 
either  side  of  D :  in  irbich  case,  the  lines 
LP,  CP  will  become  LM,  CB,  parallel  to  the 
given  line  DF.  Let  the  parallel  LM  meet  DG 
in  M ;  then  M  will  be  the  point  in  DG  corre- 
sponding to  G,  when  F  is  infinitely  distant, 

and  MA  wilt  be  the  corresponding  position  of  AG  or  AP;  and  the  inten?ec- 
tion  H  of  CB,  MA  will  be  one  of  the  positions  taken  by  P,  or  one  of  the 
points  in  the  curve. 

2.  Draw  in  the  same  manner  AK,  LN  parallel  to  DG,  and  let  NC  be  drawn 
to  meet  AK  in  K;  then,  as  in  the  preceding  case,  K  wiU  be  a  point  in  the  curve 
traced  by  P. 

3.  The  pointa  A,  C  will  be  points  in  the  curve.  For  when  AG  in  revolving 
arrives  at  C,  the  Ime  CF  will  cut  it  in  C;  and  hence  C  is  a  point  in  the  carve. 
In  the  same  way  it  appears  that  A  is  another  point. 

4.  When  one  of  the  points  F,  G  is  at  D,  the  other  will  also  he  at  D,  and 
therefore,  agtun,  P  will  be  at  D,  which  ia  one  of  the  points  of  the  carve.  ' 
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Now  {prop.  X.  cor.  3)  it  has  been  seen  that  five  points,  as  A,  B,  K,  C,  D, 
determine  the  special  conic  section  that  can  be  made  to  pass  through  those  five 
points.  Let  it  be  drawn :  then  it  is  required  to  show  that  any  other  puint  P 
formed  agreeably  to  the  hypothesis,  is  in  the  same  conic  section. 

General  case. 

Draw  DE  parallel  to  MB,  meeting  AG  in  E  and  AK  in  e ;  and  join  EF,  eN, 
Also  (though  not  in  the  figure)  join  AD,  DC. 

'Ilien,  since  DE  is  parallel  to  MA,  and  DF  to  ML  (constr.),  we  have 
GD  :  GM  ::  DE  :  MA  ::  DF  :  ML;  or 
DE  :  DF::  MA  :  ML. 
Now  since  MA,  ML  are  given,  their  ratio  is  given,  and  hence  DE  :  DF  is  a 
given  ratio. 

Again,  since  AM  is  parallel  and  equal  to  eD,  and  ML  is  parallel  and  equal  to 
DN,  it  follows  that  Ae  is  parallel  and  equal  to  LN,  and  therefore,  again,  that 
AL  is  parallel  and  equal  to  eN.    Consequently,  we  have 

DE  :  DF  ::  AM  :  ML  ::  De  :  DN. 
Whence  (prop.  xi.  cor.  3)  the  point  P  is  in  the  conic  section  described  about 
A,  B,  K,  C,  D. 

Corollary  1. 

If  AL,  CL  be  drawn  to  cut  DF,  DG  in  H  and  I,  these  points  will  also  be  in 
the  curve. 

For  in  this  case  the  point  F  is  represented  by  H,  and  therefore  CF  takes  the 
position  CH  ;  whence  the  intersection  P  of  AG,  CF  is  represented  by  that  of 
AH,  CH,  or  by  H.    In  the  same  way  I  is  a  point  in  the  constructed  curve. 

Again,  these  points  are  in  the  conic  section  ABKCD.  For  it  has  already 
been  proved  that  AL  is  parallel  to  Ne,  and  hence  it  cuts  segments  DV,  DU 
from  the  parallels  DE,  DF  (to  AB,  BC)  such  that 

De  :  DN  ::  DV  :  DH. 
Wherefore,  as  before,  H  is  in  the  conic  section  ABKCD;  and  in  a  similar  way 
it  is  proved  that  I  is  in  the  same  conic  section. 

Corollary  2. 

Let  AHDIC  be  any  pentagon  inscribed  in  a  circle,  and  the  adjacent  sides 
DH,  DI  be  indefinitely  produced;  and  let  AH,  IC  be  produced  to  meet  in  L: 
then,  if  any  line  LFG  be  drawn  to  cut  DH,  DI,  in  F  and  G,  and  AG,  CF  be 
drawn ;  their  intersection  P  will  be  in  the  curve  of  the  conic  section  circum- 
scribed about  the  pentagon  AHDIC. 

For  draw  LM,  CB  parallel  to  DH,  and  LX,  AK  parallel  to  DI ;  also  draw 
MA  to  meet  CB  in  B,  and  NC  to  meet  AK  in  K. 

Then  it  has  been  proved  in  the  proposition  that  P  is  in  the  conic  section 
described  about  ABKCD  ;  and  in  the  first  corollary,  that  AHDIC  is  the  same 
conic  section  that  was  described  about  ABKCD.  That  is,  the  property  alleged 
in  the  corollary  is  true. 

Scholitm. 

The  discovery  of  this  theorem  is  claimed  both  by  Maclaurin  and  Braikcn- 
ridge ;  and  it  was  probably  the  independent  discovery  of  each.  Braikenridge, 
however,  was  the  first  to  publish  it,  and  hence  we  may  with  propriety  desijinate 
it  as  his  theorem.    Both,  however,  gave  it  in  a  form  a  little  difl'crent,  and  8ub- 
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■enrient  to  the  orf^nical  description  of  the  conic  eaetiom.  It  i*  ia  die  i 
nmit  of  this  fhtj  lur  the  focmilirtion  of  Ptocftl's  thMiwBt  noit  in  tlie 


PROP.  XIV. 

7%e  three  pairs  of  opposite  sides  of  a  hexagon  inscribfd  m  aetmcBeetim,  beimf 
produced  to  wteet,  the  tkrtspwsU    tntarMctiom  wiU  aU  At  nimUei  m  om  §ttwi§kt 

line. 

Let  AHDICP  be  a  hexagon  (all  »  *" 

the  anglea  salient  in  the  figure,  but 
not  neoemriljr  so),  and  let  tbe  oppo- 
■ito  pain  of  sides  intersect  in  6,  L,  F : 
then  G,h,W  wiU  bo  in  one  itnught 
line. 

For,  if  not,  let  HL  meet  the  side 
HD  in  F,  tod  draw  FC  to  meet  AP 
inF. 


Then,  ( pr.  riii.  cor.  2,)  the  point  V  will  be  in  the  curve  of  the  conic 
tion  AHUIC.  Hut,  by  hypothesis,  A  and  P,  point*?  in  the  straight  line  GI*',  are 
also  in  the  curve  of  the  same  conic  section;  whence  the  straight  line  AP  cuts 
the  conic  section  in  the  three  points  A,  P,  P ;  which  ( prop,  viii.)  is  iropo^ibk. 

Whorafors,  the  point  F  it  not  in  As  cnm  of  the  eooie  tactioo,  tad  hesoo  tko 
point  F'  is  not  in  the  line  GL. 

In  the  same  manner  it  may  be  proved  that  no  other  point  but  P  in  the  line 
GA  can  be  in  the  conic  section ;  and  hence,  tluu  no  point  but  V  in  tlie  line  HD 
can  be  in  the  line  GL.   The  three  point&are,  tiici-efore,  in  one  straight  line. 


niit  theorem  it  one  of  the  most  remarkable  and  mott  utefol  pvopertiea  «f  4t 
eomc  sections  yet  known ;  and  it  branches  out  into  a  g^reat  number  of  caaef« 
accordirif^  to  the  relative  positions  of  the  six  angular  points  A,  U,  D,  1»  C>  JP*  el 
the  iiexagon  inscribed  in  the  conic  tectlon.  One  of  these 
is  figured  in  the  margin,  expreaiive  of  what  at  lirtt  tight 
might  be  coneidered  a  totally  diflSnent  theorem.  Iti  envn- 
ciation  may  be  at  follows 

Upon  the  opposite  sides  AC,  HI  of  a  quadrilateral  in- 
scribt'd  in  a  conic  section  as  bases,  let  triangles  A  PC,  IDH 
be  described,  having  their  vertices  in  the  arcs  of  the  sections 
of  which  IH,  AC  are  the  letpective  choidt*  and  cutting  aach  other  in  Q  nad  F: 
Aen  F6  hebg  dnwn,  win  pate  through  L»  the  intenection  of  the  diagonala  ef 
the  qoadrilateral  IHCA. 

One  of  the  converse  theor*»m«;  wn^  published  by  Pa<»cr\1,  in  a  tract  (eight  page*) 
under  the  title  of  Essais  pour  ks  Comques,  m  I6i0.  There  is  every  reason  to 
believe  that  be  was  acquainted  with  the  theorem  in  its  present  form :  but  that 
tram  itt  fndtfhlneH  in  the  dieeomy  of  eoiuctl  theoremib  and  ita  ntifity  w  the 
conatmction  of  probleme,  he  eoooealed  it,  in  aoeordanoe  with  the  pnetiea  of  the 
time  in  which  he  lived. 

The  theorem  attracted  some  attention  amongst  the  geometers  of  Pascal's 
time.  CuraheUe  describes  it  as  containing  the  substance  of  the  first  tour  books 
of  the  eoalot  of  Apolloimie,  either  at  catet  or  coneeqnences ;  and 
speakt  of  it  aa  a  dMKcm  with  four  hnndred  eoraUariea.  StiUt  after  thai 
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diite  period*  the  tbeoreiii  attracted  but  fitUe  notice  till  comparatively  recent 

times.  Maclaurin  actually  rle^cribes  the  fr^^re,  without  nt  all  refcrrinpf  to  the 
j)roperty,  even  though  it  followed  as  a  coTT^eqiu  rnx  of  ttu'  very  method  of 
organical  deacripUoa  which  he  was  tiien  cxpiuiuing.   Fhii.  Trans.  No.  436. 

Tlie  general  method  of  proof  employed  has  been  to  eetabHeb,  m  ein  be  enil^ 
donot  the  property  for  the  circle,  and  then  tnnifer  it  to  the  conic  eectiono 
generally  hy  means  of  perspective  considerations.  Sir  John  Leslie  (Geamdlrf 
of  Curve  lAnes),  however,  employed  the  method  of  poles,  in  the  same  manner  aa 
Maclaurin  and  Braikeuridge ;  and,  except  as  to  form,  the  method  useti  in  thia 
place  is  but  a  recurrence  to  that  very  elegant  and  effecUre  mode  of  proof. 
Another  wiU  be  liraad  ia  the  chi^iter  on  TVoMwraab,  which  I  firat  gaive  to  the 
Zi«y«  iKory  for  1843. 

There  are  four  very  elegant  demoiT^t  rat  inns  of  tlie  particular  case  of  the  conic 
section  being  a  circk,  given  in  the  MnLkemalical  ReposUory,  vol  ii.  NS.  by  Earl 
Stanhope,  Mr.  Ivory,  Mr.  Lowry,  and  Mr.  R.  Nicholson,  ihat  of  Mr.  Ivory  has 
been  copied  into  Bhnd'a  Geomefrieof  IVoUmw;  and  the  late  Captain  Drum- 
mond.  Royal  Eag.  and  Under  Secretary  of  Sute  for  Ireland,  alao  gave  a  proof 
of  the  converse  property  in  the  Phil.  Mag.  No.  299. 

'Hie  general  theorem,  though  enunciated  for  the  inscribed  hexagon,  and  gene- 
rally viewed  as  a  nalient  Agure,  does,  in  fact,  relate  to  the  line  joining  six  puints 
in  the  conic  section,  /ai:eii  ts  ONy  ordier  wh&tevert  the  only  conditions  being, 
that  the  linea  be  drawn  from  pofaitoy  without  having  more  than  two  meeting  in 
the  same  point,  and  the  point  yWm  which  die  fint  Una  is  drawn  being  that  lo 
which  the  last  is  drawn. 

The  number  of  hexagonal  figures  thun  flriwn,  nmi  li  iv  in^^  Uic  game  six  points 
for  their  summits,  must  evidently  be  very  great ;  aud  tiie  preceding  theorem 
appliee  to  them  att  MmmUmtotufy,  By  combining  all  the  caaea  that  can  tbna 
ariee,  in  two,  three,  four,  five,  or  all,  at  a  time,  many  cnriona  and  intereating 
theorems  will  be  found  to  reeult.  The  limited  space  to  which,  in  a  woric  like 
this,  any  special  subject  moat  be  confined,  preveata  the  addition  of  even  a 
specimen  in  this  place. 

PROP.  XV. 

^n  hexnrjon  be  circumscribed  to  a  conic  section,  the  three  diagonals  which  join  tkt 
three  pairs    oppctsite  sunmits  wiU  all  pass  tkrmgk  the  same  poiai. 


Lnx  ABCDEF  be  a  hexagon  curnunaaibad  to  a  conic  aection  t  then  the  dia- 
gonnla  AD,  BE,  CF  will  paaa  througb  the  aune  point  O, 
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For  let  GHIKLM  be  the  inscribed  licxagun,  whui>e  angular  points  are  the 
poiot«  of  coutact  of  the  ctrcamscribed  hexagon.  Then  (j>rqp.  xtr.)  the  oppoftit« 
sides  have  their  iatenectioM  P,  Q,  R  in  one  itreiglit  line. 

Hence,  the  point  R  being  considered  as  pole,  £B  will  be  the  eomspoiM&ig 
polar  in  reference  to  the  eonie  section;  and  P  will  be  the  pole  to  tho  polar 
AD.    Wherefore  their  intersection,  O,  will  he  the  pole  to  the  polar  PR. 

Again*  Q  is  in  the  polar  PR,  and  hence  the  line  CF  will  pass  through  O,  the 
pole  of  PR,  prt)p.  m.  The  three  diagonals,  AD,  BK,  CF,  therefore  pass 
through  one  point  O. 

Corottory. 

If  the  three  diagonals  of  a  hexagon  intersect  in  a  point,  the  liezagoa  ia  circum- 

Bcriptibie  to  a  conic  section. 

This,  which  is  the  direct  conrerse  of  the  proposition,  is  deducible  at  once  by 
reasooing,  ex  absurdo. 

Scholium. 

This  remarkalile  tlieort m  was  discovered  by  Brianchon,  who  published  it 
amongst  other  nnportant  i)ro])ertie8  of  a  collateral  nature,  in  the  thirteenth 
number  of  the  Journal  qf  the  Polytechnic  School,  page  301.  This  and  Pascal's 
theorem  are  so  intimately  connected  by  means  of  tiie  theory  of  polea  and  polars, 
that  either  ilowa  as  an  immediate  consequence  of  the  other. 

sxaRCisis  oir  ths  obnbral  FftOpaBTiBS  OP  TBB  CONIC  sscnoita. 

1.  If  all  the  sides  but  one  of  a  polygon  inscribed  in  a  conic  section  pass 
through  given  points ;  that.one  will  either  pass  through  a  given  point,  or  touch 
a  given  conic  section. 

S.  If  all  the  angles  hut  one  of  a  polygon  circimseribed  to  a  conic  section  be 
npon  given  lines,  that  one  will  he  situated  in  the  curve  of  a  ipven  conic  section. 

3.  If  each  of  the  sides  of  two  triangles  circumscribed  to  a  conic  aeetion  inter- 
sect one  and  one  in  order,  and  lines  he  drawn  to  join  the  three  pairs  of  Oppoaile 
intersections,  they  v.  ill  {>a<^s  through  the  same  point. 

4.  The  six  angular  points  of  the  two  triangles  m  the  last  theorem  are  ntoated 
in  one  conic  section. 

5.  If  two  triangles  be  inscribed  in  a  conic  section,  they  will  by  iht-ir  mutual 
intersections  form  a  hexagon,  in  which  a  cmisc  section  may  be  inscribed. 

6.  If  from  Mther  angle  of  a  penugon  described  about  a  conic  section  a  line 
be  drawn  to  the  point  of  contact  most  remote;  then,  if  the  disgonals  be  drawn 
to  Join  the  other  pairs  of  opposite  angles,  they  will  intenect  in  the  first»nained 
line. 

7  In  a  hexagon  circumscribed  to  a  conic  section,  if  we  prolong  two  and  two 
the  bides,  separated  by  one  side,  to  intersect,  we  obtain  six  points  of  intfT^ec- 
tion,  whicli  being  (  oMsidered  as  llie  sumniits  of  a  new  hexagon,  the  diagonals  of 
this  liexatTon  will  inu  isect  in  three  points  situated  one  upon  each  of  the  three 
diagonals  ui  the  original  circumscribed  hexagon,  aud  when  the  diagonals  of  the 
inscribed  hexagon  also  meet  one  point,  that  point  of  intersection  coincides  with 
that  in  which  the  three  diagonals  of  the  dreumscribed  one  intersect. 

8.  All  the  conic  sections  which  can  be  inscribed  in  the  same  qnadrUatersl, 
have  their  centres  situated  on  the  straight  line  wluch  bisects  the  diagonala  of  the 
quadrilateral. 

9.  Tlie  pnbr<)  of  a  point  in  reference  to  all  the  conic  sections  which  can  be 

deflcril>ed  about  a  given  quadrilateral,  pass  through  one  point. 

10.  The  poles  of  a  straight  line  taken  as  polar  in  reference  to  all  the  conic 
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lectioot  iueribible  in  tbe  saow  qinadrilaten],  are  ritmtad  in  the  sum  etnught 
line. 

11.  When  a  conic  section  touches  three  sides  of  a  trianf^le  BCD,  of  which  BD 
is  touched  in  A,  if  a  fourth  tan^^ent  be  drawn  to  meet  HD,  CI)  in  M  and  N; 
then,  whatever  be  the  position  of  this  fourth  tangent,  the  ratio  AM.CN;BM.DN 
will  be  constant. 

IS.  If  the  straight  lines  BD,  CD,  be  touched  in  A  and  C  by  a  conic  aectioa, 
and  any  third  tangent  be  drawn  to  meet  these  in  If  and  N ;  then  the  ratio 

AM  .  CN  :  DM  .  D\  will  be  mnstnnt  wherever  the  tangent  may  be  drawn. 

13.  If  an  indefinite  number  of  hy[)erl)olas,  situated  in  the  same  plane,  have 
tbe  same  focus  and  directrix,  then  the  intersections  of  the  asymptotes  to  the 
eoQscentiTe  corves  will  be  in  the  cunre  of  a  parabola,  which  wiU  also  be  cmfiMal 
with  the  hyperbolas. 

14.  If  from  a  focus  of  a  c  onic  section  we  draw  peipendicttlars  to  any  two 
Utngents,  the  straight  line  which  joins  the  feet  of  these  perpendiculars  will  he 
j>erpendicular  to  that  which  is  drawn  from  the  other  focus  of  the  curve  to  the 
intersection  of  the  tangents. 

15.  Let  AB,  CD,  be  two  straight  lines  cutting  one  another  in  O,  and  termi- 
nating in  the  ellipse  of  which  F  is  a  focus,  and  draw  AF,  BF,  CF,  DF :  then 

AF .  BG  +  BF  .  AG  :  CF .  DG  +  CG  .  DF  : :  AB  :  CD. 

16.  A  straight  line  moving  parallel  to  a  given  line,  touches  continually  a 
aeriea  of  ellipses  which  have  tlie  same  foci,  the  points  of  contact  are  situated 
upon  an  eqoilateral  hyperbola  concentric  with  tbe  ellipses,  and  passing  through 
tbe  common  fed  of  tbe  dlipses :  if  it  touch  a  series  of  confocal  hyperbolas^ 
tbe  locus  of  the  points  of  contact  will  be  a  circle :  and  if  it  touch  confocal  para- 
bolas whose  axes  are  coincident  in  position,  the  locus  will  be  another  parabola. 

17.  If  two  tangents  EP,  FP,  be  drawn  to  CS,  and  EF  be  drawn  to  meet  tbe 
directrix  in  G  and  the  line  through  the  focus  in  I,  the  chord  £F  will  be  harmo- 
aicaUy  divided  in  I  and  G;  or,  £1  :  IF  : :  £6  :  6F. 

1 8.  Let  tbe  diameter  DC  be  produced  to  meet  the  directrix  in  A,  and  draw 
AF  to  the  focus  F,  and  CU  a  tangent  at  C:  then  AF,  CH,  shall  he  perpen- 
dicular to  one  another. 

19.  i^et  any  circle  cut  the  ellipse  in  £,  H,  pass  through  the  foci  F,/,  and  cut 
the  conjugate  in  G,  K  (G  being  without  the  ellipse),  then  GE,  GH,  will  be  tan- 
geota»  and  IE,  KH,  normals  to  the  ^ipae. 

20.  If  two  hexagons,  situated  in  the  plane  of  a  conic  section  so  that  the  sum- 
mita  of  the  first  be  respectively  the  poles  of  the  sides  of  the  second  in  respect  of 
the  conic  section ;  theu,  reciprocally,  tbe  summits  of  the  second  will  be  the  poles 
of  the  sides  of  the  first  hexagon. 

31.  If  one  d  tbe  beiagons  in  the  precedmg  theorem  be  inscriptiUle  or  cireum- 
•criptible  in  a  conic  section,  the  other  is  circamscriptible  or  inscriptible  to  mother 
conic  section. 

22.  If  any  polygon  in  the  plane  of  a  conic  section  be  inscri])til)le  or  circum- 
scriptible  to  another  conic  section,  then  the  polars  to  the  summits  of  tbe  first 
polygon,  considered  in  reference  to  tbe  first  conic  section,  irill  form  another 
polygon  which  irill  be  drcumscriptible  or  inscriptible  to  a  third  conic  ssction. 

33.  If  the  poke  in  respect  to  one  conic  section  move  upon  another  conic 
section,  the  corresponding  polars  will  all  he  tangents  to  a  third  conic  section. 

24.  If  the  polars  in  respect  of  one  conic  section  be  tangenta  to  a  second,  the 
corresponding  poles  will  trace  a  third  conic  section. 
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THE  CONOIDS  OF  REVOLUTION. 

SBPtlVITIONS. 

1.  Iv  tbont  eiihtr  of  the  axes  of  a  eoiiic  section  the  eoaic  MCtion  be  made  to 
revolve,  it  will  generate  a  aoriace^  eaUed,  generally,  a  oonoStf     moimihm,  or 

Biro  ply,  a  conoteL 

2.  When  the  generatiDg  eunre  is  a  parabola,  the  sorfiwe  is  called  tkt  jMr«- 

boloui. 

3.  if  the  generating  conic  section  be  an  ellipse,  the  surface  is  railed  nn 
ellipsoid:  and  it  is  distinguished  as  a  prolate  ellipsoid,  or  an  obloie  elUpsoui,  ac- 
cording as  the  transverse  or  conjugate  axis  be  made  that  of  revoluiian. 

Tbe  ijpAcrt  is  a  partiealar  ease  of  the  dhpscSd }  vis.  when  Uie  eUiptic  geae- 
ratruc  is  a  circle.  The  eilspsctds  being  in  general  form  analogous  to  the  ephete, 
in  being  bounded  in  all  directions,  led  Archimedes  to  distinguish  th«na  bf  the 
name  of  sphertfUi, 

4.  When  the  generating  carve  is  an  hfperbola,  the  surface  is  called  an,  hyper* 
holdid:  and  it  is  distinguished  into  the  hyperboloid  of  two  sheets,  and  the  kjffter- 

hoJoul  f)f  nne  sheff,  arcordin^'  as  the  transverse  or  conjugate  axis  be  made  that  of 
revolution  ;  or  again,  supposing  the  revolution  be  about  the  transverse  axi§, 
according  as  the  Opposite  pair  of  hyperbolas  or  their  foojugates  be  made  the 
generatrices. 

The  right  cone  is  a  particular  case  of  tbe  hyperboloid  of  two  sheets;  viz.  when 
the  generatrix  is  an  angle,  tbe  bisecting  line  of  which  is  the  axie  of  revolulaoo. 
The  indefinite  extension  of  the  paraboloid  and  the  hyperbolciid  of  two  sheeis, 
being  similar  to  that  of  the  cone,  led  Archimedes  to  call  those  surfoces  oonomIv. 

The  hyperboloid  of  one  sheet  was  not  known  to  biin.  It  was  first  observed  by  Sir 
Christopher  Wren,  in  a  form  which  will  be  presently  noticed ;  but  the  properties 
of  the  general  figure  were  mainly  developed  by  Hachette  and  Chasles. 

5.  The  transverse  plane  is  or^o  drawn  through  the  axis  of  revolution  perpen- 
dicular to  any  sectional  plane  of  a  conoid. 

6.  Sections  through  the  axis  of  revolution  are  called  meridian  sections ^  those 
parallel  to  the  axis  are  called  parallel  sections  ;  those  perpendicular  to  the  axu, 
perpendUmktr  seetiomj  and  aU  others,  ol^que  eectitms, 

7*  The  asymptoHe  (xmes  of  the  byperboloids  of  two  sheets  and  of  one  sheet, 
are  thoee  which  are  generated  by  the  asymptotes  of  the  revolving  bypeibok 
during  the  generation  of  the  byperbobids  respectively.. 

PROP.  I, 

MenUm  teelumi^a  coiund  art  ideniteal  wUk  the  jfenentkiff  curve/  mtd  perpe^* 

^adar  eedume  are  oB  ekrdei* 

Foe  tbe  first-aamed  ssetion  is  but  the  generating  curve  in 
the  position  of  tbe  cutting  plane.  Thus,  the  plane  HAH'  cuts 
in  the  conoSd  generated  hy  EAE\  a  section  obviously  equal  in 
all  respecto  to  the  generatrix. 

Again,  the  plane  of  tbe  section  HEHTT  perpendicnlar  to  tbe 
axis  AD,  is  cut  by  plane<;  i)assing  through  the  axis  in  D£, 
DU,  ete,t  and  .hence,  AD£,  ADH  are  right  angles,  and  con- 
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vquently  orJinates  m  the  equal  curves  £AE',  HAH',  etc.  to  the  same  absciss 
AD.  Thty  are  beoce  equal. 

la  Ae  mam  mj  it  may  be  pmved»  tbat  any  other  line  drawn  from  D  in  tbe 
pfane  of  lection  to  the  boundary  of  the  leetioo  ia  equal  to  AD.  The  extiemitiea 
«f  them  time  are  therefore  in  the  circamfereoce  of  a  drele.  Any  eee^n  HKU'B^, 
dmcfoce,  peipendiealar  to  ihe  azie  of  revolntkm»  ie  a  ehrole. 

PROP.  II. 

Jh(  sedion  T)f  a  paraboloid  parolhl  to  the  a^U  qf  revolution,  is  a  parabola  in  all 
rf'pects  tqual  to  the  generattiuf  oae  ;  and  amy  oblique  section  of  the  yaralMjlotd 
i$  an  eUipse. 

First.   Let  DEC  be  a  section  of  the  paraboloid, 
paraiiel  to  the  axiii  of  revoluiion  VG.  it  shall  l>e  in  all  ^ 
respects  efjiml  to  the  j^eneraliug  curve  of  the  para-  '    '^  \ 

Woid.   For  let  K\  ii  be  a  transverse  section,  and  —     y~"  '|->^"(^ 

KDH  a  section  perpendicular  to  the  axis. 

Then,  iiace  the  plane  CBD  ie  parallel  to  the  axia  V6,  and  t  pbice  (the  tmne- 
vaie  KVH)  is  drawn  through  VG  perpendicular  to  the  plane  CED,  the  eection 
U  u  patallel  to  VG.  Wherefore  the  plane  KDH,  whieh  ia  perpendienlar  to 
VG,  is  also  perpendicular  to  EI;  and  hence  the  three  pknes  KDH,  KVH, 
CED,  are  perpendicular ;  and  in  consequence  also,  the  lines  of  section  EI,  KH, 
^T),  are  perpendicular  to  each  other.  Whence,  again,  KH  passing  through  the 
te&tre  G  of  the  drcle  KDH,  and  at  hght  angleg  to  the  chord  CD,  that  chord  ia 
bisected  in  I. 

Now,  since  EI  is  parallel  to  VG,  and  denuting  the  parameter  of  the  generating 
paTdlioia  KVH  by  />,  we  have  {parab.  pr.  i.  cor.  1,) 

p.re  =  KI.IH  =  ID-. 
Now  this  is  the  property  ui  a  parabola  CED  whose  parameter  is     that  is,  of  one 
to  the  generatrix. 

Seeoad  Let  ADB  be  any  oblique  section,  it  will  be  an  elUpae. 

fat  kt  BEA  be  the  tranereiee  plane  meeting  the  plane  eection  ADB  in  AB, 
mi  KDH  eny  plane  perpendicidar  to  the  axis  which  cute  AB,  and  EL  that 
(Tametsrof  the  tmnamae  section  BEA  which  ia  conjugate  to  AB»  meeting  AB 
isL: 

Then,  reason  in*/  as  in  the  preceding  case, 
KDH  IS  a  circle,  of  which  KH  is  a  diameter,  and 
ID  the  right  ordinate  to  that  diameter,  and  hence 
KI.IH  =  ID^.  Also,  since  £L  is  the  diameter 
ceDjagate  to  the  chord  AB,  we  have  BL  =  LA 
{pinb.fr.  «n.)f  and  hence  BL  LA  s  LA*|  and 
ML.  liir  =  ji .  EL  {prop,  u  cor.  1). 
Now  {ptnb*  pr.  wL)  we  have^ 

AI .  IB  :  KI .  IH    AL .  LB :  ML .  LN ;  that  ia, 
AI.IB:    ID>        AU  :p.EL$ 

^'iuch  is  a  property  of  the  ellipse  whose  transverse  axis  is  AB,  and  aemi-conjtt- 
lUa  is  a  mean  proportional  between p  and  EL. 

Corollary. 

All  parallel  aeetiona  of  the  paraboloid  are  similar  figurea.  For  those  parallel 
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to  the  axis  of  revolutinn  are  parabolas,  and  therefon  timilar  t  and  thote  pct|im- 

dicular  to  the  axis  are  circles,  and  therefore  similar. 

Af^ain.  for  those  parallel  to  any  other  plant',  as  the  tangent  plane  at  E,  put 
Uie  parameter  of  tlie  diameter  £L  =  p^ :  then  jp, .  EL  =  AL' »  wherefore  ve 
bam 

AI.IB:ID*  ::p,.EL:p.£L»j»i  ;pi 
that  k,  a  conataat  lakio  t  wbeKfore  the  eUipm  ara  aunilar. 


PROP.  III. 

Let  ADB  be  tbe  aectkm  of  an  eUtpsolid 
(the  prolate  ia  fig.  1«  and  obiate  in  6g.  2). 

AEB  the  transverjic  plm'',  cutting  the 
sectional  yilane  in  AH,  and  any  one  of  the 
perpendicular  planes  KDH,  and  meeting 
the  plane  ADB  within  the  eUipaoId.  Draw 
CG  pavaUd  lo  AB,  and  CE  parallel  to  H  KI. 

Than,  by  feaaomng  aa  hefore,  KI .  IH  s  ID*.  Alao,  (eli^»  pnp,  «t 
have 

AI.  IB  :  Kl.IH     CG»  :  CE' ;  or 

AI.  IH  :     ID-     ::  CG^  :  CK' ; 

w  hich  is  the  property  of  an  ellipse  {prop.  ii,).   Hence  tbe  oblique  aectioo  <tf 
an  ellipsoid  is  an  ellipse. 
The  aatne  maoning  will  apply  when  the  atetion  ADB  ia  pacallel  to  the 
iCTolntion,  or  pefpendicnlar  to  the  line  BC,  in  both  caaea.  All 
aectaona  of  an  dlipwoSd  are  therefofe  ellipaea. 


Corollary. 

All  sections  of  an  ellipsoid  pamllel  to  each  other  are  similar  to  one  another. 
For  CG*  :  CE-  18  a  constant  ratio,  the  hnes  themselves  heing  of  fijied  m.i^nitude 
for  any  given  ellipsoid  and  diamelral  plane  to  which  tbe  sectional  planes  are 
parallel.  , 


PROP.  IV. 

^  the  kyperbolo'id  qf  two  sheets  and  Us  asymptotic  cone  be  cut  i/y  a  piamrt  tkt 
Mefion  if  the  hyperhokndwiU  he  timilar  to  thai  ^the  i 

Let  ADli,  A  D  U'  be  the  sections  made  in  the  hyper- 
belotd  and  ila  asymptotic  cone  i  these  ahall  be  Mndlar 

figures.  For  draw  H'D'K'  the  perpendicular  plane,  cut- 
ting huth  these  planes  within  the  hyjierholoi  1 ;  and  HAK 
the  transverse  plane  to  the  sections  A HH  and  A'l)  JV. 
Also,  through  A  draw  MN  parallel  to  iilv;  and  the 
aemi-diapieten  CE,  CG  parallel  to  HK  and  AB. 

Then,  reaaoning  as  before,  we  have  HI .  IK  s  ID*, 
and  H  I  .  IK'  =  ID'^  alao  A'A .  AB'  =  CG»,  and 

MA  .  AN  =  CK'  (hyperb  prop  B), 
Again,  by  parallels,  we  have 
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A'l  :  IH' ::  A'A  :  AM,  and  B  I  :  IK'  ::  AB'  :  AN  ; 
whence  A'l .  IB  ;  H  I  .  IK  ::  A'A .  AB' :  MA.  AN,  or 
A'l.  IB':     ID'*     ::     CG»     :  CE«. 
But  in  the  hyperbola,  we  have  (props,  i.  and  it.) 

AI .  IB  :  HI .  IK  (=  lU  )  ::  CG-'  :  CE^. 

Wherefore,  A'l .  IB' :  ID** ::  AI .  IB  :  ID*,  or  the  sections  A'D'B ,  ADB  ape 
dnilir,  m  enondtted. 

ConUarf  1. 

All  parallel  sections  of  the  asymptotic  cone  of  revolution  (and  hence  of  every 
eone  of  revdntion)  are  tiinilar  figuiet. 

FInt  la  one  of  the  directing  plane  being 
a  tangent  plane,  the  eeetaon  ie  a  paraboki 

nnd  all  such  sections  are  similar  fibres. 
Also,  the  same  is  true  for  the  perpendicular 
sections,  they  being  all  circles. 

Seamd.  Snppoee  the  eections  to  be  the  dlipUe  or  hyperbolic,  and  let  them  be 

cut  by  the  transverse  plane  in  AB,  A'B*,  and  draw  AH,  BK,  A'H',  B'K'  perpen- 
dicular to  the  axis  of  the  cone  VW. 
Then  by  similar  triangles, 

HA  :  AB  ::  H  A'  :  A  B'.  and  KB  :  BA  ::  K  B' :  B'Aj  hence 
HA  .  KB  :  AB-  ::  H'A'.  K  B'  :  A  B". 

But  AB-,  A'lV-  are  the  squares  of  the  transverse  diameters,  and  H.\.KB, 
li'A'.  K  B'  are  the  squares  of  the  conjugate  diameters.  Whence  the  parallel 
aectSone,  wboae  tranavefte  and  conjugate  diameteva  theae  are,  are  ttmihur. 

CDfoOory  a. 

AH  parallel  aeetiona  of  the  hyperboliAd  of  two  aheeta  are  aimilar  figures ;  for 
tliey  are  similar  to  the  sections  made  in  the  asymptodc  oooea  bj  the  same  plane 
ifrep,  99*  cor.  i.)  t  and  by  the  preceding  corollary  theae  are  all  aimilar. 

ConMary  3. 

Tf  the  a8)rmptotic  cone  be  cut  by  a  plane  which  touches  the  hyperboloid  of 
two  .sheet!*,  the  section  will  be  an  ellipse  whoae  principal  semi-diameters  are  CG 
and  CE  respectively. 

PROP.  V. 

Every  section  of  the  hyperbolotd  of  one  sheet  by  a  tangent  plane  to  the  asymptotic 
cone  is  a  pair  of  lines  parallel  to  the  line  of  contact  qf  the  cone  and  plane,  and  at 
m  distance  from  each  other  equal  to  the  transverse  diameter  i^tki  hgperbokfU, 

Lkt  a  plane  touching  the  asymptotic  cone  in  UC  cut 
tha  hyperholoid  of  one  sheet,  the  section  will  be  two 
auaight  fines,  KUK'L',  pmallel  to  GC,  and  their  dia- 
taace,  KK%  from  each  other  will  be  eqoal  to  tho 

transverse  diameter  AB. 

For  the  transverse  plane  will  in  this  case  be  GCH  ; 
CH  being  the  conjugate  axi^.  Let  any  plane  KEK', 
perpeodicidar  to  Um  axia  of  ravoliilioii  CH,  cut  the 
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transverse  plane  in  KGK',  and  the  hyperbolnid  in  the  circle  KEK'.  Also  let  the 
plane  of  the  circle  described  hy  the  transverse  axis  be  cut  by  the  transverse  pkoe 
in  LLV  and  draw  the  lines  KL.  K'L'  to  the  extremities  U 1/  of  the  diaineler  of 
the  circle  ALB  made  by  the  transverse  plane.   AIho  draw  H  K. 

Then,  reasoning  as  in  former  cases,  the  line  KK'  ia  bisected  in  G  by  BHa  and 
KGU  ia  a  right  angle.  Wherefore, 

KG*  =  KH»  -  HG=  =  EH^  —  HG». 

Again,  (Jij/perbola,  prop.  \),p.  159,)  we  have 

LC2=  AC»  =  Hi:«  -  HG-. 

Wherefore  KG  =  LC ;  and  as  this  is  independent  of  the  particular  (Kwiljoo  of 
the  point  H  in  the  axis  of  revolution,  it  is  constant.  Wherefore,  again,  the  Une 
KL  is  the  intenectioa  of  the  hjperbolo^d  with  the  tangent  phme  to  tht  asymp- 
totic cone.  In  the  same  way  it  may  be  shown  that  them  ia  a  second  intervecsion 

K'L'  of  the  tangent  plane  and  liyperbolo'ul,  also  parallel  to  CG.  Moreover, 
KK'  is  perpendicular  to  CG,  and  therefore  to  KL,  K'L' ;  and  it  ia  equal  to  LL' 
or  AB. 

Scholium. 

This  figure  was  not  known  to  Archimedes,  and  it  appears  to  have  been  firiL 
noticed  by  Sir  Clirisiopher  Wren,  in  connexion  with  the  remarkable  property 
expreseed  in  this  propusiUon.  The  snrface,  it  is  clear  from  this,  may  be  gen^ 
rated  by  the  revolution  of  a  straight  line  KI^  having  an  invariable  connexion 
with  its  axis  HC,  which  is  not  in  the  same  j)lane  with  it.  Had  KL  lieen  parallel 
to  HC,  the  surface  w  ould  have  been  a  cylinder,  and  hence  Wren  called  it  the 
h^perboUc  cyiindroid. 

The  demonstiatuni  of  Ae  property  here  given  is  ahnoat  identical  with  Wio^: 
up<m  which  some  farther  information  may  be  obtained  from  mj  Hittory  tir 
Alb  Smr/aoei,  Math,  Btpot,  ttol.  ei. 


PROP.  VI. 

J[f  the  hyperboUhd     OM  iftesf  ami  «/«  oiymptotic  cene  bt  ait  bjf  any  pint,  Hr 

McfioM  wjU  6e  1 


Lbt  ADB,  AiyB'  be  the  eeetions  made  in  the  hyper- 
boIciSd  and  ita  asymptotie  cone:  these  will  be  similar 
fignrea. 

For  draw  IIDK  ])erpendirular  to  the  axis  of  revolu- 
tion, and  H.\K  the  transverse  plane  to  the  sections  ADB 
and  A'D'B'.  Also,  through  A  draw  MN  parallel  to  HK. 
and  the  aemi-diameters  CE,  CG  parallel  to  HK  and  AB. 

Then,  reasoning  as  formerly,  we  have  III  .  IK  =  ID', 
and  H  I .  IK'  =  1D^$  alao^  A'A.  AB'  =  CG',  and  MA.  AN  =  CB*  (*|^. 
prop.  B). 

Again^  by  parallels,  we  have 

A'l :  IH' ::  A'A  x  AM,  and  HI :  IK'  tt  Wk  i  AN; 
whence  A'l .  IB' :  H'l .  IK' ::  A'A .  AB' :  MA .  AN. 
orAI.IB':    W    ::     CG*     :  CBF. 
But  in  the  hyperbola  wc  have 

AI .  IB  :  HI .  IK  (=  ID")  ::  CG^  :  CE». 
Wherefore,  A'l .  IB' :  ID^  ::  AI .  IB  :  ID    und  the  sections  ADB.  .VD  B  arc 
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Corollary, 

All  parallel  sections  of  the  liyj)erholoi(l  of  one  sheet  are  similar  {  as  will  be 
edtabiishcd  by  reasoDuig  simUar  to  tliat  employed  in  prop.  v.  cor.  1. 


PROP.  VII. 


A  ^phtrt  dmm  to  fonoft  a  conoid,  iU  eemtrt  heimj  in  the  axis  of  revolution  ;  and  a 

cone  drawn  to  touch  the  conoid,  its  vertex  ficing  in  the  extended  axis  of  reroluHutg 
wiU  both  touch  the  conoid  in  planes,  and  the  lines  of  contact  wiil  be  circles. 

Is  any  conic  section  HMAN,  one  of  whose  principal  axes 
is  AB,  let  a  circle  DM  EN  be  described  to  touch  it  in  MN; 
and  likewise  let  tangents  at  M  and  N  be  drawn  to  intersect  ia 
T.  Tben  H  is  too  obrions  to  ntfid  detailed  proof  Aat  the 
centre  C  of  the  circle  and  the  interseedon  T  of  the  tangents 
will  both  be  in  the  axis  of  revolution  AB.  Now  by  the  revo- 
lution of  the  plane  curve  BMAC  to  produce  the  conoid,  the 
circle  DMX  is  also  made  to  revolve,  and  generate  a  sphere, 
whilst  the  tangent  MT  or  NT  generates  a  right  cone. 

In  every  point,  as  K,  of  -tlieir  revolution,  the  eone  and 
conoid  touch  as  they  do  at  M,  and  likewise  the  sphere  and 
eoooid  touch  as  they  do  at  M.  The  contact  enunciated,  thnre- 
fore,  takes  place. 

Corollary. 

Any  number  of  spheres  can  always  be  described  to  touch  a  conoid  in  a  cilde. 
For  by  taking  MN  nearer  to,  or  more  remote  from  A,  the  circle  DMN  adaita 
of  unlimited  variation. 

Any  number  of  right  cones  having  their  vertices  in  the  extended  axis  of  revo> 
latioo  may  be  dcaeribed  to  tondi  the  conoH  or  having  any  areolar  section  of 
the  conoid  for  its 


PROP.  VIII. 

jj^M  each  of  the  segments  into  xchich  a  cono'id  is  divided  by  a  section-plane ^  spheres 
be  described  to  touch  the  conoid  nml  th»  plane,  <iWir  JMWil*  Iff  Ctmtoet  wUk  the 
plane  will  be  the  foci  qf  the  section. 

Let  the  conoid  be  cut  by  a  plane  in  the 
section  AaB ;  and  let  spheres  be  dc^crihed  in 
the  two  segmenUs  of  the  conuid  touching  the 
saction^plane  in  F  and  /:  these  vnU  be  the 
foci  of  Uie  section. 

For  consider  one  of  the  spheres.  Draw  the 
transverse  plane,  cutting  the  conoid  in  the 
curve  AMNB;  the  sphere  of  contact  in  the 
circle  MIS'F;  the  common  cone  of  contact  to 
ibe  sphere  and  conoSd  in  the  linear  tangents 
TM.  TN  of  the  circle  and  conic  section  ;  the 
section-plane  in  AB,  in  which  evidently  the 
point  of  contact  F  will  be  situated  ;  the  plane 
of  contact  in  MN.and  the  plane  GaH  parallel 
to  the  plane  of  contact  (ur  perpendicular  to 
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the  fexii  of  revolution)  in  GH.  Let  ako  the  planes  of  seeki<m  AaB  end 

MVS  (not  traced  in  the  cut)  meet  in  the  line  SZ,  cutting  the  tiuarerse  plane 
in  S;  and,  finally,  draw  in  the  transverse  plane  the  aenu-^iaineteri  OP,  OQ 
parallel  to  AH  and  (IH  respectively. 

Then  it  may  be  shown,  as  in  the  preceding  propositions,  that  the  line  aC6  a 
bwceted  at  right  angles  by  the  linea  AB,  GH ;  and  hence,  that  GO .  CU  =:  Ce^ 
Ca  being  the  eemi-conjugate  aida  of  the  aection. 

Agun,  iGenerat  PnpaHa,  pnp.  mi  cur.  2,}  AB  ia  hannonically  divided  in  F 
«ad  S.  "Wherefore, 

AS.  SB  :  MS  .  SN  (=  SF*)  ::  OQ'^ :  OP-,  and  div. 
AS .  SB  —  SF  :  SF-     OU-  —  OP-  ;  OF". 
BotCbyAormofilNilf)  AS.SB  — SF=  AF.FBsCF.FS.  Wherefon» 
CF.  FS  :  SF  ::  0Q»  -  0P>  :  0P«,  or 

CF  :  I  S  ::  OQ'  -  OF  :  OF;  and  again, 
CF  +  FS  (=  CS)  :  CF  ::  OQ^  :  OQ'  —  OF ;  or 

CS .  CF  (=  CB2)  :  CF ::  0Q>  :  0Q2  _  OF  (e) 

Agam,  AC.CB  (=  CB^  :  GC .  CH  (=  Ca>)  ::  0Q= :  OF,  or 

CB«:     CB»— Co*     ::OQ»:Oa«-OF  (ft) 

wherefore  CB*  —  Ca*  ss  CF*,  a  known  property  of  the  focns  of  an  ellipoe. 
In  like  manner*  in  the  ease  of  the  hyperbolic  section,  we  tboold  have 

CB»  +  Ca»  =  CF-. 
For  the  parabolic  section,  the  process  becoineh  i>tiU  lurtiicr  simj^iiiied  ;  but  it 
ia  left  for  the  student  to  work  oat  the  detail. 

A  similar  course  of  reasoning  will  show,  that  the  sphere  described  in  the  odur 
segment  will  touch  the  section-plane  in  the  other  focus  /  of  the  elliptic  and 
hyperbolic  sections.  In  the  circular  sections,  the  foci  coincide  with  each  other 
and  the  centre. 

Corollary  1. 

The  line  SZ  is  the  directrix  of  the  section  AaB.  For  since  F  is  the  focus,  and 
the  line  SZ  ia  drawn  in  the  section-plane  perpendicular  to  AB  from  the  point  S 
go  taken  that 

AF  :  FC  ::  AS  :  SB, 
the  definition  of  the  directrix  attachee  to  it. 

Coroltsrjr  3. 

All  the  conoids  which  touch  the  cone  and  sphere  in  their  circle  of  contact 
MLN,  and  are  eat  by  aaetions  throogb  SZ,  will  have  ono  of  theur  fod  in  the  line 
FT,  and  SZ  will  be  die  directrix  of  each  of  them. 


Sckotimm, 

This  remarkable  theorem  was  fir5?t  emmciated  in  the  Annnles  des  Matkfaut- 
tiqufs,  and  deduced  as  a  conseijuenrp  of  n  property  of  the  conic  sections.  It  «-3< 
copied  as  a  question  into  the  Gentleman's  Diary  iur  1827,  and  two  solutions  were 
pven  in  the  following  yeaz'a  Diofy  ;  one  of  which  waa  formed  oat  of  the  proof 
in  AwMtJiet,  and  given  anooymouslf }  the  other  was  by  myself,  geometrically, 
nearly  as  in  the  preceding  pages,  and  which  is,  I  think,  the  only  purely  geom^ 
trical  one  which  has  been  published. 

The  particular  case  of  the  conoid  being  an  actual  cone,  is  also  separately 
demonatmted  at  p.  806. 
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PROP.  IX. 

All  sections  of  a  conoid  made  by  planes  passing  through  the  focus,  have  that  focus 
for  one  of  their  foci,  and  the  intersections  of  those  planes  with  the  directrix  plane 
qf  the  conoid  are  the  directrices  of  the  sections. 

Let  GPH  be  any  section  of  a  conoid,  passinj^ 
through  its  focus  F,  and  the  plane  of  which  cuts  the  »  »■ 

directrix-plane  in  KQ :  then  F  will  be  the  focus  and 
KQ  the  directrix  of  the  section  GPH. 

For,  let  the  transverse  plane  GbHA  be  drawn, 
cutting  the  directrix-plane  of  the  conoid  in  DK  ;  take 
any  point  P  in  the  section  GPH,  and  draw  PF  to  the 
focud  and  PQ  parallel  to  the  transverse  diameter 
GHK;  and,  lastly,  draw  PE  perj)en(licular  ta  GH, 
ER  perpendicular  to  DK,  PS  perpendicular  to  the 
directrix-plane,  and  join  RS. 

Then,  since  DKF  is  the  transverse  plane,  it  is 
perpendicular  to  the  directrix- plane  and  to  the  sec- 
tion-plane, and  hence  to  their  common  section  KQ:  and  therefore,  again,  both 
KF  and  KI)  are  perpendicular  lo  KQ. 

Again,  since  PE  and  KQ  are  in  the  plane  GPH,  and  perpendicular  to  KF, 
they  are  parallel.  Also,  the  line  PE  being  parallel  to  a  line  KQ  in  the  directrix- 
plane,  it  is  itself  parallel  to  that  plane.  Wherefore,  RE,  SP  are  equal  and 
parallel,  and  RS  is  equal  and  parallel  to  EP,  and  hence  also  equal  and  parallel 
to  KQ;  and  therefore,  again,  SQ  is  equal  and  parallel  to  RK.  The  three  sides 
SP,  PQ,  QS  of  the  triangle  PQS,  are  hence  parallel  to  the  three  sides  RE,  EK, 
KR  of  the  triangle  EKR:  and  therefore  the  triangles  are  equiangular.  More- 
over, the  triangle  REK  is  equiangular  to  DFK,  and  hence  PQS  is  equiangular 
to  FKD.  Whence  PQ  :  PS  ::  FK  :  FD,  a  given  ratio  for  a  given  section  of  the 
conoid. 

Again,  since  P  is  a  point  in  the  conoid,  of  which  F  is  the  focus,  and  RSQK 
the  directrix-plane,  FP  :  PS  ::  FB  :  BD,  a  given  ratio.  Whence  we  have  by 
compounding  these, 

PF:  PQ::  DF.FB  :  BD.KF; 

and  as  the  latter  is  a  given  ratio,  the  former  is  also  given. 

The  point  F  is  therefore  the  focus,  and  KQ  the  corresponding  directrix  of  the 
section  GPH. 

Cornllary, 

The  other  focus  /  of  the  variable  section  GPH  is  always  in  the  concentric, 
similar,  and  similarly  situated  conoid,  which  passes  through  F. 

For  since  the  foci  F,f,  are  equi-distant  from  the  extremities  of  the  transverse 
diameters,  and  these  diameters  all  pass  through  F,  the  other  focus  /  will  be  in  a 
conic  section,  similar  and  similarly  situated  to  the  transverse  section  AGBH  ; 
and  as  the  transverse  by  its  revolution  generates  the  conoid  AGBH,  the  other 
will  generate  a  corresponding  one,  as  stated  in  the  corollary. 
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PROP.  X. 


Jmm  »Iom eerfor  It  ol  one iftktfoci,  and 

i$  u  r^kt  erne. 


Tbs  eone  wbow  vtrtex  ii  F,  one  of  liho  foci  of  a  conoid, 
and  wboM  htm  CGD  if  anj  plane  section  of  the  conoid*  it 

a  right  cone. 

For  let  CAD  be  the  transverse  plane,  cutting  the  direc- 
trix-plane iu  KM,  and  the  section  CGD  in  the  transverse 
diameter  CD.  In  tiie  tnuuverw  eection  of  the  cone,  CFD, 
draw  FE  to  biaed  the  angle  CFD,  and  ER,  DQ  perpendi- 
cular  to  it,  meeting  CF  in  R,  Q.  Also,  through  E  draw 
the  plane  RGD  perpendicular  to  EF,  cutting  the  section- 
plane  in  K(t  ;  and  join  EG;  and  finally,  draw  the  )>er))eu- 
diculars  CK,  EL,  GN,  DM,  to  the  directrix-plane,  and 
join  LN. 

Then,  since  FE  hisects  the  angle  CFD,  and  DQ  is  perpendicttUr  to  FE,  ve 

have  QF=  FD;  and  since  ER  is  also  perjiendicular  to  I  K,  it  ib  parallel  to 
and  the  lines  CD,  CQ  are  similarly  divided  in  R  and  E.  Whence 

CF  :  FD  ::  CE  :  ED  ::  CR  :  RQ ;  or,  since  QF  =  FD, 

CF  :  FQ  (=  FD)  ::  CR  :  RQ  ::  CF  -  FR  :  FR  -  FQ  s=  FR  -  FD  (•). 

Ap^in,  as  in  the  preceding  ])ro]iosition,  GN  =  EL,  and  GE  =  LN,  and  thew 
are  parallel  each  to  each ;  and,  therefore,  since  KNM  is  the  directrix-piuie,  we 
have 

FC :  F6  :  FD ::  CK :  ON :  DM }  and  hence, 
CF  -  F6 :  FG  -  FD ::  CK  —  GN :  GN  —  DM,  die.  { 

::  CK  -  EL  t  BL  —  DIf ,  egML  I 

CP  FO,JMi.frMnr.| 
:.  CP  — FR:  FR  — FD,b7(a). 

Hence  CF— FD  :  CF— FG  ::  CF— FD  :  CF  — Fll»  cany  i  and  thcivfbta^ 

CF  -  FG  =  CF  -  FR,  or  FG  =  FR. 

The  right-angled  triangles  RFE,  GFE,  therefore,  having  RE  =  EG,  \nd 
FR  =  FG,  are  equal  in  all  respects;  and  the  base  RGD  of  the  cone  is  a  circle, 
and  the  Tortas  F  being  aitoated  in  Uie  perpendicular  from  itt  centre  E»  k  it  a 
right  cone. 

If  qihaiee  be  hucribed  in  the  cone  and  conoid  to  toocb  die  plane  CGp»  ihaf 
win  in  paira  touch  this  plane  in  the  foci  of  the  eection.  Iliia  foUown  hum 

SckoliMM, 

This  proposition  is  but  a  particular  case  of  the  following  one.  The  genera! 
type  of  tlii>;  theorem  in  reference  to  the  next,  is  when  one  of  the  conoids  is  the 
hyperboloid  of  one  sheet ;  and  this,  by  the  indefinite  diminution  of  the  trans- 
yerae  and  conjugate  diameters,  brings  the  centre,  the  vertices,  and  the  fuci.  into 
coaleacence,  and  pradncee  the  cone,  at  the  limitmg  caae  of  the  general  aorface: 
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PROP.  XI. 

If  fvo  MMtdIt  ham  «  mmmomfMm,  Mr  wimmtimwiXt  kiMpkme  emrm 

Lbt  two  conoids  litre  the  lame  focus  F, 

and  let  P  be  any  point  in  their  cur^'e  uf 
mutual  intersection  :  then  P  will  always  be 
8ituat«-(!  in  one  plane,  and  therefore  in  a 
conic  section  i'QR. 

For  let  AB,  CD  be  their  transverse  axes, 
and  let  the  plane  ABCD  cut  the  directrix- 
planes  of  the  two  surf  u  ts  in  GL^  EL;  and 
let  the  planes  (jFP.  EFP  cut  them  in  GK, 
EH  :  these  will  he  directrices  of  the  sec- 
tions Cl'D,  APB,  made  by  meridian-planes 
through  P.  In  these  hitter  planes  draw  the 
perpendiculars  PK,  PH  to  the  directrices 
GK.  EH,  and  join  FP. 

"riiet!,  since  GK  is  the  directrix  of  the  conic  section  APH,  which  is  in  all 
re.s|»ect»  etjual  to  the  given  one  ARB,  the  ratio  Tl*  :  PK  is  given.  In  like  man- 
ner, FP  :  jPH  is  given  j  and,  therefore,  the  ratio  «^f  the  perpendiculars  PK  :  PU 
in  also  given. 

Now,  when  two  lines  drawn  from  the  same  variable  point  to  two  given  phnet 

have  a  given  and  constant  ratio,  that  variable  point  is  always  in  one  plane  pass- 
in  through  the  intersecUoa  of  the  other  two;  wherefore,  the  two  suKCues  intv- 
aect  in  a  plane  curve. 

ConUary  l. 

Since  PH  :  PK  ::  FE  :  FG,  by  the  properties  of  the  directrix,  the  point  F 
is  in  the  plane  of  intersection  of  the  two  surfaces  {  and  this  sactioii  will  have  F 
as  its  focus. 

CoToUarg  % 

Let/ and/'  be  the  other  foci,  (the  figures  being  either  eUipto'ids  or  hyper- 
holo'irls,)  and  draw  /P,  f'V  :  then  these  will  be  the  foci  of  a  third  C0"0td  whicll 
ha8  the  same  common  section  with  the  two  given  ones.  For, 

Firsf,  suppose  the  figures  to  be  ellipsoids :  then 

AB  -  CD  as(/P  +  PF)  -  (/'P  +  PF)  »/P-/T, 

and  an  AB  and  CD  are  given, /P  ~/'Pie  also  given.  Whence  the  poini  P  ie 
in  an  hypeifadloid,  which  has  thus  a  coninon  section  with  the  oOier  tww 

8lirrare«<. 

Hecomi,  lei  the  figures  be  an  ellipsoid  and  hy|)€rbololid :  then  we  have, 
AB  -h  QD  =  C/P  ±  V¥)  +  (P/'  +  VV)  =/P  -f /'P; 
Mid,  as  befote,  the  sum  of  the  lines/P,  f?  are  given.  Whence  the  pohit  P  is  in 
an  ellipeoid,  which  has  thus  a  common  section  with  the  other  two  eoilaoee. 
*Siurd,  let  both  be  hyperboloids :  then,  as  before,  we  get 

AR  -  CD  =r  (PF  -  P/=)  -  (PF  —  lerO  =/'P  — 
and  the  third  surface  is  an  hyperboloid. 
Hic  paraboloid,  having  no  second  focus,  has  no  analogous  property. 
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In  the  right  cone,  the  focui  w  at  the  Tertex}  and  henee  two  ooofocal  eonea 
interaeet  (if  at  all)  in  a  plane  aeetion,  which  aoeorde  with  a  mora  elenMnlaiy 

result. 

If  only  one  of  the  fif,aircs  be  a  cone,  we  are  led  to  a  result  the  converse  of 
prop.  X. ;  viz.  that  a  right  cone  having  its  vertex  in  the  focus  of  a  conoid,  cats 
the  conoid  in  a  plane  curve. 

If  the  oblate  dlipeoSd  or  hyperbololu]  of  one  sheet  be  one  of  the  eorfiwea,  them 

any  point  in  tlie  circle  described  by  the  foci  may  be  the  focus  of  the  other  ear* 
face ;  but  if  both  be  surfaces  whose  foci  are  thus  distributed  into  circles,  there 
must  be  an  entire  coincidence  of  those  focal  circles,  that  the  suilBoes  may  cut  in 

a  plane  curve. 

The  conjugate  fod  of  the  dUpsoid,  howeyer,  possess  the  ssme  property  as 
enunciated  in  the  proposition. 
The  synthedc  demonstration  ot  these  properties  is  left  as  an  exeitise. 

PROPERTIB8  OF  THE  CONOIdS  FOR  DEMONSTRATION. 

1.  Tangent  planes  drawn  to  a  conoid  at  the  several  points  of  intersection  of 
a  focal  jdane  with  the  surface,  all  pass  through  the  ssme  point  In  die  diieeuix- 
plane:  and  a  line  from  thie  pmnt  to  the  focns  is  perpendicnhr  to  the  fiDcal 
plane. 

2.  The  radius-vector  drawn  from  a  focus  of  a  conoid  to  the  point  of  contact 
of  a  tanf^ent-plane,  is  perpendicular  to  the  vector-plane  drawn  to  the  line  of 
intersection  of  this  tangent-plane  with  the  directrix-plane  *. 

3*  The  radii  Tectores  drawn  to  the  points  of  contact  of  two  tsngeni^phuies, 
mske  equal  angles  with  the  veetor-pkne,  drawn  throngb  the  line  of  intewectkm 
of  the  two  tanpent-planes. 

4.  The  radii  vectores  drawn  to  the  extremities  of  a  chord  of  a  conoid,  make 
equal  angles  with  the  radius-vcclor  drawn  to  the  point  of  intersection  of  tbu 
chord  with  the  directrix-plane. 

5.  Hie  Teelor>plaiies  drawn  throngb  tlw  lines  in  wludi  two  tangent-plaaea 
meet  the  directrix-plane,  make  equal  angles  with  the  Tector-plane  ihrongfh  the 
line  of  intersection  of  the  two  tangent-planes. 

6.  The  vector-plane  through  the  intersection  of  two  tangent-planes  is  per- 
pendicular to  the  radius-vector  drawn  to  the  point  where  the  chord  of  coataci 
meets  the  directrix-plane. 

7.  If  through  any  point  two  tangents  be  drawn  to  a  conoid,  the  vector-pUmce 
through  these  lines  make  equal  anglee  with  the  veetor-^ane  through  the  cbovd 
of  contact. 

8.  Two  linear  tangents  being  drawn  to  a  conoid,  the  lines  drawn  from  the 
points  of  contact  to  the  focus  make  equal  angles  with  the  chord  of  ffiHitert. 

9.  If  through  a  point  in  the  line  of  intersection  of  two  taiigent»p1anea  linee  be 
drawn  to  the  points  of  contact,  the  two  vector-planes  through  these  two  tan* 


*  The  nMu^eelor  is  •  line  dimwn  from  tbe  foeus  to  tlie  tpedSed  point,  and  a  vwtut  j^-rm 

il  .my  plane  d^a^t^)  tliruiigh  tlic  fociiH.    Thc»ir  terms  hnvc  a  more  extendod  ^g^flTatian. 
mtxtcm  science ;  but  this  it  a  •ufliciently  extended  definition  for  our  present  purj><>«r.  nnd 
mnorer,  perfecllj  eoMirteet  with  the  geaeral  dciiniiiou.  Soo  Gtometry    Co-vrximate*^  in. 
thtovoliUM 
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frents  will  make  equal  angles  with  the  Tactor-plane  through  the  iateneetion  of 
the  two  tangent-planes. 

10.  If  a  tetrahedral  angle  be  circumscribed  to  a  conoid,  the  dihedral  Ui^e 
made  by  Ae  Teetor-plaiiet  dnwn  to  two  coMecntiro  edgei  it  supplementaiy  to 
the  dihediil  angle  nade  hy  the  veetor-planee  drawn  to  the  two  other  edges. 

11.  If  through  a  point  in  the  line  of  intersection  of  two  fixed  tangent-planes 
a  third  tangent-plane  revolve,  the  angle  contained  by  the  vector-planes  through 
the  lines  of  intersection  of  the  revolving  plane  with  the  fixed  plaoea  contains  a 
constant  angle. 

IS.  If  a  tetrahedron  be  drawn,  formed  of  fonr  tangent-planes  to  a  paraboloid, 
the  sphere  described  about  it  will  pass  through  the  focus  of  the  paraboloid. 

13.  If  a  tangent  cone  be  drawn  to  a  conoid,  the  line  of  contact  will  l)e  a  plane 
curve :  if  a  cone  cut  a  cono'id  in  a  plane  curve,  it  will  cut  it  a  second  time  in  a 
plane  curve  :  if  one  conoid  touch  another  it  will  be  in  a  plane  curve ;  and  if  one 
conoid  cot  another  in  a  plane  corre,  and  likewise  cut  or  touch  it  again,  the 
•ection  or  the  contact  respeetiTely  mil  be  in  plane  curres. 

14.  All  the  confocal  conoids  which  pass  through  a  given  conic  section,  have 
each  their  other  focus  situated  on  another  conic  section. 

15.  If  a  given  trihedral  angle  so  move  as  to  always  have  its  vertex  in  the 
focus  of  a  conoid,  all  the  planes  through  the  intersections  of  the  three  edges 
with  the  concSd  will  be  tangent*planes  to  another  conoid,  having  the  same  focos 
and  the  same  directing-plane  as  the  proposed  one. 

16.  If  through  the  foci  of  a  conoid  any  planes  be  drawn  through  the  point  of 
contact  of  a  tangent-plane  with  the  conoid,  make  equal  angles  with  the  tangent- 
plane. 

.  17.  Through  the  line  in  which  two  tangeot-ptanes  to  a  conoid  intersect,  dnw 
planes  to  the  foci :  these  will  make  equal  angles  with  the  tangent-pkncs. 

18.  If  through  any  exterior  point  a  straight  line  continually  move,  so  as  to 

touch  a  conoid,  the  sum  or  difference  of  the  angles  which  this  straight  line  in 
each  of  its  positions  makes  with  lines  drawn  from  that  exterior  point  to  the  foci 
is  constant. 

19.  The  product  of  the  perpendicnlsrs  from  the  fod  of  a  conoid  upon  any 
tangent-plane  is  constant;  uid  the  perpendiculars  intersect  the  tangent-plane  ia 
points,  all  of  which  are  u]H)n  the  surface  of  the  sphere  described  upon  the  axis 
of  revolution.  In  tlie  axsie  of  the  paraboloid,  the  perpendiculars  are  in  the 
tangent-plane  at  the  vertex. 

20.  Confocsl  dlipsee  intersect  conlbcal  hyperbolas  (the  axes  being  doinddent) 
at  right  angles. 


THE  CONE,  CYLINDER,  AND  Sl'llERE. 

DEFINITIONS. 
(ConHimd/inm  poffe  107.) 

1.  Ton  od/tgae  cone  is  one,  the  vertex  of  which  is  not  in  the  perpendicular 
drawn  through  the  centre  perpendicular  to  the  plane  of  the  base ;  and  the  line 
from  the  vertex  to  the  centre  of  the  base  is  the  generating  axis  of  the  cone* 

2.  The  transverse  seclion  of  an  oblique  cone  is  that  which  is  perpendicular  to 
the  plane  of  the  ha.se,  and  passes  through  the  generating  axis  of  the  cone.  The 
two  edges  of  the  cone  along  which  it  passes  are  the  transverse  edges  of  the  cone  ; 
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the  angle  which  they  include  is  the  transverse  angle  of  the  conej  and  the  tnani^ 
of  which  they  are  the  sides  is  called  the  triangle  of  the  tuit, 

ibrongh  tliA  veitez  of  the  C4NM. 
4.  If  through  the  vertex  directing-planes  be  diurn,  one  to  the  base  of 

cone,  and  the  other  makinff  anglp-^  wi?h  the  trnnsvorse  sides  cqml  to  those  made 
])y  the  base,  but  in  a  contrary  order,  are  called  the  cyclici!  phnfift  of  the  cant; 
and  the  sections  of  the  cone  corresponding  to  these  cyclical  direcuug-plaucs,  are 
said  to  be  mtluparalUi  or  Mfr-oonf  rory  teetioiu. 

6.  The  line  biseedng  the  transverse  angle  of  the  cone  is  the  principal  mU 
of  the  cone;  the  intersection  of  the  cyclical  j^lanes  is  the  cyclical  axis  of  the  ccne; 
and  that  through  the  vertex  perytpnrl  rnlnr  to  the  plane  of  these  two  axca  (io  the 
transverse  plane)  is  the  conjugate  axis  of  the  cone. 

6.  A  ephera  ie  nid  to  be  inscribed  in  a  right  conej  wbeo  its  centre  it  ia  the 
axis  of  the  cone*  and  ita  ndina  ia  the  perpMidicidar  fioaa  the  centre  npon  anj 
one  of  the  edges. 


!  i 


'  1-  ■  ' 


PROP.  I. 

If  a  spken  be  vuenM  «•  a  riffkt  come,  the  fwo  tw^t 

Lkt  a  sphere  have  its  centre  O  in  the  axis  VO 


toiiei  in  «  cirvk; 


1  1 

/ 

o 

of  a  rixht  cone ;  let  AO,  the  perpendicabr  upon 
one  of  the  edgee  AVof  the  cone,  lie  the  ndina  of 
the  sphere  t  then  the  sphere  and  cone  will  tondi 
each  other  in  one  plane,  and  the  figure  of  the 

contact  will  be  a  circle. 

For,  the  cone  and  sphere  may  be  conceived  to 
be  generated  by  the  revolution  of  the  line  VA 
and  semicircle  EAG  about  the  commott  axia 

VEOG.  In  all  the  corresponding'  positions  of 
these  generatrices,  as  VD  and  EDG,  VC  and 
KCG,  VB  and  EBG,  etc.,  the  lines  AV,  DV. 
CV,  fiV,  e/e.,  will  be  perpendicular  to  the  radii 

OA,  OD,  OC,  OB,  ete.  t  or,  in  other  words,  these  ^ges  of  the  cone  will  be 

tanprr  t  T  the  circular  sections  of  the  sphere  EDG,  ECG,  EBG,  etc. 

Let  be  drawn  perpendicular  to  VO,  and  join  DQ,  TQ,  BQ,  etc.  Ttien. 
during  the  revolution  of  the  plane  VAO  through  all  il&  pusitiunii,  the  line  Aid 
will  be  always  perpendicular  to  VO  ;  and  hence  always  in  one  plane  perpendi- 
cular to  VO.  All  ihe  points  of  contact,  therefor^  are  in  one  pluie,  and  as  tbqr 
are  also  in  the  auilaee  of  die  aphen^  tb^  are  aitui^  in  a 


PROP.  IT. 

If  a  spken  fte  tateriBed  m  a  Hghi  come,  and  a  fkam  he  drwm  Io  feucft  the  sphere 
n  a  pointt  ami  to  eitf  the  cone  •*  a  oome  Mcfion  emd  ika  ptame  ^amiael  w  a 
straight  line ;  the  paiMi  and  Ifae  wt0  be  tke  wre^fondk^  fatm  aad  dientntt 
of  the  conic  sectiam. 

Let  O  be  the  centre  of  the  sphere.  OV  the  axia  of  the  cone,  GDH  the  plans 
of  contact  of  the  sphere  and  cone,  PAR  ihf  r<>Ti!C  section,  the  plane  of  which 
touches  the  sphere  at  Fand  meets  tbe  plane  GUil  m  EQ :  then  F  will  be  a  foau 
of  the  conic  section,  and  £Q  will  he  the  corresponding  directrix. 
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For,  draw  the  transverse  plane  cutting  the  section  PAR  in  AB,  the  line  EQ  in 
E,  the  cone  in  the  transverse  edges  of  the  cone  in  VH,  VG,  the  plane  of  contact 
in  HGS,  and  the  directing  plane  in  VS.  Also,  let  VP  be  the  edge  of  the  cone 
passing  through  any  point  P  of  the  conic  section  PAR,  meeting  the  plane  of 
contact  in  U ;  draw  PQ  perpendicular  to  EQ,  and  join  SD,  DQ,  OF,  and  PF. 

Then,  since  the  transverse  plane  is  perpendicular  to  the  plane  of  contact  GDll 
and  the  section-plane  PAR,  it  is  perpendicular  to  their  common  section  EQ ;  or 
EQ  is  perpendicular  to  GHE  and  BAE,  at  the  point  E.  Also,  since  the  direct- 
ing-plane  is  parallel  to  PAR  {def.  3),  the  lines  SV,  AB  are  parallel ;  and 
{constr.)  PQ  is  parallel  to  AB  :  whence  PQ  is  parallel  to  VS  {vol.  i.  p.  354) ; 
and  the/  are,  consequently,  in  one  plane.  But  VDP  is  drawn  to  cnt  the  paral- 
lels SV,  PQ,  and  hence  the  point  1)  is  in  the  same  plane  SV'PQ  with  the  points 
S  and  Q :  and  the  points  S,  D,  Q,  are  likewise  also  in  the  plane  of  contact 
GDH  ;  and  hence  in  the  line  of  section  of  the  planes  GDH,  SVPQ,  that  is,  in 
one  straight  line. 

Again,  since  the  transverse  plane  passes  through  the  axis  OV  of  the  cone  and 
the  centre  O  of  the  sphere,  and  is  perpendicular  to  the  tangent-plane  PAR  of 
the  sphere,  the  radius  OF  drawn  to  the  point  of  contact  F  is  in  the  transverse- 
plane;  and  hence,  the  point  of  contact  F,  heing  in  the  transverse-plane  of  the 
cone,  and  in  the  tangent-plane  PAR  to  the  sphere,  is  in  their  intersection,  or  in 
the  transverse  axis  of  the  conic  section  PAR.  Also,  PF,  PD,  being  tangents  to 
the  same  sphere,  are  equal  to  each  other. 

Now  by  similar  triangles  SVD,  QDP,  we  have 

PD  (=  PF)  :  QP  : :  VD  :  SV. 
But  the  line  SV  is  given  in  magnitude  and  position,  and  VD  is  given  in  magni- 
tude; whence  VD  :  SV  is  a  given  and  constant  ratio,  and  consequently  PF  :  QP 
is  a  given  ratio.  Also,  the  point  F  and  the  line  EQ  being  given,  together  with 
the  ratio  PF  :  PQ,  it  follows  {conversely  from  pp.  110,  132,  and  152)  that  F  is 
a  focus,  and  EQ  the  corresponding  directrix,  of  the  conic  section  PAR. 

Corollary  1. 

In  the  case  of  the  parabola,  there  is  but  one  point  of  contact,  F,  and  one  line 
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of  section,  EQ,  comspimding  to  it{  emce  only  one  spbere  can  be  descrlT^ed  to 
touch  the  cone  and  the  section-plane,  as  in      2  of  the  proposition  :  but  ia  the 

ellipse  and  hyperbola,  as  in  the  annexed  figures,  there  are  two  spheres  de^cribable 
in  each  case,  and  hence  there  are  two  points  of  contact  F,  /,  nnd  two  rvorre^^Mond- 
ing  lines  of  section  EQ,  fq.  This  accords  with  the  previously  deterimoed  pro- 
perties of  the  several  curves. 

Also  in  the  parabola,  we  have  FP  =  PQ  ;  in  the  ellipse  I  P  is  less  than  PQ, ; 
and  in  the  hjrperbola  greater. 

CoroUory  2. 

(1)  .  In  the  eaae  of  the  ellipee,     +  FP     D«f  =:  AB, 

(2)   hyperb.  P/  —  FP  =  Dd  =  AB. 

For  let  VP  meet  the  circles  of  contact  GDH.  in  D  and  Then  we  havc^ 
io  both  cases, 

PI)  —  PF,  and  Pd  =  Vf ,  whence, 
P/+  PF  =  P(/  -f  PD  =  Df/in.%.  1. 
P/—  PF  =  P(i  —  PD  =  \)d  \xxjiq.  2. 
Again,  BF  =  BG  —  A/,  and       =  BG ;  whence,  in  the  two  cai»es  re- 
spectively, 

V+B/ssBG  +  B^ssG^aDd; 

BG  ^  B^  s  Gjr  =  Dd; 
whence  both  equalities  are  proved. 

This  theorem  was  first  deduced,  in  1822.  by  M.  Dandelin,  from  a  mom 
general  one  given  two  years  earlier  by  M.  Quetelet.    Seven  or  eight  years  later, 

it  was  also  proposed  by  Mr.  Morton,  in  the  Cambridge  Transactions,  as  the 
basis  of  a  system  of  conic  sections,  in  a  manner  nearly  identical  wiili  that  of 
Dandelin.  For  this  purpose  it  is  exlreinely  well  adapted,  as  it  tarnishes  those 
two  characteristic  properties  of  the  curves,  from  which  it  has,  for  nearly  two 
centuries,  been  most  usual  to  deduce  the  other  properties.  The  theorem  and 
corollaty  I  constitute  the  last  proposition  of  the  seventh  book  of  Pappus,  but 
they  are  not  fonnd  in  Apollonius.  The  second  corollary  oonstitntea  one  of  the 
methods  of  Lahire,  (1679>)  for  deducing  the  properties  of  the  curves  from  a 
plane  definition.  It  is  proper  to  remark,  that  a  very  near  approach  to  this 
method  of  findinj^  the  focus  and  directrix  in  relation  to  the  cone  itself,  was  given 
in  1759  by  Dr.  Hugh  Hamilton,  in  his  Latin  treatise  on  the  conic  sections.  See 
pa|?e  120  of  that  work,  or  the  translation  of  1773. 

It  is  remarkable,  that  this  mode  of  investigation  deduces  both  these  fuuda- 
mcntal  properties  of  the  curves,  both  in  treating  the  subject  geometrically  and 
al;^'ebraica1Iy.  A  general  theorem,  of  which  this  is  a  particular  case,  has  been 
given  at^^.  199.  200. 

PROP.  III. 

AUneHont  of  a  eyUnder  parallel  to  the  amf  ore  pairs  of  straight  Hhfs:  all  secHomg 
parallel  or  anti-pnraUel  to  tho  base  ore  circles :  and  o^Acr  sec^ioM  err 
ellipses,  whose  centres  are  in  ike  axis  qf  the  cylinder, 

1.  The  sections  parallel  to  the  axis  will  cut  any  two  of  the  planes  passing 
through  the  axis  in  straight  lines  parallel  to  the  axis;  and  in  these  the  linear 
directrices  are  situated.   Hence  the  property  is  obvious. 
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2.  Sections  parallel  to  the  base  are  circles,  as  is  proved  in  vol.  i,p.  356. 

3.  Let  CGD  be  a  section  of  the  cylinder  anti-parallel  to  the  base  ARB:  it 
will  be  a  circle. 

Fur  draw  any  other  section  MGN  to  cut  CGD  in  G^,  and  the  transverse  plane 
to  cut  both  sections  in  CD  and  MN. 

Then,  by  anti-parallels,  MCD  =  MND,  and  the  points  M,  C,  N,  D,  are  in  a 
circle.  Hence  CE.ED  =  ME.  EN.  But  MC.CN  =  EG»,  in  the  same 
manner  as  in  the  cone;  and  Gg  is  a  double  right  ordi- 
nate in  the  section  CGD.  Wherefore  EG  is  perpen- 
dicular to  the  transverse  axes  CD,  and  CE .  ED  = 
EG':  and  hence  CGD  is  a  circle. 

4.  Any  other  section  is  an  ellipse,  having  its  centre 
in  the  axis  of  the  cone. 

Let  ARB  be  the  circular  base  of  the  cylinder,  and 
DKGHL  any  other  section  made  in  the  cylinder  by  a 
plane.  Draw  any  planes  PGQH,  MKNL,  parallel  to 
ARB.  and  meeting  the  plane  CGD  in  HG,  LK  ;  and 
through  the  axis  of  the  cylinder  draw  any  plane  cut- 
tinjf  the  cyhnder  in  the  edges  AM,  BD,  the  planes 
ARB.  PGQ,  MKN,  in  AB,  PQ,  MN,  and  the  plane 
CGD  in  CD. 

Then,  since  PGQ,  MKN,  are  parallel  planes,  PQ, 
MN,  are  parallel  lines  ;  and  for  the  same  reason,  HG 
is  parallel  to  LK ;  and  PGQ,  MKN,  being  parallel  to 
the  base,  are  circles.  Whence  PE  .  EQ  =  HE  .  EG, 
and  MF.FN  =  LF .  FK. 

But  by  similar  triangles, 

MF  :  PE  ::  CF  :  CE,  and  FN  :  EQ  ::  DF 
MF  .  FN  :  PE  .  EQ  ::  CF .  FD  :  CE 
juat  shown, 

LF  .  FK  :  HE  .  EG  ::  CF  .  FD  :  CE  .  ED. 

But  by  prop,  ii..  Ellipse,  p.  124,  this  is  a  property  of  the  ellipse  ;  which, 
therefore,  is  the  figure  of  the  section. 

Again,  since  the  edges  AC,  BD  are  equidistant  from  the  axis,  the  line  CD 
drawn  to  cross  them  will  be  bisected  by  the  axis ;  and  the  middle  of  CD  is  the 
centre  of  the  ellipse. 

Corollary  1. 

The  conjugate  diameter  of  the  ellipse  is  equal  to  the  diameter  of  the  bast  of 
the  cylinder. 

Corollary  2. 

Any  two  sub-contrary  sections  of  a  cylinder  are  envelopable  by  a  sphere ;  and 
they  are  likewise  equally  inclined  to  any  edge  of  the  cyUnder. 


DE.  Hence, 
ED :  or  from  what  has  been 


Corollary  3. 

Any  plane  parallel  to  the  axis  of  the  cylinder  cuts  the  planes  of  a  sub-con- 
trary section,  under  equal  angles. 

Corollary  4. 

All  tengenl-planes  to  the  cylinder  make  angles  with  the  sub-contrary  planes, 
whose  sum  is  constantly  the  same. 

VOL.  II.  ' 
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PROP.  TV. 

TJit  tMi«mtrwry  sntiou  qf  an  obUque  come  it  a  cirde, 

Ln  AYB  be  Um  tnnmne  plane.  AV,  VB  the 
loQgOT  and  shorter  tnuieverae  edgea,  AER  either  the 
plane  of  the  base  or  one  Bimilar  and  parallel  lo  it? 
then,  if  the  plane  A'EB'be  drawn  also  perpenriinjlar 
to  the  transverse  plane,  to  make  the  angle  li  A'V 
equal  to  BAV»  the  section  made  by  A  EB'  wiii  be  a 
circle. 

For,  let  AEB,  A'EB'  intersect  in  EDG,  and  let 
ibem  cm  Iho  tnaafetaa  pfauM  in  AB,  A'B',  re- 
apeolivelf* 

The&»  ainoa  B'AB,  BfA'B  an  equal,  they  atand  in 
the  same  segment  of  a  circle;  wbarelbre  AD.DBss  BD-DA*.  ASio,  airea 

both  the  planes  AEB,  A'EB'  are  perpendicular  to  the  transverse  plane,  their 
intersection  EDG  is  perpendicular  to  it,  and  ED  is  at  right  augles  both  tn  \  B 
and  A'R'.  But  AEB  is  a  semicircle  {hypoth.)  ;  whence  we  have  DE^  =  AD.DB 
=  B'D.DA';  the  section  A'EB',  therefore,  having  D£  at  right  ai^ka  to  A'B'> 
and  D£*  =  B'D.DA',  is  a  circle. 

Any  two  aob-oontiaiy  aaetiooi^  ABB»  B'EA',  of  n  oona^  an  in  Ao  ime 
ipheia* 

For  a  circle  may  be  deaeribed  through  the  four  pointa  A*  A',  B,  B* ;  and  its 
centre,  (>,  will  be  in  the  transreraa  plane,  or  that  which  contains  the  lines  AB, 
A'B'.  The  planes  of  the  circle?  are,  moreover,  pcrpenflicnlnr  to  the  plane  AVB, 
and  the  perpendicnlnrH  from  U  upon  AB,  A'B',  bisecting  th<  in  \\\  H  and  0,  will 
be  cqiiidistant  from  e  very  point  in  AEB,  and  from  every  point  in  A'EB'  ,•  and 
these  points,  being  in  one  circle  whose  centre  is  O,  arc  equidistant  from  () ;  and 
beuce,  every  poioi  of  each  uf  the  circles  is  equidistant  from  O  ;  ikat  is,  they  are 
aitoatod  on  the  aame  ephare  whoee  centre  ia  O* 

Cbralfafy  S. 

If  a  apbare  be  deicribed  aboot  one  of  two  anbocontrary  aactiona  of  an  oUiqee 
ooni^  and  tonch  the  other  aaclion  in  one  point,  it  will  indnde  it  whollj. 

Corollary  3. 

If  a  sphere  indode  a  circnlar  aection  of  a  oooe,  it  will  cot  the  eone  a  aaeoDd 
tune  in  a  circle. 

Corollary  4. 

Every  sphere  passing  through  a  circular  aection  of  a  cone,  cote  the  cone  a 
aecood  tune  in  a  circular  aection. 

Corollary  5. 

A  sphere  can  be  made  to  pass  through  any  two  sub^contrary  sections  of  a 
cone. 

Corollary  6. 

Every  sphere  j)as',in^r  thron^fh  a  circular  section  of  a  cone  and  the  vertex  <^ 
the  cone,  has  the  correapundiug  cyclic  plane  fur  a  tangent  at  that  pomt. 
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Corollary  7- 

Kvery  sphere  passing  through  the  vtrie.x  of  a  cone,  and  touching  eitlicr  r^rlic 
plaue,  cuts  the  cooe  in  a  circlo  whose  plane  m  parallel  to  the  cyclic  taugeat 


PROP.  V. 

Jiqr  jcete    M  oUifiw  eo«e  ^  « |Nn«ftois,  dll^it,  or 
dineHitg  fSam  UmAm  the  cone,  doet  mot  tomdk  oraUtke  com,  or  tmi9  tie  omm 
is  Iwo  «dS^e»  J  pnemijf  Mtutkt  com  m  the  right  oom. 


Let  GAj^  be  a  section  of  an  oblique  cone :  then,  if  the  dureeting  plane  ttmch 
theeone,  tbe  eeetkm  GA^r  trill  be  a  penbolt,  as  in^.  1 1  if  the  directing  plane 

pan  through  the  vertex  V,  and  He  wholly  without  tbe  cone,  the  section  GA^B 
w  ill  be  an  ellipse,  as  in  fig.  2  :  and  if  the  directing  plane  cut  the  OOOe  in  IWO  of 
its  edges,  the  section  GA^B  will  be  an  hyperbola,  as  in  fig.  3. 

Through  the  vertex  V  draw  a  line  VW  parallel  to  tbe  intersection  of  the 
pfauiee  of  the  beae  and  eeetion  %  through  VW  draw  a  tangent-  plane  to  the  cone, 
t4iochiBg  it  in  VN  {  and  throoicii  V0»  tbe  axis  of  the  oooe.  draw  a  plane  to  cot 
the  cone  again  in  the  edge  VM|  through  A,  B,  and  any  point  F  in  AB,  draw 
sections  parallel  to  the  base,  cutting  tbe  plane  MVN  in  BB',  KL,  and  AA'; 
and  let  the  section  KGL  drawn  through  F  cut  the  section-plane  GAG  in  QVg, 
the  tangent- phine  at  VN  in  LR;  and,  finally,  let  AS  be  the  intersection  of  the 
tangeM-piane  with  the  eeetion-plane. 

Since  VW  is  parallel  to  the  inteieee^n  of  the  section-plane  GAj^,  and  the 
plan?  of  the  base  MTX  of  thp  cone,  it  is  parallel  to  those  planes  iVipm^plve«»,  and 
hence  to  all  planes  w  Im  li  are  LMfhcr  parallel  to  these  or  which  pa»8  through  their 
line  of  section  ;  and  all  planes  which  \mM%  through  VW  intersect  all  the  planes 
to  which  VW  is  panUel,  in  parallel  Knee.  Wherefore,  tbe  lines  AS,  LR,  in 
wluch  the  Ungent-phwe  at  VN  cuts  the  planes  GA^,  KGL,  are  parallel  to  VW  | 
and  since  KGL  is  parallel  to  the  base  of  the  cone,  the  section  Qg  is  parallel  to 
the  intersection  of  GA^  and  MTN»  it  is  parallel  to  VW,  and  bence  idso  to  AS 
and  LR. 

Agiun,  eince  AS  and  LR  are  in  the  tangent-plane  to  the  cone,  they  art 
tugenis  to  tbe  eeetione  GAjr  and  KGL. 

Alflo,  smce  the  plane  MVN  passes  through  the  axis  VO,  of  tbe  cone,  it  passes 

thronirb  the  centre  of  the  circle  KTiy,,  and  KL  is  a  diameter  of  the  circle,  and 
therciure  jjerfiendicular  to  the  tatigeiii  LR.   Hut  LR  is  parallel  to  Gg,  and  hence 
is  perpendicular  to  the  diameter  KL,  and  bitiected  by  it  in  F,  its  intersection 
with  AB.  In  tbe  eane  awnner  it  najr  be  ehown,  that  every  other  section  made 
in  the  plane  GAy  by  a  plane  parallel  to  the  base,  is  bisected  by  tbe  line  AB. 
This  reasoning  applies  generally  :  we  proceed  to  the  particular  cases. 
1.  7%«  pmrobola.  Here  the  directing-plane,  being  a  tangent  to  tbe  cone,  the 
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plane  parallel  to  it  thruugh  A  does  not  meet  the  edge  of  contact.   The  pCMni  H|» 
and  line  BB',  then  have  no  niitence  In  thit  ease. 
Bj  umilar  triangles,  VA'A,*  AFU  we  have 

AA' :  AT ::  FL FA, 
or  AA' .  AF  =  VA'.  FL  =  KF.  FL  s=  PG«» 
Nov  as  the  side  AA'  is  constant,  the  square  of  die  ordinate  F6  Yarie«  the 
abedssa  AF:  the  test  of  the  parabola  (prop.  t.  p,  107). 

2.  The  ellipse.  In  tliis  rase,  AB,  pnnllel  to  a  jilane  wliirli  does  not  cut  the 
cone  after  passing  through  V,  lies  wholly  on  the  same  side  of  that  plane  that 
the  sheet  MVN  is  situated,  and  hence  cuts  the  line  VM  on  the  same  side  of  the 
vertex  that  it  cuts  VN. 

Also,  hy  the  similar  triangles  A'AB  and  KFB,  and  by  the  aifflOar  triao^ca 
AFU  ABB\  we  have 

AB  :  A'A    FB  :  KF,  and  BA  ::  B^B ::  FA :  FL  $  whence 
AB«  :  A'A  .  B'B  ::  AF.  FB  :  KF.  FL  (=  FG») 
But  A'A  .  B'B  :  AD'  is  a  given  ratio,  since  A'A,  B'B,  AB,  are  given  lines  ; 
wherefore,  AF.  FB  :  FG*  is  a  given  and  constant  ratio.  These  propertiee  mn 
characteristic  of  the  ellipse  ( prop.  t.  p,  133). 

3.  The  hyperbola.  In  the  case  supposed,  both  sheets  of  cone  are  cut  by  the 
sectinii-plane  ;  and  the  similar  triangles  of  the  fiufure  give,  as  in  the  ellipse,  the 
ratio  AF  ,  FB  :  F(j^  a  constant  ratio.  These  properties  characterize  the  hyper- 
bola {prop.  i.p.  145), 

PROP.  VI. 

(jf  my  ooae  Ucut  by  iu>o  Uutt  wJiMk  are  parallel  fo  imo  pwm  Umrn,  amd  whiek 
miersect  each  other,  the  rectangle  eotUmntd  by  the  segments  intereepted  from  tkt 

prnnt  ofmrifnn!  i^fction  of  the  linp^  upon  one  of  them,  by  the  conical  surface,  wiO 
hare  to  the  rectangle  tUmlar^  contcdned  by  the  ugmeiUt  qf  the  other ,  m  giom 
and  constant  ratio, 

LbtVH,  VM'he  two  finw  through  the 
vertex  V  of  the  cone,  parallel  to  which  eiiy 
two  lines  EAB  and  EA'B'  are  drawn  to  cut 
the  cone  in  A,  B  and  A',  B' :  then,  wher* 
ever  the  point  E  be  taken  to  fulfil  the  con- 
dition of  the  lines  through  it  cutting  the 
cone,  the  rectanj^les  AE .  EB  and  A'K. £B' 
will  have  a  cuiusuint  ratio. 

For  let  a  plane  through  VM  and  the 
point  E,  cut  the  cone  in  the  edges  DV,  VH,  the  haae  in  OHM,  the  plane  throuj^h 
E  parallel  to  the  base  in  BKL;  and  similariy,  let  the  pbne  EVM'  cot  the  cone 
in  D  V,  VH\  the  base  of  the  cone  in  D'U'M',  and  the  plane  parallel  to  the  bue 
in  EKli'. 

Then  VM,  EB,  VD,  VH,  EL,  and  DM,  being  in  the  same  plane,  wc  have,  br 
the  similar  pairs  of  trianRlcs,  EAL,  MVD,  and  EBK.  MHV,  LE:  EA::  MD  :  DV 

and  KE:  EB::  MH  :  HV;  whence  LE.EK:AE.  EB:;  DM  .MH:  DV.  VH.  ' 
In  the  same  way,  we  have 

L'E  .  EK'  :  A  E  .  EB'  ::  D  M'.  M'H' :  D'V .  VH'. 
Now,  since  ELK  and  EL  K'  are  m  a  piaue  parallel  to  the  base  of  the  cone,  the 
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four  points  L,  K,  L',  K',  are  in  a  circle,  and  hence  LE.  EK  =  L'E .  EK'.  Also 
the  ratios  DM  .  MH  :  DV  .  VH.  and  D  M' .  M'H' :  D'V .  VH'  are  given,  since 
ail  the  lines  entering  into  their  expression  are  given.  Wherefore 

AP  VR    A'P  FR'      DV.VH  D'V.VH' 
AE .  LB  .  A  E .  LB  ::       --^^^^  :  ^.^j^,.gr ; 

that  is,  a  given  and  constant  ratio. 

Scholium. 

This  property  hranches  out  into  several  cases,  if  treated  according  to  the 
manner  of  the  ancients.  The  point  E  may  he  within  or  without  the  cone  ;  the 
lines  EAB,  EA'B',  may  cut  the  same  or  opposite  sheets  of  the  cone;  they  may 
touch  one  or  both  sheets  ;  or  they  may  be  parallel  to  a  tangent-plane  of  the  cone. 
These  varieties  are  not,  however,  such  as  to  modify,  to  any  extent,  the  proof 
above  given. 

ITiia  theorem  is  perhaps  the  most  general  property  of  the  cone  in  reference  to 
the  several  plane  sections,  inasmuch  as  the  entire  system  of  investigation  may 
be  based  upon  it.  Dr.  Hugh  Hamilton  framed  such  a  system;  but  his  anxiety 
to  arrive  as  speedily  as  possible  at  those  theorems  which  relate  to  the  foci,  centres, 
and  directrices,  led  him  into  a  course  of  investigation  but  little  calculated  to 
show  the  great  advantages  of  the  basis  he  had  chosen. 

The  adoption  of  this  general  property  of  the  conic  sections  suffices  to  render 
the  employment  of  projection  altogether  unnecessary  in  the  higher  class  of 
researches  connected  with  the  subject.  It  serves  to  render  the  application  of  the 
transversal  theorems  applicable  to  the  general  curves  as  easily  as  in  the  case  of 
the  circle.  I  cannot  but  consider  the  extensive  employment  of  the  projective 
method  by  the  continental  geometers  as  mainly  springing  from  not  having 
observed  how  easily  all  necessity  for  it  is  obviated  in  the  manner  just  given. 


BXBRCI8E9  ON  THE  CONE,  SPHERE,  AND  CYLINDER. 

1.  Any  tangent-plane  to  a  cone  cuts  the  cyclic  planes  in  two  lines  which 
make  equal  angles  with  the  line  of  contact. 

2.  Every  plane  passing  through  two  sides  of  a  cone  intersects  the  cyclic  planes 
in  two  lines  which  make  equal  angles  with  those  sides. 

3.  Two  planes  touching  a  cone  of  the  second  degree  along  any  two  sides, 
intersect  the  cyclic  planes  in  four  right  lines,  which  are  the  generatrices  of  the 
same  cone  of  revolution  whose  axis  of  revolution  is  perpendicular  to  the  plane 
of  the  two  edges  of  contact. 

4.  The  sum  or  difference  of  the  angles  which  each  tangent  plane  makes  with 
the  cyclic  planes,  is  constant. 

5.  In  every  cone,  each  tangent  plane  intersects  the  two  cyclic  planes  in  two 
right  lines,  such  that  the  product  of  the  tangents  or  the  semi-angles  which  they 
make  with  the  intersection  of  the  cyclic  planes,  is  constant. 

6.  The  product  of  the  sines  of  the  angles  which  each  side  makes  with  the 
two  cyclic  planes,  is  constant. 

7.  Lines  drawn  from  the  focus  of  an  elliptic  section  of  the  right  cone,  and 
from  the  vertex  of  the  cone,  to  any  point  in  the  ellipse  or  hyperbola,  will  have  a 
constant  difference  or  sum,  viz.  the  line  from  the  vertex  to  the  extremity  of  the 
conjugate  diameter  diminished  by  the  semi-transverse  diameter. 

8.  The  sum  or  difference  of  the  lines  drawn  from  the  vertex  of  a  right  cone  to 
the  extremities  of  any  diameter  of  the  elliptic  or  hyperbolic  section,  is  double 
the  line  from  the  vertex  to  the  extremity  of  the  conjugate  diameter. 
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9.  Tb«  difference  or  sam  of  the  finee  drawn  frcHn  the  vertex  of  a  nghi  cone  to 
the  extremities  of  the  transverse  diaoMter  of  an  tfliptic  or  hjporbolie  MCtioD  wUl 
be  equal  to  the  di^tanrr  of  the  foci. 

10.  All  the  riu'iit  cones  which  have  the  same  conic  section  for  their  bmses, 
have  their  vertices  upon  iinotlifr  ronir  section,  situated  in  a  plane  at  rigiiL  angles 
to  that  of  the  former  one,  the  fuel  oi  one  uf  these  curves  being  the  sumouts  of 
the  other,  and,  respectively,  the  mmmito  of  the  one  the  foci  of  the  other. 

11.  If  e  right  cone  be  cut  by  planes  eqoi-dittant  from  the  Tertejr,  the  oectioiu 
wUl  all  hm  the  atme  pinimeter. 

12.  If  a  circle  of  the  sphere  he  made  the  base  of  a  cone,  whose  vertoz  is  to 
the  surface  of  the  sphere,  and  any  phne  be  drawn  parallel  to  the  tngcat  plaae 
at  the  vertex,  it  will  cut  the  cone  in  a  sub-contrary  section. 

]  3.  The  tan|3^t'nt  cone  to  the  circle  of  the  sphere  being  drn^vn,  and  the  vertices 
of  the  two  cones  being  joined,  this  wiU  be  the  axis  of  the  oblique  cuoe  in  refer- 
ence to  the  sub-contrar)'  base. 

14.  Any  iwo  great  circles  of  the  sphere  patt:>ing  ihrough  the  vertex  of  tiie 
cone  will  have  the  same  inclination  that  the  sections  of  their  planes  ob  the  tab* 
contrary  plane  make  vith  each  other. 


TRANSVERSALS. 

1.  When  a  line  or  curve  cuts  a  line  or  cunre,  or  a  system  of  lines  or  curves, 
the  catting  line  at  curve  it  called  a  freafecrfol. 

9.  When  a  plane  or  curve  surface  cuts  a  line  or  curve,  or  system  of  lines  or 
curves,  the  cutting-plane  or  sor&ce  is  called  a  trauterMLplau  or  fremwief 

mrfare. 

3.  When  a  polygon  is  spoken  of,  it  is  understood  that  the  lines  may  succeed 
each  other  in  any  order  whatever,  and  thai  they  are  of  unlimited  extensioo,  so 
far  as  the  implied  constructions  require  it. 

4.  A  simple  quadrilateral  is  the  assemblage  of  four  Hnea  passing  through  f  nir 
points  in  any  order,  and  terminated  at  their  points  of  intersection,  liiough 
capable  of  unlimited  extension.  There  are  three  varieties;  (1)  the  9oliiaU; 
(2)  the  rp^uMts  and  (3)  the  ml^nectaaf,  as  in  the  darkeoiBd  parta  of  the 
figures* 


S.  Tlie  complete  quadrilaierai  is  the  6gure  formed  by  producing  such  of  the 
ndes  of  each  of  the  thrse  simple  quadrilaterals  s  as  in  eadi  of  the  flgurse  erhers 
the  simple  quadrilateral  is  drawn  darker  than  their  prolongations  to  the  points 
of  section. 

It  thus  appears,  that  whatever  be  the  form  of  the  simple  quadrilatefuU  the 
general  featnrss  of  the  complete  quadrilateral  are  always  the  same. 
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6.  When  two  triangles  ABC,  abc,  whether  ia 
one  plane  or  not,  are  so  situated  that  the  lines 
Aa«  Hb,  Cc,  pass  through  one  point  S,  they  are 
ealkd  co-fikr  irkmgks,  and  S*  it  cdtod  tMr 

7*  If  two  triangles  ABC,  a5c,  be  such  tbit  * 
the  intersection  G  of  AB  and  ab,  the  intersec- 
tion U  of  BC  and  be,  and  the  intersection  K  of 
CA.  and  oa,  be  in  one  line :  they  are  called  co- 
mriai  irimiglm,  and  the  fine  OHK  Is  their  pokr 
tutitt  or  simplf  their  peto-       dtf.  8). 

8.  If  one  of  the  co-polar  triangles  have 
its  angles  upon  the  sides  of  the  other, 
this  one  is  said  to  be  the  inscribtd  or 
meribed  polar  triangle,  and  the  odier  the  x 
ctreaoMortftei  eo-p^mr  irUmgk.    The  y/ 
ticribed  u  analogous  to  the  mrib0d  A/' 
circles,  vol.  i.  p.  416. 

9.  The  points  of  intersection  of  the     «^  "  ^ 
corresponding  or  homologous  aidea  of  two  co-polar  triangles,  are  called  the 
hemologoiia  ktanectiom  of  the  triangle^  or  ahnply  komologim  tntimu. 

PBOP.  I. 

|r  a  tramnal  DBFaU  the  tides  BC,  CA,  AB,<ifa  triangle  ABC  m  D,  E,  F, 
ti»tidttwUib9MdtdmD,E,F,99tkat 

AB.BF.CD^EC.Fl.im. 


For  draw  BH  parallel  to  AC,  meeting  the  transversal  in  H  :  then, 
AE. FB  =  BH .  AF,  by  m«. fp.  HBF.  AFB;  and 

BH.CDssBC.BD  HBD.EOa 

Wbenfine,  hy  eompoiindiog,  we  have 

AE.  BF.CD  =  EC.FA.BD; 
that  i9,  the  solid  under  three  alternate  segments^  taken  in  rotation,  is  equal  to 
the  aoUd  under  the  other  three. 

* 

GppoSaiy  1. 

This  niqr  ^  ^rrittea,  and  often  usefully,  under  the  forma 

AE  :  EC  ::  AF.  BD  :  FH  .  DC ; 

BF  :  FA  ::  BD  .  EC  :  AE.DC; 

CD  ;  DB    EC  .  AF  :  AE .  FB. 
IWt  ia.  each  aide  io  dhrided  Isto  segmeate  whieh  are  hi  the  ratio  c— fWiadad 
of  tlie  ratioa  of  the  eagmenta  of  the  other  two. 


•  II  is  alwaTSlobeundmtood  in  iniHlrm  rescnrrh,  that  |)ani11elinn  is,  in  rcspcrt  of  proper- 
ties, a  cue  (the  Ifanitiqg  one)  of  couTei;gcucy  ;  uid  hence,  that  when  8  is  infinitely  dittanl,  the 
llaeeAa,Bft,Cc^arapinIlcL  Uisabotob»eBdentoed,tfHttlMwlriMilMai94ilh«toia 
«Im  SMM  «t  ia  difleraat  fbiies. 
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Corollary  2. 

Tlie  three  sides  of  the  triangle  and  the  transversal  may  be  vie«-ed  as  focr 
lines,  each  of  which  cuts  the  other  three ;  and  hence  there  will  arise  three  other 
equalities  sunilar  to  that  obtained  in  the  propositioo.  The  four  takea  eoBae- 
tivetywittbe 

AF.  BD .  CB  s  FB.  DC.  BA»  triangle  ABC  cut  bjr  FDE; 
FB.  AC.ED  —  BA.  CB .  DP,  triuigle  AFB  cat  I17  BDC$ 
AB.  CD.  BF  =  BO.  DE .  FA,  triuigle  FBD  cut  1^  ACEs 
AE .  FD .  BC  »  BP.  DB .  CA,  triangle  ODE  cut  by  AFB. 
Any  three  of  theee,  ho^Ter»  by  compounding,  give  the  fourth ;  and,  by  eon- 
pounding  than  in  pain,  we  may  obtain  a  fnture  tbeoieca  of  this  aeries  *• 

PROF.  II. 

Jlf  three  points  D,  E,  F,  be  taken  in  the  sides  BC,  CA,  AB,  0/  a  tricatgle  ABC,  $0 
ikat  mtktt  only  one,  or  all  time,  fte  m  fAe  eeleMioM  Ifte  eidcf ,  md  that  lie 
e^ymoilf    lAe  mdm  eioA  2y  lAeae  pmnh  be  mdk  tkat 

AS.BF,CDsiBC.FA,DBt 

tim  D,  S,  F,  wMbeeUmaedimomHnigki  iMe. 

[See  the  figures  to  preceding  proposHion.'] 

FoK  if  they  be  not  in  one  line,  let  FD  cut  AC  in  some  other  point  E',  asMi 
jom  £'D :  then, 

AE' :  FC AF.BD  :  FB .DC,  (jr.  1,  ear.  l)t  and 
AB  ;  EC ;:  AF.BD :  FB. DC,  (ilypofA);  whence 
AEi  :  E'C ::  AE ;  EC;  or  (cen^MiMMi  or  dhuhm), 
AE"  ±  EC  $  AB:    AB  ±  EC :  AE. 
But  AE'  +  E'C  =  AC  =  AB  H:  EC;  and  hence  AB*  t=i  AB,  which  ia  inpoi- 
aible.  The  line  FD,  therefore,  paiaea  abo  through  E. 

Scholium. 

This  theorem,  the  converse  of  the  preceding,  often  furnishes  a  very  eflective 
method  of  proving  that  three  pointa  are  in  one  line. 

It  is  essential  to  remark,  that  Ihia  only  holda  good  when  an  edtf  number  of 
Ate  aidee  ie  cut  in  eztenaioo. 


*  This  theorem,  which  was  probahly  known  to  Hippnrchus,  and  waa  certainlr  kao«^  to 
Menolaut  and  Ptolemy,  has  been  niad(>  by  Camot  the  fonndatlon  of  hia  svateoi  of  tnnevenok. 

His  rtrsi  <1i>mf)Tistrati(iii  wns  by  a  complex  algcbn^eal  procrss  {f,'r' m  //  Puiiifion,  p  27'>V:  *mt 
lie  alkrwardi  (Essai  tur  Ut  Traaaver$ulei,  p.  67)  gave  a  deiuuubirdUou  Mmiiar  to  the  pro- 
codiiif. 

The  ni.mncr,  too,  in  wTiicli  it  is  rradily  rcTulcrfd  stibsrrvicnt  to  tlie  investigation  of  a  great 
number  of  poriamt,  renders  it  probable  that  it  wsa  alto  known  to  KacUd.  It  waa  fiuniliarlj' 
loMWB  ttMngit  the  AisUaii  HMtheintrifwiii,  from  ^en  it  wis  broaght  into  Borape;  wmi 
either  noticea  of  it,  or  the  artual  use,  are  frequent  amongst  the  early  geometers  of  the  west.  It 
is  given  in  Ptolemy's  Alnutgesty  I.  i.  pr.  16  ;  and  in  Mcnclaus  Sphttr.  lib.  Hi.  pr.  1,2,  We  can 
scarcely  doubt  that  Carnot  redisrovcred  it,  as  originally  given  in  the  Geotn.  dr  Pot.  abore  rcfcrrwi 
to :  sod  H  is  very  likely,  that  from  having  disrovered  the  simple  demoostimdoii  quoted  in  tke 
text,  he  was  led  to  reconsider  the  methods  he  had  emplovni,  nud  to  jrivp  the  ^rt^tlv  iinpr^Tvd 
ajratem  of  ioTeatigation  contained  in  bit  £cmm  tur  la  TAcorene  des  Tranrotrtait^  three  or  lour 
yens  illeniwds,  M  sbofe  lefentd  to. 
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PROP.  III. 

If  thn»  sirmgkt  Urn  AD,BE,  CF,  be  irmmfrm  ti»  oylit  A,B,C, 
irumgU  Iknagh  mg  point  Pmtka  pUm  pf  tkt  irioMgh,  to  eiU  the  Cfpomte 
mdm  m  D,  S,  Ft  then  will 

J£,BF.CD  =  MC,FA.BD. 

A.      SK  C      I  WBC 

Foe  through  B  draw  BH  parallel  to  AC,  meeting  AP,  CP,  in  H  and  G  :  then 

AB .  BO     EC .  BH  (poratfei*  AC,  HG.  cut  by  HP.  BP,  GP), 

AC.  BP  =  BG .  FA  (ran.  frunw.  FAC,  FBO), 
BH .  CD  =  AC .  BD  (nm.  trime,  DCA,  DBE}« 

and  compounding  these,  we  have  at  once 

AE .  BF .  CD  =  EC .  FA .  BD. 

Conttarjf, 

This  mj  alw  be  pat  under  tihe  fonm  in  jr.  I,  eor.  1 1  lu. 

AF>  :  EC  ::  AF.  BD  :  FB  .  DC  ; 
BF  :  FA  ::  BD.EC  :  AE.DCj 
CD:DB ::  EC.  AF:A£. FB. 

SthnHm. 

The  eerliaat  andior  whoee  known  writings  eontahi  this  elegant  propontion  it 
the  HnqusCevn  (1078) :  but  it  has  been  osnalljr  sttribated  to  John  Bemooilli. 
There  is  no  doubt,  however,  that  it  was  known  earlier  than  Ceva'a  time,  for  it  is 
implied  in  the  researches  of  Desar^j^ues  and  Pascal.  See  Chaales,  AperfU  HiatO' 
rique  des  Mttkodes  en  Geom^triet  p.  83. 

Camot's  method  of  proof  is  very  simple  and  elegant,  and  is  therefore 

The  trian^s  ABD,  ADC,  cut  by  the  transversals  FC,  BE,  give  respectively, 
BC.DP.AF=  CD.AP.  FB,  and  DB  .  C£ .  AP  =  BC.  £A  .PD  j 
which,  upon  compounding,  yield  the  same  result. 


PROP.  IV. 

^  tke  ridn  BC,  CA,  AB,  of  a  triangle  ABC  be  divided  in  D,  E,  F,  so  that  either 
two  or  none     lAs  jwMte  be  im  the  csltasuMis     ike  eidee,  sad  so  as  to 
the  condition, 

AE.CD.BF=EC.DB.  FA  ; 
then  the  Uut  AD,  BE,  CF,  witt  pate  tkrotigh  the  some  point,  P. 

[Sec  the  Jigwres  to  the  preceding  proposition.'] 

For  if  not;,  let  two  of  them  AD,  CF,  meet  in  P,  and  draw  BP  to  meet  AC  in 

E'.  Then 

AE' :  E'C  ::  AF.  BD :  FB .  DC  ( prop.  Hi.),  and 

AE  ;  EC ::  AF .  BD  :  FB .  DC  {h^h  ) :  whence 

AET :  B€ ::  AB  i  EC;  and  AE' s  AB»  as  in  the  nasooiqg  of 
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which  18  impomilite.  The  lifw  BP  doet  notv  thsnforat  £flbr  from  BE ; 

or      ♦lip  three  lines  pas^  throup;h  one  point. 

This  theorem,  independently  of  the  systematic  use  to  be  made  of  it  hereaflw, 
furnishes  proofs  remarkable  for  their  simplicity  and  brevity,  of  several  d^meo- 
tary  onct.  Thb  it  Ulmtnled  In  tlie  dedoctioiit  or  eorollwiM  wlueh  foSov. 

Corollary  1. 

Lines  AD,  BE»  CF,  drawn  to  bisect  the  aagjbtt  A> 
C,  of  a  triangle  intersect  in  one  polnU 
For  we  have  {Euc.  t».  3), 
CD :  DB  »  CA :  AB,  or  CD .  AB  s  DB  .GA, 
BP  ;  PA»BC:CA,or  BP.CA=sPA.BC 
AE  !  EC::  AB:BC.  orAE.BC==  RC.AB. 
Whence,  by  compounding,  CD  .  BP  .  AE  =  DB .  FA.  EC :  which  by  the  pro- 
position is  the  criterion  of  the  lines  AD,  BE,  CF,  pasting  throngh  one  point  P. 

OonOaryt, 

lines  AD,  BE,  CP,  of  which  one,  AD,  bisects  the  interior 
angle  BAC^  ind  tfie  two  otben  the  oppoeite  eiterior  anglee 
CBP,  BCB,  of  the  triangb  ABC,  win  paie  dirai^h  the  laiiie 

point,  P 

For,  CD :  DB  ::  CA :  AB,  or  CD  .  AB  =  DH  CA  (JK«c.  vi.  3) 
BE :  FA  ::  BC :  OA,  or  BF  .  CA  =  FA  .  liC  {Euc  vi.A,) 
AE:  EC ::AB:BC,  or  AE.CB  =  EC.AB {ilnd,)i 
whence,  componnding,  the  criterion  is  fiilfilled. 

ConUmy  3. 

LioesAD,  RE,  CF,  drawn  from  ili.'  angles  to  bisect 
the  opposite  sides  oi  tiie  trian£;ie  Ai5C  in  D,  £,  F, 
meet  in  one  pmnt. 

For  CD  =  DB,  BF  =  FA.  and  AE  =  EC;  wheaot 
the  criterion  is  fttlfilied  by  the  equality  of  the  com* 
■ponding  lines* 

CoroUory  4. 

The  lines  AP,  BP,  CP.  an  respectively  the  doubles 

01  I'D,  PK,  PF. 

For  the  tnaugle  ADB  cut  by  CF  gives  BC ;  CD ::  BF  AP :  FA.PD ::  A  P  :  PD, 
since  BP  ss  FA.  Whenee,  since  BC  =  SGD,  we  have  also  AP  =  2PD ;  and 
flimilariy  for  the  other  two  cases. 

Cwoflby  B. 

Perpendiculars  AD,  BE,  CF,  drawn  from  the  an. 
gtee  of  a  triangle  to  the  opposite  ttde^  pass  through 
the  sane  point  For, 

CE  :  CD    CB  :  CA.  or  FC  CA  =  HC  .  CD  C#im.  trians.  CBE.  CAD) 

DB  :  BF    BA  :  BC,  or  Dii  .  BC  =  FB .  BA  (  DBA.  CFB) 

FA :  AE ::  AC :  AB,  or  PA .  AB  3s  EA .  AC  (  FAC,  AEB). 
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Cbroflory  6. 

If  two  ndet  of  a  triu^  be  cat  proportkmany,  tb«  lines  drawn  from  the 
pdints  ef  aection  to  the  oppoeite  anglea,  inteneet  m  the  line  drawn  fnm  the 
Rmainii^  angle  to  the  middle  of  Ae  hue. 

AIbo^  the  coiiTeree  of  thie  is  tme. 

Corollary  7. 

Lines  AD,  BE,  CF,  drawn  from  the  angles  of  a 
triAQgk  to  the  points  of  coni.ict  D,  E,  F,  of  the  in- 
icnbed  circle  wiib  the  op^Ubite  sides  BC,  CA,  AB^ 
dt  psM  throogh  one  point. 

For  CD  ss  CE,  BD  ss  BF«  and  EA  as  AF$ 
vbence  the  criterion  ie  fulfilled, 

Coroflary  8. 

lines  AD,  BE,  CF«  drawn  from 
the  angles  of  a  triangle  to  the  three 

points  of  contact  of  the  escribed  df- 
dea,  all  pass  through  one  point. 

For  CE  =  BF.  EA  =  lU),  and 
FA  =  CD ;  whence  the  criterion  is 
fidflled,  aa  before. 


PROP.  V. 

J/SanAD,  BS,  CF,  bt  innm  from  tk§tmgh»A,  B,Cptfa  irUmgU,  Ie  ea<  lAe 
tfpetUe  sides  in  D,  E,  F,  and  each  other  mP,thenwUi 

AP,BP.CPtDP.BP.FP',:AB,BC,CA:AF.BD.CB. 

[Se?  figures  to  prop.  •«•.] 

Fen, 

PA  .  EC .  BD  =  DP .  AE .  CB  {trian.  ADC  cut  by  EB), 
PB  .  FA  CE  =  EP .  BF .  AC  {trim.  AEB  cut  hy  CF), 
PC .  DB  .  AF  =  FP  .  CD  .  BA  {trian.  BCF  ciU  6y  AD)s 
FB.DC.KA  =  AK.BD.CE  (prop.  Hi  ): 
wheiu:e,  compounding  and  forming  the  proportion,  we  have  the  stated  result. 

PROP.  VT. 

if  a  transversal  be  drawn  to  cut  any  three  line^  AB,  AC,  AD,  trhirh  me  ft  in  a 
point  A,  in  B,  C,  D,  there  will  be  the  JoUowiny  relation  amongst  the  seyiiients 
ef  tkt  transversal  and  the  segments  it  cuts  from  the  yicen  line : 

J<?.  BD  ±  JS».  CD  =  AD^.  BC±BD,  DC,  CB  ; 
lis  Mpper  sijfn  ^^ytNt;  Ie  lAs  esw  when  AD  if  ^dwem  AB  md  AC,  and  ikt 
hmer  wken  AD  is  wUhmd  thtm* 

A  A 

For  draw  AE  perpendicular  to  the 
transversal  BC:  then  (£«c.  ti.  12,  13) 
vehave 
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Ar5=AD«+nC^-2DC.DEi  or  AC5.BD  =  AL)  BD-f-DC2.BD— 2BD.de  DC. 
Ali-=AD-  +  DB-  +  2BD.DE;  or  AB-.CD-AD  + BD-.CDHr2BD.DE.DCj 
whence,  adding  or  subtracting  to  exclude  the  last  terms,  we  have 

AC=.BD  +  AB2.CD  =  AD«  {BD  +  DC|  +  DC  .  UB  {CD  ±  DB] 

=  AD».BC  iBD.DCCB. 

The  earliest  notice  of  thia  theorem  u  hj  Dr.  Matthew  Stewart,  it  being  ona 
amongst  his  many  general  theorems,  pabUshed  when  a  candidate  to  succeed 
Maclaurin  as  Professor  of  Mathematics  in  the  University  of  Edinburgh,  in  1746. 
It  is  used  by  Dr.  Simson,  in  his  Restoration  of  the  Plane  Loci,  1748  ;  and  by 
Professor  Simpson,  in  his  Select  Erereises,  1752.  Since  that  time  it  has  been. 
WtU  known  in  this  country,  though  it  does  nut  appear  to  be  so  auiungst  conti- 
nental wnlers,  tiii  the  use  lumic  of  it  by  Carnot  m  1803  (G^m.  de  Pos.  p.  2G3). 
A  trigonometrical  investigation  is  given  in  vol.  i,p,  453. 

Chaalee  renarkt,  that  this  proposition  indudee  eight  ol  the  lemmaa  of  Bappoa 
for  phne  loci.  It  also  containa  seveial  other  and  well  known  propettiee  of  tri- 
angles, as  parttcukr  eases,  or  corollBries,  as  shown  below. 

CoroUarg  1. 

Consider  ABC  as  .a  trian^,  the  base  of  which  is  bisected  in  D :  theo 
BD  =  DC,  and  we  have 

AB*  +  AC*  =  SAD*  +  3DB*.  (eoL  t.  p.  312.) 

CoroiUay  2. 

Let  BD  :  DC ::  BA :  AC,  then  when  D  is  between  C  and  B  ( J^r.  i), 
AB.  CD  :=  AC . BD,  and  CD  {BA  +  AC{  =  BC.CA ; 
whence BA.AC-BD. DCs  AD*.  (Sieit.  JSae.  ei B.) 

GDrottory  3. 

Let  BD  :  DC ::  BA  :  AC,  and  D  be  taken  m  extension  of  AB  {Jig.  2) ;  thai 
BD .  AC  3s  BA.DC, and  BD{BA  —  AC}  s  AB .BC;  whence 

BD .  DC  —  B  A .  AC  s  AD* : 
a  theofem  analogous  to  the  preceding  corollary. 

(^roOsry  4. 

Let  BAC  be  isoooslea,  and  D  be  within  the  base:  then  AC  =  AB,  and  the 
tiieorem  hecones 

AB*  {CD  +  DB{  =  BC  [AD*  +  CD .  DB},  or 
AB*- AD*  =  CD.DB. 

Cofoflsry  5. 

Let  BAC  be  isosceles,  and  D  in  the  extension  of  the  base:  then 

AD»-AC*  =  BD.Da 

Corotttarf  6. 

Denoting  D  in  cor.  2  and  cor.  3  by  D  and  D'  respectively,  we  get 
BA .  AC  —  BD  .  DC  =  AD^  and  BD' .  D  C  —  B A  .  AC  =  AD'« :  whence 
BD".  D'C  -  BD.DC  =  AD*  +  AD*. 
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The  same  holde  true  when  the  point  A  j 

is  in  the  transversal.  In  this  case  we 
have,  as  regards  the  four  points  A,  B, 
C,  E,  the  equation,  (taking,  for  instance, 
A  to  the  1^  of  B  in  the  eecond  figure), 

AB^.  BC  +  CB*.  AB  s  BB^.  AC  +  AB . BC . CA. 

Corollary  8. 

If  we  take  another  point  D  in  the  same  line,  we  shall  have,  as  in  the  last 
corollarr, 

BB^.  CD  +  DBF.  BC  =  CB*.  BD  +  BO.  CD ,  DB. 
Multiply  this  result  hj  AB.  AC,  and  that  of  the  preceding  corolkry  by  BD.DC, 

and  arranffe  the  results,  we  get 

(1)  .  DE-.AB.BC  CA-rE^  AB.AC.BD=-BE=.AC.CD.AB+AB.BC.AC.B1).(  O. 

(2)  .  AE^BC.Cl).l)B  +  (  K  Ai;.BD.UC=BE«.AC.CD.DB+AB.BC.AC.BD.CDi 
and  Bubtrsctinn  the  former  from  the  latter,  we  get,  after  transposition, 
AE'.BCCD.DB  +  CE^AD.DB.BA=  BB*.AaCD,DA  +  DE«  AB,BC.CAj 
n  Iheoieai  of  gnat  beauty,  due  to  M.  Chaales.  See  LoM  Dimy,  2843. 

PROP.  VII. 

7\do  eo-pf)hr  triangles,  ABC,  FFG,  ntc  eo-axial  {def.  7,  p         ;  or  the  points 
L,  H,  K,  of  intersection  of  ihe  corresponding  sides  AB  and  Eb\  BC  and  FG, 
and  CA  and  GE,  are  in  one  line. 
First.    Let  the  lines  AE,  BF,  CG,  upon  which 

the  anglce  are  aituated,  be  paiallel,  and  either  all 

in  the  same  plane  or  not.   Then  the  foiUowing 

purs  of  trianj^les  will  he  similar,  viz. 

HE  A,  HBFi  KCG,  KBFi  and  LA£«  I^G. 

Whence, 

FB.HAs  BH.AB, 
GC.KB  =  CK.BF, 
EA.LC  =  AL.CG; 

anr^  compounding,  LA  .  HB  .  KC  =  AH  .  BK  .  CL  ;  which  is  the  critt  rion 
( prop,  u.)  of  the  ^ints  L,  U,  K,  in  the  sides  of  the  triangle  ABC,  being  in  one 
line. 

dbeomD^.  Let  the  lines  AE,  BP, 
06,  meet  in  tome  point  D,  and  be 

either  in  one  plane  or  not. 

Then,  the  triangles  ADB,  BDC,  CDA, 
cut  by  the  transversals  EFH,  FGK, 
GEL,  respectively,  give  (jprop.  i.)  the 
folknring: 

FD.BA.HBsDE.AH.BF, 

DO.CK.BF  =  (iC.KB.FD, 

E!)  GC.LA=  DG.CL.AE; 
whenti ,  cts'iip., 

LiV .  ilB .  KC  =  AH  .  BK .  CL;  the  criterion  as  before 


*  The  ctMfl  wh«ra  the  thne  linn  AE,  DF,  CO,  are  oot  in  one  plane,  fftllom  from  ftrj 
•Nnfle  comidMMtoM,  and  without  the  ud  of  aiif  ntios ;  tbos  famisbiiig  ono  oacample,  nDonfit 
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Corollary. 

Let  AG  and  EC  intersect  in  M,  AF  and  £B  in  N«  and  CF  and  BG  in  P :  ifaen 

M,  N,  P,  L,  H,  K,  will  be  in  one  plane. 

For  the  line  NP  tends  to  L,  MP  tends  to  H,  and  MN  to  Kj  whence  they  are 
all  m  the  plane  tkrough  LU. 

Scholium. 

This  remerkable  theorem  is  due  to  Desargues,  an  author  of  stich  tr^Ti^t  t  ndent 
merit  as  to  be  justly  termed  by  Poncelet,  **the  Monge  of  his  age" — an  author 
wiM»e  mnlbiiiuie  it  wia  to  live  before  the  titte  in  whieh  hie  viewi  could  be 
appreciated,  and  even  of  whoee  printed  worice  not  a  veetige  it  known  noir  to 
ejdet,  though  be  lived  only  two  centuriee  t^.  All  we  know  of  bis  works  k 
ffom  the  wrilinf^s  of  others,  and  these  either  his  detractors,  or  those  who  coold 
not  comprehend  the  spirit  and  character  of  his  writings.  From  such  sources, 
however,  enough  can  be  gleaned  to  create  the  deepest  i^gret  for  the  loss  of  his 
original  and  profound  researches. 

PROP,  vm. 

7\do  ohoxial  irianr^les,  ABC»  EFG,  are  co-polar  {def.  6,  p,  215);  that  tt, 
if  the  sections  H,  K,  L,  of  the  homologous  sides  be  in  one  line,  the  homologomM 
angular  points  will  be  sifunted  ifpoR  tkret  straigkt  lmet,wkiek an  eUher paraUelf 
w  pass  tkrcmgh  one  point  D. 

l_See Jig.  2,  prop,  vii.'] 
First.    Let  the  two  triangles  ABC,  EFG,  be  in  one  plane.    Draw  BF,  CG,  to 
intersect  in  D';  and  if  AE  do  not  also  pass  through  ED',  let  it  cm  BF  m  D. 
Draw  D'E  to  meet  \  l\  in  A';  join  A  C,  and  let  it  cut  E(i  in  L',  and  jom  L'H. 

Then  A  BC  and  Kl  G  are  co-polar  tnarigles,  havui^  D'  for  their  pole:  whence 
ipnp.  wi.),  K,  H,  L  ,  are  in  one  straight  line.  But  ihyputh,)  K,  H,  L,  are  in  one 
stndgbt  line.  Wherefore,  the  straight  lines  LH.  I/H,  have  a  common  segment 
HK;  which  is  imposiible.  Hence  the  three  lines  AE,  BF,  CG,  cannot  paes 
otherwise  than  ibroagh  one  point  D';  that  is,  the  triangles  are  oo-pohtf. 

Secondly.  Let  the  two  triangles  not  be  in  one  plane.  J^iSee  fig.  2,  prop,  vtt.] 
Since  AC,  EG,  meet  in  L  (hypoth.\  they  are  in  one  plane ;  and  hence  A£,  CG, 
are  also  in  that  plane,  and  therefore  AE^  CG,  are  either  parallel  or  intenect  in 
the  plnne  AECG. 

In  like  manner,  AE,  FB,  are  in  oiif  pliine,  and  are  either  parallel,  or  intersect 
in  that  plane ;  and  FB,  CG,  are  in  one  plane,  and  are  either  parallel  or  intersect 
in  that  plane. 

The  three  lines,  AE,  BF,  CG,  will  therefore  be  in  the  intersections  of  the 
three  planee,  and  hence  wiU  either  be  pandlaly  or  meet  in  one  point 
The  two  triangles  ars  therefofo  co-pobur. 


a  great  numlK-r  thnt  may  be  adduced,  of  the  casea  of  a  theorem  which  are  mott  removed  Tmm 
our  flitt  priuciplca,  being  easier  of  deniQiiatmkm  thaa  tboM  which  h«  nearer  the  threshold  of 
the  sdeiiee.  Tbfs  drevaitiaseo  sufgaets  some  inpoitant  refloetions  upoo  feemotrical  aiatlieds ; 

for  tlie  slatonient  of  which,  howerer,  this  is  not  the  proper  place.    Sec  Ladiet"  I>iary^  1842. 

The  planes  ABFE,  ABC,  and  EFG,  intersect  ea<  !!  thv  otlur  two;  and  hence  the  lines  AB, 
FE,  iu  which  ABFE  cuu  EFG  and  ABC,  meet  each  oiiicr  ui  the  hue  of  section  EFG,  ABC. 
la  the  Muno  way  EO,  AC,  meet  in  the  ittteraeetion  of  RFO,  ABC ;  sod  FG,  BC,  alto  meet  in 
the  intersection  of  EFG,  ABC.  That  is,  t!ic  three  pofiotl  are  in  the  same  straight  linr  that  of 
intersection  of  the  planes  of  the  co-polar  trianglea*  Tikit  — of  tnttisg  iuch  Ihofiffimi  hat 
bcMi  much  cultivated  in  the  achool  of  Monge, 
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PROP.  IX. 

Tin  three  dioj^mals,  QS,  PR,  VJV,  of  a  complete  yuaiiriiaiera!  f>f  ing  drawn,  tank 
is  divided  harmonicaiijf  by  tkt  other  two;  that  is, 

(1)  VB  :  BW  ::  VC  :  CW,  R 

(2)  OA :  AS  ::  QC  :  CS, 

(3)  PA  :  AR  ::  PB  :  BR. 
For,  viewing  VPW  as  a  triangle, 

VC  hare  (props,  t.  and  Hi.), 

TQ.P8  :  OP.SW  ::  VC :  CW, 

^Q.PS :  OP.  SW VB  :  BW; 
mhtote, 

VBsBW  :  VC:CW. 

Af^a'tn,  vieifi^g  PUS  at  a  triaogk, 
ire  have 

QV.PVV:  VP  .  WS  ::  QC  :  CS. 
aV.  PW :  VP  .  WS  ::  QA  :  AS ,  whence, 
QA  :  AS  ::  QC  :  CS. 
ImAj,  Tieti'iag  i*QR  as  a  triangle,  we  have 

PV .  QW  t  VQ .  WR ::  PB :  BR, 
PV.QW:  VQ.WRsPA:  AR;  wbeoee, 
PA:AR::PB:BR. 

ConUarjf  1. 

If  VA»  WA,  be  dim  to  cot  the  aidoa  QR»  PS.  and  RS,  QP,  in  D«  E»  and 
F.  G :  tbe  aegments  FG,  AW,  DB,  VA,  am  aU  hamowcatty  dmded,  each  at 
thsoifaar  t«o  pointa  in  than. 

Oarollafy  S« 

TlwliQea  6E,  DF  (not  in  An  fignra)  will  paaa  through  and  the  lioaa  GD, 
SF,«in  ptit  tlnoogh  B. 

ConOary  3. 

If  VW  he  any  Une^  harmonieany  divided  in  B  and  C.  and  linea  WP.  BP,  VP, 
bednnnito  any  point  P|  and  if  WQ»  VS,  inteiaectlng  in  any  point  Rin  BP  be 
inmn  to  maet  FV,  FW,  leapectiTely  in  Q  and  S :  then      will  always  tend  to 

the  foarth  point  C. 

The  converse  is  also  tnie :  that  if  through  C  lines  be  drawn  to  cut  PV,  PW, 
in  Q  and  S|  tlaa  linaa  WQ»  WS,  will  always  cut  each  other  in  a  point  aituated 
laPB. 

Corollary  4. 

If  we  conceive  a  transvenal  to  be  cat  by  two  diagonals,  PR,  SQ,  in  a  and  h, 

ttd  bylines  flrawn  from  \he  extremitic'?  W,  V,  of  the  other  diagonal,  through 
intersection  A  of  the  former  two,  in  c  and  d:  then  ab  will  be  harmonically 
dirided  in  c  and  d. 

Scholium. 

This  property  of  the  ligiire,  which,  with  a  slight  difference  in  the  manner 
of  its  ennadation,  was  known  to  the  ancients,  is  thts  foundation  of  nearly  all  the 
problctns  given  in  our  first  volume  on  lineadon  :  nnd  by  means  of  it,  the  student 
vill  he  able  to  form  the  proofs  of  those  which  are  not  formally  detailed  in  that 
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PROP.  X. 

The  opposite  pairs  of  sidn,  AB,  CD,  and  AD,  BC,  ^  •  twkted  fuoAH^rai, 
ABCD,  are  dimded  m  the  tame  ratio  ;  viz. 

BM  :  MC  r.  AN:  ND, 
andJP  :  FB     DQ  :  QC; 
ikm  ^HmtPQ,  HM,  bwsg  drawut  wUl  Me  in  tktiom^mie,  ami  mtertaet  m 
«  jwinl  8,  «mI  tiuU 

P8  t  SQ ::  M8  :  SN. 


FoBt  let  Uie  planes  of  the  two  componeat 
trianulM  meet  in  AC,  and  draw  PM,  NQ.  in 
those  planes  to  meet  AC  in  R  and  R',  luppoaed 

for  the  mument  ditfereiit  points. 


Ilien,  (by  prop.  i.  and  the  hypotkenSt)  we     X  /  \  \-^%. 

liavft   /  

AP.RM  CR  =  PB.MC.RA  (ABC.  anri  PM) 

QC.R'A=  AN.DU.H'C  (ADC.  and KQ)  ^^*^/ 
MC.AN  =  HM.ND  {first  hyp.) 
Pti  DQ  =  AP.QC  (.second  hyp.) 
Whence,  conkponnding,  AILR'C  =  AR^RC ;  or  R  and  R'  coinddfl.  Tbe  km 
points,  P,  M,  Q,     are  therefore  in  one  plane,  and  hence  PQ,  MN,  an  m  one 
plane,  and  intersect  in  a  point  S. 
Again,  in  the  same  manner, 

PS.QN.RM  =  SQ.NR,MP  (PQR  and  MN) 
MP.RaNS  =  PR.QN.SH  (MRN  and  PQ) 
NR.QO.AD  =  RaCD.AN  (NDQ  and  AC) 
PK.MC.BA  =  RM.CB.AP  (PBM  and  AQ) 
BC.AN  =  AD. CM  {first  hypoth  ) 
CD.AP  =  AB.CU  {second  kypoik.) 
Whence,  comp.,  PS.SN  =  QS.SM ;  or  att  a  proportion, 
FS:8a:iMS:SN. 

KP  and  QM  irill  meet  in  the  other  diagonal  DB,  aa  naj  he  ainilail j  ahovn. 

A  different  and  very  elegant  solution  on  other  principles  may  be  seen  in 
I/cpendre's  Geometry  {translation,  p  129);  but  the  Tnctlujd  of  traoaversala  hac 
been  employed  here  for  the  sake  of  uniformity  and  illustration. 

The  property  may  be  stiUed  somewhat  more  generally ;  via.  when 
AP  _      I><i    J  AN  _  BM 
PB      *  •  QC  *°   M)  ~  "* '  M  C ' 
HI  being  of  any  value  whatever,  the  lincf?  PQ,  NM,  are  still  in  one  plane,  etc. 

The  chief  value  of  the  proposition  is  its  subserviency  to  the  investijjation  of 
the  hjfperboh'ui  qf  one  sheet,  which  is  generated  in  two  different  ways  by  the 
motion  of  one  line  opon  three  fixed  lines.  We  moat  refer  the  leader  to  lh» 
writings  especially  of  Hachette  and  Chasles  on  this  sabject. 

llie  particular  case  of  the  hyperbolo'fd,  being  one  of  revolution,  has  been 
slip;htly  noticed  at  p.  197  of  this  volume.  It  i«5  easy  to  infer  from  that^  that  the 
siurface  may  be  generated  by  the  revolution  of  two  dili'ereut  lines. 
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PROP.  Xt. 

be  the  homologous  sections  of  ab  and  a'b',  of  be  and  b'&,  and  ea  and  &af  re- 
sp«eiit>efy:  then  the  triangle  PQR  is  an  ('scnh>'d  ro-polar  to  each  tfthe  tfim(^ 
ate,  ab'iit;  and  a  circumscribed  co-polar  with  the  oH^ktai  triaitfh  ABC, 


E 


For  we  have  (prop.  i.  and  prop,  vii.)  the  following  equalities: — 
P^; .  A//,  f  '  =  i*c  .  Ac'.  66',  from  triangle  Ahr  and  traaav.  Fb'cf ; 
Qc  .  lie.  aa'  —  Q«  .  Ba'.  cc'   Hca   QrV  ; 


Ila .  Ca'.  W  =  9Jb.  Qb'.  aa\  Cab   Ka  b  i 

Axf,  Bo'.  C^s  All'.  (V.  Be',  from  eo-poUur  triangles  ABC, 
From  wludi,  by  compouDding,  we  obtain 

T5 .  Qc .  Ra  =  Pc .  Qa .  R6 ; 
which  is  the  criterion  of  PQRy  being  co>polar  with  abei  and  it  is  eierib«d  in 
abc  by  the  construction. 

In  the  same  way  we  obtain  the  criterion  of  PQR  being  co-potar  with  ab  c  ; 
Til.  Ibe  eqtiatioD, 

Vb'.  Qc'.  Ra'r=  Pc'.Qfl'.  RK 

Again,  draw  AQ  to  meet  BC  in  D  ;  and  if  it  do  not  cut  ab  and  o'^'at  their 
point  of  intersection  R,  let  it  cut  the  former  in  r  and  the  latter  in  r*. 

Now  since  R  is  the  intersection  of  the  sides  Ac,  Ca,  and  d  that  of  the 
diegOMla  Cc,  Aa,  of  the  qandziklenl  AOoe,  we  have  {prop,  im,  wnUanM\t 
BA :  M ::  :  M,  and  that  the  Itnee  BG,  AQ,  Ao,  and  oft,  an  drawn  fipom  a  to 
B,  A,  1^  A,  these  lines  form  a  system  of  bannoniral  aectoisi  and  thenfora  tha 
Una  AQ  croadng  them  is  so  cut  that 

QA  :  QD  ::  rA  :  rD. 
Similariy.  QA  :  QD  ::  r'A  :  r'D. 
Wherefore,  Ar  :  Ar  -f  rD Ar' :  AH  +  r'D,  or  Ar  s  r'A. 
Thm  points  r  and  r',  therefore,  being  in  the  line  AQ  aqoidiitant  from  A, 

coalesce;  and,  being  also  in  the  lines  ab,  a'b',  which  inter?ect,  are  their  point 
of  intemectioa  R.  The  aide  QR  of  the  triangle  PQR  coosequeatly  passes 

VOU  II.  Q 
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through  the  angle  A  of  the  trianj^le  ABC.  In  the  same  manner.  Fit  passes 
through  B,  and  FU  through  C. 

Lastly,  BQ,  PA,  CR,  will  pass  through  the  same  point. 

For,  dnw  PD  cutting  RC,  BQ,  in  G  and  U  ;  also  let  BQ.  RC,  meet  in  £, 
ud  draw  DE,  A£»  aod  PE;  and  if  A£  do  not  pats  through  P,  let  it  cut  HP  in 
aone  other  point  P'.  Then,  the  sides  BC,  QR,  of  the  qaadnlatenl  BCRQ  inter- 
secting in  D,  and  the  diagonals  BR,  CQ,  in  P,  the  line  HG  is  harmonienUy 
divided  in  P  and  D|  or, 

HP:PG::  HD:  DG. 
Also,  since  AD  is  liarmonically  divided  m  R  and  Q,  as  before  shown,  and 
lines  are  drawn  to  a  point  K  froin  the  points  of  sectiuo,  the  line  UDGP'  drawn 
to  cut  them  is  also  divided  harnionidally,  or  so  that 

HP  :  P  G  ::  HD  :  DG. 
It  follows,  therefore,  that  HP' :  P'G HP :  PG,  or  reasoning  as  m  the  pre- 
ceding case,  HP  =s  HP.  Whence  P  and  P'  coincide ;  or  A,  P,  ^  are  in  one 
fine,  and  the  three,  AP,  BQ,  CR,  tend  to  one  point,  and  the  tiianglea  ABC, 
PQR»  are  therefore  co-polar. 

Corollary. 

The  triangles  ABC,  PQR,  are  co-axial  j  that  is,  if  the  sides  of  the  one  be 
respectively  produced  to  cut  those  of  the  other,  the  three  homologous  sections 
will  be  in  one  line  iprop.  vii.), 

PROP.  XII. 

lAey  aiecf,  vu,  AB,  CD,  to  metl  m  JB,  and  AC,  BD,  to  meet  m  F/  tkm, 

BA  .  AC  :  BD  .  DC  ::  EA  .  AF  :  ED  DF, 
BE  .  EC  :  AE .  ED  :  CF  .  FB  :  DF .  FA, 
AB.BD  :  AC. CD  ::  EB.BF:  EC.CF. 


A  K  B 


Hrif.  The  triangles  AEC.  ABF,  cut  by  the  transversals  BP,  EC, 

AB  .  ED  .  CF  =  BE  .  DC  .  FA, 
EB.DF.CA  =  AE.BD.FC; 
whence,  compounding,  and  then  forming  the  proportion,  we  have 
BA  .  AC.  ED  . DF  =  BD . DC .  EA  .  AF,  or 
BA .  AC  :  BD .  DC  ::  EA .  AF  :  ED .  DF. 
StaondKy.  The  triangles  EBD,  EAC,  and  transvecssis  AP,  BP,  give 

BA.EC.DFs  AB.CD.BP, 
BE.DC.FA  =  AB.ED.CF{ 
whence  ccnnpoonding,  etc.,  we  get  the  second  proportion. 
mriBg,  The  triangles  A  W  V .  E  BD,  and  transversals  EC,  AF,  give 

CF.BD.EA  =  AC.FD.BE, 
AB.EC.  DF  =  AE.CD.FB; 
whence,  compounding,  etc,  we  get  the  third  proportion. 

It  is  evident  from  a  slight  survey,  that  the  three  properties  here  deduced  are 
in  fact  but  the  repetitions  of  a  single  one  as  related  to  the  three  different  species 
of  simple  fundamental  quadrilaterals.  The  proof  of  the  second  proposition,  in 
rf*£erence  to  the  tint  figure,  is  the  same  as  that  of  the  first  in  reference  to  the 
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gecond  figure ;  and  a  like  interchange  may  be  matic  between  the  first  and  third, 
or  the  tMond  and  third.  Thia  occnra  perpetually  in  rafaranea  to  the  quadri- 
lateral, and  in  actoal  inveatigatioiia  ahortena  the  work  oonaideraUf  . 

It  majr  alao  be  remarked,  that  theaa  pfopaftiea  night  haTe  been  dadoead  fiom 
tboae  in  pep,  i  cor.  2. 

PROP.  XIII. 

succesnrr  s'uh  :^  AB,  BD,  DC,  Ci,  of  n  quadrilateral  ABDC     cvf  bjf  U 
tramcersal  in  E,  F,  G,  11 .-  thm  the  sides  wiU  be  so  divided  that 

BE.CG  :  EA  .  GD  ■.:  CH  .  BF  :  HA  .  FD, 
For  draw  the  diagonal  AD  meeting  the  transversal 
in  K ;  then  ( prop,  i.)  the  trianglea  ABD,  ACD,  ent 
by  the  transversal,  f^ye 

BE:  EA  ::  KD  .  FB  :  DF  .  KA, 
CG:  GD::  KA.HC:  KD.  AH; 
whence,  compounding,  we  obtain  the  afiirmed  result,  a 

Corollary, 

In  the  form  of  an  equality,  the  result  just  obtained  becomea 
AE.BF.DG.CH  =  EB.FD.GC.HA; 
in  which  each  side  is  composed  of  the  alternate  segments  of  the  sides  of  the 
^oadrilateials  or  aneh  aa  hare  not  in  any  caae  a  eonmon  pMUt  of  jmetion. 

SekoUum, 

The  node  of  pioof  employed  abore  appliea  to  every  speciea  of  dmple  quadri- 
latetal,  and  to  anj  portion  of  the  tnniTeraa].  It  wUl  eondoce  to  die  atnden^e 

improvement  to  Aeteh  a  aet  of  figures  adapted  to  all  the  cases  that  can  artae. 

It  may  be  remarked,  that  in  analogy  to  the  property  established  in  prop.  mL 
there  are  two  other  proportions  (ieducible  from  the  joint  consideration  of  the 
ihrM  figures ;  or  else  by  separate  investigations,  as  I  gave  them  in  the  Phil, 
Mag»  vol.  IzvUi.  (1896),  pp  1 17»  118. 

It  will  be  well  worth  the  student's  trouble  to  ezanine  the  cases  uf  ibis  pro- 
position in  detail,  especially  when  the  transversal  passes  through  each  of  the 
points  of  sertiiin  of  the  sides  and  diagonals  of  each  of  the  fsimjile  quadrilaterala, 
and  of  the  cumplete  quadrilateral,  either  one  intemection  or  two  at,  a  time. 
Manf  of  tiie  teanlta  are  iatereating,  and  a  few  axe  given  amongst  the  exereiaM  at 
the  end.  Anoogat  other  xeeulto  rndily  obtained  from  it  ia  the  fmp.  139*  Uft.  om. 
of  the  Mathematical  CeMedumB  of  PappuB,  of  which  another  proof  ia  given  a 
little  further  on  {prop.  mriiL}  t  alio  by  uaana  of  tranavaiaala.  PkU.  Mag,  toL 
IxviiL  p.  119> 

PROP.  XIV. 

^  a  transversal  cut  the  side^  of  anv  pinnf  pohjrjnv,  it  tril!  rlirtrh  fhem  so  that  the 
compound  of  one  set  of  alternate  segments  (as  in  the  preceding  proposition)  viU 
be  eqvuU  to  the  com-  A. 
^OMul  tff  atttke  9tker 


,  Thb  method  of  proof 
being  the  same  in  all 
cases,  it  will  be  suffi- 
cient to  give  it  in  de- 
tail for  the  heptagon 
ABCDBlfG  cat  hf  tba 
iSM. 
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Draw  liDM  from  one  of  the  angular  pointa,  aa  P,  to  all  the  otben  A, 

R,  .  .  .  (except  the  two  arljacent  ones,  which  are  already  drawn  in  the  strurlurt 
of  the  figure)  meeting  the  transversal  in  V,  Q,  R,  S ;  and  let  H,  I,  K,  L,  M,  N. 
0»  be  the  poinis  in  which  the  transversal  cuts  the  sides  of  the  polygon.  Tata 

AM .  GN .  FP  =  MG .  NF .  PA  bf  the  trian^  GFA ; 

AP  .  FQ  .  BH=  PF  .  QB .  HA  AFB ; 

BQ.  FR.  CI  =  QF  .RC.IB   BFC; 

CR  .  FS  .1)0=  RF  .SD.OC  ,  CFD; 

DS  .  FL  .  EK=  SF  .  LE  .  KD   DEE  ; 

all  the  triangles  being  cut  by  the  same  tnuuveraal  SM.  Uence,  compooodii^ 
and  cancelling  common  terms, 

AM.BH.CI.DO.EK.FL.GN  =  MG.HA.IB.OC.KD.LE.^F. 

SehoKm 

Analogont  to  the  fenaial  plan  pursued  by  tlia  aneiaota  (vsdlr  Bma  vL  18,ite.\ 
wa  ought  havaabownthk  for  the  qaadrikteial  aaco^  triang^ttti 

pentagon  as  a  quadrilateral  and  a  triangle  t  Aa  hexagon  as  a  pcBtligOB  ud 
triangle*  and  so  on.  The  methods  virtually  agree,  and  the  next  propoaitioa  k 
denumstrated  in  this  form  for  illiutration  of  the  difi'erence  of  detaila. 

PROP.  XT. 

yapoljfMrttl polygcm 6« atf  ly  a  iramenalpUmt,  tkeMiirill  be  rfairfwf  a* 
aa^aMRlr,  suck  that  tk»  eompemid  9f  mt  oUenu^  9et  will  bt  agnol  fo  fAt  «§> 
pound  ^th§  atker  mt» 

First.  Let  ABCD  be  a  quadrikteral*  no 
three  of  whose  sides  are  in  the  same  plane  ; 
and  let  the  planes  ABC,  ADC,  which  re- 
spectively contain  the  sides  AB,  BC,  and  AD, 
1>C»  be  cnt  bj  the  tianavenal  plane  in  KF 
and  HM|  than  {prop,  i.), 

AF.BK.CG  =  FB.KC.GA, 

AQ.CM.DHsGC.MD.UAt 

whence, 

AF.BK.CM.DH  =  FB.KC.MD.HA. 

The  property  is  therefore  proved  for  the  poly- 
ktM  ftudHlalenL 

Second.  Let  ABCDE  be  a  polyhedral  pentagon.  It  may  be  conaidcfed  n 
formed  of  the  quadrilateral  ABCI)  and  the  triangle  ADE.  Let  the  transwial 
plane  cut  the  planes  ABC,  ACD,  and  ADE,  in  KFG,  GUM»  and  Ul^Ulod 
these  lines  cut  the  sides  uf  the  triangles,  as  in  the  figure. 

Iliea  (Iff  eoie),  AF.  BK . CM.DH  s  FB. KC. MD.  HA, 

and  (prop,  i.)  AH  .  DN .  EL  =  HD. NS.  LA ;  whence^ 
AF.  BK.  CM.  DN.  EL  =  FB.KC.MD.NB.LA. 

In  the  same  way,  the  hexagon,  considered  as  a  pentagon  and  a  triangle,  gitw 
the  corresponding  property  of  the  hexagon ;  and  so  on  to  any  extent,  as  the  dia- 
gcmal  which  connects  the  preceding  polygon  with  the  new  triangle  has  iu>  i^- 
menta  alwmja  elumnated  by  the  near  combination. 
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Schoiium. 

Carnot  proves  tliis  theorem  by  projecting  the  sytpm  on  a  plane  (G/om.  </« 
Pot.  p.  296,  and  Euai,  p.  71)  j  but  that  procew  is  both  ioelegaot  and  lumeces- 
•ary. 

PROP.  XVI. 

IT  tkeJimrMttPQ,  QR,  RS,  BP,  md  Ot  iiM  SsigmatPR,  Qff»  ^  •  wiyfe 

quadrilatvml  PQRS  be  oA  kg  a  iratuvtrtal  in  F,  D,  S,  C,  A,  B,  nspectiv^  i 
ihrn  th<'  aeven  foUowing  rehHov  wUi  emtt  d^empmwutm^  vimgH  ika  sef» 

meuis  qJ  the  transversal : — 

FA .  AE .  DB  .  BC  =  EB .  BF  .  DA .  AC ; 
AC.CB.ED.DF=  AD.DB.EC.  CF; 
AB.EB.  CF  .PD=  AF .  FB .  CE .  ED; 
and, 

FA.DE.BC  =  AD.EB.CFt 

AE .  DB,  FC  =  ED  .  BF.  CA  j 
EC.  AF.DB=CA  FD.BE; 
CB  .  FD  .  AE  =  bk  .  DA .  EC. 


FSnt  Let  PQ»  RS,  iDtanect  in  L{  thai  tU  triangb  ALB  cot  bj  lihe  twu 
aidM  of  the  quadrilateral  successively,  givM 

AE  .  BS  .  LR  =  EB  .  SL .  RA  (tnMverBal  SR), 

BD.  AR.LQ=  DA.RL.QBC  RQ). 

FA  .  PL  .  UB  =  BF  .  AP  .  LQ  (  QP). 

BC.AP.LS  sCA.PL.SB(  ..PS); 

wlMnoBi  compoaBding  and  cmceUing,  we  oIiUud 

FA .  AE .  DB .  BC  =  EB .  BF .  DA .  AC. 
which  h  the  first  of  the  seven  equalities  stated  in  the  proposition. 

Secondly.  Let  PS,  QR,  intersect  in  M;  tlu  n  the  triangle  CDM  cut  by  the 
four  aides  of  the  quadrilateral,  successively,  gives 

DE.CS.MRs  BC.  SM  . RD (tnaumml RS), 


CB.DQ.MS  =  BD.  QM  .  SC  (  SQ), 

DF  .  CP  .  MQ=  FC  .  PM  .  QD  (  QP). 

CA  .DR.  MP  -  AD.  RM  .  PC  C  PR)i 

and  compounding,  etc.,  as  in  the  former  case,  we  have 


AC.  CB .  ED.  DF  s  AD  .DB.BC  .CF< 
•ad  tbk  ooaititolei  the  wcoDd  equally. 

Thirdly.  Let  PQ,  RS,  meet  in  tliea  the  triangle  ENF»  ent  bj  die  four 
aidee  of  the  qnadrilafeeral  aueeaiaiTetf,  givea 
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CF .  PN  .  SE  =  EC .  FP  .  NS  (transversal  PS)» 

BE .  SN.  QF  =  FR  .  ES  .  NQ  (   SQ), 

DF.QN.RE  =  ED.Fa.NR(  QR), 

AE.RN.PF«sFA.ER.NP(.  RF)| 

and  eomponnding,  as  before^ 

A£ .  EE .  CF .  FD  s  AF .  PB .  CE .  ED, 
wluch  18  the  third  of  the  given  propertiei. 

Any  of  theae  eqoalitSes  taken  in  reference  to  the  three  epedes  of  iiniple  qua- 
drilaterals, becomes  successively  each  of  the  other  two  in  reference  to  the 
remaining  two  species  of  quadrilaterals:  so  that  in  fact  these  three  equalities  do 
express  only  one  single  property  taken  m  each  of  the  figures.  Independently  of 
this  con -i  teration,  it  would  be  ea?}-,  (voiw  ha^'ing  any  one  of  the  three,  to  deduce 
the  two  others;  by  forming  ditierently  the  values  of  the  lines  themselves  as  the 
points  are  situated  with  respect  to  each  other.  These  tnmaformationsy  however, 
we  Inve  not  space  to  give  here. 

The  second  series  of  eqnaltties  are  also  eseentiaUy  contabed  in  tliooe  alieadj 
established.  To  secure  order  in  our  investigationa*  denote  the  fint  and  oeeond 
sides  of  the  first  equation  by  a,  and  a,,  those  of  the  second  by  b^  aod  and 
those  of  the  third  by  c,  and  c, ;  then  all  the  combinations  of  these  in  tkrna,  so 
aa  to  be  eaSNitially  different  in  their  composition,  will  be 

a,  A,  c,  =  a,  6,  c,        |        a,  6,  c,  =  a,  A,  C| 
a,  6j  c,  =     bi  c,        I        a,  6,  c,  =  a,  b^  c,. 
The  combinations  being  made  according  to  this  model,  will  give  the  re^ult^ 
stated  in  the  proposition.    The  process  for  one  ouly  is  gi\  cu  here,  ibe  utiicrs 
being  exactly  umilar. 

FA.  AE  .DB.  BC  B  EB  .BF  .DA.AC, 
AC.CB.ED.DF  =  AD.DB.EC.CF, 
AF.Ffi.CE.EDsaAB.EB.CF.FD; 
in  which,  effacing  all  the  terms  which  are  common,  there  is  left  the  equation 
FA> .  CB> .  DB>  =  EB* .  DA? .  CP ;  or  FA .  CB .  DE  =  £B .  DA « CF. 

ScholiuM. 

The  first  three  of  these  equalities  are  due  to  Desarfzues,  who  railed  a  line  m 
divided  an  involution  of  sijc  points.  The  four  last  were  known  to  the  ancieut^ 
and  form  prop.  130,  book  Yii.  of  the  MaiktrntOhti  Cott§ttiem  of  Pftppus.  The 
points  A  and  B  are  called  eoi^tiffate  pmUs  and,  in  Itfcs  xnanaer,  C  and  D,  and 
likewise  E.and  F,  are  pain  of  conjngate  points, 

A  more  general  statement  of  this  property  will  be  given  in  jmgi.  a*,  p*  S33;  ra. 
wfaneie  instead  of  the  diagonals  of  die  qnadrilateral,  the  curve  of  a  conic  section 
circumscribing  the  quadrilateral  PQRS  is  substituted.  I  shall  add  here,  how- 
ever, one  remnrkable  and  extremely  useful  property  of  this  division  ofallBa. 

There  is  a  point  O  in  the  line  of  involution  such  that 

OA  .  OB  =  OC.  OD  =  OE .  OF. 

1 — ! — HH — ! — I 

A      0      E  O  B      D  F 
For,  such  a  point  can  always  be  found  as  shall  fulfil  one  of  theae  equations, 
which  we  will  suppose  to  be 

OA  .  OB  =  OC  OD.  Wherefore, 


OA  :  OC  ::  OD  :  OB  ;  whence 
OA  —  OC  :  OD  —  OB  ::  OA  :  OC,  or 
AC  :  BD  ::  OA  ;  OC. 


OA  :  OD  ::  OC  :  Oii;  whence 
OA  -f  OD  :  UC  +  OB  ::  OC :  OB,  or 
AD  :  BC  ;:  OC  :  OB. 
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CSonttpOonding  these  two  equations,  we  uyt 

CA  .  AD  :  CH  .  OA  .  0(     OB  .  OC  ::  OA  :  OB. 

Now  if  the  same  point  O  do  nut  t'uliii  the  condition  for  the  four  points  A,  B, 
and  IL,     let  O'  be  the  point  which  fultils  it.   ihea  we  get  la  ihe  same  maimer, 

FA.AB :  FB  .BE QTAt  O'B. 
Bat  by  the  propoMtion  ittdf,  written  as  a  fwoporitum, 

CA.AD  :  CB.RD    FA.AB:FB.BE;  whence, 
OA  :  OB  ::  O'A  :  O'B.  or  OA  +  OB  :  OA  ■:  O  A  +  O'B :  O'A. 
Consequently,  CA  =  OA  ;  and  O'  must  coincide  with  O. 

Conversely.   If  OA  .  OB  =  OC  .  OD  =  OE  .  OF,  then  these  six  points, 
A,  B,  C,  D,  B,  P,  wffl  be  in  ravolnlion. 
For, 

CA  .  AD  :  CB  .  BD  ::  AO  :  OB    FA  .  AE  :  FB .  BE; 
which  IS  the  first  or  fundamental  property  of  this  divisioo  oC  a  line,  and  tint 
from  which  ail  the  rest  may  be  derived. 

For  a  de velopineDt  of  nameroui  other  cniioua  and  ueeAil  relatioae,  tbe  etodcnt 
may  conralt  Cheelee'e  Aptrfu  IStttHpu  dm  UdMt»  cn  QSmttdt,  noCea 
and  Mi. 

PROP.  XVII. 

Vpom  QS,  BP,  the  opposite  sides  of  a  simple  quadrilateral  SQBP,  as  hasfs, 
dfsn  sh^  tnauf/fen  BAP,  QRS,  the  vertex  of  each  being  in  the  base  of  the  other  ; 
and  Itt  Ah,  QU,  intersect  in  D,  and  AP,  SR,  in  H :  then  the  line  DH  will  pass 
through  I  the  mterseeiion  of  the  diagonals  PQ,  BS. 

Fos,  let  AB  meet  PS  in  C,  PQ  in  F,  and  SR  in  E; 
and  let  PQ  meet  RS  in  G.  Then  the  triangle  EFO  k 
cnt  by  the  four  tianeveneh  PC,  QR,  AP,  BS :  from 
which  we  have 

GP.      .  ES  =  PF  (  F,  .  •^G, 
GQ.  FD.  KR  =  QF.  Dt:.  KG, 
GH.EA.FP  =  Hli.  AF.PG. 
GS.EB.FI^SB.BP.IG. 
Aleo,  the  Sgm  PQR8  b  a  (puufailateral  (of  the  third 
species)  and  OS,  PR,  are  the  Fnpronala.  These  are  cut 
by  the  transversal  CE  in  A,  B,  and  the  opposite  pairs  of 
sides  are  cut  in  C,  D,  and  E,  F.    I'he  hne  CK  }^  thprp- 
fore  divided  in  involution.    Compounding,  iherefure, 
either  three  of  the  above  equations  with  a  CMrreeponding 
one  of  the  first  three  of  the  preceding  proposition :  for 
instance,  the  hot  of  those  eqnatione  with  the  first,  third,  and  fourth  of  these,  we 
ahalihave 

AF .  FB  .  CE .  ED  =  AE .  EB .  CF .  FD, 

GP.FC.ES  =  PF.CB.8G. 

GH.BA.FPss  UE.AF.PO, 

GS.EB.FIsSB.BF.IGs 
and  hence,  bj  composition , 

ED  I  I  GH  =  DF.  IG.  HE; 
which  iprop.  ii.)  is  the  criti:riun  of  the  sides  of  the  triangle  EFG  having  the 
three  points  D,  I,  H,  situated  in  its  sides,  m  one  atfaight  luie. 
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This  theorem  forms  prop.  139,  lib.  vii.  of  the  Mathematical  Collections  of 
Pappus.  The  demonstration  in  Pappus  is  extremely  elegant ;  but  the  method 
abora  employed  is  selected  on  account  of  its  forming  an  illustration  of  the 
method  of  tnuuremli.  Ik  is  a  putiader  eaee  ot  prop.  mm.  of  this  teriee ;  and 
anotfur  pioof,  alio  bj  meant  of  tnunvenale,  may  be  aeeo  in  my  paper  on  tbe 
l»«gMmM%  m  the  PikO.  Jfflj^.  eoll  Mi.  (189<9. 


PROP.  XVIII. 

Let  any  transversal  KH  be  drawn  amfugate  to  the  angular  point  A  of  the  triangle 
AMP  inscribed  in  the  conic  section,  to  cut  the  emV€  ii^  Q,  H,  the  tidet  «^  tkt 
triangle  i»K,L,and  the  base  MP  in  N:  then 

KN.NL=zGN.NH. 

For  produce  MP  to  meet  the  tangent  at  A  in  D  2  then 

AD  i8  parallel  to  KH ;  and  we  have,  by  parallels, 

DM  :  MN  ::  DA  :  NL,  and  DP  :  PN  ::  DA :  NK( 

whence, 

MD .  DP  :  MN .  NP  ::  DA= :  KN  .  NL. 
Bat,  MD .  DP  :  MN .  NP  ::  DA» :  GN .  NH 
Whence  (er  eq.),  KN.NL  =  QN.NH. 

Cbrattsry  1. 

Pkodnce  AM,  AN,  AP,  to  meet  the  opposite  and  parallel  tangent  at  B,  the 
other eztremitjofthediametarAB,  in  Q,  R,S{  then 

QB.BSsRB^. 
For  thia  ie  tfie  limiting  etate  of  the  Knee  in  the  propodtUm. 


thetanuuvenal  cut  the  diameter  AB  in  £,  then  the  system  of  se^^ments  of 
the  tnnavenal  ia  tSaaSkr  to  that  of  the  tangent  SB,  and  we  have  by  similar 
figures, 

LE .  EK  =  EN*  and  GN .  NH  B  EN*. 


PROP.  XIZ. 

V a  trmtvertal,  KL,  bednmpmM  to  JB,  mu ^  ik9 ekkt  qf  a  qtioAikteni, 
ABDC,  inscHbed  in  a  amie  teeHom,  oAHieg  the  emve  ia  KL,  tke  mdtt  AC,  BD, 
adjacent  to  the  tide  AB  in  F  and  0,nd  the  side  opposite  toABmB:  thm  wilt 
the  trauvenal  be  dkrided  by  the  curve  and  the  sides,  so  thai 

FE.EQszKE.EL. 

For,  produce  AB,  CD,  to  meet  in  H 1  then  by  simikr  trian^ 

AH  :  FE  ::  CH  :  CE,  and  HB  :  EG  ::  HD  :  ED ;  wheoee, 
AU.UB:F£.£G::  CH.HD  :  CE  .  ED. 

::  AH.HB:KE.EL. 
Whence,  the  first  and  third  terms  being  identical,  the  second  and 
fourth  are  equal ;  or  FE.EG  ==  KE .  EL. 
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CorulUinj. 

When  A  and  B  coalesce,  AB  will  become  a  tangent,  and  the  theorem  ii 
reduced  to  that  of  the  preceding  proposition. 

PROP.  XX, 

hd  »  inmnenal  CKf  a  conic  section  in  A 
mtdB^miOeriiMFQ,  QH,  BS,  8P,  i^m 

inscribed  quadrilateral,  im  F,  D,  E,  C .-  then 

thr  trnifr^xnl  wil!  h?  divirird  in  inrnlutrnn  ; 
or  such  that  thr  seven  eijuatiims  foUovoing  are 
JulfiUed  amonyit  its  segmeiUs. 

FA . AK . DB . BC  =  EB  .  Bl  . DA. AC; 
AC. CD.  ED.  DF  =  AD.DB.  EC.CF; 
AS .  £B .  CF .  FD  «  AF  .  FB .  CE .  ED ; 
and, 

FA.DE.BC  =  AD.EB.CFi 

AE.DB.FC=  ED.  BF.CA; 

EC.  AF.DB=  CA  .  FD  .  BEj 

CB .  FD. AE  =  BF .  DA .  EC. 
At  due  flnt  time  eqinlioiii  are  deduced  enctly  fai  Uie  eame  iiiaBiicr«  it  wiD  be 
•officioit  to  ettabUah  any  one  oC  them,  ae  a  |iatteni  for  the  invea^atuni  ^  the 
other  two.  Moreover,  the  last  four  sre  dedur^d  from  thr  three  preceding  ones, 
exactly  as  \»  done  in  the  corresponding  case  of  fr<^.  n.,  and  need  not,  there- 
lore,  be  repeated  here. 

First,   Let  PS  be  parallel  to  QR ;  then,  by  similar  triangles, 

FD :  CF ::  DQ :  CP,  and  ED :  CE DR  s  CS ;  whence, 
ED.DF  i  EC.CF OD .  DR  :  PC  .  CS, 
::  AD.DB  :  AC  .  CB. 
^rrond.    Let  PS  be  not  parallel  to  QR  ;  then  through  C  draw  KL  parallel  to 
UK,  meeting  the  cunre  in  K,  L,  and  the  sides  UP,  RN,  in  M,  N.  Then,  by 
similar  triangles, 

FD  :  FC  ::  DQ  :  CM.  and  DE  :  EC  ::  DR  :  CN ;  whence, 
ED.DF: EC.CF::  RD.DQ: MC.CN s=  KC.CL(|if<y.clar.) 
:;  AD .  DB :  AC.  CB. 

Both  of  which  reenlta  ate  identkal  with  the  seeoiul  eqaatum  of  the  prapoution. 

fftitohaei, 

Tlua  ie  the  celebrated  proposition  of  Demguei  ngarffiny  the  iaeoliliM  ^  wr 
jMlolt,  apoken  of  in  tho  eeholiniD  on  jmjp.  mi. 


PROP.  XXT. 

J[/'  the  three  pairs  of  opposite  sides,  AJ^  and  QR.  BS  and  PQ,  SR  and  AP,  of  a 
hexagon  irisrri/,/'if  in  a  rnnip  <tection,  AE5RQPt  be  prodMO$d  to  wusH,  the  thret 
points  of  tnttneclion  D,  I,  H,  vfill  be  in  one  line. 

For,  produce  the  three  alternate  sides,  AB,  PQ,  RS,  tO  meet  ud  fOflBtlie 
tiriAngle  EFG  f  and  draw  PS  to  meet  AB  in  C.  . 


Digitized  by  Google 


^4 


TR^SV£RSALS. 


c 


Then  the  inscribed  quadrilateral  PQRS  is  cut  by  the  trans\  ers;il  A  J  J,  which 
cuts  the  curve  in  A,  B ;  and  the  triangle  EFG  U  cut  by  the  four  transversals 
rs,  QR,  AP,  BS.   From  the  latter  we  get 

GP.FC.ES  ss  PF.CE.SGiromtliatniiiVindPS; 

GQ. FD.BR  s  QF .  DE. RG  QR; 

GH.EA.FPsHB.AF.PG  AP; 

GS  .  EB  .  FI  =  SE .  BP  .  IG   BS. 

Combining  any  tbree  of  these  with  a  correiponding  one  of  the  first  three  equa- 
tions in  theorem  xxi.,  we  shall  get  the  criterion  of  the  asserted  conclusion. 

Take,  for  instance,  the  thWd  of  the  equation^  in  prop.  and  the  fir»t»  Uurdf 
and  fourth  oi  the  preceding  ones  in  this ;  and  combinmg  them  ire  hsTCy 

AF.FB.CK.ED  =  AE.EB.CF.FD, 
GP.I  C.  ES  =  PF.CE.SG. 
GH.EA.FPs  HE.AF.PG, 
GS.EB.FIsSB.BP.IGi 

and  hanoe, 
ED.FI.GH«sDP«IG.HE; 
wbich  ipnp,  ii.)  is  the  mterioD  of  the  sidca  of  the  triangle  EFG  having  ita 
three  pointa  of  aection,  D,  I,  H,  in  one  line* 

PROP.  XXII. 

IjF  a  transrprsal,  as  FE,  be  draivn  parallel  to  a  given  imp  CV,  and  cut  ihf  mine 
$ection  in  the  chord  of  contact  AB  in  F,  and  the  tangenis  AC,  BC,  in  iu  and 
D  i  then,  whareoer  ike  irmuomtal  be  drawn,  DP .  PE  i  PF*  wiU  be  a  paem 

FoR>  draw  HG  through  P  panllel  to  AB,  neetiiig  the  tangenta  In  U»  G,  and 


*  This  theorem  is  one  of  conaidenUe  importance  in  ihe  theory  ot  trsasfentls,  and  I  amnol 

awire  that  it  has  hern  rfertmeirii-oVft  e8tabli»hc<rl  till  now.    Camot  haa  given  an  algi-braii  ititt*- 
tigatioQ  of  the  iiroblem,    to  find  the  locua  of  P,  bo  that  FP* :  DP .  P£  shall  be  a  gireo  ratto** 
(G0OOT.  4e  plot,  p,  448) ;  bat  h  is  neither  elcguit,  nor  emwbtent  with  hh  genenl  plan ;  though 
it  appears  to  hare  occupied  noch  of  his  attention  to  accomplish  it  otherwise.    His  remark  ia 
*»  rV'  pnJJanr  ?/V.s/  tpt^un  rnf  pfirliruh'i'r  flf  rrfiit  ipir  Ton  con  noil  sf>us  !<•  tie  problcme  dc 

Pappus,  risoiu  par  ]M*niiies  (  vojfez  ta  Geamtiriey  i.  ii.p,  iu ).  Ve  prriUime,  /anteujr  aut re/ait 
par  m  dijiadte,  ntn  a  pirn  at^amnTkMi:  jt  m  Is  damie  fee  eemme  «»mpl«  dm  chaiufepHSHt  des 
ethUfdimeimy  et  parugmfui  d  en  Unr  dioerm  eomiqeeeem  cerieemqetjt  crou  pag 
eonnuet^* 

The  geometrical  diffiruky  altafhct!  to  tliit  orohleni  in  its  pros«iit  !iha]»e,  it  5?  c1««ar,  from  the 
f«iregoing  demonstration,  is  greatly  overraica  hy  Caruot.  The  co-ordinate  method  emplo^rvd  bjr 
him  ii  verj  hwlsgani;  sad  ts  the  gsnenl  dwnetcr  of  iris  worit  regtiifod  a  demoaotitt—  stricdr 
geometrical,  we  cannot  help  regrcttiiig  that  SO  shlo  a  |O0in«ler  hsd  HOC  conridored  it  wottby  dT 

further  inv^Mttgntion  hy  tfu-  priticiplcs  of  p«ir^  trp^tnHrv. 

The  ''curious  propu»iuoa»"  of  Carnot,  witli  man;-  others,  are  giron  i&  this  work. 
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the  curve  again  m  1 1  tbo  draw  PL,  PK.  parallel  to  AC» 

BC{  and  the  nrmi  flirmptrrs  OR,  OS,  OT,  parallel  to  AB, 
AC,  BC.  Then,  since  (iU  is  l  arallel  to  the  chord  of  con- 
tact, III  =  PG,  and  HP  =  IG. 
Again,  by  nmilar  triugles, 

HP :  P£  ::  AV  :  Vq,  ftod  PQ  :  PD    BV :  YCi 
whence, 

H  P .  PG  :  DP .  PE  :  AV .  VB  :  VC». 
Also,  PlI .  HI  :  HA^  ::  OR=  :  OSS 
IG.GP:6B'::  OR'tOT; 
'herafon,  amct  PH .  HI  s  10 .  GP s  HP. PG,  HA*=  W,  and  GB*b  PK*. 

#e  have*  by  compoondinK, 

HP.  PG  :  KP  .  PL  ::  0R2  :  OS  .  OT. 

Also,  KP .  PL  ;    PF»    ::  AC .  CB  :  CV»  by  um.  trians. ; 
ud  DP.  PE  :  HP.P6  ::  VC*  :  AY .  VB,  as Ittan  foood ; 
wherefoK,  compoanding, 

DP .  PB  :  PF«    0R« .  A  C .  CB  :  OS .  OT .  A  V .  VB, 

OR^  AV.VB 
"     OS.OT     '  AC.CB* 
which  assigns  the  constant  and  given  ratio  of  DP  .  P£  :  PP. 


PROP.  XXIII. 

Ijet  any  triangle  ABC  hp  inscribed  in  a  crmir  ^frtinn,  and  to  the  points  A,  B,  C, 
tangents  to  the  curre  be  drawn,  /otming  the  triangle  DBF;  and  let  any  trans- 
Venal  IN,  having  a  given  inclinationf  be  drawn  to  cut  the  sides  of  the  inscriML 
irkmfb  AB  im  K,  BC  m  L,  mi  CA  m  Ni  «mi  ih§  ddes  of  the  ewtmueribed 
iriaik,  EFm  H,  FB  in  J,  md  DB  m  M:  then,  if  0  be  one  of  the  points 
of  section  of  the  frmmrMf  with  tki  eme,  QK,QL.QN  z  QH,Ol.  QM,  wiU 
be  a  given  ratio. 

For,  denote  the  ratio  found  in  the  last  pro- 
position hy  k^,  and  the  corresponding  ones  for 
the  chords  BC,  and  CA  by  it,',  and      ;  also, 
express  for  brevity  the  three  distances  estimated 
firooi  G  upon  the  transrsnMl  to  the  sidst  of  the 
inscribed  triangle  (the  chords),  by  Y„  Y,,  ; 
and  the  distances  from  the  sides  of  the  circunu 
scribed  triangle  (the  tangents),  by  Z,,  Z^,  Z^. 
Tb«o,  by  tlie  last  proposition,  we  iiave 
Y,»  =  t.«Z,Z,j  Y,«  =  VZaZ.» 
andY»*s  V2,Z,. 
Compounding  thcKc,  we  have 

Y,'  Y,'  Y,«  =  *,«  V  V  Z,»  Z;  Z,*; 
or  Y,  Y,  Y,  =  *.     *,  Z,  Z, 
which  establishes  the  proposition. 

Corolfawy  1. 

Hio  aame  propositioii  holds  with  respect  to  the  qtndrilatenl,  the  pentagon, 
■  nnd  gmeialty  for  all  polygons. 

For  let  ABPC  be  a  quadrilateral  inscribed,  and  FSTE  the  corresponding 
eircnmachbed  one.  Theo,  denotiog  by  k^,  V*  V»  V«  ^  ratios  in  teferenco 
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to  each  of  the  tyvkooui  of  om  chofd  and  itt  two  tangenta,  wo  ahall  gel^  ia  tia 
tame  way, 

Y,  Y,  \,  Y^  —  k^  i,         Z,  Z,  Z,  Z^. 

And  ranilarly  the  thebtem  ia  extenaiUe  to  any  polygon  whatofer. 

CproBergf  S. 

If  we  seek  the  actunl  expression  of  the  ratio  k^  k,  k,,  in  the  case  of  the  triangle, 
draw  FY,  FW,  DX,  ]  arallel  to  the  transversal  i  then  the  latio  wiU  t^vioiiafy  be 

AV.Vb  AW.WCBX.XC      ..^  , 
that  of  unity  to  ^cTCB' AC .  EC  BD  VC  "^^"^ 

AV.YB.AW.WC.BX.XC:AC.CB.AE.EC.BD.Da 
For,  in  the  pcaceding  fixture,  the  antecedent  of  the  ratio  ia 

QR»        0S=  0T2_ 
OS .  or  OT .  OR  b \l  OS*  * 
and  the  same  is  extensible  to  all  other  polygons, 

Vnm  tfua  syatem  of  relaUons  we  may  also  deduce  some  odiei* 

Y.*  =     Z,  Z„  Y,»  =  V  Z,  Z„ 

Y.«  =  VZ.Z.,Y,»  =  VZ,Z.. 

lliese  give   


Wherefore, 

That  ia  to  aay :  if  a  tranaveraal  widi  a  given  indination  be  cut  by  a  conic  aec» 
tion  and  ita  inacribed  quadrilateral,  then  the  rectangle  under  the  aeguieiiia  of 

the  tranaveraal,  eatimated  between  either  of  its  intersections  with  the 

one  pair  of  opposite  sidcF,  ha'?  a  given  ratio  to  the  rectangle  under  the  sc 
between  the  same  point  in  the  curve  and  the  other  pair  of  onpo<?ite  sides 

This  is  a  particular  case  of  the  propositiua  at  p.  ibi;  viz.  whea  the  two 
tranafenala  of  that  propoalion 


PSOF.  zxiv. 


wkiA  ttao  eitftf  tk$  auvt  6i  P.-  tkm  tht  toUd  wider  tka  dUUmeu  ^  P, 

H,  K,  M,  the  inter seettOM  ^  the  trannerttd  with  the  second,  fourth^ 

sides,  Kill  have  a  ijirfn  ratio  tn  the  ^olid  undrr  th?  distnnrfu  of  P  /nM  X% 
the  intersections  qf  the J^rst^  thirdf  and Jijtk  tides  qf  the  hexc^OH* 

For  join  AD,  cutting  the  transvpr^^a!  in 
N:  then,  if  m,,  m.^,  be  the  ratios  denoted  by 
k,  jb,  and  k^  k^  of  the  preceding  proposition, 
as  applied  to  the  two  qnadriiatenla  ABCD, 
ADEF,  cut  by  the  tianaTeraal,  we  ahall 
hafe 

PH  .  PN  =  m,  PI .  PG, 

PM.PK  =  m,  PN.  PLi 
whence,  compounding,  the  segment  PN 
diaaniean^  and  we  have  * 

PH.PK.Wfss  m,  m,  PG.PI.PU 
which  ia  the  property  affirmed. 
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ConSary  L 

An  inserilivd  octpgon  maj  be  divided  into  t  hongon  end  ^piadrilitmlt  a 
deeagoo  into  an  octagon  and  a  qnadrilateralj  and  ao  on.  Whonoa  the  property 
eitenda  to  all  poljgona  of  an  tvmtmmbtrffriiti. 

Corollary  2. 

If  the  nnnber  of  sides  of  the  iiMcribed  polygon  be  odd,  a  tangent  at  any  one 
cf  the  angular  poinia  may  be  aobititated  for  the  deficient  one ;  and  talcing  thia 
either  to  bekn^f  to  the  odd  or  evra  aerice,  the  praeediog  theoreni  will  epply* 

Corollary  3. 

If  the  anglee  of  any  inscribed  polygon  be  drawn  to  form  a  circumscribed  ooe, 
the  ridea  of  the  ineeribed  may  be  eoneiderad  aa  the  even  aidee,  and  thoae  of 
the  eircumscribed  one  as  the  odd  ttdea  of  the  inacribed  onei  then  the  theonok 
becomea  identical  with  jHtg». 

PROP.  XW, 

Jjet  the  opposite  pairs  of  adjacent  sides  <\f  a  iit-.mgfyn,  AB('[)h'F,  inscrihfd  in  n 
conic  section^  be  produced  to  meet  in  G  and  H  ;  and  draw  the  diagonals  AD, 
BB,  to  mtentei  m  K:  tkem  G»  H,  K,  mUbtimmu  Km. 

For  if  not,  Ici  CiU  cut  AD  in  K,.  and  BE  m  K,.  Hien, 
cooaidering  the  aiz  linea,  AO,  DC,  CB.  BE,  EF.  FA»  in 
aocceaaion  to  constitute  a  new  haagon,  cut  by  the  trana- 
yersal  GH,  which  cuts  the  curve  in  P,  Q,  and  the  ORpe- 
tii0  iimtt  AD,  BE,  in  K,,  K,,  we  have  ( prop.  Trip  ), 

PK, .  PG  .  PH  =  m .  PH  .  PK, .  PG,  and 
QKi.QG.QU  =  ai.  aU .  QK,.  QG. 
Whence,  QK. .  PK«     QK, .  PKt»  or  adding  QK, .  QK^ 
QK,  (QK,  +  K,P)  =  QK,(QK,  +  K,P). 
l^ow  aK.  +  K,P     QP  s  QK,  +  li|P$  whence, 
QK.  =  QK„ 

which  ia  impossible.  The  Ime  GH,  tbertfore,  passes  through  K. 

Thia  ta  one  of  the  many  el^ant  casee  of  FtocaPa  hengram ;  but  thia  demon- 
stration cannot  he  made  to  apply  (as  Carnot,  by  some  oversight,  inferred)  to  the 
cased  where  the  line  (iH  does  not  cut  or  touch  the  curve,  the  cesence  of  the 
proof  requiring  P  and  Q  to  be  in  the  ctirve. 


PR(»1'.  \XVL 


A  triangle  ABC  is  ctU  by  a  conic  sevtwn  in  D,      F,  G,  f1,  K,  as  in  the  figure  i 
then  AD.AE.  BF.  BG.CH.CK=  AK  A II .  BE  .  BD .  CF.  CO. 

Fob  draw  the  semi-diamcters  OP,  OQ,  Uli,  parallel 
to  thoaidea  of  the  triangles  then, 

AD.  AB  :  AK.  AH  ::  OP* :  OR^, 
BF .  BG  :  BE  .  BD  ::  OQ' :  OP«, 
CH.  CKs  CG  .  CF  :;  OR'  :  OQ*; 

whfnee, 

AD.AE.BF.BG.CH.CK  =  AK.AH.BE.BD.CF.CG.  ^ 


^  ,  TIUNSV£aSALa 


Hie  same  pFOcest  appliet  to  any  polygon  whatever,  and  the  eame  coiid< 
ie  dedocible. 

"When  the  conic  touches  the  several  sides  of  the  figure,  the  general  p 
becumcis  ideuLicai  with  the  luiiuwiug  une. 


PROP.  XXVIt. 
lAf  cenlMtMrf  jm«AmI     <fa  ew  M  slrerMtf e  Jiyii^ 

VoR,  draw  the  eemi^iameten  OQ,OR»  OS,OT, 
parallel  to  the  sides  :  then, 

EB  :  BF  ::  OS  :  OT 

FC  :  CG  ::  OT  :  OQ 

GD:  DH:i  00.  :  OH 

HA:AE  ::OR:  OS; 
whence,  compounding,  we  obtain  the  stated  re- 
sult. 

The  tame  proof  evidently  appliei,  however  many  the  lidee  of  tb«  polygon 
maybe.  , 

SekoUmm, 

The  contact  oj  the  general  conic  section,  with  any  polygon  whatever,  there- 
fore, givea  a  teeoH  analogous  to  the  mittmeikm      ngU  Vm 

PROP,  xxvni. 

l^t  IBC  be  a  triangle,  touchinfj  a  conic  section  in  D,  E,  F,  and  DEF  the  (rtam^te 
formed  by  the  chords  of  contact ;  lei  aUo  the  opposite  sides  of  the  two  triamgies 
be  proAued  to  mtH  m  G,  H,  Kj  tmd,  faaUy,  Ut  AD,  BE,  CF,  be  ArmM^ 
ihm  AD,  BE,  CF,  wiU  meet  m  mie  pmiU,  and  0»  H,  K,wiUb§iRamliim, 

For,  AF.BD.CE  =  FB.DC.EA 
( prop,  xxvii.) ;  whence,  AD,  BE,  CF, 
pass  through  one  point,  P. 

Again  (pr(^.  cmm.),  the  ooneipondmg 
angles  of  the  two  trianglet  being  upon 
lines  AD,  BE,  CF,  which  pam  throngh 
one  point,  P,  their  corresponding  inter- 
Beetions  G,  H,  K,  are  in  one  line. 

SchoUum. 

In  the  lanjTiagc  of  our  definitions  6  and 
7.  the  two  triangles  so  constituted  nre  co- 
polar  and  co-axial.  Tlie  theorem  itself  is 
very  ethcient  in  the  investigation  of  pro- 
perties of  the  conic  lectiou. 
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PROP.  ZXIX. 

If  tine  iirmffkt  Utet  be  irmm  J^om  my  poini    tig,  8A,  83,  SC,  and  be  eat 
mof  irmuMnai»  A»B.     ntpetihelsf  t  tkm  ike  rutw  CA ,  B8 ::  BCSAwiU 
be  eenettmijbr  aBpeeiHoite^tke  iraueenaL 


Fos,  UiroDgh  C  draw  06,  CH.  parallel  to  SA,  SB :  Uwn, 

AC  :  CU  ::  AB  :  BS»  or  AC.  B8  =  AB  .CH,  and 
AB  :  BC  ::  AS  :  CO,  or  BC .  AS  =  AB .  CG  ;  whence, 
AC  .  BS  :  BC  .  AS  ::  AB  .  CH  :  AB .  CG  ::  CH  :  CO  ::  SG  :  GC ; 

and  this  u  a  conatant  ratio,  tince  the  triangle  SCG  ia  given  iu  species. 

Coroflory  I. 

Id  the  oontineiitil  mc  tl  xl  of  writing  this  class  of  residtSj  we  nay  express  itbf 

CA  CB     CG  CH 


ss  eoostant. 


The 


F        —  tiiLCSA  CB 
'SA""8inSCA'  SB 


CbroUery  9. 
form  is  also  an  ezceedingij  eonvenioit  one : 

CA  .  BS  :  BC.  SA  ::  sin  ASC :  sin  GSB. 

8in  CSB^  ^  ^        s  sin  SCB;  whence. 


CA  CB  nin^ASC  sin  _ 
»A  '  SB  •■  sin  SCA  '  sin  SCB 

XOWH. 


sin  iiCB' 

sin  ASC  :  em  CSB,  and  the  condnsioa  fol- 


PROP.  XXX. 

j[f  four  lines,  SA,  SB,  SC,  SD,  which  meet  in  one  point  S  be  nd  by  any  innis- 
versal  tn  A,B,  C,  D,  respecliveljf ,  then  the  three /oiiowing  anharmonic  ratios 
wiU  be  comeitmt : — 

AC .  BD  ;  BC.  AD,  where  A,  B,  are  conjugates, 

BC.  AD  :  AB.  CD.  A,  C,  

AB.CD:AC.BD  A,D,  


Fob,  draw  thrvnigh  B,  C,  D,  lines  psraUel  to  SA :  and  let  them  meet  SC,  SD, 
inG,      8D,SB,  inNandMi  andSC,SB,ioLandK.  Then, 
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LuUy, 


AC  :  BC  ::  AS  :  BG,  and  BD  :  DA  ::  HB  :  AS$  whence, 
AC . BD :  BC.AD-::  HB :  B6»  a  comtuit ratio. 

BC :  BA  n  CM :  AS,  and  DA  t  DC ::  AS  :  GN ;  wiieiice, 
BC .  AD  :  AB.  CD  ::  CM  :  CN,  a  eooiteiit  latio. 

CD  :  CA  ::  DL  •  AS,  and  BA  :  BD  ::  AS  :  DKj  whence, 
AB .  CD  :  AC .  bD  ::  DL :  DK,  a  constant  ratio. 

Another  demonstration. 

hyprop.  TTijr.  cor.  2,  we  have, 

CA  .  B8  :  CB  .  AS  ::  sin  ASC  :  sin  BSC,  and 

DB .  AS  :  DA  .  BS  ::  sin  BSD  :  sin  ASD  j  whence, 

CA .  BD  :  CB .  AD  ::  sin  ASC  sin  BSD  :  sin  ASD  sin  BSC. 

SimUarly.  AC .  BD  :  AB  .  CD  ::  sin  ASC  sin  BSD  :  sin  ASB  sin  CSD. 
and  AB .  CD  :  AD .  BC ::  sin  ASB  an  CSD  :  ain  ASD  ain  BSC. 

ConOarff  1. 

Since  the  linea  CM,  LK,  6B,  are  similarly  divided,  the  conatant  imtioa  may  be 
expressed  in  terms  of  tha  augments  of  any  ona  of  them:  for  instance,  tbat  thnrngh 
D  in  each  of  the  ^oras. 

AC  .  BD  :  BC  .  AD  DK  :  KL, 
BC.  AD  :  AB.CD  ::  KL  :  LD. 
AB.CD  :  AC.  BD  ::  LD  :  DK. 

Corolktry  3. 

Let  another  tnuureml  cut  the  four  lines  in  A*,  B',  C,  W :  then, 

AB.CD     AC.BD  s  BC.  AD. 


A'C  B  P  _ 


AB.CD   

BC.AD  "^'BC'.A'D' 
B'C^ .  A'W  _RD.AC 
A'B'.CD'  AB^lSOr 
BC'.A'D'  _  AB.CD 
A-e.B'D'      AC.  BU 


A'B\CD' 
BC.A'D» 
BC.AD 

AB.  CD 
BC.AD 

AC.  BD  A'CBD- 


AC.BD 
BC.AD 
BD' .  X'C 
A'B' .  CD* 
A'B'.C'D' 


=  1 
=  1 
=  1. 


Scholum, 

The  three  cases  of  this  theorem,  like  so  many  others  in  transversals,  are  hot 
one  single  theorem  a(la))lcd  to  the  three  fignrw.  The  property  itself  forms  rii. 
prop  129,  of  the  M  tiheinatical  Collections  of  Pnppus.  The  general  proyKisilion 
and  Its  corollaries  are  made,  with  proinisuiix  etll  ct,  the  foundation  of  a  general 
theory  of  the  conic  sections  and  their  corresponding  surfaces,  by  M.  Chasles,  in 
the  notes  to  his  Aperfu  Historique  des  Metkodes  en  G^ometrie.  Whether  such 
form  as  he  has  given  to  the  inquiry  be  really  the  best  that  it  admits  oi^  is  a 
qoastlon  it  minld  at  preseni  be  prematora  to  diaensa,  and  mnch  more  pivmstors 
to  affirm  or  deny  {  bnt,  there  is  considerahla  raaaon  to  bdieva  that  it  wan  nfioQ 
thia  principle  that  the  discoseions  of  tha  properties  of  the  conic  sectiona  were 
conducted  in  the  later  period  of  the  Alexandrian  school  of  geometry.  See  alio 
the  note  at  p.  242. 

When  the  ratios  in  the  proposition  are  tho!?e  of  equality,  the  division  is  the 
fiarmomcal,  of  which  considerable  use  QiB  18  evident  from  Pappus)  was  made  by 
the  later  Greek  Oeoineters. 
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PROP.  XXXI. 

(^Jigwrt  to  preet^iiff  fi^poritUmJ 

^fnm  mtjf  fim  JSsnd  pomt$.  A,  B,  C,  D,  nhiatti  mi  mu  Bag,  Hrmght  Umet  i$ 
drmom  to  any  pomi      Hm  iks/Mommg  mAmmomo  roHoi  wUt  be  eoulmt : 

m  ASC  tin  BSD  :ti»ASDdm  BSC, 

tin  ASC  sin  BSD  :  sin  A  SB  sin  CSD, 
ff»  ASB  tm  CSD :  m  ASD  $m  BSC, 

Fob,  lif  fho  Mcond  proof  of  prop,  xsad,  we  havet 

UD  ASC  sin  BSD  :  sin  ASD  sin  BSC  ::  AC .  BD  s  AD .  EC ; 
and  nnco  A,  B,  C,  D,  are  giTMi»  Ibe  latter  ratio  is  given,  and  hence  the  former 
one  ii  CN>iistaat*  In  the  eame  wmtusr  the  other  two  caeee  follow. 

Corollary  1. 

When  AC  .  BD  =  AD  .  BC,  the  division  becomes  the  harmoriical,  nnd  we 
thus  obtain  a  property  of  the  angles  formed  by  the  system  of  hartiiouical  &Lclors 
that  has  not  been  much  noticed ;  viz.  that  the  ratios  expressing  the  proposition 
an  Clioee  of  equality. 

Corottary  9. 

If  there  b(  n'wcn  four  j)oint3  in  a  bne,  or  four  line*  meeting  in  a  point,  all  tlie 
snharmonic  ratios  that  result  from  drawing  hues  from  the  given  points  to  meet 
in  a  new  point,  cutting  these  by  e  new  tranevenal,  drawing  Imes  from  the  new 
points  of  eection  to  another  point,  and  eo  on  t  tbeae  will  all  be  conetant,  whether 
the  systems  be  in  one  or  in  different  planes. 

CoroUory  3. 

If  two  linee  are  divided  in  the  same  anbarmonic  ratio  in  A,  B,  C,  D,  and 
A'.  B;  C,  D'.  and  if  they  be  so  situated  that  AA',  BB*,  CC,  tend  to  one  pomt  S, 
then  also  DD'  will  tend  to  that  point 

CoroUary  4. 

When  two  lines,  as  in  the  preceding  corollary,  are  divided  similarly,  they  may 
be  in  innumerable  ways  placed  upon  the  aame  system  of  anbarmonic  sectors. 

Corollary  5. 

If  four  planes  tni  ( t  m  one  line,  the  anbarmonic  ratios  of  the  transversals  which 
cot  them  will  be  consunt. 

CoroUary  6. 

If  through  any  four  points  in  a  straight  line  planes  be  drawn  to  meet  in  one 
line*  the  anbarmonic  ratios  of  their  dihedral  angles  will  be  constant. 

SchoHnm.  , 

It  may  be  well  to  apjiri«r  the  student,  that  though  M.  Chasles  has  established 
this  corollary  upon  theortm  uxxi.,  this  process  is  not  at  all  indinpi  nsnhle,  and 
that  the  theorem  of  Pappus  is  in  itself  adequate  to  establish  the  equality  of  the 
conjugate  ratios  of  the  segments  of  AB,  A'B',  A^B**,  etc. 
In  faet,  the  thcofem  of  Pappus  gives  directly  the  eqtudity  of  tlie  anbarmonic 
VOL.  II.  n 


Digitized  by  Google 


TBANSVKBSALS. 


ratios  of  ihe  segments  of  AU  and  AU,  by  the  eysiein  of  lines  drawn  to  those 
of  A'B'  and  A "B"  by  thow  drawn  to  S"*,  and  w  on,  without  the  inlemntion  of 
any  conaidention  of  the  aoglee  formed  at  S,  W,  8^,  tic.  It  does  not  appear^ 
therefore,  at  all  unlikely,  that  many  of  the  pnperfm  and  met  of  the  anhariDonic 
ayetem  were  known  to  the  anciente ;  though  i  am  net  able  to  adduce  any  direct 
proof  from  the  mathematical  collections  of  Pappus  (the  only  sketch  of  the 
ancient  aystems  of  geometrical  inquiry  that  have  survived  the  general  wreck  of 
science  and  literature  *)  for  what  puipofle  it  was  used,  and  to  what  extent  its 
applications  had  been  carried. 

PROP.  XXXII. 

Jf  four  lines,  A,  7?,  C,  D,  cut  three  other  lines,  L,  L\  L",  of  which  no  two  are  in 
the  fimnp  pfinio.  in  abed,  a  b  ed',  and  a"b"c"d",:  then  ad,  a'd\  afd",  are  divided 
in  the  same  auharmonic  ratio. 

For,  through  L"  draw  planes  lo  net  upon  A,  B,  C,  D :  then  these 


•  The  ui«tliciuatical  colUrtion^  of  Papp<is  Iiavc  always  appearrH  to  mc  to  partake  mncb  mo  it 
of  Uie  character  of  a  rough  note-book,  thuu  of  a  hnishcd  digest  of  the  mat hciiiat teal  Mrieuccs  &.« 
|h«y  ezittod  id  bit  time.    The  slightest  glance  at  the  contents  of  his  several  books  will  convince 
thmt  even  tb«  nott  eoinpl«te  of  hi*  coll«ctiont  it  in  aa  nnfinblwd  ilsie ;  and  tbat  they  tarn 
only  detached  parts  of  a  larger  and  complete  work. 

The  (listribution  nnd  arranj^pmcnt  into  books  is  certainly  the  work  nf  an  editor,  thnnsrh  pro- 
bably done  immediately  after  the  death  of  Pappus.  There  is  no  natural  order  in  the  distributiou 
•f  time  booln  u  to  mlijeet ;  snd  frequently  we  nay  d«teot  m  snoatiinl  vnlir  In  the  proposk 
IfoQS  composing  thoae  books  which  are  the  most  ODSiplcte.  Tke  ftbasno*,  too,  of  tbr  very 
inportaat  snbjef  t  of  t  ho  Conic  Sections,  (and  Imw  iinporiant  a  snhject  of  gpotnptrica!  «}K>cu!.ntiou 
this  WM  amongst  the  ancients,  it  evinced  by  tlic  extended  treatise  of  Apollomut,)  proves  not 
only  ineoni]4«Cennt  of  the  insl  arrangement,  but  the  ewential  inoompleleneM  of  the  whole 
work. 

The  scvonlli  l>0((k,  especially,  whilst  it  has  proved  the  great  extent  of  the  researches  of  the 
Gret-ks,  aiid  'tiforms  us,  mth  a  pTatcr  or  lr<i«  dcprcc  of  prcrision,  of  tlic  method*  which  thcr 
eonpiojed,  Mid  the  general  probleius  whk  li  liad  bcuii  treated  by  ttie  ^ueceiesuni  uf  IMato,  is  the 
meet  tacoinplete  of  all.  It  coniiats,  in  iiKt,  of  a  utmAer  cf  ntffre  fragmeid*,  pnl  down  ^Htbottt 
regard  to  order,  and  without  any  attempt  at  tystematic  amin;:i  tiu  nt.  It  fmnun  to  have  bees 
composed  of  all  the  fragments  which  did  not  nnturally  fall  under  the  tic:ul>  of  the  fornu  r  V)ook>. 
After  allf  it  it  a  prize  even  in  its  present  state.  At  the  tame  time  we  must  be  caref  ul  in  our 
infetences  from  it^  ae  to  what  the  Greeks  had  mat  attained  in  mathematical  science ;  and,  on  the 
other  hend,  may  we  not  attfilmce  to  them  oil  the  natural  and  obvious  consequences  which  could 
h"  derived  from  the  pTopo«iitions  rnntnined  in  tlii-*  book  (thf  scvrnth),  and  that  is  Cho  meil 
gimpte  and  obvioui  manner,  con»istent  with  their  mannci'  of  itivestigating  ? 

When  we  consider  that  Pappus  lived  at  a  period  to  be  able  to  denominate  .\polloniu8  ^*  m 
ancient,**  wv  can  scarcely  suppose  that  the  subject  of  the  sections  of  the  cone  was  statjonaiy  f» 
tix  hundred  years.  The  treatlte  of  ApoTlonius  is  cotne  donn  to  us,pefhaps  nearly  as  he  it; 
but  nmic  nf  the  pro|K'nies  thnt  are  so  explicitly  stated  by  Papjm*  nre  etnplo\  c<l  in  it.  Are  wt 
not  justitied,  then,  in  the  inference,  tbat  the  properties  so  much  dwelt  upon  by  i'apput,  and 
whicb  we  shown  by  Cbssles  to  lead  to  the  entire  properties  of  the  conio  sections  with  sadi 
CSfrene  fsdllty,  were  mainly  destined  to  subserve  his  development  the  properties  mt  these 
curves  in  a  form  more  simpli-  than  iiad  been  effertcd  by  Apollonius?  The  almost  riitir* 
aheencc  of  extract  from  the  Comiai  of  Apollonius  (except  a  few  plane  theorems  which  may 
haTO  been  used  for  other  purposes)  in  the  collections  of  Pappus,  favours  tUit  view.  The 
frsfuentaiy  ehencter,  indeed,  of  the  seventh  hook  of  the  Collections,  jnstiHes  the  belief  of  ils 
being  composed  of  several  systems  of  la^sJrice  p/t^Miralofy  to  soneiiy  dbtiBflt  Uwatisse  oe  tite 
ievf  ral  •nilijfcts  to  which  they  relate. 

Much  iiiay  iie  added  to  enforce  the  idea  under  which  this  note  was  wntten  :  but  aa  it  u 
•Iready  unusually  long  for  such  a  purp(»«,  I  ihall  only  add,  that  I  consider  Chaslcs  to  be  llie 
tnie  restorer  of  the  conies  of  the  modem-ondents ;  that  Is,  of  the  conies  between  the  periods  ia 
idkidi  ApoUoniusand  Bqipas  flourished. 
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vill  cut  L  in  a,  5,  c»  and  L'  io  a\ 
k,  e*.  rf.  CoiMcquently,  the  lines  L 
asd  1/  cutting  the  four  planes  AL", 
BL*.  CI/.  DL",  will  be  divided  in  tha 
mm  anlianBOQic  ntio  {prop.  Mwm* 

In  the  same  manner,  planet  through 
t  aod  A,  B.  C»  D,  will  be  eat  by  U 
and  L"  in  the  same  anharmonic  ratio, 

or  ah'c'd\  and  (f'b'r'  fi",  uil)  l)p  di- 
ndeij  ;n  the  same  ar-li.innonic  ratio. 

^Vherefore,  the  three  iiiies  L,  L',  L",  are  divided  in  the  same  aQbarmonic  ratio 
bj  the  four  lines  A,  B,  C,  D,  which  rest  upon  them. 

CerttOvy. 

If  lu'o  lines  L',  L,  be  so  divided  in  a'b'c'd  and  a^cr/  as  to  have  the  same 
anharmoDic  ratio,  and  if  the  four  lines  A,  B,  C,  D,  or  a'a,  c'c.  (/  </,  be  drau  n  ; 
tha  erery  i^traight  Une  L'^'  which  touches  three  of  these  lines  A,  B,  C,  will  also 
wet  the  fourth,  D. 

1.  If  thnmgh  any  point,  P,  within  the  field  of  the  triangle,  ABC,  linet  be 
drawn  from  the  aaglee  A,  B,  to  meet  the  opposite  lidee  lespectivelj  in  D, 
E,  F:  then, 

DP     KP  FP 


AP  ^  BP  ^  CP     ,  , 


DA     Jib     i?'C""  ^* 


AUo  show  what  the  relation  becomes  wlien 
P  i%  without  the  field  of  the  triangle,  whether  below  the  base  or  beyond  the 
rertex. 

2.  If  through  any  point  P,  in  the  plane  of  the  triangle  ABC,  lines  be  drawn 
parsUel  to  libe  adet  (HT  the  triangle,  meeting  BC  in  D,  D',  meeting  CA  in  £  and 
IB,  and  meeting  AB  in  F,  F :  then  will 

FD.PE.PF  =  PD'.P£'.PF  =  DD'.EE'.FF  =  AF.CD.BB  =  AE'.BD'.CF. 

3.  If  a  tranarersal  EFD  ettt  the  sidea  of  a  triangle  ABC;  m.  BC  in  D, 
CA  m  E,  and  AB  In  F;  then  will 

AB.BC:FB.BD::-AC'  +  CB*+BAS:~FD*  +  DB*+BF^. 

4.  If  in  two  linee  AB,  A'B',  any  how  situated  in  space,  two  points,  O,  O', 

be  taken  ;  and  any  variable  equal  distances  AO,  OB,  A'O',  O  B',  be  taken,  and 
AA',  BB'.  be  bisected  in  C,  D,  and  AB ,  A  B.  be  bisected  in  O,  D' :  then  C,  D, 
viU  always  be  in  one  straight  line,  CD  will  always  be  in  another,  and  these 
two  strsijfbt  lines  will  intersect  in  a  point,  and  be  at  right  anisic-  to  each  other. 

5.  Let  there  be  given  any  polygon  with  an  even  number  of  sides,  and  likewise 
two  other  lines  (all  the  lines  concerned  bein^(  capable  of  indefinite  extension 
where  required) :  liieu,  if  a  variable  trandven^l  be  drawn  parallel  to  a  given 
line,  cut  the  aides  of  the  polygon,  and  likewise  the  two  given  lines  in  two  points, 
the  continoed  product  of  the  distancea  of  all  the  points  of  section  of  the  odd- 
numbered  sides  of  the  polygon  from  that  of  the  first  line,  has  to  the  continued 
pfodiKt  of  the  diatanosa  of  all  the  e?eB«numbered  |>ointa  from  that  of  the  second 
line,  a  given  ratio. 

6.  From  three  given  points  in  a  straight  line,  draw  lines  to  any  arbitrary  point ; 
and  from  two  of  the  given  points  draw  lines  to  medt  at  an  arbitrary  point  in  the 
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third  line,  and  to  cut  each  line  different  from  that  in  which  it  is  Bitoated :  the 
fine  drawn  tlirougb  tlw  two  points  of  intersection  win  always 
fixed  point  in  the  line  which  contains  the  three  ^ven  ones. 
7-  From  each  of  three  points,  situated  in  one  straight  line»  let  two  straight 

lines  be  drawn,  so  as  by  their  mutual  intersections  to  form  three  quadrilaterals: 
then  the  dia^^onals  of  these  three  quadrilaterals,  being  taken  three  and  three  (vis. 

one  diagonal  of  each  quadrilateral),  will  pass  through  the  same  point. 

8.  Let  two  pairs  of  points,  A,  T,  and  A',  C,  be  given  in  a  straight  line,  and 
MP  any  line  cutting  AH:  let  any  two  triangles,  ABC,  A  BC,  he  described 
having  R,  B',  in  NP;  from  any  other  point  P  lu  NP  drau  IW.  PC,  PA',  PC', 
cutting  A  a,  B'C,  AB,  BC,  Q',  R',  Q,  R,  respectively;  tiien  Qli,  and  Q  II , 
will  meet  in  AB,  or  be  both  parallel  to  it. 

9.  Let  AfiC«  A'B'O,  and  FN  be  as  in  the  preceding  theorem,  and  draw  PEF, 
PFr,  cutting  AB,  A'BV  in  and  BC,  WCT,  in  P :  then  EF  and  E'P  wiU 
meet  each  other  in  AB,  or  be  both  parallel  to  It 

10.  Let  there  be  a  complete  quadrilateral,  the  simple  salient  part  being 
ABCD,  and  let  AB.  CD,  meet  in  F,  and  AD,  BC,  in  G:  then,  if  circles  be 
described  about  ABG,  DCG,  ADF,  BCF,  they  will  meet  in  one  point  P,and  the 
centres  of  the  four  circles  are  in  another  circle  passing  also  through  P. 

Also,  if  PA,  PB.  PC,  PD,  PF,  PG,  be  drawn,  we  shall  have, 

PA. BC.Cn  =  PB.CD.DA  =  PC.DA.AB  =  PD. AB.BC; 
PD  .  FB  .  B(i  =  PG  .  BF.  FD  =  PB.  FD.DG  =  PF.DG.GB; 
PC  .  GA  .  AF  =  PG  .  AF  .  FC  =  PA  .  FC  .  CG  =  PF .  AG  .  GC. 

11.  From  P  {figure  to  last  queslion)  draw  perpendiculars  upon  the  four  sides 
of  the  quadrilateral,  meeting  them  md,  e,/,  g  :  these  four  points  will  be  in  one 
line. 

13.  Let  the  perpendiculan  from  the  angles  of  the  triangle  upon  the  opponte 
sides  of  ADF  meet  in  A,  those  similarly  related  to  BCF,  AB6,  CDG,  meet  in  k, 

I,  m,  respectively ;  then  A,  k,  /,  m,  will  be  in  one  line  parallel  to  dtfjf, 

Hi.  If  circles  be  described  upon  the  three  diagonals  of  a  complete  quadri- 
lateral, they  ^  ill  all  intersect  in  the  same  points  when  A  is  an  acute  angle,  and 
tangents  to  them  from  a  fixed  line  will  be  equal  when  A  is  obtuse. 

14.  Let  the  five  points.  A,  B,  C,  D,  E,  in  any  onler,  be  taken  in  one  line; 
from  E  let  any  line  BG  be  drawn,  upon  the  bases  AD,  BC,  let  triangles  AMD, 
BGC,  be  constituted,  having  their  vertices  M  and  6  in  EG  ;  and  AM,  BG,  cut 
in  L,  and  DM,  06,  cut  in  N ;  then  the  line  LN  will  always  tend  to  the  same 

,  point,  K. 

15.  Let  each  of  three  circles  be  cut  by  my  oliUr  circle,  then  the  three  chords 
of  intersection  will  intersect  two  and  two  upon  three  straight  lines  which  pass 
through  one  point. 

16.  If  ffny  two  circles  cut  the  three  circles  of  the  preceding  proposition,  the 
chords  which  are  in  the  first  meet  in  a,  those  which  are  in  the  second  meet  in 
6,  and  those  which  are  in  the  third  meet  in  c ;  then  the  points  a,  b,  c,  are  in  one 

line. 

17.  If  tangents  be  drawn  to  three  unequal  circles,  two  and  two,  the  iliree 
points  of  section  will  he  in  one  line.  Also,  the  same  when  thera  are  any  three 
conic  sections,  similar  and  similsriy  situated. 

Examine  the  cases  analogous  to  preps.  23,  93.  jM^e  83. 

18.  Let  OV,  da,  two  parallel  lines,  be  cut  by  a  transversal  in  V  and  v;  and 
from  a  point  O  in  one  of  them  (OV)  draw  any  four  lines  meeting  the  tnnsveml 
in  D,  C,  B,  A,  and  the  other  parallel  in  d,  r,  6,  a  ;  then 

CD.ab  :  erf. AB ::  CV . VD  :  AV . Vfl, 


Digitized  by  Google 


TRANSVERSALS. 


245 


19.  If  m  the  same  quadrilateml  conies  be  inscribed,  their  centrei  will  all  b« 
upon  the  line  which  hi«tects  the  (lin;^onals  of  the  (juadrilatcral. 

2U.  Two  conic  sections  iuterjiect  iu  four  poinU,  anil  we  coiisUuct:--* 
(1).  The  quadriliteral  wfaow  uigtei  are  the  pointa  of  intenectioii. 
(9).  The  two  quadrilatenle  formed  by  tangeote  drawn  to  the  two  corves  at 
the  two  oppoeite  points  of  intertection  of  the  preceding  quadrilateral. 

(3)  .  The  two  eircumicribing  quadrilaterali,  whoee  contacts  are  the  four 
points  before  mentioned. 

(4)  .  The  quadrilateral  formed  by  the  four  tangents  which  are  common  to 
the  two  curves. 

(5)  .  The  two  quadiilateralsi  inscribed  in  the  two  curves,  and  whose  summits 
are  the  points  of  contact  of  two  preceding  ones. 

Then  the  following  relations  will  subsist: — 

(1)  .  The  diagonals  of  these  eight  quadrilaterals  will  pass  through  the  same 
point. 

(2)  .  The  thirty-two  sides  of  the  eight  quadrilaterals  form  eight  sets  of  con- 
cnrring  lincsy  and  the  eight  points  of  concourse  are  upon  one  straight 

line. 

(3)  .  The  summits  of  the  two  circum^cribinj^  quadrilaterals  which  touch  the 
curves  ut  their  common  points,  and  those  of  the  quadni.iteral  formed  by 
the  tangenu  common  to  the  two  curves,  are  distributed  six  and  six  upon 
two  straight  Hum  which  are  their  common  diagonals. 

21.  If  any  variable  tangent  to  a  conic  section  be  drawn  to  cut  the  four  sides 
of  a  given  circumscribed  quadrilatersl,  it  wiU  divide  each  opposite  pur  of  sides 
in  the  '■•nme  constant  ratio. 

22.  Wlien  iwn  parabolas  are  escribed  to  the  same  trianjjle,  and  in  re-^pect  of 
the  same  sides,  it  is  possible  to  describe  an  hyperbola  through  the  six  pomts  of 
contact,  and  its  a<«ymptotes  will  be  parallel  to  the  axe^i  uf  the  parabolas. 

23.  Let  ALSTK  be  any  pentagon,  having  the  alternate  sides  produced  to 
RMet ;  vis.  AL  and  ST  in  D,  LS  and  TK  in  P.  ST  and  AK  in  B,  TK  and  LA  in 
C,  and  KA  and  LS  in  B;  also  draw  DK  and  BL  to  meet  in  O,  DK  meetmg 
LS  in  M,  and  KL  meeting  TK  in  N,  and  diaw  NB,  MC,  intersecting  iu  R;  then 
the  points  (),  R,  A,  will  be  in  one  line. 

24.  Let  liE,  (T),  be  two  straij^ht  lines  intersectinp^  in  A,  and  B,  E,  two  points 
in  HE,  and  C,  1),  two  points  in  (  f),  nnd  let  1'  be  a  variable  point  anywhere 
between  these  lines;  from  P  di  iw  I'U,  PC,  cnttint?  DC  in  L  and  BE  in  K, 
aiiU  draw  DK,  cutting  Bi',  Lh,  m  M  and  O,  and  Jet  LE  cut  PC  in  N  ;  and 
finally,  draw  NB,  MC,  intersecting  in  li;  then  OR  always  tends  to  a  given 
point,  however  all  the  four  named  points  be  taken. 

25.  Through  eitlver  angle  C  of  a  quadrilateral  AfiCD  draw  a  line  FOG  limited 
by  the  sides  AB  and  AD  in  F  and  G ;  join  GB,  FD,  cutting  CD  and  CB  in  P 
and  O,  and  draw  AO,  AP,  cutting  CB,  FD,  in  Q  nnd  R  ;  then  Fft,  GR,  will 
pass  ihroufih  E,  the  intersection  of  the  oiajjonals  AC,  BD 

26.  On  the  same  base,  F(i,  let  any  two  iriam^les,  PC(i,  i'AG,  be  constructed; 
and  Irom  any  pomt  P  in  tlie  base  PG  let  hnes  be  drawn,  via.  PHK  cutting  GC, 
CF  in  H  and  K,  and  PIL  cutting  GA,  AF,  in  I  and  L ;  then  the  three  hues  HI, 
KL^  and  CA  being  drawn*  they  will  meet  in  one  point,  B. 

27>  Produce  the  alternate  sides  a  hexagon  inscribed  in  a  conic  section,  and 
draw  lines  to  join  the  three  opposite  pain  of  sections :  these  three  lines  will 
intersect  in  one  point. 

28.  Let  two  triangles  be  inscribed  in  a  eonic  section,  and  by  their  mutual 
intersections  form  a  hexagon:  the  diagonals  of  tbtA  will  meet  iu  one  point}  and  * 
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a  conic  section  described  to  touch  Ave  itdes  of  the  hexagon  wUl  aliio  touck  liie 
■istb. 

29.  If  two  Miglet  of  conitant  magnitude  torn  aboat  two  Itsed  poiiita»  and  if 
the  inteneetioiw  of  two  correipoiiding  aidee  be  alwaja  in  the  curve  d  a  eooie 

aection  {)as8ing  throngb  those  pointa,  then  the  intersection  of  the  other  pur  ef 
ndes  will  also  be  in  a  conic  section,  likewise  passing  through  those  points. 

30.  If  two  tetrahedrons  be  co-polar  (that  is,  have  their  summit?  npon  four 
straight  lines  passing  through  the  same  point),  the  four  lines  in  which  the  cor- 
responding faces  intersect  will  be  situated  in  one  plane. 

31.  When  three  conic  aections  have  the  aame  four  pointa  of  intcrecctlon,  aaf 
tnoavereal  ia  divided  by  them  in  involtuton. 

32.  When  two  conic  eecUooa  are  circQmicribed  to  tbe  aaaae  qwadrihtfnl, 
every  transversal  which  COta  the  curves  and  either  two  oppoaite  tndea  (or  die 
diagonals)  of  the  quadrilateral  is  divided  in  involution. 

33.  If  a  varinhle  tangent  to  a  conic  section  cut  two  fixed  tangents,  the 
rectangle  under  the  aistanccs  of  the  juiinl  where  it  meets  them  from  ibf  points 
where  these  two  tangents  meet  the  diameter  parallel  to  the  chord  of  contact,  is 
invariable. 

34.  If  from  the  aix  pomta  of  iovdiition  of  any  line  lioea  be  drawn  to  aDyodier 
pointy  tbe  equation  of  involution  will  aubsiat  amongst  the  ainea  of  tbe  anglee 
aubtended  at  that  otb«r  point  by  tbe  nz  involution^aagmenta  of  tbe  lincL 

35.  If  any  other  line  be  drawn  to  cut  tbe  tlx  mentioned  in  the  pracwfiaf 

theorem,  it  will  be  divided  by  them  in  involution 

36.  Let  E,  F,  be  the  respective  intersections  of  the  opposite  pairs  of  sides  AB, 
CD.  and  AD,  BC ;  and  draw  any  two  hues  EMP,  I  NL,  to  cut  AD,  UC,  AB, 
CD,  in  P,  M,  L,  N,  respectively :  then  we  shall  have, 

AL.BM.CN.DP  =  LB.MC.ND.^A. 

In  tbe  preceding  conatmction,  form  tbe  quadrilateral  PLMN:  tbentbo  ofipo> 
aite  paira  of  aidee  will  meet  in  AC  and  BD. 

37*  From  the  intersection  of  any  two  diagonals  of  the  complete  quadrilateral, 
draw  a  perpendicular  to  the  third  diagonal ;  and  from  the  foot  of  this  perpeiftdi> 
cular  draw  linp'^  to  the  extremitic"  of  the  first  two  diagonals  :  then  the  angle  con- 
tained by  tlie  lines  drawn  to  the  extreuiities  of  each  diagonal  (or  its  auppiemieatal 
angle)  will  be  bisected  by  tbe  perpendicular. 

38.  If  all  the  angles  of  a  polygon,  moveable  in  its  plane,  are  subjeci  to  be 
ntnated  conatantly  each  upon  one  of  a  ayatem  of  atraight  linea  tending  to  om 
point;  and  that,  moreover,  all  ita  aidea,  except  one,  paaa  conatantly  tliromb 
fixed  and  given  pointa ;  then  the  free  aide  of  tbe  polygon,  and  likewise  all  tbe 
diagonals,  will  conatantly  paaa  each  through  ita  own  fixed  and  determinnble 
point. 

39.  When  a  conic  section  jia«srs  by  the  inter??ections  K,  F,  of  the  opposite 
sides  of  the  simple  quadrilateral  ABCD,  and  cuts  the  four  aides  m  L,  M,  P; 
then  there  will  subsist  the  relation 

AL .  BM .  CN .  DP  =  LB .  MC .  ND .  PA. 

40.  The  loeua  of  the  polee  of  a  given  atraight  line,  in  reference  to  aiU  tbe  conk 
seetiona  which  touch  the  four  aidee  of  a  given  quadrilateral,  ia  another  atra^bt 
line. 

41.  T\\e  polan;  of  a  given  point,  in  reference  to  a  aimilar  ayatem  of  eonc  aec* 
tions,  is  alwaya  tangent  to  another  conic  section. 
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t.  Whkk  only  one  equadon  »  betwen  two  nndelcmiiMd  tfBmal6l6mf 
jf  =/(«).  each  of  tbem,  as  g,  adinita  of  aturaiamble  vahiaa  {  and  for  each  value 
of  m  there  are  n  Telues  of  y  (a  being  iho  degree  of  the  eqaation  in  tenne  of  y), 

either  real  or  iniagiBary. 

2.  If  we  suppose  r  and  y  to  represent  any  two  preometrical  map^itudes  deter- 
ininable  according'  to  some  specific  law,  and  connected  by  the  equation  y  =/{z); 
tben  all  the  points  (ieterminerl  ))y  the  extremity  of  y  constitute  ft  CUTVe  OT  StnugbC 
luie,  which  is  called  the  locus  of  iht  tquution  y  =.J\gt). 

3.  Coovenely,  y  =yix).  or  J\x^  y  —  0).  ie  called  ^  ufaefim  ^  lie  cvroe, 
tlie  rdation  between  the  magnitudes  9,  y,  of  which  is  expfeesed  by  it» 

4.  The  magnitudes  «,  y,  however  taken,  are  called  the  c»<ordiiiafee  €f 
tmrve. 

5.  The  most  freqtient  modes  of  considcrinp^  the  equation  of  a  cnrvearetbe 
method  of  recliUn^ar  co-ordinates,  and  that  of  polar  cO'OnkMiQtit. 

6.  Let  any  iwo  lines  XX',  YY',  intersectini^  in  O, 
and  inclined  lo  one  another  in  a  given  angle  XOY, 
be  taken;  and  let  OQ  be  one  of  the  valoes  of  «i 
and  QP  or  OR  a  corresponding  value  of  y  s  then  OQ. 
QP,  are  lAe  oo-onKeores  ^  tkt  pmi  P  m  reference  to 
the  rtcHUnfar  axet  XX',  YY' ;  and  the  diseussioa  of 
the  properties  of  any  geometrical  figure  by  means  of 
the  equation  between  OQ  and  QP  is  called  the  mfthod 
of  rertiluienr  Go^ovdiwUtt — or,  wheu  XOY  is  a  right  angles  that  of  rectanfft/Uar 
co-ordinates. 

7.  Again,  if  O  be  a  given  point  in  a  given  line» 
and  »  represent  any  veriaUr  migk  VOP ;  and  let  y , 
determined  from  the  eqaaUon  y  be  denoted 
by  the  line  OP,  correspondent  to  tt :  than  the  angle  ^ 
VOP  and  line  OP  are  called  the  polar  co-ordituiUt 
of  the  point  ?  •  O  is  called  the  poU,  OV  the  nn- 
gular  firif,  or  ari'juiar  rirl'jin,  and  OP  the  radiant,  or  mdius  rector.  To  designate 
to  the  eye,  liowevei ,  iht  se  separate  Ry«tem8  of  co-ordinates,  the  polar  angle  VOP 
is  denoted  by  0,  or  and  the  radius-vector  OP  by  r,  v,  or  p.  In  what  follows, 
they  are  designated  as  $  and  r  respectively, 

8.  Other  methods  of  refiercnce,  or  systems  of  co^rdinatee,  have  been  pro- 
poeed,  and  have  in  certain  cases  the  advantage  over  these :  but  for  elementary 
pmrpotef,  they  appear,  in  their  present  state,  to  be  inferior  to  the  rectilinear  and 
polar  systems. 

9.  The  method  of  co-ordinates  compriees  two  distinct  and  coavsrse  in- 
<)ttirie8 : — 

(1).  Given  the  geometrical  genesis  and  position  of  the  co-ordmatc  axes  of  a 
curve,  to  find  the  equation  of  it. 
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(2).  Given  the  equation  of  a  curve,  to  determine  its  figure  and  position,  in 
reference  to  the  co-ordinate  axes,  as  weli  as  to  assign  its  geometrical  pro- 
perties. 

10.  Lines  are  said  lu  be  of  different  orders,  according  to  the  highest  degree  of 
either  of  the  co-ordinates  (or  product  of  them)  that  eaten  into  the  eqnatioo. 
Thus, 

ay  +  &•  4-  «  =  0. 

«f«  +  toy  +  cx^  4^     +  «r  +/=  0» 

etc  , 

are  general  types  of  equations,  of  the  frst,  s^'CouJ,  etc.,  de^es,  and  the  linea 
repretit  nted  by  them  are  said  to  be  of  tbe^r«/,  second,  tie ,  orders,  respectively. 

11.  In  the  rectilinear  system,  the 
designatbn  of  -|-  and  —  vuhiei  it  to 
be  iu  accordance  with  what  ie  shown 
at  p.  414,  voL  f.;  and  the  particuhff 
direction!  are  precisely  similar  to  those 
which  occur  in  the  sine  and  cosine  of 
an  angle  of  variable  magnitude  (p. 
424,  vol.  i).  When,  therefore,  the 
absolute  magnitudes  of  x  and  y,  the 
co-ordinatps  of  a  pomt  P,  are  given, 

the  particular  angle  in  which  the  point  P  is  situated,  will  be  at  once  apparent 
firom  the  prefixed  signs  of  those  values.  Thus,  if  UQ  s  RP|  =  q,  and 
OR  =  QP,  =  r,  in  respect  of  abeolttte  vilnes:  then,  if  OQ,  0R»  be  taken  posi- 
tive, the  co-ordinates  of  the  four  pouits,  P|.  P,.  P,.  P«.  situated  in  the  first, 
second,  third,  and  fourth  aaglee  respectively,  will  be 

P.       P,     I      P,      I  P, 

q,r    —  9,  r.  I  —  9,  —  r.  I  g,  —  r. 

12.  The  co-ordinatts  of  a  point  in  a  locus  are  denoted  byr.  y;  and  when  they 
are  given,  they  are  marked  by  subscribed  accents,  or  subscribed  numbers,  and 
aliso  often  by  .iccents  abovi  tlinn,  as  Xt,y,,  x  ,  v rtc-,  or  .t,,  v,,  or,,,  v,.  etc..  or 
x\  y'.  x\  v",  etc.  The  Kupprinr  accents  are,  huwt  vci.  in  tin--  work,  reservc<i  fur 
the  vanuble  co-ordinates  relViied  to  a  second,  third,  eic  ,  pair  of  co-ordmate 
axes — a  circumstance  of  frequent  occurrence. 

13.  When  it  is  necessary  to  change  the  given  co-ordinate  axes,  for  others 
which  have  given  relations  to  ths  primitive  ones,  the  tnnsibnnatioo  of  the 
general  equation  to  suit  the  new  conditions  is  called  the  transformatwn  qf 
ethor^nmUt.  Thus,  if  «,  y,  be  the  co-ordinates  of  oajrpowl  P  referred  to  one 
system  of  co-ordinates,  and  x\  y\  those  ot  the  same  point  referred  to  anodier 
pvHtem  :  the  transformation  consists  in  expressing  r  and  y  each  in  terms  of 
x'  and  y',  and  given  constant'? ;  and  substituting  these  values  of  x.  in  the 
equation  of  the  locus,  constituies  tiie  transformation  In  like  manner,  if  the 
polar  equation  in  terms  of  r,  y,  is  to  be  transformed  into  another  polar  where 
the  co-ordinalcs  are  r',  0\  a  similar  process  is  employed  :  or  again,  if  an  equa* 
tton  in  c,  y,  be  required  to  be  changed  into  one  io  r,  0,  or  the  eontraiy,  the 
determination  of  the  co-otdinates  of  ths  given  system  in  terms  of  thoee  ol  the 
new  one,  constitutes  Ihs  ttansformation  of  eo-ordinatee. 

14.  Any  point  designated  by  its  co*ordinates»  is  written  or  «>3f.  or 
simply  «yt  when  no  ambiguity  would  result  from  dropping  the  parenthesis  or 
the  comma.  Also,  if  the  points  be  given,  they  are  written  («,  jr,),  (*,  yO,  and 
called  the  points  x^  y^,  x.^  etc.  Similarly,  for  the  polar  system,  a  point  is 
designated  as  (r,     r,  0,  or     i  or  accentuated  where  the  points  are  ^iven. 
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In  a  coDiidenble  number  of  lewtdreliMi,  it  b  either  eonvenient  or  enenttal  to 
cbaQge  the  cqoationi  referred  to  one  given  system,  so  at  to  be  adapted  to 

another  given  system  of  co-ordinate  axes.  It  consists  in  expressing  the  co- 
ordinates of  a  point  referred  to  the  first  s}"^tem,  as  functions  of  those  of  the  same 
point,  and  of  the  line'<  and  angles  which  Uehae  the  reiatloD  of  the  new  eystem  of 
co-ordinates  to  the  original  one. 


PROP.  I. 

Wkm  the  9m  ntet  Iom  «  dijftrmt  wigim  bui  arepanUei  to  ikt  origmai  mm. 

Let  the  point  P,  ref  rred  to  ilje  axes 
OX,  OY,  have  its  co-ordinates  OQ,  QP, 
denoted  hy  x,  y  ;  and  let  its  co-ordinates, 
referred  to  the  new  system  O'X',  O'Y', 
be  denoted  hy  x'y' ;  these  new  axes  CXX'» 
cry,  being  paraUeJ  to  the  primitive  ooos 
OXp  OY,  respectivelj,  end  ihe  eo-ordi- 
iwtes  of  Cr,  vif .  or,  TO*,  denoted  by  n 
and  b.  Then, 


«  =  OQ  =  OT  -f  TQ  =  OT  f  OQ-  ^  a  + 

ysQP  =QQ+P(i'=OT  +  PQ'        +  ^ 

The  conversion  of  the  equation  into  the  form  suitahle  to  the  new  conditions 
will  only  require  the  substitution  of  the  values  above  found. 

PROP.  II. 

ir%M  iJhe  Mw  oasf  low  l«e  Msie  origm  a»  the  primiiioej  hut  mttud  m  difenni 

diinch09$9 

Lnr  P,  a  point  referred  to  the  axes 
OX,  OY,  by  the  comrdinatee  OQ^  #, 

and  QP  =  y,  be  referred  to  the  new 
axes  OX',  OY'.  by  the  co-ordinates 
OQ'  =  and  Q  P  =  y' ;  the  inclina^ 
tions  of  the  lines  OX',  OY.  OY',  to 
OX  being  j^,  a,  y ;  and,  consequently, 
X'OY  =  a  -  /3,  and  Y'OY  =  a  —  y. 

Draw  0*8  parallel  to  OX,  meeting 
PQ  in  S,  and  QT  parallel  to  PQ, 
meeting  OX  in  T.  Then  by  trigono- 
metry. 
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mr\0      fvQ,  sin  Q'OT  x'  sin  /3 

81U  OlQ        sm  a 

8in  Ftsiei        mn  a 

OT  =  Ott*  "°         =  g'sm  (a  —  /3) 
sinOTQ'         sin  a 

sm  PSQ,  SID  tt 

Wherefore,  by  additioo  and  the  geometrical  structure  of  the  figure, 

BID  <l 

Sio  a  - 

These  two  foromUe  include  all  the  cases  of  trsnsfonnation  of  reetOioear  co* 
ordkiales;  and  ia  their  present  form  may  he  considered  to  repreeent  gsnenUj 

the  case  where  both  systems  of  co-ordinates  are  oblique.  By  rendering  cithv 
or  both  of  them  rectangular*  all  the  possible  cases  will  be  deduced. 

Ca8£  I.  Let  the  primitive  axes  be  rectangular  and  the  new  ones  oblique:  thea 
sin  a  =  1,  sin  (a  —  /3)  =  cos  /3,  and  sin  (a  —  y)  =  cos  y  :  whence, 

y  «  sT  sin  ;3  +  y'  sin  7  J  ^2). 

«  =  a'  cos  /3  +  y'  cos  y) 

Case  II.    Let  the  primitive  be  oblique  and  ike  new  ones  recfimuular:  thco, 
7  =  /3  -f-  Jtt,  or  sin  y  =  cos    ;  also,  sin  (a  —  y)  =  cos  [      —  C«  —  f)] 
=  COS  [iv  —  a  +  /3  -f  ^wj  =  cos  Jtt  —  (a  —  i3)J  =  —  COS  (a  —  H«nce 


 at'  gin  /?  4-  y,  cos  ^ 

^  sin  a 

IP  _  ^         —     —    cos  (g  ~  /8) 


(?)* 


CasbIII.  Xiel6ofA«ys/«mf  ^oeer  5erecfai^^iilflr.«  thenwehav^  in  the  pre- 
ceding equation,  sin  a  :k  ]«  sin  (a  —  /3)  s  cos  cos  (a  —  /3)  %  sin  ^;  sad 
hence, 

y  =  sr'  sin  /3  +  y'  cos  /31   (4). 

•  s  «'  cosjS  ^  y'  sin  /3; 

In  all  these  cases  we  have  supposed  that  the  new  axes  do  neither  of  tbem 

coincide  with  the  old :  but  should  such  be  the  case,  it  will  only  imply  =  Oi 
when  the  axes  of  x,  x\  coinritle,  or  7  =  n,  when  the  axes  of  y,yiy  coincide.  'iTiC 
formuls  above  are  therefore  easily  adapted  to  these  cases. 


PROP.  III. 

When  the  origin  and  direction  of  the  axes  are  both  changed. 

Tnv'-  obviously  imiilios  llie  two  preceding  traasformations,  either  sucCMii^e^/ 
or  t»miuiitaneousIy  performed,    'l  lm  gives, 

jf  —  l  I     sin  ^  -f     sin  y  ^ 

"  I  (5). 

«  A  a  4.     sin  (g  --  ^  +  y'  sin  (a  —  7)  | 

sin  a  J 
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PROP.  IV. 


Tb  Irmifbm  tki  eo^erdinafes  of  a  point  ^tvm  •«  rtferenee  to  rtcfifimar  eiMMndi- 

Mlet  m/o  fumctions    pokr  eo^ordmaiM* 

Lvr  OX,  OY,  bo  tho  given  xee^beir  axes 

to  which  the  point  P  is  referred  ;  O'  the  pole, 
and  OH  the  axis  of  angular  reference.  Dra«r 
O  X'  panUel  to  OX,  cottiog  the  ordinate  PQ 

in  Q'. 

LetOQ=x,  QP=y,  XOY=a,  XO  H=^/3,      /      hX  I <r  Xf 
POil  —  e,  and  O'P  =  r.    Also,  let  the  recti-     /    ^'f      j  ~~ 
linear  co-ordinates  of  O'  be  Ui  =  a,  and    o     t  q 
TO'  =  b. 

^  amPQO^         aina  * 

O'Q'  =  PO-  $L^^r. + 
Sin  rljtr  sin  a 

and  bence, 

,=:PQ=:OT+  PQ' ==  ft  +  L?!l^ii±A> 

9       ^  ^    ^        ^      8in  o 


•  =  OQ = OT  +  aQ  =  a  +  l^iilziLtEJ 


ain  a 


Coroikny  1. 

When  the  pole  coincides  with  the  rectilinear  origin,  then  0  =  0,  and  6  =  0, 
in  the  preceding  equation. 

Corollary  2. 

When  the  rectilinear  uat  are  at  right  anglee,  the  ez|Mreafion8  become  eini> 
pier;  Tis. 

y  =  6  +  r  fiin  (0  -I- 
«  =  a  -f  r  cos  (0 


<7). 


Coroffofy  3. 

If  alao  the  pole  ie  at  the  rectilinear  origin,  we  have 
y  «  r  ein  (e  +     »  =  r  cos  (0  -f- 


(8). 


Corotfary4. 

If,  lastly,  the  angnbv  origin  be  coincident  with  ihe  aacii  of  #,  we  have 
y  srnn0,«sr€oa  9..  


(9). 


PROP.  V, 

7b  transform  the  polar  co-ordinates  to  rectilinear  ones. 
TaaifSFoaB  a  and  b  in  equations  (6),  and  divide  the  results :  then, 

sin  a  coe  (9  -f  jS)  —  cos  «,  or 


r  ~  a     sin  f «  —  (0  +  /3)J 

iy  —  6)  sin  a 


tan  (0  +  /3)  ss 


(«  —  a)  +  (y  —  6)  cos  o' 


(10). 
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Also,  till'  line  O'P  from  (a,  b)  to  (a*,  y)  is  denoted  by 

r  =  0     =     —  «)•  -i-  2(3?  —  o)  (y  —  A)  co«  a  +  (y  —  by  (11). 

Corollsry  1. 

When  the  pole  coincides  vviih  the  rectilinear  origio,  the<>e  equations  become 

^       ,  ^        y  sin  a 

tan  (0  +     =  — ^ — f  f,«x 
H  =  «*  +  toycosa+f»J 

CbroBsry  2. 

When  the  TecUluiear  angle  it  right,  the  equations  hecoma 

tan(0  +  ^)^^-^*'   (13^. 

f*  s=  +  (y  - 

Corollary  3. 

If  also  the  pole  is  at  the  origin  of  rectilineal  co>ordinates, 

tan(e  +  /5)  =  Jj  andH  (14). 

Corottarff  4. 

If,  lastlf,  the  angolar  origin  ooindde  with  the  aais  of we  have 

tane  =  ^j  andr»a=jr'  +  y*  (15). 

PROP.  VI. 

7b  tnmtf'Oirm/^rom  om  poiar  9jftim  to  onef  Aer* 

Let  O  be  the  origin  of  radiants  and  ()V  of  an^^lts  K 

in  the  given  system  ;  O'  and  O'V"  those  of  the  trans-  /  \  yr 

formed.    Draw  OOV,  and  join  O'P.  /  \ 

Then  put  VOP  =  9,  VOV  =  /S.  V'O'P  a  /      \  y^^^"--^' 

VO'V*  =     ;  abo.  OP      r,  00'  ts  p,  and  / 

Then,  in  the  triangle  POO"  we  have  at  once,  ^ 

f»s5|»^  +  2r,p  cos  (9,  +  A)  +  r,« 

ri„  (e  «  ^) «        _±J^»!5m.A>-^._  ^  (^«>- 

A/p^ +  2r.pcoe(e, -h/80  +  r.»J 

which  fotmolA  adapt  themselves  to  the  most  general  conditions  of  tnnafonnm* 

tion. 

When  p     o»  or  the  origins  coincide,  then  the  equations  become 

f  s  r„  and  0  =  9,  +  ^  4. 

Corollary  2. 

When  fit^O,  the  second  of  (16)  is  simplified  on  the  left  side :  and  when 
/3,  =  0  also,  or  separately,  there  is  a  slight  simpliBcatioo,  too  obvious  to  need 
farther  remark  here. 
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In  the  general  investipfations,  the  axes  are  supposed  to  baye  any  indlnation,  a, 
and  the  forinulse  are  deduced  in  a  general  form :  but  where  a  difference  of  form 
results  from  the  use  of  rectangular  axe^  tbe  remits  are  put  down  aa  cases  of  the 
general  theorem. 


PROP.  I. 

To  astigm  th§  tapmtiM  6/  the  length  of  the  Une  wIM  eemuelt  iwo  poUtU  wkote 

co-orcfiiM/es  are  given* 

Lit  (f |,  jTi)  and  (a,,  denote  the  co-ordinates :  then  T,Wu  ^  w  ^  a;  and 
we  have, 

P.P*,=s  ±  VTrV'-2PrV.Vfi,  cos  p.vi*„+p;.v»  

=  ±        —  «,)•  +       —  *i)  (yt  —  9t)  COB  «  +  (y,  -  y |)»  (1). 

The  double  sign  expressing  that  the  actual 

length  may  be  measnred  from  either  extremity 
P,  or  P,,  towards  the  other  or  P,  re- 
8j>€c  lively. 

Jtorfeayafar  fyfton.  Let  a  :s  ^  $  then, 

cos  a  SB  0,  and 

RP^  =  ^/f»,  — «,)«  +  (y,-yO'....  (2). 

Bs,  The  co-ordinates  of  two  points  are 
(—  3,  5)  and  (2--3)  t  and  the  axes  are  indiaed  in  an  angle  of  60P;  what  is  their 
distance? 

Here  X|  =  — 3,  *j  =  2,  y,  =  5,  =  —3 ;  and,  therefore,  r^— t,  =  2-|-3  =  5, 
y,  "  yi  ^  —  Z  —  S  =  —  8,  and  cos  a  =  cos  60°  =  The  value,  there- 
fore, is  

P^P-  =  ±  V     +  2  VS .  C—  8} .  i  +  (-  8)«  =  i  7. 


PROP.  II. 

Thjhtd  the  general  form  qf  the  et^uatiun  ht-twem  the  cO'OrdUuUes  of  a  straight 

Une. 


Lkt  SS'  be  the  given  line,  and  P  a 
point  in  it,  the  co-ordmates  of  which, 
OQ,  QP,  are  denoted  by  «  and  y  re- 
spectively. Suppose  the  line  to  cut 
the  axis  of  «  in  G  under  an  angle 
XGP  eqtial  to  $,  and  to  cut  oflT  the 
segment  OG  from  the  centre  equal  to 
h.  Then, 

GPQ  =  PQX  -  PGQ  =  a  -  /3, 
and  we  have 
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_9  _PQ-«pTO^- 


sin  ^  .il 


sin 


_  sin  /I  (.r  —  h)   

^  ~  mo  va  —  ji)  "^wn  (a  —  j3) tin  («  —  ^) 


(3). 


The  geDeral  form  of  tbe  equation,  therefore,  of  a  atraigfat  lioe  w  of  the  JM 
iegne  in  terms  of  both  ▼ariablee ;  and  for  brevity  ia  ntnaUj  written  of  the  form 

y  =  OS  +  &  (4). 

It  is  alio  often  written  ey  +     +  «  =s  0,  for  tbe  porpoee  of  avoiding  ffac* 

tional  co-efficients ;  and  likewise  in  die  form  |  +  ^  s  1.  To  this  latter  form 

we         again  recur  (see  prop.  v.  eq.  l6). 

\V  hen  the  line  passes  through  the  origin  O,  then  A  s  0,  and  tbe  equation 
becomes 

sin  ^ .  ;r 


y  = 


sin(a  — ^) 


Heetfosyiilor  <y«leni«  In  this 
case  «  s  §r,  and  sin  (a  — 

=  cos  o  ;  w  hence  -r—z  -s; 

am  (a  —  ^) 

becomes  — ^  =  tan  fl ;  and 
cos/3 

the  results  correspondinpf  to 
the  preceding  (3  and  be* 
come 


y  =  T  tan  /3  ^  A  tan  /3 
jf  sxx  tan  /3  


(6>- 
(7). 


PROP.  III. 

Haei»g  given  the  equation  qf  a  straigkt  line  and  the  angle  qfordinaSitm  ^fihe 

to  conetruct  the  Une, 

Lbt  y  =  oav  -(-  ^  be  tbe  given  equation. 
Then  for  any  assumed  value  of  x,  we  can 
compute  the  corresponflinjj  value  of  y,  we 
may  construct  any  numl)er  of  points  in  the 
following  manner.  Set  off  from  scale  the 
values  of  x  assumed,  upon  the  line  OX,  viz. 
OQ  .  OQy  etc.  and  the  corresponding  values 
of  y  upon  OY,  via.  OR,.  OR,,  do.  Com- 
plete tbe  parallelogTams  OPu  OP,,  etc, ;  and 
the  pouts  Pu  Pt»  <fe.  will  be  points  in  the 
locus  of  the  equaUon  y  =  ax  b.  As,  however,  a  line  is  determined  when 
Hoojioifiltin  it  are  determined,  it  is  obvious  that  the  calculatiou  of  num  than 
two  values  of  y,  and  the  subsequent  laying  down  more  than  tbe  two  correspond- 
ing values  of  x  and  y,  would  be  superfluous. 

When  b  =  0,  the  luie  passes  tljrough  the  oriyin  (),  in  which  case  out  point  is 
already  determined ;  and  it  ia  ^urticient  to  find  the  position  of  one  jioint  i*  in 
addition  to  O,  for  the  determination  of  tbe  hue  (see  Jig.  I,  above). 

This  method^  though  perfectly  general,  ia  unnecessarily  ted^ua  in  execution  ; 
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m<\  (except  6  =  0)  one  parLicular  pair  of  cases  forni^ihe''  sunjiliT  nperaluins  ixjih 
for  cakuidUoii  and  construction.    These  are  making  x  aud  y  Heparuiely  equal  to 

0,  m  which  case  the  corretpondiog  values  of  y  mod  »,  vis.  y  =  A,  and  mss^^- 

are  to  be  let  off  upon  OY  ao^  OX.  The  two  pointa  thna  determined  are  in  the 
line  aouRbt,  and  therefore  in  conatruetion  determine  it. 
If  we  consider  «  and  A  to  be  any  absolute  and  positire  nombers.  and  affected 

vith  ibe  signs  +  or  — according  as  they  are  prefixed,  every  poaaible  variety  of 
case  is  ubich  no  term  is  absent  will  he  included  in  the  general  formy  =  +  ar+  A; 
and  it  will  at  once  be  seen  that  the  figuree  which  Uief  fepreaent  are  aa  below,  the 
dark  lines  denoting  the  axes > 


ysa»4-(      y  =        b      ys-<-ttr  +  ^     y=s  —  «r  —  4. 

When  A  =  0,  or  the  absolute  term  is  absent, 
there  are  but  two  cases,  the  first  and  second  of 

the  above  coincifling,  nnd  tbe  tbird  and  fourth 
coinciding.  They  will  be  as  in  tbe  margin, 
where  C^li  denotes  y  ^  ax,  and  OU'  denotes 
^  —  —  ax. 

The  only  two  cases  yet  to  be  noticed  are, 
»=  +  (ip  and  y  =  +  i ;  via,  flioae  where,  in 
dic  genenl  form  e»  +  ^  s  e^  we  hvtt  aepft> 
rttdy  6  =  0,  or  a  s=  0.  Theae  repreaent  linee 
ptrdlel  to  lAe  cxet  of  y  and  x  respectively^  and  at  the  distances  and  on  the  aide 
of  U  denoted  by     d  and  i:  d^.   For  example ;  if  6  ss  0,  then,  whatever  value 

U  given  to  y,  the  value  of  m  ia  nnaltefed,  and  eonataatly  equal  to  ^  i  and,  stral- 

krly,  wben  a  —  0,  no  ebange  in  the  value  of  *  can  niter  that  of  y.  The 
lines  representea  ihen  are  l*i  I\  by  y  =  +  rf,  by  y  =  —  d }      Pi  by 

«  =  +  d„  and  P,  Pa  by  »  =  —  d^.    Sec^.  p.  246. 


PROP.  IV. 

Tie  equation  of  the  straight  line,  subject  to  the  eaMtm  t^patthig  tkrmijfk  oae 

given  point,  is  required. 

This  will,  of  course,  leave  one  co-efficient  indeterminate  in  the  general  equa> 
^  of  the  line 

y  =:  «ur  4-  fr. 
Bet  as  it  paaaes  through  the  point  (x^,  y,)  we  have 

y,  s  ATi  +  b. 
Sabtnet  the  second  from  the  first,  to  eliminate  b ;  then 

y  —  y,  =  a  (»  —  «|)   (8). 

This  form  ia  nsnally  found  to  be  the  most  convenient  for  subsequent  use ;  but 
itiU,  in  some  caaes«  tbe  following,  from  which  a  ia  eliminated,  ia  usefuL 
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By  tnmapotitioQ  and  diriuoiit 

''-^?5=^;  or(y  —  6) «,  =  (y.  —  A) «  (9). 

CoreiUuy, 

In  many  inquiries  relatinq;  tn  the  conic  secLiuns,  it  is  desirable  to  express  in 
one  equation  the  conjoint  ecjuatioas  oi  two  straight  hoes  which  pass  through  the 
aame  point.  This  will  b«  rmdily  dibctod  by  the  foUowing  equation,  yi  beinf 
the  point  through  which  they  pais, 

(y A(y-y,)  (x  -  jp.)  +  B  (*  -       =  0  (9«^. 

For  there  are  two  indeterminate  quantities,  A  and  B,  both  of  which  will  be 
rendered  determinate  by  the  assignment  of  the  conditions  which  txx  tiie  other 
two  points,  one  in  each  line.  An  instance  of  its  use  will  be  given  in  the  chapter 
on  hUteM  ifftke  teetmd  order,  in  this  volnme. 


PROP.  V. 

Tojbtdthe  tfHoHiim       Imepattmg  ikromgh  two  gioe*  pomtt* 

SuBSTnunsto  the  eo-otdinates  of  the  points  in  the  geneial  equation,  we  hare, 
coUeetiTeiy,  the  three  equations, 

y  s:k  m  +  ft 
y,=  ox,+  6 
y,=  ojp,+  b. 

By  sabtFsetion,  aa  indicated  on  the  left  sides  of  the  results,  we  have 

y —»!=«(»— »i) 

yi—yt««  (*!—»«). 

Efiminate  m  by  cross  multiplieatioa  $  and  we  get 

(jf  —  yi>(«i  — *,)  =  (»  — «i)Cy,  -yO) 

or nmilarly, (y  —  y^        c^)  =  (•  —  *i)(ys yi)  ^ 

If  we  reduce  either  of  these  to  the  ordinaiy  geosnl  form  of  the  equation  ef 
the  straight  line,  we  find  it  to  be 

y  =  'JFi''  +  '-^:--  (">• 

•i  — «,  «|— *» 

By  comparison  of  which  with  that  form,  we  have 

fl  =  l^rJt,  and  6  =  ?LS^tZl5Lll   (u). 

In  many  cases,  it  win  be  found  convenient  to  refer  it  to  the  foiu  in  eqoatioi 
(3):  in  which 


sm(a— /3}'  'i  — «s  am  (a  —  /©  ^ 

To  find   and  h  from  these,  we  have 

•i  —  '«     8'"  («     /3)  . 

J         =  : — 5-^  =  Sin  a  col  jS  —  cos  a ;  whence, 

y,-y,        ein^  ^  * 

^     (».-«.) +  Cyi-ft)coea 
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\  =  -5^-^£!iL.  (15^. 

Tbh  laat  ia  mdependent  of  thtt  angle  of  ofdinatioii,  as  a  moDMnt^a  leflectioii 
would  lead  us  to  perceive  ibat  it  should  be. 

When  the  given  points  are  in  the  axes,  this  expression  takes  a  simpler  form. 
Put  in  that  crm-  =  A,  y,  fis  0,  ff,  =  0,  s  ifc:  then  (11)  becomes  simply* 
after  slight  reduction. 

Ay  +  to=:A*,«r|  +  |=l   (16)*. 

This  form,  hmrevsr,  irons  into  which  every  equation  of  the  straight  line  may 
be  changed ;  and  is  thai  referred  to  in  pnp.  iL 
For  the  {Ntrpoee  of  strict  analogy,  take  y  as  —  «p  +  A,  as  corresponding  with 

V      cue  V  X 

kt  a  positive  quantity :  then  this  beeomes  |  +  y  =  i,  or|  +  jsl.  Whence 

a 

k=ib,  and  A  =  ^«  will  change  the  form  as  required.  This  form  of  the  equation, 

which  is  often  useful,  is  called  the  tffmmiineai  tquaiUm. 

Ex.  1.  Find  the  equation  of  a  line  drawn  through  the  points  (6,  6)  and 

(2.  -  3). 

Here  y  zssox-^  h  becomes,  in  the  two  cases,  by  substituting  tl)e  given  valoes, 

6  =  C}  a      b,  and  —  3  =•  2o  -j-  ^  respectively. 
By  subtraction,  9  =  3a,  or  a  =  3.    Al»o  i=:6  —  5o  =  6  —  15  =  —  9. 
Tlie  equation,  therefore,  is 

y  =  3«  —  9. 


*  It  V  ill  of  roiir«e  be  undmtood  that  h  and  k  arc  to 
h«  afffctnl  with  the  proper  »i}fn«  of  pOMtion ;  thej^  in  ^ 
the  present  case.  Wine  both  positive.  .  ^  ^ 

Tie  formoU  in  this  cate  ia  readily  aud  easily  d«dac«d  y  V'^r 

from  th*'  f^T'in-  which  represents  the  cirCUnutAOCea,  by  y  ^_ 

geoatctriral  considctatioot  only.  ^  /\ 

F«r  l«l  OH  s  A,  OK  s  A,  Mid  P  W  «ijr  point  fai      4  ^ — ^ 

KH :  and  4i»ir  PQ  |iar»)1«l  to  OK;  then,  by  nnuJar  /  \  v 

triangln, 

OH  :  HQ  ::  OK  :  PQ,  or  X  \ 

h  '.  h  —  jr  : :  A  :  y,  or 
A  V  ->C  kx=.hk. 

The  two  lines,  %  +  s  and  +  A,4r  s  A|i„  in  order  to  their  being  paroM^  muat 
have 

*  =  JjorM,  =^  k    (">") 

That  they  may  be  ^rpendicuLir  to  each  other,  the  axee  KO,  Oil,  being  rectangular,  ik 
dotonnined  by 

?  z=  »      orAA,=  -/-^t,  

That  they  may  be  perpendicolu-,  the  axca  being  inclined  in  an  angle  o,  we  shall  ha?o 

.  1  —  ,  COS  a      ,  , 

^        _h-'kca%a   ,,g^v 

£  X-       .  "-*-*cofa 

A 

The  (tystcm  of  eqnntionit  in  note  on  prop.  (r».)  also  it  of  great  tltilily  in  the  claia  of 
re»earche«,  to  which  the  sj/mnielru-jl  eqmtion  i»  aj»pli»  able. 

VOL.  II.  * 
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We  might,  however,  instead  of  iceolviDg  the  equationt  Mip,  bave 
employed  the  formula  (1 1).    in  the  foUowing. 

Bx.  2.  The  pointi  are  (—  S,  6)  and  (2,  3) :  what  is  the  eqaation  of  the  line? 

6  —  3        .  +3(— 5)— 

—   • «  +   


—5— a       ■  —6—2 

3x  .  27 

7y  +  3»  =s  27. 

AMfM^iilar  m/ttm.  The  whole  of  the  preceding  expressions,  except  those 
which  determine  or  involve  are  independent  of  the  angle  of  ordination,  a. 
When  this  angle  is  a  right  one,  the  ndoe  of  tan  0  in  (14)  becomee  simpiy 

■■ "  ♦  or  the  equation  (11)  Uecomes 

y  =  »tanff  +  *'y*"^^l^J   (17). 


PROP.  VI. 


CfiHrfMMM     /iro  straight  lint-s,  rffprred  to  the  same  system  of  eo-'Ordmates,  ere 
gicm,  to  determine  their  point  qf  intersectum, 

Thb  co<ordhiate8    jr,  of  hoth  lines  will  he  identical  *  at  the  pomt  of  inter- 


•  Not  only  will  the  ralnc*  of  j-  and  y  at  the  point  of  section  be  equal,  bnt  it  will  be  the  case 
witli  tlir  r  riiu1  >/  ^^f  rrfn/  ffmiftriv  rif  n  fine  or  f>fhrr  locus  that  can  be  fomirrt  nut  of  aim  y^'mhiiKi' 
tioa  nf  the  fftren  limrs.  'i'his  is  an  evident  and  simple  principle  j  but  it  is  one  of  the  utmo»t 
imfM>rtettoe  in  the  meihod  of  co-ordinttei. 

The  following  instance,  m one  amonsBt  many,  may  l>«  chosen  for  illii<>tnition,  iominch  as  it 
will,  in  n  "uWqnrnt  prtLrc  be  spci  inllv  ripplied.  It  mu«t  be  understood,  like  the  propontiOB  in 
the  text,  to  be  appHcabio  to  oblique  a«  well  as  rectangular  co-ordiuatet, 

Qivm  the  four  point*  A,  B,  C,  D,  ^ 
•itnnted  in  the  linee  OC,  OD,  to  find  the 
equations  of  the  Hdcs  OP.  (Hj.  QP,  drawn 
to  the  pointx  P,  Q.  a*  in  the  fijrurc.  ^> 

Put  AO  =  a.  ao  =  6,  CO  =  c,  and 
DOs4l;  then  the  equatione  of  the  linee  — "  Jt^ 

AB,CD,  AD,  BC,  are  rMpectively  aa  Ibl-  ■  J  

iowa,  hj  note  on  prop.  v. 

(AB)i8ay  +  ^  — «ft   (IV, 

(CT))    .rt/  -\-dr  =  M    1'2), 

(AD)  ...a^-\-dj:  =  ad    (3), 

(BC)...cy  +  6*a:ic   (4X 

Croi»>nittltiply  to  eliminate  the  ahaolute  term  from  (1, 2),  then 

  M    c  —  a 

y=-,r   ■  

This  is  the  equation  of  the  line  through  i^,  the  intvi-AecliuD  uf  AB,  CD,  and  the  origin  O. 

Again,  treat  (9, 4)  limilarly,  and  we  oMain 

Ui    c  —  ri 

^^=  +  .-;7-.7  r7/'  

Hhn:i»  expresses  OP,  and  differs  from  that  of  Oy  only  ia  the  sign. 
Again,  for  the  equatioa  FQ  we  majr  find  the  co>ordinatet  of  P  and  Q,  and  anhatitnte  them  in 
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section ;  and  hence  the  two  equations  will  be  simultaneoua.  Let  then  the  equa- 
tuMU  be 

jf  =  a,ar  +  b^,  and  y  =z  b^i  then 

*i — K     J        o.     —  a.  6| 

— »  = — ^  

liowmr»  the  eq[iiati4m  be  of  the  form 

+  6,3r  +    B  0»  and     +  1^  +    =5  0» 

tbcD  the  tohrtwn  it 


^^"^*f',  and  y==-^f«""*^"' 

a,  V      *       a,     — a,  6, 


(i9). 


Ex.  Required  the  co-ordiiiatM  of  the  poini  of  intanactioD  of  tba  linaa 

y  =  3«  «  9,  and  7y  +  3x  =  27. 

Batnhrinii       «>^l3«r  by  actual  work,  or  by  eidier  ayatm  of  aqnatiooa  (18)  or 

16  ft 
OS)i  m  leadUy  find  '  ~     and  Jf  ^  ^< 


PROP.  Vif.* 


7b  diihimmi  the  angle  k  mkiar  wkiek  two  Imtt  qfgiom  eqmtio»»  mUntet* 

Lr  tiia  line  y  s  +  6,  make  tlie  angle 
^1  with  the  aada  of  and  y  a  e^  +  make 
the  angle     viUi  it  Then  the  angle  coo- 

Uined  by  the  two  lines  \%k  —  —  /3, ;  and 
if  a  be,  as  berore,  the  angle  of  ordination,  we 
ttuU  have  Uqiji  (13) 

sin  ^,      -Bila.—  —  ""^» 
^     sin  (a  — ^      sin  (a— 
From  these,  by  ordinary  methcKls,  we  readily 
ebtam 

1  +  «i  eoe  a       ^     1  +  a,  coao 
Bat  c  s  /3,  —  0,  ia  the  angle  of  indinations  and  heDce,  aobatitnting  and 
icdadng, 

tm  c  =  —  tan^,  _  (a.  -  a,)  sin  a    . 

1  -f  tan    Ian  /9|    1  -f-  (a,  +     coa  a  -f  a,  a. ^ 
Tbia  ia  the  general  relation  which  must  snbaiat  amongst  the  three  quantities, 
fly  and  c:  and  may  be  resolved  for  either  a,  or  a,,  aa  (30)  ia  expressive  of  the 
third  c  in  terms  of  the  two  others — this  being  the  propoied  ol^cet  of  the  pro- 
blem. Beaolved  for  Oj  and  a,  reapectively,  it  becomea 


Ui«  f<>m]ii]a  nf  ^</.  (11).   Sluli  proceii,  honevsr,  would  be  anaecMMurily  tedkws,  m  it  may  be 
tvoided  in  the  following  inauner  : — 
Cnm  flieltiply  (1 ,  2)  by  the  abiolale  tenns,  and  odtf  ;  then, 

o^(*  +  ^)|f +  M(«  +  e)*=»2BW  (7). 

Ho  the  like  with      4),  and  there  results 

oc{^h  ^d)y>r  Mi,a-\-  c)  jc  =  2fiAcr/   (8>. 

For  the  pre^diu^  renoiu,  (7)  passes  through  Q  aod  (8)  through  P :  and  the  cqumtioni  an 
■Meal,  thoefere, each  indfeatet  a  line  pananf  thioogh  both  P  and  Q;  that  ia,  the eqnatioa 
(7)  or  (8)  nymeats  the  line  PQ. 

s2 
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 g,  wn  (k  +  g)     lin  g   ^^j^ 


lin  (k  —  a)  +  ttg  Bill  c 
_     gi  Mn  (ic  —  c)  +  gin  g 


sin  («  +  a)  -I-  4ib  tin  c 


(22). 


When  K  =  ^»  tbe  preceding  equatiun  becomes 

  1  4*  tt|  COS  a 

a,  +  cosa  '    \.  (»)» 

or,  I  +  (a,  +  ff^)  cos  a  +  «,  «,  =  0  ^ 
which  is  the  condition  of  relation  amongst  the  co-efficients  ai,  of  the  equa- 
tiouB  of  the  two  lines,  that  implies  the  two  lines  being  at  right  apgles  to  each 
other. 

lUeiaitffular  system.   In  this  case  a  =  ^;  and  then  sin  a  =  1,  and  cos  a  = 
being  substitated  in  (20),  give 

n    —  n 

..(24); 


fl,  -  a, 


tan  K  s  tan  03,  —  /3..)  =  -  .  ^  -  -   

1  +  flf 

and  if  the  inclination  of  the  lines,  m,  be  ^,  this  becomes  simplj 

I  +  tfi  a,  =  0,  or       —  -i-  


(25). 


PROP.  Vill. 

To fitid  the  equation  of  u  line  wftich  passes  throuyli  a  ijiven point  and  mtikes  a  given 

angle  with  a  given  line. 

Fvry  =  a,x  +      the  given  line;  and 
g  ■=  ax     6^,  the  line  sought; 
(x,  y,)  the  given  point ;  and 
jc  =  the  given  angle. 
Then,  since  the  line  sought  passes  through  (^i  y,),  we  have,  equation  (S), 

y  —     =  a,  (af  —  ar,) ; 
in  which,  inserting  from  (15)  the  value  of  a,  in  terms  of     a,  and  c,  we  have 

o,  sin  (r  —  n)  +  sin  c  .         .  • 

.iST<  +   +  a,  »>,r;  <•  —  <^ 

When  the  lines  are  to  be  parallel,  k  =  0,  and  this  becomes  simply,  as  we 
might  expect, 

—  Ci  sin  a  +  0  ,  . 
sin.  +  a.O  '^^ 

=  a,  (X  -»,)  (27). 

When  the  lines  are  to  be  at  right  angles^  then  '  =  ^>  we  bare  (26,  27) 
changed  into 

1  +      cos  a ,  ,^  ^ 

*-'■  =  -  ,.  +  U..<'-'-^  

JSeefoa^Hfar  syxfcm.  When  a  =  ^,  the  equations  (26,  87, 28)  are  converted 
into  the  following : 
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^'-^^•  =  r+irisr;^'-''>  

f—fi  =  «i  (•-«!)  (30). 

y  -y»  =  —  ;r  —   


Some  degree  of  care  is  requueii  lu  securmg  precision  both  of  description  and 
M  algebraic  expression,  when  speaking  of  the  angles  formed  by  titraight  liuet) 
raoied  to  co-ordiiuite  axes.  In  tbe  preceding  investigation,  the  angle  *  it 
ite  ti  in  (JSg,  I),  where  /3,  is  jfreeUr  than    by  the  given  angle  « :  but  it  may 


nJ>o  be  given  ho  that  the  contrary  may  take  place,  and  /i,  be  less  than  ft,  by  the 
given  angle  of  inclination  ic.  In  this  latter  case,  the  formula  nmat  be  modified 
by  changing  the  sign  of  k»  when  the  expression  will  become  that  of^.  2. 

The  proper  dietiDetion  between  the  oonditions  as  to  the  position  of  the  new 
fine^win  be  obvions  if  we  conosive  a  line  to  be  drawn  through  the  origin  parallel 
to  the  given  line  (as  the  dotted  line  "(1)"  in  the  iignres) ;  and  to  assign  whe- 
ther the  parallel  (2)  to  the  leqiured  line  throngh  the  origin  makes  with  the  axis 
of  2  taken  positively,  an  angle  greater  or  less  than  that  made  by  (1).  When 
this  is  not  determinate^  the  eolation  is  doable,  as  in  the  corresponding  geome- 
tncal  problem. 

Et.  A  line  {)assing  through  a  point  whose  co-ordinates  are  j',  =  —  5,  and 
jfi  =  —  6,  is  drawn  perpendicular  to  a  line  whose  equation  is  5y  +  4x  —  6=0: 
what  is  ibe  eqaatimi  of  this  perpendicular,  and  where  doss  it  cat  the  axes  of 
coordinates? 

Denoting  the  two  liaee  by 

y  =  ajr  +  6  =  — ^Ji-^,  andj/  =  ajc-f6, 

we  have  as  —  -a 
a  4 

Also  -6  ss  — Se'  +  6' s  OS  -  ^  +  ft',  or  flC  ST 

Whence  the  equation  of  the  perpendicular  is  reduced  to 


Also,  ify     0,  then  «  =  —  -  ;  and  if  c  =  0,  then  jr  =  ; 

vliidi  ipve  the  distances  of  the  interssctioos  respectively  of  the  line  with  the 
ins  of  «  and  y  from  the        of  co»ordinates. 
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PROP.  IX. 

To Jatd  the  equaikm  qf  «  ^mv,  which,  pas<nnfj  throtujh  a  gipem pomt,  shaii  wMke 

equal  angles  wUh  two  given  Ivnes. 

Diirofa  UiA  two  given  liiiM  and  diat  tooglit,  ntpactively,  liy 

f  =  «  + 

TImh,  tfut  the  third  line  may  fotm  cqmI  geometrical  angles  with  the  other 
two,  it  must  fonn  supplementary  co-ordinate  mgkt  with  theoL  Lrt  them,  then* 
be  «  and  and  we  shall  have  by  (30), 

(a  —  a )  sin  a 


tancs 


1  +  (a  4-  a,)  cos  a  +  oo,' 


tane«  —  tan(ir  —        —  J 


+  Ca  +  a,)  cos  a  -I-  oaj 
Equate  these  vnlnet  of  tan  k,  and  reduce  the  reeolting  equation  according  to 

the  powers  of  a ;  then  there  results 

a*  {a,  -I-  2  cos  a  -I-  a,}  +  2a  {l  —  a,  a»J  s  a,      2a,  o,  cos  a  <f      .  .(32). 

Let  a',  a",  be  the  values  of  a  in  this  eqoatkm;  and  let  «i  f i  be  the  point 
through  which  the  line  is  to  pass.  Then 

y  —    =  sT  (»  —     Miel  y  —  y,  =  <r  (X  - 

are  the  equationt  of  the  two  lineSj  other  of  which  fiilfils  the  conditioBS  of  the 

problem. 

Moreover,  if  we  insert  the  values  of  a',  a",  deduced  from  (31)  in  the  criterion 
(*23),  we  ahall  find  it  fulfilled;  and  hence  we  learn  that  the  two  Inica  jusst  deUT- 
mined  are  at  right  angles  to  each  other,  as,  geometrically,  we  know  should  be 
the  case. 


iSiMi.  In  this  case  coe  «  =  0,  and  the  condition  (3fl)  is  aim- 
phfied  to 

«>  +  ie.— /'"»-l  =  o,.,.  (33). 

«i  +  «i 


PROP.  X. 

Tofaid  the  kagth  qf  the  perpeadMarJirom  stghm  point  io  a  gwm  ttie. 

Let  y  =  ox  +  6 ;  or  y  —  y,  =  ax  +  6  —  yi  be  the  given  lipc  j  (Xi  yj  being 
the  given  point;  then  the  perpendicnlar  to  it  from  (XiyD  is  eaprBsisd  by  the 
equation  (20), 

I  4-  a  cos  a  , 

y  —  yi  =  :  (x  — 


Resolving  these  two  equations  for  the  detetmination  of  their  point  of  inter* 
section,  we  have 

_  (1  -f  e  cos  tt)  (y,^  ox,  —  b) 
^     ^'  1  +  3a  cos  a  +  a' 

^  _     _      (o^-f  cos  a)  (y,  ~  axt  —  b) 
'  l  +  2«coea  +  a*  ' 
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Whence  from  (I )  we  have  the  distant  of  (jti     and  (x  y)  expr^ed  by 
.  +  (y,  —  ox,  —  b)  sin  a 

  (34). 

Tiie  duuhle  sign  expre&jiag  that  the  line  may  be  measured  from  either  ejctremity 
luwards  the  other. 

BtelmigiAr  MjfBttm,  In  this  caM  «  =  ^.  and  the  valuo  of  the  perpendiciilar  w 

t^T*"'^^  (35). 

V  1  -h  a« 


9b  «nyt  lie  rdaHou  mmmg9t  lAe  eo-ordnuifct    ikreepomlM,  that  tktjf  mttjf  be  m 

ose  iMe* 

Tan  win  be  fulfilled  if  Unes  drawn  through  any  two  of  (he  three  alio  paw 
dmn^  the  third.   Now  the  equation  of  the  line  (ari  yj         it,  {eq,  \0), 

(jf  —  Vi)  (-Ti  —  x^)  =  (-r  —  Xt)  (y,  —  y ,)  ; 
and  that  this  i>hall  pa^^s  tliruugh  («sya)»  it  must  be  fulfilled  when  these  are  anb* 
fiituted  for  (fy)  s  which  gives 

Cyj  —  yi)  C-'.  —     =  (-^j  —  *i)  (yi  —  ya)»  or 

(a ,  y^  —  X..  y,)  -f  (A  y^  —      j/,)  +  (r^  y,  —  x,  yj  =  0    (36V 

This  solution  may  be  put  in  a  diflferent  form  :  for  since  the  three  pouitii  are  in 
oDt  hDe,  the  line  thruugli  each  two  of  tliem  muiit  hti  in  a  hnc  which  gives  the 

aoie  vilue  of  ^x-         viU  imply  the  aimultaiieotts  eonality  of  the 

am  (a  —  /3)  ^  I 

yi  —  ya    ya  -    _  y»  —  yi  .3.x 

Conittary  1. 

If  the  point  jrj  be  in  one  of  the  axea,  aa  that  of  »;  then  the  eondition  it 
lednced  to  y,  s  0,  and  hence 

y,  T,  —  y,  r,  +  j-^  (yi  —  yO  =0   (37e) ; 

or  if  in  the  axis  of  y,  then  x,  =  0,  anr!  the  condition  hecomea 

Sfi  «i  —  yi  *«  +  y»  C«i  —  »0  =  0  


Coroiiary  2. 

If  (Xj  y^)  be  the  origin  ;  then  the  condition  is  simply 

yi*a  —  ya  *»  =  ^  i^^7c). 

PROP.  XII. 

lb  umffn  the  rMion  amomgtt  the  eo-^ghietiii  qfihne  tquaiioiie,  m  that  the  fiaet 
repreeeiUed  bjf  them  ehaUpaee  through  onepoint* 


Lkt  ^  jr  s     +  6J  be  the  three  eqnationa. 

ly  =  a,x  -f 


The  problem  evidently  requires  that  the  yalues  of  (x  y)  shall  be  the  same 
when  ibrmed  from  each  pair  of  theae  tiiree  eqiiatiooa :  or  in  other  words,  it  will 
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be  fulfilled  if  we  elimmate  «  and  y  from  tbe  three  given  equation!.  Tbi*  ^tmi- 
nation  being  pcrfoimed,  givea  the  final  equatioa  of  conditioii : 

-a, 4k) +  W  +  («.^  -  «ift,)  =  0  (38). 

Tbe  eimilarity  of  tbis  equation  to  tbe  preoediuff  (tbe  one  being  tbat  of  ibe 
given  co-ordtnatee»  and  tbe  other  tbat  of  tbe  given  c»<fficienta),  thoogb  very 
remaiicabley  doea  not  eeem  to  bave  been  noticed  by  elementary  wiilen. 

PROP.  XIII. 

7b  ea^yretf  tkt  area      tnemgU  m  Urm  ^  Ikt  redOmiar  co-ordimaUt  ijfikt 

iknetmjfhg, 

Lii:i  liic  cu-urdiiiates  of  ihe  lliree  angles 
A,  B,  C,  be  (x,  y,).  (x.,  y,),  and  {x^  yj;  and 
draw  the  ordinate^  y„  y.^»  y^,  of  ihc  poiuta,  vis. 
AD,  BE»  CF.  Also,  let  a  be  tbe  angle  of  ordU 
natbn.  Then,  voi, «.  p,  472,  art,  3,  we  bave 

OX)  X  T 

ADEB  =  i  DE  JAD  -f  BEJ  sin  ADE  =  i  (x,  —  x,)  (y,  +  y,)  sin  a, 
BEFC  =1  i  EF  }BE  +  FC}  sin  BEF  =  i  (x,  -  «,)  (y,  +  sin  «, 
ADFC  =  h  DF  [AD  +  CF|  sin  CFI)  =  «»)  {y,  +  yO  nn  «• 

Hence  aABC  =  ADl  C  —  ADEB  —  BEFC, 

—         yi  *•)  +  (yi»i-yi«i)  +  (yi  *»—^f»'^)l « . .  (39). 

Coro//ory. 

When  the  three  point<^  nre  in  one  8tnii<{ht  line,  the  area  of  tbo  triangle 
becomes  zero   and  in  thiii  case  we  shall  have, 

(3^1  *a  —  y>  a^i)  +  dfj  ^3  —       +  (v,  X,  —  V,     =  0: 

which  wa!$  the  equation  of  condition  found  in  i,67),  when  the  three  points  are 
situated  in  one  straight  line. 


POLAR  EQUATIONS  OF  THE  STRAIGHT  LINE. 

TnaeB  equatione  mtgbt  be  deduced  by  means  of  the  equations  of  transforma- 
tion beresfter  to  be  given,  from  the  corresponding  rectilinear  ones  foond  in  tbe 

preceding  chapter.    It  is,  however,  not  only  more  elegant,  but  also  mucb 
simple,  to  form  tbe  polar  equations  from  a  fundamental  and  uniform  procesa. 

PROP.  I. 

Ihjmd  tht  general  form  of  ihe  polar  equatum  qf  a  ttrmghi  Ime. 

Let  OV  be  the  origin  of  angular,  and  Oil  that  of 
radial  otdinates.  Draw  the  perpendicular  OP  to  tbe 
line  RR';  and  let  VOP  s  /3,  OP  s p,  ROV  =  B. 
and  OR  =  r.  Tlien  we  bave  at  once, 
r  =p8ec  (0  —  ^),or|>  =  r  cos  (9-/5)  ..(1,2). 

It  may  alf^o  he  put  under  the  form 
r  roH  0        r  sin   
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which  has  a  considerable  analogy  to  one  of  the  forms  of  the  rectilinear  equations 
of  t  itraight  line.  Chap.  li. 

PROP.  II. 

3b  etprm  the  HtUrnet  bdwem  two  ptrinU  m  rtfermee  to  polar  co-onMaaiet, 

L«T  R,.  R^.  be  the  points;  aod  their  polar  eo- 
orainatas  he  (r^  e,),  (r,  9«)  s  then  the  angle  R,ORg 
is  equal  to  9, — 0„  aad  we  obvioualy  (aol.  t.  j>.  463) 
get  the  value  sought,  via. : 
R,  B,  s=  +  v^f ,« -  2r,  r,  coa  («,  -  »,)         •  (*)• 

PROP,  III. 

7b  assign  iheform  qf  the  polar  equation  qf  a  aftnai^U  VmtptmHff  tkrmigk  om 

ptpcn  jBOtal. 

flERK  thr  general  form  (2),  and  the  particular  case  of  the  line  paswing  through 
a  given  point,  furnish  the  equations 

p  s  f  008  (6  — 

coaCOi^jS). 

By  eliminatiiig  p,  and  reducing,  we  get 

(r  coa  «  —  r,  coa  e,)  coa  /5  +  (r  ain  0  —    ab  0i)  ain  /3  =  0  (5), 

r  cos  9  —  r.  cos  B. 

ortan^s:   W» 

^         r  am    —  Fi  sm 

in  which  /3  is  indeterminate. 

We  might,  however,  have  eliminated  /3,  and  given  a  result  containing  the 
indeterminate  quantity  p.  For  of  the  two  equatioua  take  tiie  diierence  of  the 
invaraafunctionat  then 

cqa--«  P.  _  COS-'  ^  =  e  -  6>,. 

Take  the  connea  of  both  sides ;  then  transpose,  square,  c/c,  whoice 

or  ji»  {H  —  «rr,  coa    —  e.)  +  r.»{  =  H  r,*  ain'    -  »,)  (7), 

+  yr,am(g-a,) 
v/f*  -  2rr,  coa  (e  -     +  r,« 


PROP.  IV. 

3b>itf  lAe  foiar  e^tialioii  of  a  UMpaanog  through  two  gwemp<^. 

rp  =  r  cos(0  — /3)) 
L«T   p  =  r,  coe  (0,-/3) !  be  the  general  form  and  two  casea. 

lp  =  r^coB{e^-(5)t 
Eliminate  p  from  the  firafc  and  aecond,  and  from  the  first  and  third ;  then,  as 

before, 

cos  0  —  r,  cos  0.)  +  (r  Bin  0  —  r,  sin  0^)  Uin  /J  =  0, 
(-OS  0  —  r,  cos  (>  ,)  -r  v'"  5*1"  ^  —  r.,  sin  9.^)  tan    =  0, 
from  which  eliminate  tan  /3,  and  there  result*  the  required  ^  quation. 
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rr^  sin  {9  ~  0,)  -f-  r,  r,  bin  (y,  —  0,)  +      sin  (O,  —     s=s  0  <9X 

sin  (g  -  e,)  .  sin  (tf.  -Ot)  .  aip(g«-e)_^  ^™ 


Each  of  these  fortns  is  elegant  and  Hyminciricril ;  but  other  forms  may  be 
given  of  perhaps  greater  utility  in  subsequent  invcstigauon.  It  may  be  well  to 
remark,  however,  that  the  values  of  p  and  /3  may  be  found  from  (6}  aud  {6 )  of 
the  pfecediog  proposition,  by  writing  0,  for  0^,  and  0,  for  0.  Tbn  giw* 

^            r.  cos     -  r,  cos  e, 
r,  tin  9, Bin  9, 
^   ±  (Tt  co«  ^1-^  cos  e,)       c^g^-,  ,  +  (r,  sin  e,-r,  sine,)  

^/r  *— arj  r,  cos     —  +r,» 

To  proceed  to  the  transformation : —   (11). 

r\r,  sin  (0  —  0,)  +  r,  sin  {9^  —  0)]  =  —  r,  r,  sin  (0^  —  0.,); 

or,  expanding  the  tiinett  and  collecting  tlie  co-eihcients,  we  get,  aiter  a  iittie 
obvious  reduction,  the  following  formulae 

(r  81110^,  sin  0,)  (r^  cos  0,— r,  cos  0^=(r  CM  9— r,  eoe  O,)  (r,  sin  0,— sin  e^ 

 (12). 

r  tinO  (r,  oot9,<— r,  cotO^— r  goi9  (r,  imff,— r,  an94)=r|r,(coa9,  aio9,— cocO^nn^,) 

 (13) 

These  equations  (12,  13)  haw  %  remarkable  analogy  to  the  coneapondinsg' 
reetUinear  equAtionB»  d^p.  ti.  pr.  w.  p.  256«  eg.  (11). 


PROP. 

To  assign  the  angle  of  inclination  of  two  straight  lines  whose  equations  are  piveu. 

This  is  obviously  the  difTerence  of  the  angles  ,  I.  formed  by  the  })er{>en- 
diculars     pj,  with  the  angular  axis  OV ;  that  is,  either  «  =  +  (/3,  —  ^J,  or 

PROP.  VI. 

7b>8Nillib«fwl8riM^«rdiMlct^lil«|)0^^  Uneg. 

Lbt  them  be 

=5  r  cot  (0  —  /3,), 
=  r  eoa  (9  —  jS^. 

Then  hj  dmmOf 

f/^  cos  (e  -^Pj)  _  cos^  /3,  +  sin jMan  9 

|»,"*coa  (fli  — /3,)""co«/?i  +  ainiflt  tan  C* 

and  sabttituting  the  values  of  sin  B,  cos  9  in  the  f\rsi  form,  we  get 
1     cos  {9  — /3,)   ±  sin  — 

the  co-ordinates  are  therefore  dctennined. 

Scholittm. 

Tf  one  of  the  lines  pann  through  the  pole,  the  exprettions  become  umplified. 
The  student  should  write  them  out  under  this  condition. 
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POLAR  EQUATIONS  OF  THE  STRAIGHT  L1N£. 


PROP.  VII. 

T9Jbld^ke€qmlilm^^almiw^khpas»t^tJin^ 

ptvAi  aagk  wUk  a  ^nm  Ime. 


Let  p  m  r  cos  (B  —  (i)  be  the  crivc n  line,  and 

r,  0^  the  given  point  i  theu  if  jc  be  the  given  angle,  ^  /\\ 
tikegentnlfoimof  tfieeqpiatiimoftbelbeaoqgbt  y  \\ 

beeotnea  /  \ 

and  since  it  alsa  patiet  thfongh  n  Ot,  w«  hate  -  "   /  \ 

=  r,  cos  {e,—  03  +  r)}  ""X- 

etiminating  |»,  from  whidi^  we  obtua  the  equalion  ^ 
■ought,  m.  _  _ 

r,  C03  {y,  —  ifi^  k)]  =  r  C08  {0  —  (/3  +  jc)J  (16). 


It  will  readily  be  distin^iished  when  +  or  —  is  to  be  used  ;  since  it  is  easy, 
when  the  one  of  the  two  lines  through  r,  0,  is  chosen,  to  assign  whether  jc  tends 
to  increase  or  lessen  ^  in  the  general  equalion.  These  are  as  marked  +»  — »  in 
the  %ure. 

When  the  new  line  is  to  be  jNvalEil  to  tht  giem  mt,  we  have  c  =  Oj  and  the 


equation  ia  ledooed  to 

r|  eoe  (Oi »  ^)  =  f  coa  (9  —  fi)  (17)> 

When  the  new  Ime  w  to  de  ^cijMiidiMBr  io  tkt  gwm  tme,  we  get  in  (16),  c 
convarted  into  hr*  and  hence 

r,  ain  (0,  —  /3)  =  r  sin  (0  —  fi)  (18). 


The  general  equation  may  also  be  reduced  to  a  form  analogous  to  the  rectan- 
gular equation  of  a  suatght  line  under  the  same  circumstancea.  For  expanding 
we  have, 

r,  cos^i  cos^S+c)  +  r,  sin  &^  nin  (/S^^c)  =  r  cos  0  cos  03+K)+r  sinO  sin  (jS+c), 
or 

r  sin  9  —  r,  ain  01  a  —  €0t  O  +  jc)  (r  cos  0  —    coa  9|)  (19). 


PROP.  VIII. 

Tbjkid  ike  iMfftk  iifikeperptiidieularJVomagkmpamt  to  a  gwm  wMght  Ime. 

Let  f>i  Ot  be  the  given  point,  and  j»  =  r  coa  (9  —  j3)  the  given  line.  The 
equation  of  the  perpendicular  from  r,  9^  upon  the  tine  ie  (16), 

r,  (ein  9,  —  /9)  s  r  ein  (9  —  /3). 
Kiiminate  r  from  the  equations  of  these  two  lines,  by  divinon,  which  gives 

5l*L(».  -  ffi  =  :i«Li»  r  «  =  ft. 

p  rcos(9  — /3)  ^ 

Whence  p  sec  (9  —  jS)  s  ±  ^    +  r,»  sin«  (9j  —  jS). 
Bui  from  the  equation  of  the  line  we  have 

rspsec(9-0)s±  Vp'  +  r,«  sin«  (0,  - /S). 

The  co-ordinates  of  the  point  of  intersection  are  tbeiefora  determined.  Denote 
then  the  kngth  of  the  perpeodicolar  by  1 1  and  we  have 

l»  =       2fr„  coa  {(9  -  /I)  -  (9»-^}  +  r*; 
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in  which,  iiwerting  the  valoM  of  r,  and  cot  (0  —  j6t)  s 


we  obtain 


PROP.  IX. 

!Ib Jaid  the  equatiom       iine,  which,  drawn  thmnrjk  n  gicem pomt,  tkall  mmke  «fmi 

angles  with  two  given  lines. 

Lar  r,  0,  be  the  ghren  pnnt  $  tnd  let  the  two  given  linee  and  the  line  aongll 
be  reepecfively  espreaaed  by 

p^  =  r  cos  (tf  —  til), 
p,  =  r  cos  (fi  — 

The  angle  between  the  first  and  tlnrd  is  /3  —  fiu  and  that  betuecn  the  ^ccHid 
and  third  is     —  /3 ;  whence,  since  the  line  sought  is  equally  indined  to  thcaip 
we  have  /8  =  i  (^i  +  j3^. 
Alao^  aince  the  line  aought  i»  to  pan  through  ft  Ou  we  have 

|»  s  Ti  COB  (9|  —  Pi, 
Theee  two  reenlta  combined,  then,  give  the  equation  sought, 

r»  coa  {tf,  —  4  (ft  +  jS.)}  «  r  coe  {0  —  I  (ft  +  /3^i  (19). 

PROP.  X. 

To  assi^fn  the  rekUiont  amongst  the  co-ordtr.ates  of  three  poUUs,  that  tkef  amg  ke 

sUuaied  in  one  line. 

Lkt  them  be  (fi  (r,  fl^,  and  (r^  9^  i  then  the  line  through  the  firat  two  of 
them  is  (9) 

r,  r,  sin  (0,  —  0.J  +  r.,  r  sin  (0^  —  »)  +  r  r,  sin  (0  —  e,)  =  Oj 
and  since  r,     its  to  be  in  this  line,  we  shall  have  the  condition 

r,  r,  sin  (0,  —  0,)  -\-  r,  Tj  sin  (0,  —  0,)  +  r,  r,  sin  (0,  —  flj  =  0....(2U), 
0,  8in  (e.  ~      ^  sin  (9,-      ^  Bin      -  g.)  ^  Q  j,,^ 


PROP.  XI. 

To  aesijf  the  relation  amongst  the  co-efficients  of  three  eqnaiiimMf  tk§t  the  thne 

lines  nu^  meet  in  one  poini. 

Lkt  them  be 

/),  =  r  COB  (9  —  ft), 
^,srcoa(9  — ft), 
j»,srcoB(0— ft). 

Then,  proceeding  as  iii  prop.  m.  with  the  first  and  second  and  the  firtt  and 
thirds  we  ehall  eliminate  r  nnd  9,  and  obtain  the  relation 

Pj.^^.^'.^P^^'^A  =  ^  tan  e  --yiCo«/^3— P»  cos/3. 

p^  sin  ji.,  —  p  ,  sin  .3,  p,  sin  Bj  —  p,  sin  ft 

reducing  which,  there  results),  aiter  Klight  tranitfunnaiiun. 

Pi  «n  —  iS,)  +  j>,  »in  —  p,)  +  p,  sin  (^3,  —  =  0  . . .  (22){ 
a  form  remarkable  for  ita  aimilarity  to  that  of  the  preceding  proposition,  and  ia 
thia  leapect  analogona  to  what  takea  place  in  rectilinear  co*ordinatea. 
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PROP.  XII. 


7b  t^^nmikgmrm^a  tnamgU  tn  terms  iff  the  polar  co-onfiMtfet    IA«  lAree 

J)enote  the  co-ordinates  of  the  angles  A,  B,  C,  by 
^^)»  (^1  &a)>  (r,  ^3),  in  reference  to  pole  O  and  angular 
amOV. 

Hmd,  vol.  i  p.  473,  on.    cor.  3,  we  hvn 

o  AT 
MOB  =  ^  AO .  OB  sin  AOB  =  i  r,  r,  sin  (6,  —  9^, 
aBOC  =  I  BO  .  OC  sin  BOG  =  i  r,     sin  (0,  —  e,), 
^COA  =  4  CO .  OA  ain  iX)A  =  —  i  r,  r,  tin  (©,  —  &,)  :— 

whence  we  get 

aabc  =  aAOB  +  aBOC  —  aCOA 

=  ^  Jr,  r,  ain  (9,—  0,)  -)-  r, r,  sin  (t?,  —  0,)  +  r,  r,  sin  (0,-0,)}  . .  (23), 
vhicb  gives  the  area  sought. 

CoroUary. 

When  the  tbiee  pointa  A,  fi«  C,  an  in  one  line«  the  ana  of  the  triangle  AtiC 
■  0;  and  hence  in  this  case, 

r,  r,  sin  (0.  —       +  r,     sin      —  ^^3)  -f  r  ,  r,  sin  ('^,  —  0,)  =  0, 
which  is  the  result  obtained  in  (20)  as  the  Qvndition  of  A,  B,  C,  being  in  a 
straight  line. 


PROPOSITIONS  ILT.USTRATIVE  OF  THE  EQUATION  OF  THE 
STKAIGH  r  LINE  IN  A  PLANE. 

PROP.  I. 

kwnfivm  tke  a^kiqfa  trhmqlp,  perptmdif^vlnr  to  their  opposite  sidest  aii 

mtertect  in  the  same  point. 

Pint  aoAiHon  *. 

Let  AD,  BE,  CF,  be  the  three  jjerperidiculars : 
aivd  lake  FB,  FC,  as  rectangular  axes  of  x  and  y. 
Express  the  co-ordinates  of  B  by  A,  0, 

 A  by  —  Au  0» 

 C  by  0, 

Also,  let  RE,  AD,  respectively  cut  oflf  from  FY  the 
se^rmenis  ^,  and  it,.  Then  we  shall  have  the  follow- 
log  equations 

(BC)i»Ay  +  to=»*  (1).    (AD)  ia  -  A,f  +  V  =  -  *«*,  ..(3). 

{CA)ia  —  *,y +     =         ...(«)•    (BE)  ia  Asr  +  M  «  *»•   


*  It  bos  been  thought  more  conducive  to  the  •tudcat's  improvement,  to  give  ■olutiont  of  the 
I  tbcoreu)  hy  teml  difl^t  methods,  thia  to  exhibit  ihoae  methods  in  their  ipfilicatiwi 
to  Afticnt  tboomni.  It  will  be  «een  that  tome  of  the  methods  are  more  elegant  in  their  appli- 
cation to  this  theorem  tliau  <>i!irm  arr  ;  nnd  in  making  the  exprriment  Upon  diffiereilt  tbooremt, 
the  ftadcat  will  often  find  the  facilit}*  of  the  appUialiuns  rGvcr»ed. 
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Then,  ainee  (l ,  3)  are  perpendiailar,  we  have  (15.  noli) 

k  (-         —  it*,,  or  «,  =  a,  (5). 

And  since  (2,  4)  are  perpendicolar,  we  have 

(~  A,)  A  =  —  M„  or  iU,  ss  U,  (6). 

Comparing  (5,  6),  we  see  that  =  ki,  or  both  the  perpendiculan  AD,  BE, 
eut  eqoal  liiMo  horn  FY :  fhat  is,  they  pan  thioo^  tlw  mom  point  in  FC.  • 

ITie  equations  (1,  2)  are  as  in  tlu  i  rrccding  tiolution;  and  since  AD,  BE  are 
perpendicular  to  iiC,  (JA,  their  equaUous  are 

y  =  -4(.-*)  (3).    I    y  =  j(»  +  *0  (4). 

Whon  each  of  these  lines  (3, 4)  cuts  the  perpendicular  CF,  we  abaS  banre 
tszO,  and  the  coHmdinates  y  have  in  thoee  caaea  respectively  the  ?aloea 

Ai  A      ,        A  At 
jr  =  ^.andy  =  ^. 

Thflaebsn^  equal,  the  two  perpendicolan,  AD,  BB»  cat  the  third,  CP,  In  tbe 
same  point  aa»  mppose^  P. 

Third  solution. 

Let  lines  bisecting  the  interior  and  exterior  an- 
gles at  C,  be  tnl<en  a"?  tVie  axes  of  x  and  y  resj^ec- 
tively.  Denote  tlie  angK  C  by  C,  and  the  in- 
cluding sides  AC,  BC,  by  ^  and  a. 

Then  the  co-ordinates  x^  y,  und     y,  of  B  and  A  * 
are  respectively 

«,  =  0  COS  iC,  and  yi     «  aui  |C, 
&  cos  iC,  and  jr,  =  —  6  sin  |G. 
The  equation  of  the  line  AB  wiU  therefore  be, 
on  insertion  of  these  values  of  X|  jfi  and  r^sfj  in  the 
osnal  fonnohi     366,  eg.  li), 

a     b  .     ,  2ab  sin  h  C 

i'-„_ii«"»c-»--„-A-  OX 

and  the  equation  of  CF,  p^endicular  to  this  from  tbe  origin,  is 

y  =  -fl  +  ft^«*4c*  (2) 

The  equations  of  tlie  lines  CB  and  CA  are  also  respectively 

y  r=  X  tan  ^C. . . ,  (3).    ;   y  =  —  x  tan   (4), 

The  perpendicular  from  x,  y,  upon  (4)  is  readily  found. 

y  —  rt  sin       =  (a?  -~  a  cos  ^C)  cot  ^C,  or 

y  =  X  cot  4c  —  a  cos  C  cosec  |C  (5), 
And  that  from  x.j     upon  (3)  is,  in  like  manner, 

y  -h  A  sin      =—  (x  —  6  cos  ^C)  cot  ^C,  or 

y  ss  —  X  cot      -|-  A  cos  C  cosec   ,  (g). 

Equate  the  vabie  of  y  in  (2)  ^ucco'^sivoly  with  those  in  (5)  and  (6)taad  nsotve 
the  resulting  equations  for  x    then  in  both  cases  we  find 

X  ~  \  {a  +  A)  cos  C  cosec  ^C. 
As  before,  therefore,  the  three  lines  pass  through  the  same  point,  P. 
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IFig.  to  first  solution.'] 

EmplovinfT  oblique  ares,  denote  that  of  w  by  AB,  and  that  of  y  by  AC  ;  also 
let  CF.  BE,  AD,  be  the  perpeadiculan  from  B,  and  A,  JTMpectively*  and  let 
CF,  BE,  meet  in  P.  Put 

AB  =  A,  AC  =  k,  AF  —  hi  =  k  cos  A,  and  AE  =  ki=.  h  cos  A. 

Then  the  equations  of  BE,  CF,  become  (no/«,  p.  257), 

Ay  +  kgX  =  M„  or  y  +  «  cos  A  =  A  cos  A  (I). 

+  far  =  M,ory  CM  A4- «  =  ifceof  A   (2). 

To  find  tiie  line  AP,  which  panes  through  the  origin  and  the  intenection  of 
(1,  S>,  nnltiiily  (I)  by  k,  and  (3)  by  h,  and  rabtiaet ;  then 

h  —  k  COB  A 

y  =  t->co.A"  

But  the  equatkm  of  BG  Is*  (eg.  16,  note), 

*y  -I-  *»  s=  W,  or  y  ss:  —  ^  «  -H  *}  or  «(  s:  —  *. 

Then  this  value,  substituted  in  {eq.  21),  gives,  as  the  equation  of  the  perpendi- 
cular from  A  to  BC,  the  following 

1  —  J  cos  A 

»  =  --nr^  -  '^J^^^.'  (4). 

The  Identity  of  (3, 4)  abowe  that  the  line  (4),  wbkb  ie  perpendicohr  to  EC, 
coincides  with  that  drawn  from  A  through  the  intereecUofi»  of  the  other  two 
pefpendicnkn,  and  hence  eeubliBhes  the  theorem. 

Fifth  method. 

Employ  (1,  2,  3)  of  the  latt  method,  which  are  the  equations  of  the  three  per« 
pen(!iculars,  and  siibjeet  the  expreesion  to  the  criterion  of  {eg,  35).  The  lines 
reduced  to  the  form  required  are 

y  =  —  X  008  A  -f  /*  co»  A, 
y  =  —  a?  see  A  -|-  k, 
A— icoeA 
*-*coeA-*' 

and  the  expreesion  ta  reduced  to 

a;.  *>.f  A«     A— ^  COS  A)    .   A— COS  A    .  . 

{(— cos  A./rJ— secA.Acos  A}-|-{— aecA.O— j^l^j^^j  +  cosA— cosA.O, 

which  upon  rednction  becomes  encoeenvelyy 

h  —  A;  cos  A , 
k — A  cos  A^ 

and  therefore  the  three  lines  pass  tbrongb  one  point. 


cos  A  +  A  -       :      ^jifc-  A  COS  A|=  ^*"*"^^^^-^*'^^>  =  0, 


Sixth  solution. 
MhUum  1.] 

Talte  AD  as  origin  of  0 ;  denote  DAC,  DAB,  by  y  and  —  A  and  AD  by  A ; 
tbese  conditions  fix  all  the  lint  s  of  the  figure.  Then 

AF  =s  AG  cos  (y  +  /3)  =  A  sec  y  COS  (y  4-  /3), 
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and  tbe  equation  of  CF  is  therafore 

A  tec  Y  cot  (y  +  i8)  B  r  coa (0  -f- A)    -CO* 

Shnilarly,  that  of  BE  is 

h  M'r  r—  /3)  COS  ( —  7  —  /3j  =  r  cos  ("  —  7)   (2). 

And  when  each  of  these  cuts  AD,  we  have  0  —  0,  and  the  two  results  become 

k  sec  y  cos  (y  4-  j3)  =  r  cos  /3,  and  A  sec  /3  cos  (y  4-  /3)  =  r  cos  y. 
These  give 

Aaecycoa(/3  +  7) 


and 


A  sec     COS  03  4-  y)  ,  a   ,  N 

r  =  ~  =  A  sec  /3  sec  y  cos  (/^  +  r)  i 


CO*  7 


which  being  identical,  the  two  perpendicoJara,  B£»  CF,  intenect  the  perpeo- 
dicolar  AD  in  the  aame  point,  P. 

Scholium. 

These  several  methods  of  establishing  the  same  proposition,  are  given  in  order 
to  furnish  examples  to  the  student  of  ahnost  every  kind  of  treatuient  of  which 
this  class  of  theorems  admits.  As  a  still  further  exercise,  the  student  is  recom- 
mended to  try  tbe  nsa  of  AB  of  X,  and  a  hue  through  A  at  right  angles 
to  AB  aa  azia  of  y.  For  this  purpoia  it  ia  re-proposed  in  JBv.  7  of  the  ibllowiog 
exerdace :  and  by  methoda  having  contiderable  analogy  to  one  or  other  of  dieae 
the  other  two  theorems  there  enunciated  will  be  proved. 


P&OP.  11.^ 

Ifttrmgkt  luiea,  AD,  BB,  CF,  be  drawn  thrmiffh  ike angUi  A, trimtgle 
mdmufptrntO,  to  meet  the  opposite  sides  in  D,  E,  F:  andifEF,  FD,  DE,  be 
drawn  to  meet  the  sides  tkt  trimgU  inR,Q,Pt  tkut  pomtt  P,  R,  wiU  be 
M  the  Mome  strmght  Uae. 

Take  RB,  RF,  as  oblique  axes 
of  X  and  y  respectively ;  and  put 
RB  =  a,  RC  =  a„  RF  =  b, 
RB ^  b^,  and  RDs c.  Then  we 
have  the  several  equations  of  the 
lines  concerned,  aa  bdow. 

(FB)  ajf-^bm^ab    (i), 

(ED)  cjr  +  fti*=*ic   («), 

(EC)   a,y-|>  btX—  Qtbt   (3), 

:T  1))   cjr  4.  ftxss      .'.   (4). 

GMhmoltiply  (1, 3)  by  6|C,  ab,  and  subtract :  then 

ac(6,— A)y  4- W.(c  — a)*  =  0   (5), 

which  denotea  the  line  RP,  passing  through  the  origin  R  and  the  intersection  of 

AB,  ED. 

lalike  manner,  from  f.l,  4)  we  obtaui  the  c(]uation  of 

a,c  (Z»  —  6,)  y  4-  66,  (c  —  a,)  «  =  0  (6). 

It  now  only  remains  to  show,  that  under  the  conditioTT?  of  the  question,  (5) 
and  (C)  arc  identical ;  in  order  that  RP  and  RQ  may  coalthce,  or  R,  Q,  P,  be  in 
one  line. 
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Aa  above,  the  equations  of  the  lines  KB,  FC,  are  found  to  be  : 

(Eli)  ay  -^b^  =  ab,  (7). 

(CF)  ajf-h  A*  =fl,6  (8). 

GnMM-milliply  ud  add ;  thea  wi  hxn  {mote  prop,  vi.)  the  eqnition  of  tba  line 

AO  cipraMd  by 

MiC*  +     f  +      (a  +  a,)  »  =s  3aa,  bb^  (9). 

Now  vheD  AO  eati  the  aadi  RB  of  c»  wa  have  y  =  0  and  «  as  c;  but  ill  thia 

a  =        -  =s  c,  or  a(c  —  Oj)  s=  a,(«  —  c)  (10). 

a  -t-  u, 

lateit  (10)  ID  (6)  and  reduce  ;  then  there  results 

ae  {bf  —    y  +  i^j  (c  —  a)  x  =.  o, 
which  is  identical  with  (5).   The  theorem  is  henm  established. 

Orthut 

Ooaitiiiet  aa  befbie,  and  take  QA,  QF,  for  the  ateo  of  a  ind  f. 
All  OA  s  «,»  QB  as      QC  «=  a,, 

QP  =     CU>  =      then  we  have  for  the  eqnatiooa  of  AF,  ED,  DC* 


(ED). 
(DCj. 


"i  Pi 

(FE) 

•..(2) 

(AD) 

i+t-i... 

«3   .  Pa 

(CF) 

X  ir 

 - 

«a  Pi 

 +!;«»•••<*> 

 •••<•> 

Snbtmcting  (2)  from  (1)  and  (3)  from  (4)»  gLym  for  the  eqiiationa  of  (SlB  and 
OR  rMpedhrely, 

G;-y--(^^>"  <n 

(S;-r>+a-s)'"  ">• 

Adding  equations  (5)  and  (6)»  or  (I)  and  (3),  and  also  (2)  and  (4),  we  get  for  the 
conation  of  bE, 

 «» 

a,      a,      a,         a,      o,  a, 
(^imseqaently,  equations  (7)  and  (8)  are  identical,  and  therefore     Q,  R,  are  in 
caelme. 

This  proposition  is  identical  with  that  at  p.  221,  and  is  solved  in  that  place  by 
Eieans  of  transversals.  Most  of  thv  theorems  relative  to  rectilinear  transversals 
may  be  established  m  a  similar  uiauncr ;  and  the  student  in  urged  tu  attempt 
tlidr  dcmonttratuHi  fay  nich  OMBiia.  He  will  thus  be  led  gradually  to  perceiTo 
tfatmtiawte  relation  that  lubeiitt  betweoi  different  and  apparently  unconnected 
aeduMb  of  invee^g»tioDt  and  to  appreciate  the  pecidiar  advantagea  and  beauties 
tfcach. 

▼ou  II.  V 
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PROP.  III. 

Squares  AG,  BH,  are  described  on  two  aJjaceni  sides,  AC,  CB,  of  a  triangle 
ACB ;  and  lines  are  drawn  from  each  angle  G,  of  the  square  on  AC  to  the 
mgk  B  oftkt  triangle,  and  IbiMfnm  F,  H,  of  the  squanmiBCto  tktmtfkA: 
being  those  angles  t^iht  »guarm  contiguamt  to  tkt  ridt  AB  qf  the  irimtfief 
mid  O,  H,  lAoM  mo§i  remote  from  U :  it  if  repdnd,  tke»,  to'prooo  (1)  ikai  AF^ 
BB,  intersect  in  CD,  tko  perpmdimUar  from  CtoABs  «tf  (3)»  thai  AH,  BG, 
intereeet  at  right  anglee. 

Dhaw  the  perpendicular  CD*  and  take 
DIJ,  DC,  as  the  positive  axes  of  x  and  y. 
Draw  ER,  GM,  HN,  FL,  perjicndicular, 
and  PCQ  parallel  to  AB.  Let  !>A  =  a, 
DB  =  b,  and  DC  =  c.  Then,  by  obvious 
geometrical  properties  of  the  iigure,  the 
triangles  CDA,  ARE,  CPG,  are  equal  in 
all  respecta»  as  are  likeviae  CDB,  BLF, 
CQH,  equal  in  all  leapecta.  Whence  we  hare  the  eo<ordinatea  of  tiiie  Mvml 
pfkinta  denoted  thus 


—  a,  0  for  A 
b,  0  for  B 


—  (a  -}-  c),  a  for  V    I   —  c,  {a  +  c)  for  G, 
(b  +  c),  b  for  1"    I        r,  (6  +  c)  for  H. 
The  equations  for  the  fonr  lines  specified  in  the  theorem  are  hence  found  at 

once  to  be 

(AF)  y  (a  +  6  +  e)—  to s 

(BE)  y  (a  +  ft  +  e)  ss 

(AH)  4f  («  +    — «(ft  +  e)  «  « (ft  +  e). 

(BG)  y  (A  +  c)  +  »(a+  c)  =:  5  (a  +  c). 

When  AF,  BE.  meet  the  perpendicular,  wc  shall  have  in  both  cases  «  a  0; 
and  this  gives,  as  the  distance  at  which  each  meets  CD  from  D,  the  value 

 nb 

They  intersect,  therefore,  in  the  same  point  S,  as  stated  in  the  enunciation. 
Again,  put  the  equationa  of  AH,  EQ,  under  the  form* 


. ft+c 


a  -f  c  , 


A  +  e 

a  -I-  c 


6  -f  c'  *  ft  +  c' 
in  which  the  co-cflicients  of  x  fulfil  the  criterion  of  perpendicularity. 
The  theorem  is,  therefore,  proved. 

PROF.  ir. 

Let  ABC  he  a  triangh,  hamitg  three  ginmpoktt  D,  Q,  m  lie  tide  ABj  through 
D  dram  amg  straight  Urns  DBF,  mating  AC,  BCinBatid  F  re^peettoOg,  msd 
through  B,  F,  etraijfht  Une$  LB,  QF,  iiUtrteotitg  t»  P;  determme  tho  toeme 

of  P. 

Take  CY  parallel  to  AB  for  the 

axis  of  y,  CA  being  that  of  x.  De- 
iioti  tl^e  values  of  y  for  the  three 
gi\  ( Ti  points  I),  L,  Q,  by  y,,  y^,  y,, 
and  the  common  value  uf  ;r  by  jr, ; 
alao  put  for  the  equatkm  of  CB  re- 
ferred to  the  same  system  of  oo-ordi* 
natea. 
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y  =  Ax    (1). 

Also,  Sin  e  the  line  DEF  passes  through  the  one  given  point  x^  we  have  iti 
equation,  a  being  indetenninate, 

y  — yi  =  «('~*»)   (2). 

Hw  C(MRtIiaitet  of  E  an  fmuid  from  combining  (2)  with  y  =  0,  which  gives 

y=:0,*=-.5^i=^  (3)i 

and  nmilarly^  those  of  F  are  found  from  (1,  3),  giving 

tt  — ^f'""^')     yi  — 

A~a~'' — rrrr  

The  equation  of  QF  t!iron(^'h  (y^  a?,)  and  (4)  i«,  thLrefore, 

-  {y  —  yj  (A^,  —  s^,;  -i-  A  (y^  —  y ,)  U'  —  i,)  =  a  (y_,  —  A*,)  («  —  «,)  . .  (5). 
Simiiari)',  the  equation  of  EL  through  (y,  x,)  and  (3)  is 

yi(y  — y»)  =  flya(*  — «i)  (6). 

Eliminating  the  indeterminate  quandty  e  from  (5,  6)  we  find  in  the  hbubI 
ipawnfr 

yi  Cy  —  y^)  =  <,  —  A(y«— (Ay,—y,)  (y—y^) 
y,(x— X,)  y,  — Aj»,     (»  — «i)(y,— a«o* 

or,  on  reduction  and  mutual  cancels,  it  becomes  simply, 

{A*,  (y,  -  y.)  —  y,      — y,)}  y  -  Ay  fy ,     y,)  a?  =  0.  (7). 

Hiis  is  obvioiuly  the  equation  of  a  line  CP  through  the  origin  of  co-ordinates. 

Amiker  $ohiHaii, 

The  solution  above  given,  involves  no  considerations  but  those  which  purelv 
belong  to  the  doctrine  of  co-ordinates.  It  will  often  happen,  however,  tiiat  the 
introdaction  of  geometrical  properties  will  simplify  and  sboiten  the  sdotion. 
This  assertion  will  be  illastiated  by  the  following  solution.  See  the  Ma^kma- 
tical  Repository,  N.  S.  voL  U»  Bx.  16 1. 

Through  P  {fig,  to  kut  soAtfion)  dmw  QUO  parallel  to  AB,  meeting  DF,  CA, 
CB,  in  G.  H,  0. 

Put  DL  =  fl,  QB  =  6,  LM  i  =  c,  AL  =  AB  =  TO,  AC  =  «,  EC  =  x,  and 
UPsy.   Then,  by  similar  triangles, 

AL:  PH :: LD :  PG.  or     y a :  PG;s  ^; 
Da:PG::QB:PO,orc  :  ^  ::  ft  :  PO  =  ^| 
and  hence.  HO»HP+FO=  y  +  ^  =  — ^-yj  ^^otSkf* 

AB :  AC  »  HO :  HO,  or  m  : «    ^^^^ .  y  : or 

mcdj:  =.  u  iab  -)-  cd)y, 
tbe  equafioa  of  a  line  through  the  origin,  as  hefbre* 

SelelNHn. 

By  processes  of  this  hind,  a  considerable  number  of  the  theorems  leUtiog  to  ' 
rectilinear  traneverssls  may  be  solved.  Even  whece  the  propositions  are  deter* 
minate,  they  may  be  solved  by  finding  the  equations  of  two  stenght  Hnes,  in  one 

of  which,  according  to  one  set  of  tbe  conditions,  a  point  may  be  situated,  and  in 
tbe  other  of  which,  according  to  another  set  of  the  conditions  (each  set  must 
contain  n  —  1  of  the  conditions,  where  the  entire  number  is  a) :  and  their  inter- 
section furnishes  the  solution. 

T  2 
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PROP.  Y» 

l^to»  tk«  9pp9tiie  mim,  AC,  BD,  ^  iU  ^pudrilatend  Jigtre  ACBD^  m 

triangles  are  described,  the  vertices  of  moI  E  and  F  being  m  the  bmm  AC^BB 
qf  the  other  triangle :  it  is  required  to  prove,  that  if  AD  and  BC  imterweet  in  0, 
AFandBEim  G, and  FC, ED,  im U,  tkepoimU  Q,  0,H,  wiU  be m  am strrngk 

Tabs  BC,  AD,  as  axes  of  «  and  y,     D,  being 

on  the  positive  branches  ;  and  let  the  notation  of  00* 
oidioates  for  the  several  points  be  as  follows  : 

(A)   (0,  -  a) 

(B)   (—  A,  0) 

(C)   (c,  0) 

(D)  (fi,d) 

(F)  (»„y,) 

(E)  (»,,3r,). 

Thm  we  have  the  equations  of  Uie  eevenl  lines 

concerned  as  below : 

(BD)  ....  ^fty  +  di  =  — M  (0 

(AC)   cy  —  ax  =  — ae   ,......,...{2) 

(AF)  (j/  +  a)  =  x  (y,  -I-  a)  (3) 

(BE)  y  (x,  4-        y.^{x-\-  b)  ^.  ..(<) 

(FC)  y  («|  -  c)  =  y,(*  — 0)  


(DB)  «,(jf-<i)  =  «(y,-rf)  («). 

The  interseetion  of  AF,  BE,  gives,  as  the  co*ordinatee  of  6, 

Y  —  (gJ  +  +  -^i  Y  —  (fflx,  -i-  6y,  +  a&)  y,  ^ 
'*^*-(«,-»>6)(y.+a)-»,y,*  (»,  + A)(y»  +  e) jr. 

and  tliat  of  FC,  DE^  gi?e  those  ofH, 

T  —    (^  +  cyt  — wQg,      Y  —     (&a  +  cy,~  c<Oy, 
*'"*,y.-(x.-c)(y,^»  **~«,f,-(».-c)(y.-rf> 
Again,  to  simplify  these  results,  put  D,  and  D,  for  the  denominators  of  the 

▼aloes  in  (7*  8)$  and  recollecting  that  c,  y,  ie  in  (1)  and  (s,yi)  in  (a>,  we  have 

at  once 

iy,  =  dr,  +  6rf  (9) 

cy.^z=  ax^  —  ac  (10). 

Substituting  these,  we  shall  have  the  equations  (7,  8)  reduced  to  the  forms 
V  — £CM:  c)  g.jT,       _  6(a-f  d)y,y, 

— "cD"  *  — 3Dr~  

Nov  the  criterion  of  GH  passmg  throngh  the  origin  O  is  easily  applied  te 
thess  expiessioos,  vis. : 

X,  Y,  —  X,  Y, »  0; 

for  it  simply  becomes 

ao  (g  +  d)  jh  +  c)  g,a?,yty, _ bdjb  4-  c)  (a  +  rf)  j.  »,  »,y. 

ac  \  \  L>  6</D,  D,  ' 

an  expression  obviouiily  e<^ual  to  zero,  from  the  identity  of  its  terms* 
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PROP.  VI. 

If  from  any  point  perpend'\nilars  he  drawn  to  two  adjacmt  sides  of  a  parallelogram 
and  their  co-terminal  diagonal^  ike  rectangle  contained  by  the  diagonal  and  its 
perpendicular  will  be  equal  to  ike  nm  qf  ike  rectangle*  of  the  two  sides  with 
tkrir  n^aeetive  perpendiadan, 

Rp.FBA  the  system  to  the  diagonal  OR  and  a 
perpendicular  OY.  Put 

BOR  ss  a,  AOR  =  /3,  OR  =  r. 
Then  the  eqiutions  of  OB,  OA,  0R»  will  be 

(OB)....y  sB  +  tftana  (1) 

(OA)....ys  —«tan/3.. ......  (2) 

(OR)....y  =  0  (3). 

The  perpendiculars  PitP^P$f  itom  the  poillt 
(jTi^J  upon  these  are 

p^  =  y,  cos  a  —  jr,  sin  a . 
p^  =  gi  cos  /3  +  ^,  sin  /3. 

i>3  =  y»  

f  ein  jS     ._j       _   rein  a 


.(4) 
.(5) 

(6). 


Aim  OB 


Whe&oe, 


and  OAs 


■in  (a  +  /3>* 


^„      ,  r (y,  coea ^<r,  rin g)  wn  j8  ,  r  (y,  cos  /3  4-  or,  sin  j8)  eing 

 fy^  {mfi  cos  g  +  sin  a  coa j3)    ffg,  (ein  a  ain  /3  --  sin  a  ein  j8) 

~  sin  (a  +  nn  (a  4-  ^ 

=  ry,  =  (6y  6)  OR  .p,. 
This  theorem,  which  is  of  considerable  use  in  the  doctrine  of  statical  moments, 

is  generally  established  by  means  of  geometry.  Resides  fhv  proofs  usually  given 
by  writern  on  mechanics,  three  very  elegant  ones  may  be  seen  in  No.  5  of  Pro- 
fessor Gill's  Math.  Misc.,  New  York,  iS39-40.  ^Viiothcr  will  be  given  in  the 
chapter  uu  iilatics. 


PROP.  VII. 

Jiet  ABC  be  a  trinnnU-,  and  H  a  point  tn  one  of  its  sides,  or  its  prolongation  either 
way  :  through  H  draw  iines,  as  HH\  tnttrsecltng  BC^  BA,  in  A',  H'.  JpiitAA' 
and  cm,  and  let  thste  Imet  mtentet  m  Pi  tkm  ike  loom  tfPua  sUmgU 
Um  passing  through  B. 


Tabs  AB,  AC,  for  the  axes  of  coordinates,  and  put  AH'  =  a,  AH  =  ft,  the 
sides  opposite  to  A,  B,  C,  being  denoted,  as  usual,  by  a,  b,  c.  Then  the  equa- 
tions of  the  lines  hC,  HW,  and  CH',  are  respectively 
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1  +  1=1  (1)  equation  of  BC, 

^  +  ^=  I   (2)  Hir 

?  +  -  =  !  (S)   CH*. 

O  a 

Subtract  (3)  from  (l)  and  we  have  for  the  equation  of  AA', 

a-D^+o-D-"  

Adding  (4)  and  (3}>  we  get  for  the  equation  of  the  locus  of  P, 

(l-}dy  +  -o='  (»>• 

To  find  where  this  line  cuts  the  axis  of  x,  make  y  =  0  in  (5),  and  we  get 
CoDieqwotly,  the  locos  of  P  is  a  stiiigbt  line  passing  tkiough  B. 

SXMCISBS  on  TBI  STaAlOBT  UIIB. 

1.  Constnict  the  followtog  equations  on  the  same  co-ordinate  axes  (a  s  76^» 
aod  to  the  same  scale  : — 


—  6»  +  4y  —  10  =  0 

—  5*  —  4y  —  10  =  0 


5x  —  4y  —  10  =  0 
5«  +  4y  —  10  =  0. 


2.  Verify  by  the  scale  the  calmlated  values  of  y,  when  4jr  4*  3  ss  0;  and  fiod 
the  inclination  of  each  line  to  each  of  the  axe  of  x  and  y. 

3.  Find  the  rccUiigular  equations  of  the  lin<  s  i>a88ing  through  each  two  of 
the  four  following  points,  and  the  distances  from  the  origin  at  which  they  seve- 
rally cat  the  axes,  together  with  die  area  of  the  triangle  formed  by  them. 

(—5,  4),  (5,  —  4),  (-  5,  -  4),  and  (5,  4). 

4.  Construct  the  lines  2y  +  5  =  0,  4x  —  2  =  0«  and  j;  -f  y  =  0  ;  and  find 
the  equation  of  the  line  which  cots  from  the  axes  of  «  aod  y  the  segmeota  a 
and  h, 

6»  Two  straight  lines  passing  through  the  given  point  («,  y,),  and  makiiiig  a 
given  angle  k,  cut  from  the  axes  of  segments  which,  reckoned  from  the  ocigia, 
are  in  a  given  ratio  m  :  n ;  find  the  equations  of  these  lines,  and  the  asgments 

they  cut  from  the  axt?  of  y. 

6.  Find  the  locus  of  the  vertex  of  the  triangle  when  the  foUowiug  parts  are 
given : 

(1)  .  llie  base  and  area. 

(2)  .  The  bsse»  and  the  sides  equal  (or  isosceles)* 

(3)  .  When  the  veitical  angle  and  one  of  the  anglee  at  the  base  are  givea, 
find  the  locus  of  a  point  which  divides  the  base  in  the  given  ratio  m  i  m» 

7.  Show  that  each  of  the  following  triads  of  lines  meet  in  one  point 
(1).  The  lines  from  the  angles  bisecting  the  opposile  sides. 

(i).  The  lines  bisecting  the  vprtical  angles. 

(3)  .  The  hne  bisecting  one  interior  angle  and  the  other  two  exterior  ones. 

(4)  .  Lines  from  the  angles  to  the  points,  of  contact  of  the  inscribed  circles, 
(6).  Lines  similarly  drawn  to  the  escribed  points  of  contact. 

(6)  .  Lines  perpendicuUr  to  the  aides  from  the  angles. 

(7)  *  linee  bisecting  the  sides  perpendicularly. 

8.  If  upon  the  sides  of  any  triangle  as  disgonalst  patalldograma  be  described 
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vhose  sides  are  parallel  to  two  given  lines,  the  other  thre«  diagooak  wiU  initr- 
wct  in  one  point. 

9u  la  tht  Sgvn  t9  JBw.  47,  the  fincf  AL,  BK,  CM,  intersect  in  one  point i 
md  tiho  wuot  hoMs  tnie,  wiieD,  instead  of  tbe  squares  B6,  CB,  BE,  my  similir 
Tectengici  are  taken  whose  homologoos  sides  are  AB,  BC,  CA. 

IOl  Thttuform  the  eqaatioB  of  « line  pasnog  Unoogh  the  given  points  (•,  yi), 

Cr^f iBto  the  fonns :— > 

ar    f     ,       ,  cos  0  *  sin  0  1 
-  -f  5^  =  1.  and  — -  -}-  ^  =  ^  J 
a     o  a,         6|  r 

and  assign  a,  0^  i»  6„  in  terms  of  tSu     yi  ya- 

11.  Lines  are  drawn  from  2n  points,  Aj,  Aj,  A^  A^,,  to  meet  in  one  point 

Z:  and  the  sum  of  the  squares  of  n  of  theve  lines  is  equal  to  t!ie  sum  oi  the  .s(juare8 
of  the  remaiuin^  n  of  tliem  :  it  is  rei^uired  to  show  that  Z  is  always  (situated  in  a 
slraight  iine  which  may  be  found. 

12.  llie  three  sides  of  a  triangle  and  a  point  arc  given ;  and  through  the  point 
s  line  is  drawn  to  cat  the  ndss  of  the  triangle,  and  to  be  divided  at  the  points  of 
ssctioD  in  a  given  ratio :  it  is  required  to  find  the  equation  of  that  line. 

13.  If  two  triangles  be  described  on  the  opposite  sides  of  any  quadrilateral  as 
bssss,  each  having  its  vertex  in  the  opposite  side :  then  the  points  in  which  the 
two  sides  of  one  triangle  cut  the  two  sides  of  the  other,  will  be  al  vrays  in  a  line 
which  passes  through  a  fixed  point.  'Y\\t  solution  to  he  by  taking  AB«  CD, 
produced  to  meet  as  co-ordinate  axes.    See  the  solution  given  at  p.  276. 

14.  If  three  sides  of  a  triangle  be  cut  by  an  arbitrary  line,  and  a  point  be 
taken  m  it  so  that  the  three  btgnieaiis  iuicrctpted  by  the  iriiiugie  and  the 
pnnt  sliaU  bave  the  fpwva  ratios  of  m^n^p  :  thsn  ths  locus  of  the  point  so  taken 
ii  a  straight  Ihie. 

16.  Upon  the  line  CG  any  how  divided  in  D,  let  squares  GABD,  DEF6,  bo 

described  (on  the  same  side  if  D  lie  between  C  and  G,  and  on  the  contrary  if 
D  be  in  extenebn  either  way  of  CG),  and  join  AG,  CF :  their  intersection  U 
win  be  in  the  line  BED. 

16.  If  exterior  sqimrrs  be  described  upon  the  ttiroe  sides  of  a  tnanglc,  and  the 
three  pairs  of  contiguous  corners  of  these  squart  h  bu  joined  ;  then  line*3  drawn 
from  the  angles  of  the  triangle  j)erpendicular  to  tiie  lines  which  join  the  conti- 
guous  corners,  will  ail  pass  through  one  point. 

17.  ABCD  is  a  pandldogram  s  draw  D£  perpendicular  to  the  diagonal  BC, 
and  Ihnn  the  pointe  B  and  C,  perpendiculan  to  AB,  AC:  these  three  perpen- 
dicolars  shall  meet  ui  one  point. 

18.  ]f  the  three  following  pairs  of  lines  intersect  in  the  points  H,  K, 
respectively,  show  that  G,  II,  K,  arc  in  one  line;  viz.  lines  drawn  from  tlie 
rn^t^  at  the  base  to  bi^^cct  the  sides,  lines  drawn  from  the  same  angles  perpen« 
dicular  to  the  sides,  and  lines  bisecting  the  sides  at  right  angles. 

19.  From  a  point,  P,  m,  lines  are  drawn  under  specified  angles,  a,,  a,.. a.,  to 
terminate  in  given  lintb ;  and  their  sum  is  a  given  magnitude  :  show  that  the 
loeas  of  P  is  a  straight  line,  and  assign  the  constants  of  its  equation. 

90.  Assign  the  area  of  a  polygon,  the  OHndinatss  (jr^  y,},  (x,  y,)  • . . ,  («.  yO, 
of  whoso  angular  points  m  given. 

21.  Three  straight  lines,  BA,  AC,  CB,  are  given  by  position,  as  likewise  three 
points,  D,  E,  F:  it  is  required  to  describe  through  D,  E,  F,  the  sides  HK,  KG, 
GH,  of  a  triangle,  having  its  angular  points  G,  H,  K,  situated  respectively  on 
the  lines  BC,CA,AR. 

22.  Point  out  tiie  method  of  reiiolYing  the  same  problem  when  there  are  m 
lioee  and  m  points  given. 
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23.  Two  lines,  AB,  AC,  are  given  mtieting  in  O,  and  A,  B,  are  points  lo 
them:  it  is  required  to  find  tlie  equation  of  the  line  wbkih,  puaing  tbroogh  a 
given  pobt  P,  cute  them  in  D  and  E  reepectivdy*  eo  that  the  segmenti  A.C^  BD, 
may  have  a  given  ratio,  m  :  n. 

24.  To  cut  them  so  that  AC,  BD,  may  contain  a  given  rectangle. 

25.  The  line  expressed  by  the  equation  y  =  ar  -|-  6  is  referred  to  the  co-ordi- 
nate angle  a  ;  show  that  when  it  is  referretl  to  n  new  origin  hk,  and  to  new  axes 
making  angles  f3,  y,  with  the  original  axis  of     the  equation  %vill  become 

tflsm  y  —  a  sin  (a  —  y)]  +  x^nm  /3  —  a  sin  (o  —       -j-  (k  —  ah  —  b)  sin  a  s 0. 

36.  Let  a  point  xy,  reforred  to  axes  having  a  far  ueir  angle  of  orfinatioo,  be 
tnnsfocmed  to  n  polar  ayetem  by  writing  r(f,  rb\  for  «  and  y ;  then 

a'»+  2a'^cosa  +  1, 

27.  Show  that  if  a  line  pass  through  the  points  (r,  Sfi}>  Jf^  and  another 
pass  thraugh  (»,  y^,  («« y^)*  these  lines  will  intersect  tn  a  point  whose  co-ordi- 
nates  are 

(9t  —  ya)  ('3  -    —  (y»  —  V4)  (»i  —  «») 

Y  =  +    9*  —    y.)  (ya  —  y4)  —  (^3  y«  —    Vi)  (y-  — 
(yi  —  y*)  C^i  -     -  (y,  -  y4)  (*•  —  *«) 

38.  The  equation  of  a  straight  line  through  the  pmnts  «,  y,,  «i  y^  is 

X  If  ^ 

^  ys  —  yi   ^    ^     —  X,  / 

29.  The  point  of  intersection  of  the  two  liues  whoee  equations  are 

U  that  whose  co-ordinates  are 

I  and  Y  =  - 

30.  Tliese  lines  intersect  under  an  angle  i  such  that 

cost«  +        _  '  "^ag, 

31.  The  perpendicolar  to  the  line  ^  +  ^  si  1,  dnwn  throogH  the  point »,  y„ 

is  expressed  by  the  equation 

^(y  —  y«)  =  a:,) 
33.  Perpendiculars  through  x^  y,  and     y,,  to  the  lines  y  =      -f  9,  and 
y  =  P3«  +  9,,  intersect  in  the  point  whoee  co-ordinates  are 

X  =      y»  +   ~  PiiPiVi+ii  I  #Y  »  —  (/^'y'  +  ^'^  —  (p«y*+  ^t) 

Pi  *  Pt—Px 

33.  There  are  given  m  points,  d^iy,,  d;,y,,  x^y^,  and  another  point  r^y, :  it 
is  required  to  find  the  equation  of  a  line  dirough  ar«yo  such  that  if  perpendie^hus 
to  it»  pu  Ps*  •  •  •  P««  be  drawn  from  the  given  points,  and  Hi,  . . . be  given 
numbers,  then  there  shall  subsist  the  relation  (the  petpendiealars  on  opposite 
sidee  of  the  line  having  contrary  signs) 

+  ^iPi  +  •  •  •  w-P*  =  0» 
3  i.  Show  that  for  all  possible  positions  of       the  lines  drawn  as  in  the  pre- 
ceding question  will  pass  thnnigb  one  specific  point;  and  ass^u  ita  co-ordinatss. 
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PROP.  I. 

T»  fad  the  peaaratjhim  qf  the  equatim  of  the  cirofe,  rtferred  to 

co-ordiiuiiet. 

Thb  characteristic  property  of  the  circle,  which  aertef  as  the  definition  of 
Euclid  {def.  IS,  16,  i)  it  well  adapted  to  the  eolation 

of  this  problem. 

l^t  the  orij^in  of  co-ordinates  l)e  O,  the  angle  of 
or  iination  XOY  be  a,  P  be  a  point  in  the  circle 
whose  centre  is  C  :  Ici  h  k  be  the  co-ordinates  of  the 
centre  C,  ay  thoee  of  die  variable  point  P  in  the 
ciicle,  and  p  the  ladins  CP  of  the  circle.  Then 
CD* — 2GD .  DP  COB  CDP  +  DP    GF»,  and 
CDP  +  XOY  =  n, 
wa  bava,  by  tubstitution,  the  equation 

(*  -  A)»  +  2(x  -  A)  (y  -  Ar)  cos  a  +  (y  —  /fc)2  =  p3   ( 1 ) ; 

which  is  the  general  form  of  the  eqtiation,  in  terms  of  the  radiasr  the  angle  of 
ordination,  and  the  co-ordinates  of  the  centre. 

It  may  albu  by  expansion  be  reduced  to 
«*4-2xy  cos  a+y*— 2x(A-|-ik  cos  a)— 2y  {k-i-h  cos  a) -|- 4= +2**  C08a+i-=  (2); 
and  wbicb  might  be  written 

4^+  Say  co8a-|>y*  +  a»  4>5y  +  9  =  0  

In  these  equations,  it  will  be  remarked  that  ^  and  y*  have  equal  coefficients. 
This,  in  fact,  is  the  test  of  the  equation  of  the  second  degree  being  a  cirde. 
Again,  if  a  =  ^tt,  we  have  cos  a  =  0  ;  and  the  rectangulv  egaafioa  is 

ar*  +  y«  —  2*«  —  2Ay  =  p»  —  A=  —   (3). 

ObroOlBry. 

niere  are  two  cases  of  position  of  the  co-ordinates  with  rsspect  to  tbe  dvde 
ideiied  to  rectangaUv  co-ordinates,  wbicb  from  their  great  simplicity,  are  very 

much  used  in  investigating  the  prc^Mrties  of  the  circle.  The  first  and  roost 
simple  is,  when  the  origin  is  at  the  centre;  and  the  other  when  the  origin  is  in 
the  circumference,  nntl  one  nf  the  axes  (as  that  of  «)  passes  through  the  centre. 

1.  The  origin  at  the  rentre. 

In  this  case  A  =  0,  and  k  —  a  ;  whence  tbe  equa- 
tion is 

+   (4)1 

wbicb  might  have  been  obtained  by  an  application  of 
Enc.  i.  47  to  the  triangle  OBP;  as  the  next  might  by 
the  use  of  Euc.  iii.  3,  and  35. 

2.  The  eentrt  on  the  axit  qf     and  oriffim  o»  the 
curve. 

Here  we  have  A  =  p,  and  it  =r  o ;  whence  we  get 

''t^z^-S]-"  

All  otiber  eases,  wbetbar  idemd  to  rectangalar  or 
oblique  axes,  ara  rssdily  dedodble  In  an  eqwdly  sim- 
ple 
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PROP.  II. 

Haw^  jfiven  the  equation  qf  a  circle,  to  consiruct  ii  in  rtfermce  to  gion 

co-ordinates. 

This  requires  the  co-ordinc^tes  of  the  centre  aad  the  zadku  of  tbectrdetilw 
(letermined.   Let  the  equaiiua  bo 

+  V'  +  oar  +  6v  +  c  =  0  (6); 

and  this  being  compared  with  tbe  ^^reneral  ionn  ui       we  get 

The  oentn  can,  dienfine^  be  auigiied,  md  tho  cirde  deecribed. 

In  ptedaeljr  the  nme  way  we  may  constmet  the  proUflm  in  ewe  of  eUi|» 
axes  of  co-ofdinatfls. 

PROP.  III. 

Ibjind  thg  eqtuiion  tfu  eirek patwitg  through  tmo  given poimts  {9^  f  ^  emi  {9^$^ 

Tu  general  fom  of  the  eqnation  ie 

«'  +  j/'  +  aar+^  +  c  =  0; 
and  hence      -|-  y,*  +  a*,  +  6y,  +  c  =  0, 
and  X,*  +  jf,*  4-0*,  +  6y,+  c  =  0. 

Sobtnct  one  of  these  last  two  results  from  the  other  ;  then, 

(»,  -<r^  o  +  (jfj  -  jrj  *  +  (»,« +  y,«       -  y,*)  =  0  (SN 

Now  as  this  contains  two  unknown's,  h,  (which  are  the  i^iubles  of  t*te 
co-ordinates  of  the  centre  taken  negatively,  by  eq.  7,)  we  tannot  deleroiine 
thera  absohifely.  In  fact,  (8)  is  the  equation  of  a  straight  line  referred  to  co- 
urdmatesi  a  uud  b,  and  hence  the  centre  of  the  circle  through  the  two  givea 
pointe  ia  ahniya  situated  in  a  ttraight  line  parallel  to  that  denoted  by  (8). 

PHor.  IV. 

7b        the  netHmeal  egmiUm      drde  deecHM  through  three gipm peieii, 

Daiton  them  by  ('jfi)*  {*Jft)*  (*ty«>  I  *nd  the  circle  as  in  aqaatioD  (Q.  Ihm 
wo  ahall  hafn  tbe  four  eqnatiooi, 

«»  +  y'  +  flx  +  6y  +  c  =  0, 
yi'+  r  =  0, 

Oy,-j-  C  =  0, 
^3^-^  aXj-\-  by,+  C  =  0. 

Subtract  these,  each  from  the  precedin{{  ;  then  we  get 

a{x  —  x^)  -j-  b(y  —  t/,)  +  x-  -f     —      —  y,"  =  0, 
X,)  4-  iCy,  -  y,)  +  -      —      =  0, 

a(»,— +  6;y.  -  y,)  +  ar^H  y/— 'a'  —  Va^  =  0. 

Cross-iniiltiply,  to  eliminate  a  by  subtraciioa  in  the  usual  manner;  then  thert 
result  tbe  two  equations, 

(**  — *,»  +  y*  -  y t»)    -    -    -  V  +  y -  y,*)  (*  - 
+  *  jCy — yj)  («, — (jr, — y.)  C»— •,){  =  0, 

W-V+yi'-ft*)        -  («.*—«♦•+ yt*—y.»)(»,—«k). 
+*{C»i— yt)      «.)— (y»— y.)  (««— *0|  =  0. 

Again,  cross-multiply  by  the  co-efficients  of  b ;  then  then  wiU  maiilt,  afttf 
amnging  the  coefficients  of  the  variaUee,  the  final  eqnation  s— > 
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+  y.')  (y,  — y,)  +  i^^-ty^)  Cy,— y.)  +  W  +  y.")  (y,— y,)} 
-y     +  y.O  W +  W  +  y,*)  -*,)| 

-(V-ffi*)        yt«,)+ W+y^O  (y,»,  — y, «,) + + (yi«r-y*»i) 

 <9). 

This  may  hare  the  arrangements  of  its  ooelficisnts  chsnged  t  Imt  tha  farm 
here  giren,  from  the  remarkable  ^rymraetiy  of  its  component  pSTts,  appetrs  the 
moA  el^ant  that  the  result  admits  of. 

PROP,  V. 

Thjmd  ike  eo-^n&ia/st  tftht  intentethiu  of  a  yiten  ttndgkt  hue  with  a  given 

ebrck, 

Lsvtliaiibe 

fj  =  a,x-\-  b^  ,   (10), 

+  ir  +  "-r  -j-  6y  +  c  =  0  ,  ^11). 

Then,  inserting  the  value  of  y  from  (1)  in  (2),  we  have 

(I  -f-  fl,-')  *•  4-  (2a, 6,  -\-  a^b  -\-  a)  X  +  b,'  +  bb,  +  c  =  0  . . , . . .  (12). 
From  which  there  result  two  values  of  « ;  and  by  means  of  (10),  two  correspond- 
ing values  of  y.  The  co-ordinates  of  the  points  of  section  are,  iherefiire,  known. 

It  is  clear  from  ihn,  that  m  circle  can  be  cut  in  only  two  points  by  a  straight 
fine. 


Hie  procBSi  is  pceeisely  th«  same  if  the  system  of  co-ordinates  be  oUiqiie* 
aqgkd;  and  no  special  ramaik  is  necessary  on  tlus  oMire  general  ease. 
It  is  also  ohrions,  that  if  the  roots  of  (13)  sbonld  be  imsginary,  the  equations 

are  those  of  a  line  and  circle  which  have  no  one  point  common ;  or  in  other 
mortis,  they  do  not  meet  at  all.  Moreover,  when  the  two  roots  are  equal,  the 
line  tonelm  tht  circle,  or  the  two  points  of  section  coalesce  in  the  point  of  con- 

PROP.  VI. 

Tojmd  ike  equaikm  qf  a  line  which,  passing  through  «  given  pomt,  {sc^^,  ionches 

a  ffi&en  circU, 
(»— A)'+(y-*)2=p^ 

Tub  equation  of  the  line  through  («,y,),  p  being  at  present  undetermined,  is 

y  — yi  or 

y  —  k  =  p{x  -  h)  —pix^  —  h)  +(y,  — *). 

Substitute  this  value  of  y  —  k  in  the  equation  of  the  circle;  then,  as  in  the 
preceding  problem,  we  shall  obtain  the  co-ordinates  x  of  intersection  of  the 
arbitfiiy  line  and  the  drcle.  This  gives 

(l+|»^(*-*)*-2j,J;>(x,-A)-(y,-*)}  (x-A)  +  J/;(.i.-A)-(y,-*)}»=p», 

horn  which  the  intersections  can  be  fonnd.  Bat,  that  this  line  may  represent  a 
lenient  to  the  cirde,  the  two  roots  of  this  most  be  equal  i  or  the  second  side  of 

the  equation,  when  the  first  is  rendered  a  complete  square,  must  be  zero.  This 
behig  done,  that  condition  gives,  after  slight  and  obvious  reduction;^, 

or =  K-*)  (y,-*)±P  ^^-hy^jx^-^hyrzp  ^^^^^ 
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which  Tilua  otp,  inserted  ia  tlie  equation  of  Uie  line  y  —    =/>  (£ — x^)  wHL  be 
tiiat  of  tbe  tangent  sought  through  (xj^,). 
From  this  resoit  we  learn,  that  from  the  point  (ejr,)  there  can  ^iM«ra%  be 

drawn  two  tangents  to  the  same  cirde,  the  indinatiooe  of  which  to  tbe  axis  of  m 
an  designated  by  tan'^  p,p  being  expounded  by  the  two  values  found  in  C13)* 

'Vhe^e  values  will  become  equal  when  the  ladical  part  of  tbe  valoe  of  p  bcooineo 
zero,  and  then  only  i  that  is,  ^^  hen 

Cy,  -  >i  )'  +  (*,— A)' =  r. 

or  when  (3e^|f^)  is  situated  in  the  circumference  of  the  circle. 

Moreover,  when  the  point  (x,y,)  is  within  the  circle,  we  shall  have  {y^  —  A}'*!- 
—  A)' —  p'  negative,  and  the  vahie  of  p  therrfore  imaginary.  In  thia  cane^ 

then,  no  tangent  can  be  drawn  to  tbe  circle. 
Both  these  results  we  know,  firom  geometrical  oonaidenftiooB,  are  true. 

Corollaries. 

1.  The  particular  case  where  is  in  the  circumference  is  often  required, 

and  the  equation  in  this  case  assumes  a  very  elec^ant  and  simple  form*  For, 
when  the  radical  in  p  vanishes,  the  equation  is  at  once  changed  to 

and  since  m  this  case  (x,  —  hy  —  p*  =  —  (y,  —  ky,  this  becomes 

Cy  —  y.)  (y,  —  ^0  +  (a?  —  ^r.)    —  A)  =  0  (i 4). 

This  formula  is,  in  fact,  the  equation  of  a  line  through  (i',y,)  peri)endicular  to 
the  line  drawn  through  {x^y^  and  (M) ;  which  we  know  would  be  the  tangent. 

%  The  esme  equation  may  also  be  put  in  a  form  having  great  reeemhluice  to 
the  equation  of  the  cirde,  and  easy  to  be  recslled  to  memory,  at  fdlowas 

Smee  f—8f,  =  Or— »nd 
we  have  by  tabstitntion  in  the  preceding  equation  and  tmupositioo,  and  anbeti- 

Intion  again, 

(y  .-*)  (y-*)  +        (*-*)  =  (y.-*)'  +  p*. .  •  •  (i5). 

3.  When  h  and  k  are  zero,  or  the  origin  at  the  centre  of  tbe  circle,  either  of 
the  two  last  equations  reduces  to 

y^y  +  x,ar  =  x,»  -f-  y,'=  p*  •  (16); 

a  formula  of  great  simplicity,  elegance,  and  usefulness. 

Seholtum, 

Had  the  equntion  of  the  circle  been  given  in  the  form,  the  process  oi  solution 
would  have  been  the  same,  and  the  results,  making  allowance  fur  difference  of 
notaUon,  would  hare  been  identical  with  those  above.  Moreover,  bad  the  given 
equation  of  the  cirde  been  referred  to  an  oMigae  angle  of  orduuHtm,  the  prooesa 
would  have  been  similar,  though  the  results  would  have  been  of  mote  comples 
form* 

We  shall,  however,  only  annex  the  two  forma  which  result  firom  tapposiiig 

(«,y,)  in  the  circumference : 

(y-yi)  l(yi-*)  +  C^.-AjcosoJ  +  C«-«i)  tC».-A)  +  Ufi-*)coea{  =0 

 (17). 

(yi-*)  (y-A)  +         c«- A)  +  {(y.-*)        +         (y-*)]  cos  a  =  p« 

 0«)i 

the  equation  of  the  circle  itself  being  ua  m  (1). 
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PROP.  VII« 

To Ike  general  Jorm  of  the  equation  qf  the  circle,  r^erred  to  polar 

Suppose  the  circle  defined  hy  means  ot"  its  r. 
radins  and  the  co-ordinates  of  the  centre  (as  io 
pr(^.  L),  but  by  mt  an^^  of  polar  co-ordinates. 

Let  P  be  the  puk,  aad  PO  the  origin  of  polar 
«iigk« :  denote  the  co-ordinetet  of  tlio  ceotre  O 
atfoOoire;  PO  by  il»  and  QPO  bf  « {  end  let  R, 
1  point  in  the  cirde,  be  dmoledt  PR  hy  r,  and 
IPQ  hf  Bt  and  finaU]r»  the  ndina  OR  by  p. 
Thtn  fPe  ba!Te 

RO^  =  RP  —  2RP .  PO  cos  RPO  +  PO*,  or 

p«=^i^  — 2rAco8  (tf-«).f   (19). 

Thii  cqaaiHin  being  resolved  either  for  r  or  0,  gives  for  each  value  of  one  of 

Aem,  two  ralnes  of  the  other;  and  the  general  properties  of  the  fi|rure  may 
often  be  deduced  with  even  greater  facility  from  this  form  of  equation  than  from 
thai  given  in  prop.  t. 

CoroUartes. 

1.  When  A  =  0,  or  the  pole  is  at  the  centre  of  the  circle^  we  bave  p*as  t*,  or 

f  =  +  p,  for  all  values  of  9,  and  independently  also  of  k. 

2.  When  A  =  p,  we  hnve  r-  —  2r  o  cos  f  0  —  «)  =  0,  glTing  two  Valoes  of  r, 
viz.  r  =  0,  and  r  =  'ip  fos  (0  —  t)  as  the  equationii. 

These  are  the  most  usual  forms  employed  wheu  the  conditions  allow  us  to 
di^D^e  with  the  utmost  generality. 

SelolMM. 

It  has  been  cuslumary  to  obtain  the  polar  equation  from  the  rectangular  one 
by  transformatioii  of  co-orcUoatea  3  but  ibat  praceie  ia  both  tedious  and  in- 
ckgaat 


PROP.  VIII. 

7o  Jmd  tkt poiar  tqwaiitM  qf  tk§  tangent  to  a  ffpm  drek  tbwtm  tkrmigh  a  gwm 

point, 

lar  the  eirde  and  ita  tangent  tbroogh  (jtfi^  be  denoted  by 

1^  s    —  SrA  ooe  (e  —  c)  +  A",  and  r|  coa  (9,  ^  J9)  ss  r  coe  (9  — 
From  the  latter  of  ibeee  we  get  raeeaetively 

^     r,  com^,  — /3)   ^  /,a       X  .        1^1^09(9.  —  p) 

r  r 


N  r,  cos (0,-/3)      .           ,  s/r'  —  r."coH''iO.-~i^) 
cosCd  —    =  COS  03  —  «) .  -J  y — sm  03  — «).  — U. 


and  thie  aubetitiited  in  the  equation  of  the  cnrd^givM  

Jr»-r,«coe»(0,-^)}  +2*ein  08 -«)  v'r'  —  r,*  /3)  +  Main*  O 

^       {*  eoa  (P  -  «)  -  f ,  coa  (9  -  ^)}«.  

Now  that  the  two  nloaa  of  -^/r*    r^*  cos'  (^i  —     and  thenfore  the  two 
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values  of  r  may  become  equal,  or  the  line  itself  become  a  tangent  to  the  circle^ 
we  must  have 

pS—  J&  cosC/S  —  c)  —  r,  cos  (0j  —  ^)}«  =  0, 
and  jS  determined  from  thte  will  gin  tht  equation  of  die  tangent  sought.  Re- 
ducing tbe  equation  to  the  fonn 

p*  =  |co8j9(Jloosc  —  fiCoeO})  +  rinj3(ftnnK  — ainOil*, 
and  performing  the  multiplication,  dividing  by  coe'/S,  do.,  we  have 
tan'^  {(A  sin  «— r,  lin     — +  S  (A  coe  c — r,  coe  0,)  (A  da  c — r,  aiii  9,}  tan  /3 

ss  p'  ^  (ft  ooe«  —  fi  €01  ffjA 

the  roots  of  which  are 

^  — (ft  coBK*-r,  cosO,)  (ft  sing— r,  sing,)  ±  p  N/ft»~2*r,cos(0,^g)+r,«— p* 
"~  (ft  sin  «  —  r,  sin  fl,)*  —  p*. 

 (30). 

This  sho^!',  like  equation  (n),  tVint  p^enemlly  tliere  are  two  tangents  possible 
to  be  drawn  from  the  point  {r^^^^)  to  the  given  circle  •.  tluit  when  these  are  equal, 
the  point  {r^B^)  is  in  the  circle,  since  then  that  the  radical  may  he  0,  we  have  tbe 
relation  (j-  —  —  2r,4  cos  (0,  —  k)  +  r,^  between  the  co-ordinates  of  tbe  point : 
and,  lastly,  that  when  p^  is  greater  than  A'  —  2r|ft  cos  (0,  —  r)  +  r,',  or  the 
point  is  within  the  eirele,  the  tangent  cannot  be  diawn.  M  this  accoids  with 
what  has  before  been  shown, 

Coroilar\f  1. 

When  (r,9,)  is  in  tbe  circumference,  the  radical  vanishes^  and  we  bavOp 

since  {h  sin  k  —  r,  sin  0,)'  —  p*  =  —  (ft  cos  k  —  r,  cos  0,)', 

(A  cos  K  —  r,  cos  0|)  (ft  sin  K  —  r,  sin  0,)  +  (ft  cos  c  —  r,  cos  0,)^  tan  /i  =  0, 

ft  sin  c  —  r,  sin  9, 

ortan/3   '  ~, 

a  cos  «  —  r,  cos  0, 

Moreover,  the  equation  of  the  tangent,  on  aeeooat  of  its  pasring  through 

(r,Oj)  is  r  cos(9  —  jS)  =    co8(0,  —     or  expanded  and  arranged 

r  cos  0  —  r,  cos  0. 

tan  /3  =  —     .  Q  '  .  J. 

^        r  sm  0  —  r,  tin 

Equating  these  values  of  tan  /3,  and  reducin^^,  we  finally  get 

(r  sin  9~r|  sin  0,)  (ft  sin  jc — r,  iiin    + (r  cos  0 — r,  cot  0,)  (ft  cos  it— r,  cos  6|)=:0, 

  ■  .  (21). 

a  form  prrfectly  analogous  to  that  in  (14),  and  in  fact  like  it,  the  equati  n  of  a 
line  through  (r,  0,),  perpendicular  to  that  through  (r^^i)  and  (ftc).  It  admits, 
however,  of  another  transformation  as  follows : — 

CoroSiry  2. 

Since  r  sin  9  —  r,  sin0|  =  (r  tin9  —  ft  sine)  —  (r.  sin  9,     ft  sins), 
and  reoB9  —  r,  cosO,  =  (r  cos9  —  ft  cosr)     (r,  cos9,  —  ft eosc). 
Insert  these  in  (SO),  and  reduce:  then, 

(r  sin  0— A  sin  r)  (r,  rin  0,— ft  sin  «)— (r,  sin  B^—h  sin  *)  (r,  tinO,— ft  tnis)1  * 
-h(rcot9— ftcos«)(r,  cotOj— Acosc)— (r,  co80,— ftcotK)(r|  cos^j— Acos«)/"* 

or  on  redtiction, 

(r  sin  e — A  sin  «)  (r,  sin    — A  sin  k)  -i-  (r  cos  —  A  cos  «}  (r,  cos  ^,  —  A  cos  «) = p', 

 (22). 

Having  u  remarkable  analogy  tu  the  result  of  (la),  as  the  following  has  to  that 
of  (16). 
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ConUofy  3. 

Let  I  s  0 :  then  we  have  (31)  changed  to 

IT|  {iinO +  cos 0  cos J  =  (r  |  .^3) 
or,  again,     coe    —     =  p«/ * 

SehoHMM, 

The  analogies  between  these  several  results  and  the  corresponding  ones 
(14,  15, 16),  suggest  that  for  some  purposes  the  corresponding  form  of  the  polar 
eqnatioD  of  the  dide  might  be  osefiiL  It  ia  genenllf 

{rand  — Aam«}*+  {rcoad  ^  Acoac}*s  fi^  (24). 

PROP.  IX. 

To  find  the  polar  equalton  of  the  circle  described  through  three  given  points. 

Let  (r,0,),  {r^O^),  and  (r,0  )  be  the  three  given  points:  then  in  virtue  of  the 
equation  of  the  circle  {prop,  vii.  eq,  18),  and  its  passing  through  the  fore-named 
points,  we  shall  have 

p9  =  H  »  9rA  coa(9  —  c)  +  A* 
^  ss  r,*—  2r,& caa(0,  —  «)  +  ik* 

=      —  2r,A  cos  («,  —  r)  +  A' 
p'  =  r,»  —  2r,A  cos  (0,  ~  k)  +  A*. 
Subtract  these  each  from  the  preceding,  in  succession  :  then, 

r*  —  r^'  =:  2[  r  cos      —  «)  —  r,  cos(0,—  k)^  k, 
r,*  —  r,-  =  2{  r,  cos (0,  —  0  —     cos {9.^—  »)}  A, 
r,*  —  fj'  =  2  J  r.^  cos  ((^,  —  k)  --  r,  cos  (fig —  s)|  A. 
Dividing  successively,  we  get 

fr^'  =  I^^y  -  >:)-r,  cos(g~r)  j3„^^ 
r,'—  r,'        cos        k)  —    cos  (6>,— c)*  *^^**' 

—  ^L?*  ^  ~  '1  ^  ®i}  +  {r  sin  0  —  r,  am  0,}  tan « 

{r,  COS  ff,  —  r,  cos  0^}  -f-  J  r,  sin    —  r,  sin  0,}  tan  « ' 

r,^ —  r,*  |r,  cos  9^  —  r  ,  cos  «J  -|-  [r,  sin  0,  —     sin  0.]  un  k 

fa' —  r,'  cos  0^  —  r.,  cos  ^^_,|  +  [r^  sin     —  r,  sin  um 

These  «]uations  furnish  two  values  of  tan  k  ;  viz, 

 (r*—  r,*)  {r,  cos  0,  —  r,  cos  0,}  —  (r,'  —  r,*)  {r  cos  0  —  r,  cos  y,} 

(r^—  r,')  }r,  sin  0,  —  r,  sin  0,|  —  (r,'  —  r,')  {r  sin  0  —  r,  sin  ©T}* 
^  ^_  ^  (r,»—  r/)  {r,  cos  0,— r,  cos  »,}  —  (r,'  —  r,*)  {r,  cos  0,  —  r,  cos  0,} 

(r^«^  r^J)  (r/sin  0,—     sin       —  (r,'  —  r/)       sin  0,  —  r,  sin 

Equate  these  two  values  of  tan  k,  and  reduce  the  result  to  a  symmetrical 
form  ;  then, 

r»  f  r,  r,  sin  (0,  —  0,)  +  r,  r,  mn  (9,  -  9,)  -f  r,  r,  sin  (0,  —  0,)} 

—  r  cos  9  }r,  (r,«-  r,*)  sin  9,  +  (r3'-  r,=)  sin  r,  (r,»-r/)  sin  0^] 
-f-  r  bin  f  [  r  ( r /—  r^')  cos  9^  +  r,  (r,*—  r,^)  cos  0,-}-  r,  (r,=—  r,»)  cos  0,} 

—  r,  r,  r,  [r,  sin     -     +  r,  sin  (a,  -  0,}  +  r,  sin  - 

 (25). 

"When  the  circle  passes  through  the  origin  of  co-ordmates,  we  have«  by  cor.  2» 
proji.  mi.,  the  absolute  term  equal  to  zero ;  that  is, 

r,  sin  (0,  —  0,)  +  r,  sin  (0,  -  0,)  -f  r,  sin  (0.  -  0J  =  0  (26), 

wluch  la  the  eriterion  of  tbii  eiieninataiice. 


tnn  a 
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PROP.  X. 

Dep.  The  radical  axis  of  two  circles  is  the  straight  line,  which  is  tknilari^ 
related  to  hoth  of  them.  Its  c(iuatioii  is  found  by  subtncling  the  eqnatioii 
of  one  cirde  from  that  of  the  other. 

Tie  nOeoi  «mm  qfikne  drdit,  takm  two  and  two,  med  m  one  ^omt,  ike  rtdieml 

emlre  ^lAe  ikna  eirekt. 

Let  the  equations  of  the  three  circles  be 

(jr-»,)«  +  («-»,)»  =  V, 

(y  -  y.)-  +  (-f  -     =  V; 

then  the  radical  axes  of  (l,  2),  (2,  3),  and  (3,  l\  are 
2y  (y,  -  y.)  +     (*,  -»,)  =  -  (r,^  -  r,^)  +  (T.«  +  yr)  -  (x/  4-  y.^ 

2y  (y,  -  y,)  +  2*  (*,  -  '3)  =  -  (r/  -  r,-)  +  (x,-  +  y,^  -  (r/  +  y,-"), 

2y  (y,  -  y.)  +  2x  (ar,  _  j,)  =  _  (r;'  —  r,»)  +  (x;^  -f  y;-)  -  (X,'  -f-  y,'). 

Now  the  first  and  second  of  these  being  added,  give  that  of  a  line  having  a 
common  intersection  with  them.  But  this  sum  is  identical  wali  the  third 
e<^uatioQ  :  wherefore  the  line  represented  by  the  third  equation  passes  through 
the  intersectioii  of  the  other  two:  that  is,  the  three  radical  axee  most  in  one 
point. 

CoroBarp, 

When  the  two  circles  cut  each  other,  the  radical  axis  is  the  chord  of  contact; 
when  they  tench,  it  is  the  common  tangent ;  when  they  are  each  whcdlj  withoat 
the  other,  or  one  wholly  within  the  other,  it  is  (as  will  a{>pear  from  the  corollary 
to  the  nest  proposition)  ths  Une  from  any  point  of  which  tangents  being  drawn 
to  the  two  cirdes,  they  will  be  equal  to  one  anotlicr.  Also,  if  the  radical  centre 
be  witbont  them  all,  the  tangents  drawn  from  it  to  the  three  drelce  wiU  be 
equal. 

PROF.  XI. 

If  from  any  point  in  the  radical  axis  of  two  circle  tecants  he  drawn  to  the  two 
eMet,  tkt  reelmijfk  wider  tktMegmemtti^thg  one  tt  sjnol  io  tk$  reeimigU  mtder 
ihg  teffmenii  0/  the  other, 

Lrr  (ffy)he  any  point  in  the  plane  of  the  circles  fulfilling  the  condition,  and 
let  the  secants  be  those  passing  through  the  centres  of  the  circles.  Theu,  the 
lengths  of  the  lines  from  ay  to  those  centres  wiU  be 

^df-yi^  +  and         —  yj«  +  (X  — 

wherefore  the  rectangles  ui  questioii  are 

{ (y  -  y,)'  +  (*  -  *.)*  -  n}  { (y  -  y,)'  +  («  -  *,)-  +  n} .  and 

(jf  —  jfj'  +  C-^  —  r,}  {>/'^y  —  y,)2  +  (ap  — arjJ  4.  r,};  or 

(y  — y,)'  +  (»  —     —  fi*,  and 
Equating  these  two  values  we  have 

2y  (y .  -  y^  +  to  (»i  -  «i)  =:  —  (r,«  —  r.«)  +  W  +  iffl  -  («,•  + 
which  is  the  eqna^im  of  the  radical  aiia. 
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Corollary. 

If  the  point  (xy)  be  without  the  two  circles,  the  rectangles  in  qneation  are 
equal  to  the  iJfjuares  of  the  lantrents,  and  hence  the  tangents  to  the  two  circles 
from  any  point  ui  the  radical  nxia  are  e<^ual  to  one  another. 

PROP.  XII. 

A  Um  jMtftet  through  a  givm  pemt,  and  meett  a  given  drde  m  two  pomtt  fiom 
which  tangmtM  an  drimtk  lo  mteneetj  whoi  i»  the  loau  qf  thdrpomi  pf  Mler- 
jedton  ? 

Lit  the  diameter  £B  through  the  given  point  A  be 
taken  as  axis  of  jr,  the  centre  O  being  the  origin  ;  and 
let  ths  line  through  A  meet  the  circle  in  two  points, 
F  and  G,  denoted  by  (x,y,)  and  (^jy^) :  then  we  have' 
the  equations  as  foUow,  FD,  GD,  being  tangents  at  F 
andG: 


(3). 


(FD)..,.asr,  +  3,y,  =  r«  

(GD)....«,+  w.=  r»  

Rom  (2,  3)  we  get  X, 

•nd  ys:  0  in  (1)  givei  X,  =  ^i^'. 

y.  —  Vx 

Whence  XtX,  =  H ;  or  the  point  A  being  given,  the  abscissa  X,  of  the  point  D 
is  conatant,  and  tiie  loeoa  of  D  ia  a  atraight  line  0C  perpendicidar  to  tba  di»> 
meter  EB. 

PROP«  XIII. 

3Vo  ^jpoi  ctreiM',  (B)»  ore  cut  ortnltrorily  by  a  ihkd  mnk  (C),  oad  lie 
ehordt  BF,  QH,  jommg  th§  pomU  mieneeium  io  {A)  md  (B),  art  pndMteed 
tomodioKt  U  ii  nqwktd  to  prote  thot  iht  iociu  «^  K  ia  a  itraighi 


Take  M,  the  middle  of  AB,  for 
origin  of  rectangular  co-ordinates, 
that  of*  coincidinif  with  M  B.  Let 
AM  =  MB  =  u,  and  llie  radii  of 
(A),  (B)^  be  r^  and  r,  respectMy. 
Also,  tet  A,  1^^  be  eo-occtoatee  of 
C>  and  r  the  ladina  of  (G) ;  then 
we  have  the  following  eqnationa : 


CO  \ 

f  . 

\  r/v — 

\                                    •     /  \ 

C   ^ 

( A)  . . .  .f«  +    +  3a»  «  r  «  - 

(B)  . . . .  y«  +     —  2flx  =  r,«  —  o« 


(C), 


+  a?*  —  2ftj  —  Ihj  =  H  —  A=  —  P 


CD* 
(2). 


Stibtrnct  (3)  from  (1)  and  (2),  and  the  results  give  the  equations  of  the  chords 
EF,  GH.  which  are 

(LI  j  2a*  +  2^  -f  2%  =  (f,»  _  a«)  —  (r*  —  A'  -  i')  (4), 

(GH) . .  .—flaw  +  2l«  +  a*y  =s  (r,*  —  o»)  —  (i«  —  »^  —  Ik^  (5). 

Subtract  (5)  from  (4)»  and  there  results  the  equation  of  a  fine  passing  through 
K^theinteiacetionof  BF»GH.  Thiak 

4M  =  fi*—   (6). 

VOU II.  V 
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The  line  (6)  is  therefore  indqwndent  of  the  value  of  y,  and  is,  monMifcr,  the 
eeme,  wbaterer  l}e  the  valnee  of  h,  i,  and  r,  which  veniah  from  tlie  etpatjea. 
Whence  the  lociie  of  K  is  the  right  fine  KL  perpendicobr  to  AB,  and  aimatid 
with  respect  to  the  middle  M,  so  that 

4a 

This  line  has  before  been  found  (p.  2S8),  antl  is,  in  fact,  the  radical  of 
the  circles  (A).  (B).  By  cuntinuing  this  proceiis  of  inqairy,  all  the  other  fvo* 
perties  of  this  line  may  be  developed. 

BXBBcisae  ON  run  oacLv. 

1.  Calculate  the  radii  and  co-K>rdio8tes  of  the  centres  of  the  fbUowixig  cir-> 
des 

(1)  .  c*  +  y*slOO. 

(2)  .  V  +  ^  —  «  ('  +  9)  —  1  =  0. 

O).   y»  +  «»  —  6x  +  4y  =  3. 

(4J.    (6y-21)y +  (&r  — 8)#+14  =  0. 

(5)  .    y«  +      +  4y  —  3x  =  0. 

(6)  .    (x+  2)x  + (y-4)y  =  0. 

(7)  .    y»  +      =  4y. 

(8)  .   y«  +  8  =— (X  +  6)ar. 

(0).   ys  .  8y  +     —  13*  +  &3  «  0. 
(10).  (y-4)y +  (»  +  2)«  +  9s=0 

2.  Rnd  ihe  eqiiatioiit  of  the  ciidee  which  reepectifely  pam  through  the  fol- 
lowing  triada  of  pointa:— > 

(1)  .  (-  2,  5)»  (4,  -  6),  (-  2,  —  6). 

(2)  .  (-  6.  —  1).  (0.  0),  (0,  —  1). 

(3)  .  (-  1.  1),  (l.-l),  (1,  I). 

(4)  ,  n\  1),  (I,  0).  (0.  0). 

3.  Find  the  locus  of  the  vertex  of  the  triangle  in  the  following  caaea 

(1)  .  Where  the  base  and  vertical  angle  are  given. 

(2)  .  Where  the  base  and  ratio  of  the  sides  arc  giif^n. 

4.  Given  the  hr\9c  nn  !  vertical  angle,  to  find  the  loci  of  the  eentree  of  Ihs 

inscribed  and  thrr^  t'^-mhcd  circles. 

5.  Ascertain  w  In  tin  i  [hv  four  following  points  be  in  ont-  circle,  ((),  0>,  fO.  4), 
(1,  1),  and  (1,  —  i^  i  and  if  not,  whether  {2,  6)  be  in  the  tuimc  circle  with  mj 
three  of  them. 

6.  Let  A,  B,   N  he  n  given  pointe»  and  Z  a  point  so  taken  dot 

|»,.AN^  +  i'«'BN* +  p,.CZ*  +  ....  p«.NZ^  shall  be  equal  to  a  givenipaea: 
then  the  locua  of  Z  will  bb  a  ctrde,  the  centre  and  radiua  of  which  it  ia  rejaind 

to  determine. 

7.  The  co-ordinntps  nf  the  ceniio  of  a  circle  are  (—  3,  4),  and  its  radius  is  5; 
also  the  abscissas  uf  j»uint-  nt  wViicli  tangents  to  the  circle  are  <lrawn  are  1,  —  I, 
and  2  :  it  is  required  to  uttermine  the  angleti  of  the  inun>{le  ioriued  by  ibu« 
tangents^  and  the  centre  and  radina  of  the  circle  which  cireamactihea  that  In- 
angle. 

6.  Given  the  eo-ot^hmtia  («■  i^M*  (^sJ^s)  of  the  anglea  of  a  tnaagie»  te 
ahow  the  proceee  for  finding  the  oentraa  and  nidii  of  the  inaeribed  aad 

scribed  circles. 

9.  Solve  the  same  problem  when  the  poinU  (fitfi)*  (r,0J,  (^a^a)  are  given. 


(6).  (-  4.  -  1).  (4, 1),  (-  1, 4y 

(6)  .  (^.o),(I,l).  (-^4). 

(7)  .  (0.0),  (1,  I),  (2.2). 
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10*  A  qnadrilatend  it  inscriptible  in  a  circle,  and  the  positions  of  three  of  its 
angles  are  (K  2'.  I,  —  2),  (3,  —  3)« and  the  abaciasa  of  the  foartli  is  3*6 : 
what  is  the  ordiuate  of  that  point  ? 

11.  Show  that  if  tangents  be  drawn  to  touch  three  circles,  two  and  two,  the 
three  poiuts  of  intersection  of  each  pair  of  tangents  are  in  one  line. 

13.  Equal  linet  are  dimwo  Cram  P  to  toaeh  two  didea  (A),  (B) :  wbat  it  tfao 
locntof 

13.  Find  the  centra  and  radint  of  a  eirde  which  touches  three  given  ciidea. 

14.  A  cirde  whose  radiut  it  r  rolls  upon  the  inside  of  another  whose  ndiot 
is  2r»  any  point  in  the  rolling  one  will  trace  out  a  diameter  of  the  quiescent  one. 

15.  Let  AR,  AC  he  two  straight  lines  given  in  position,  and  DE  be  a  line  of 
given  lenfrt.li  tcnnmated  by  tiiern  at  D  and  E;  and  let  the  perpendiculars  DV, 
KV  be  drawn  to  AB,  AO,  and  meet  in  V  :  the  locus  of  V  is  a  circle  of  wiiicb  A 
it  the  centre. 

16w  If  all  linet  drawn  from  a  given  point  to  meet  a  circle  be  divided  in  the 
•ame  given  rttio :  the  locot  of  the  pointt  it  defined  hy  a  polar  eqioation  which  it 
it  required  to  assign. 

If,  T\\e  point  of  contact  of  the  base  of  a  triangle  with  its  inscribed  circle* 
the  radius  of  that  circle,  and  the  difference  of  the  tidet  of  the  triangle  beipg 
given ;  the  locus  of  thn  vertex  is  a  strai'^'ht  line, 

18.  Find  the  lucu^  uf  the  points  on  a  plane  from  which  two  given  circles 
tnbtend  equal  angles. 

19.  A  circle  passee  through  the  pointt  (1,  2),  (3,  2),  (4,  3),  and  a  line 
through  i—  I,  3)  and  (3»  6) :  how  Cu-  from  the  centre  of  the  circle  doee  the  line 
pate? 

30.  Let  AB,  AC  be  two  straight  lines  given  by  position,  and  let  DE,  a  line  of 

given  length,  resting  upon  them  in  D  and  E;  and  from  D,  E  draw  perpendicu- 
lars  to  AB,  AC,  joeetijig  in  Y :  show  that  the  locus  of  V  it  a  circle  patting 

through  A. 

21.  The  locus  will  be  a  circle  under  the  following  conditions: — 

(!)•  Given  the  hate  and  sum  of  the  tquaret  of  the  tidet  of  a  triangle  to  find 

the  locut  of  die  vertex. 
(3).  Given  the  bate  and  vertical  angle  of  a  tritngle,  to  find  the  locut  <tf 

(a)  the  intertection  of  the  perpendicolan  from  the  angles  upon  the  oppo- 
site sides : 

(6)  the  centre  of  the  inscribed  circle  : 

(c)  the  intersection  of  lines  from  the  angular  pointt  to  bisect  the  opposite 

sides. 

22.  If  the  opposite  pairs  of  sides  of  a  saUent  hexagon  inscribed  in  a  circle  be 
produced  to  meet,  then  of  the  three  anglte  thut  formed  the  middle  one  wtH  be 
equal  to  the  turn  of  the  other  two. 

33.  If  we  have  the  equatioiili  timultaneoutly  given 

t  —  g I  tt  —  bt      —  a,u  —       '  —  «i  «  —  ^1  ^ 

show  what  they  tignify,  and  what  problem  is  solved  by  means  of  them. 

24.  From  any  point  in  a  circle  which  circumscrihe«i  a  trianu'l*^  draw  perpendi- 
culars to  the  sides  of  the  triangle  j  then  the  feet  of  these  perpendiculars  will  be 

in  one  line. 

23.  From  each  of  the  angles  of  a  quadrilateral  inscribed  in  a  circle  draw 
perpendicuhvs  to  the  two  ddee  containing  the  oppotite  angle:  tad  draw  the 
four  linet  through  the  foulr  poire  of  pointt  of  intertection  of  thete  peiptndicuhTt 

u3 


Digitized  by  Google 


SQ2  GEOMETRY  OF  COORDINATES  OF  TWO  DIMENSIONS. 


with  the  sides  upon  which  they  fall:  then  these  four  lines  will  all  pass  through 

the  same  point. 

26.  The  locus  of  all  the  points  from  which  tangents  drawn  to  two  given  circles 
they  shall  have  a  given  ratio,  is  a  third  circle,  whose  equation  is  required. 

27*  If  then  be  given  i»  points*  afiu  a  A*  •  -  *  • 
each  of  them  to  another  point,  so  taken  that  the  sum  of  the  sqnaies  of  all  these 
lines  is  equal  to  a  given  space  f*:  then  the  locns  of  that  point  is  a  cinSe*  whoso 
equatifin  is 

f *  +    - 1  (a,  +  0, ...  O  « -  !  (*.  +  b,...  i.)  y  =  J     -      +  + 

28.  If  from  a  point,  assumed  arbitrarily  in  the  plane  of  a  triangle,  perpendicu- 
lars be  dran'n  to  the  sides,  and  a  circle  be  drawn  through  the  three  inter- 
sections ;  these  will  cut  the  sides  again  in  three  points,  from  which  perj[>eadicii» 
lars  to  those  sides  l)eujg  drawn,  they  will  all  pass  through  the  same  point. 

29.  If  the  first-named  three  points  of  the  preceding  theorem  he  joined,  and 
perpendieofaurs  be  drawn  from  tiie  angles  of  the  original  triangle  to  the  sides  of 
the  new  one,  these  will  all  meet  in  one  point. 

30.  If  the  perpendieulaiB  be  drawn  from  this  new  point  open  tho  sides  of  the 
original  triangle,  they  will  mtersect  in  thrse  points  situated  in  the  circle  which 
passes  through  the  feet  of  the  three  former  perjtendiculars. 

31.  If  one  circle  who^e  centre  is  [a^  h^)  touch  another  internally  whoeecentn 
•  (<»3  b-i),  what  relation  exists  between  their  radii  ? 

32.  Sliow,  generally,  that  if  two  circles  touch  each  other,  the  straight  line 
joining  their  centres  passes  through  the  point  of  contact :  and  if  two  circles  cut 
each  other,  the  line  joining  their  points  of  section  is  perpendicular  to  that  joining 
ilieir  centres. 

33.  Find  the  eo-ofdinatee  of  the  centres  of  similltade  of  two  circles  whose 
equations  are  given. 

34.  Show  that  the  three  exterior  centres  of  siraifitnde  of  three  circles,  con- 
sidered two  and  two,  are  in  one  straight  line ;  and  that  each  of  the  exterior 
centres  of  similitude  is  in  a  straight  line  with  two  of  the  interior  centres  of  simi- 
litude. 

35.  A  qunrlrilateral  ABDC,  inscribed  in  a  circle,  has  one  side  AB  given  in 
luugiuiude  and  position,  and  tite  opposite  side  CD  given  in  magnitude  only  ; 
slso  AC,  BD,  meet  in  £,  and  AD,  BC,  in  F:  show  that  the  tine  £F  always 
passes  through  a  fixed  point  H«  and  give  a  method  of  findmg  that  pomt  by  con- 
struction. 

36.  In  the  preceding  conetmctton  assign  the  loci  of  E  and  F. 

37.  Tvv-o  '/wen  circles  are  seen  from  points,  at  whicli  they  subtend  equal 
an^rles  :  show  that  the  locus  of  these  points  of  view  is  a  third  circle^  having  ite 

centre  in  the  line  joining  the  centres  of  the  other  two. 

3tt.  Find  the  co-ordinates  of  the  pomt  from  which  three  given  circles  subtend 
equal  angles.  ^ 

39.  Lrt  the  opposite  sidee  AB,  CD*  and  AD,  BC,  of  a  quadrilateral  inscribed 
in  ths  drele  be  produced  to  meet  in  B  and  F,  and  let  circles  ADF,  CDE,  ABF» 

CDF,  be  described ;  these  will  all  intersect  in  one  point  L,  situated  in  EF ;  and 
AD,  BC,  intersect  in  G,  the  line  LQ  will  be  perpendicular  to  £F,  and  Useet  the 

angles  ALC,  BLD. 

40.  Circles  de<^cribed  on  the  three  diagonals  oC  a  complete  quadrilateral  as 
diameters,  will  have  the  same  radical  axis. 

41.  Circles  described  as  in  (39),  with  respect  to  any  quadrilateral,  pass 
Umragh  one  point;  and  it  is  such  tliat  perpendiculars  from  it  lu  liie  t'uur  sides 
cot  those  sidss  respectively  in  four  points,  aU  situated  in  one  straight  line. 
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THE  CONIC  SECTIONS,  OR  LINES  OF  THE  SECOND 

ORDER. 

DEFINITION. 

A  BMrnr  cone  being  cut  by  a  plane,  the  common  section  of  the  conic  surface 
tad  die  plam  it  called  a  come  jeefion.  It  receiTet  diffnent  nanet  from  the 
idatife  pontaona  of  the  eone  and  plaBe,  which  will  ba  axplaliMd  at  tha  eondii* 
■00  of  prop.  t.  Sea  alao  the  Geometrical  Treatise,  fp.  104.7. 


PROP.  I. 


Sverf  eome  tedkm  ualme  tfikt  Hcomi  order. 

LsT  RST,  a  circle  whose  centre  is  Q,  be  the  base 
U  tha  cone,  and  V  ita  fortex  t  and  let  the  cone  be 
cat  bj  any  plane  in  a  line  HAQ,  this  line  ia  called  a 
cenic  saetioB,  and  it  is  to  he  shown  that  ita  eqoation 
ii  of  the  second  dcgrse. 

For,  draw  any  other  section  HGL  parallel  to  the 
base  RST,  cutting  the  plane  HAG  in  HFG j  through 
the  axis  VQ  of  the  cone  draw  a  plane  perpend irnhr 
to  HAG  cutting  it  in  AF,  the  plane  KGL  in  KL, 
and  the  cone  in  RV,  VT ;  and,  finally,  draw  AE 
parallel  to  KL  or  Ri'»  and  paraiici  to  RV,  m^t- 
avAKinCandAVinM. 

Then,  aince  the  plane  KGL  ia  paiallel  to  BST»  it  ia  a  eiide;  and  since  RVT 
ii  diawn  throngh  the  aads,  tha  Uoe  RT  ia  a  diameter^  and  therefore  KL  ia  alao 
a  diameter  of  KGL.  Again,  since  RVT  is  drawn  through  the  azia  it  is  per. 
pcadicular  to  the  plane  RST,  and  consequently  to  the  plane  KGL ;  and  it  is 
perpendicular  to  the  plane  HAG,  by  constniction  :  whence  it  i«i  porpendirnlar 
to  their  common  section  HFG,  or  the  line  II FG  is  at  right  angles  to  both  the 
lines  A F  and  KFL.  Finally,  since  KL  is  the  diameter  of  the  circle  KGL,  and 
HFG  a  line  cutting  the  circle  in  G  and  U,  and  the  diameter  KL  at  rigiit  augics 
in  F,  the  line  GH  is  bisecteU  in  F,  and 

FG'sKF.FL. 

Pbt  AF  =  FG  s  y»  AV  s  ft,  VAF  =  and  AVQ  s  /3 :  then  by  the  tri. 
flflgks  FAL,  EVA.  AFC.  and  AMC,  we  have 

jpj^  AF  f^'m  FAL__  X  sin  Cir— a)  gSltt  a 

sin  FLA   ~  mn  (|ir  — /3) cos  /5  * 
—  -^V  «n  AVE  _    h  sin  2(3    _  ftsio  2/3 
sin  VAE       sin  (|?r  —  /3)       cos  /3  ' 
AF8inAFC_asin  f  y  -  (a  4- sin  (a  +  2/3) 
sinACF  ~  ~sin(4ir  +  /3r  ' 
But  we  liacve  abeady  seen  that 

FG«=LF.FK=LF.EC=LF  {EA-AC}  i 
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in  which,  inserting  the  preceding  values  uf  these  lines,  we  get  the  equatiCMl 
J   J  ^_«in2/3     X  sin  (a  -f  2/3)) 


/  cof  *|3  +    Bin  a  sin  (a+  2/3)  =  A*  tin  «  on  2/1.  (I). 

Tlie  eqwtioii  of  the  conic  aection  is  tborefoie  of  the  second  degree,  and  the 
line  itself  of  the  second  order. 


The  form  of  the  equation  deduced  above  is  sudi,  that  the  coeffidents  of  jf^and 
e  are  essentially  positive.  For  cos^/S  is  positive,  both  because  it  is  a  square  and 
becaase  cos  /3  is  itself  positive,  since  2/3  is  less  than  ir,  and  hence  /3  less  than  §ir. 

Also,  sin  n  anil  sin  2)^  are  each  positive,  both  a  and  2/3  bein^  each  less  than  «-  ; 
and  h  is  essentially  positi^-p  from  the  mode  of  its  introthiction.  Thv  only  changes, 
therefore,  that  can  take  place  in  the  general  form  of  the  equation,  and  conse> 
quently  in  the  general  features  of  the  curve,  must  hence  arise  from  the  coefficient 
sin  a  sin  (a  +  2/^)*  of  which  the  former  factor  sin  a  is  positive,  and  therefore 
depends  wholly  on  sin  (a  +  2/3).  This  may  be  «ero,  positive,  or  negalnej 
indicating  respectively  that  the  plane  HAG  is  parallel  to  the  edge  VR  of  the 
cone,  meets  it  on  the  side  R,  or  meets  it  in  RV  produced  beyond  V,  being  in  mO 
perpendicular  to  the  plane  RVT. 


CASE  I. 

The  parabola. 

In  this  case  a  +  2^  =  ir,  and  the  equation  is  reduced  to 

,     Ax  sin  <i  sin  2^     «i    •      *  • 
yi  —  _   — c:  —  2A9  sm  o  ttn  0  s  4ibr  sin  >/3  ,  (2). 

'  cos  ^fi  *  * 

lllis  is  often  written  in  one  or  other  of  the  forais  (or  some  analoginii  to  them) 
bdour: 

Sf*= |Nr»  or    =  4sMr.   (3). 


CA8B  II. 

The  tUipse. 

Here  we  have  a  +  2/3  \tm  than  rr ;  and  for  the  more  complete  discnssioo  WS 
shall  consider  separately  those  cases  that  have  any  variety. 

1.  Let  a~0\  then  y"  cos'/3  —  0,  or  y  ~  0,   ,  f4), 

whate%*er  value /3  may  have.  This  indicates  iltaL  the  locus  of  the  equation  is  a 
straight  line  coinciding  wiUi  the  a^cis  of  x,  and  which,  in  reference  to  the  figure, 
is  the  line  of  contact  of  the  plane'  HAG  (now  become  a  tangent-plane  to  the 
cone)  with  the  snr&ce  of  the  cone. 

2.  Let  e  =  iir  —  ^  t  then  a  +  3/3=iT^/S+9^»|ir'^Aaiid 
sin  (a  +  2/^  B  cos  /3:  whence  the  equation  becomes 

C0S*/3  -t-  «2  co8'/3  =  2hx  sin  /3  cos^^,  or 

y2  f     =  2Ax  sin  /3 ;  (5) 

the  equation  of  a  circle  whose  origin  is  at  A,  and  whose  radius  is  /*  sin  /3. 

The  condition  above  assumed,  is  the  same  as  that  the  cutting-plane  shall  be 
parallel  to  the  base  of  the  cone. 

3.  Lst  ft  s  0,  a  +  2/3  being  of  any  valtts  less  than  w;  then  we  have 

cos*/3  +    sin  a  sui  (a  +  3/3)  ss  0;  (6) 
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the  <u\n  of  twasqnaK  s,  ni\i;ii[!li cd  respectively  by  positive  factors,  equal  to  /eroj 
iudicaling  that  the  \ocus  is  reduced  to  a  point,  viz.  the  vertex  V  of  the  cone. 

4.  Let  now  the  only  condition  be  a  +  2^3  less 
than  JT ;  or  the  linea  VR,  AF,  make  angles  with 
AV,  which  aie  together  len  than  two  right  angles. 
In  ^8  case  thejr  will  meet  in  some  point  B.  The 
ellipse  is,  therefore,  limited  to  the  sheet  of  the 
cone  VilST,  forming  one  continued  line,  com- 
mending and  tenninntinp;  at  the  point  A. 

Again,  for  eacii  \alue  of  x  there  are  two  equal 
and  o[ipo8ite  value.<i  of  y,  as  is  evident  from  the 
equation 

y  =  +  sec/?  V hx  sm  a  sin  -lA—jr  sin  a  sin  {<i-j-2li)  (7) 

This  shows  that  AF  divides  tlie  curve  into  two  equal  and  similar  branches, 
AilH'B  and  AGG'B,  symmetrically  disposed  with  respect  to  it. 

Further,  the  preceding  general  investigation  might  have  been  conducted  with 
T€gud  to  a  plena  cntting  the  aide  VR  m  B.  In  auch  eaae  let  VB  =  ilj, 
YBA  a  ai ;  and  we  get»  aa  before, 

y<  C9^e  +    ain  ai  ain  (ai  "|-  2/1)  s=  M  rin    ain  3/3;    (8). 

In  which  a,  =  w  —  or  ain  a,  =■  ain  (a+^i^;  s  ir  — <^ 

or  sin  (ai  +  2^  s  sin  a ;  and  A  sin  a  =:  A|  ain  ai  =  ht  ain  (a  +  2/3)- 

The  values  of  y,  therefore,  in  tlM  foregoing  equation  and  in  that  jnat  found, 
are  the  same  for  the  same  values  of  ar,  estimated  in  the  former  case  from  A,  nnd 
in  the  latter  from  ;  thnt  if  HF'=AF.  then  F'G' or  F'1I':=  FG  or  i  H. 
The  curve  is  therefore  cuujj)()sed  of  symmttncal  branches,  cuusidered  with 
respect  to  the  axis  CD,  bisecting  AB  at  right  angles.  The  ellipse,  is,  therefore, 
compoaed  of  /oar  eqnal  and  aimilar  hranchea  or  qnadranta,  Kymmetricallj  dia- 
pooed  an  paira  when  taken  with  leapeet  to  AB,  CD,  and  the  eentn  O. 

5.  The  fdblim  helwem  the  am  AB,  CD,  ia  thva  obtained,  aa  well  aa  the 
fundamental  property  from  which  we  may  derive  all  the  others. 

Let  OAss  OB  =  a,  OC  =  OD  =:  & ;  then  in  the  triangle  AVB  wegat 

.  _2o8in(r.  +  «^). 

*  sm  2/3 

and  heoce  the  equation  of  the  ellipse  becomes 

y"  co8'^/3  +  X-  Mu  a  sin  (a  +•2/3)  =  2ax  sin  a  sin  (a  +  2j3)  ;  ....  (10), 
cr  again,  referring  the  origin  to  the  nuddle  of  AB  by  mcitiog  «  +  a  for  «,  we 
get  at  once 

9*coaV}  +  «*iinaain(a  +  S/3)  =  a*Binaain(a  +  l^  (11). 

Now  OG  and  OD  are  the  vakea  of  jr  in  thia  equation  when  «  ss  0;  and  hence 
they  are  fonnd  to  be 

bss±awsP  Vain«ain(«+2j3),  (12), 

■nd  the  relation  ia  obtained. 

Maltiplj  all  the  terma  of  the  tranaformed  equation  by  a%  and  divide  by  coa*/) ; 
then  we  bAve 

.  ,  ,      sin  a  sin  [a  +        ,     a*  sin  a  Rin  (u  -j-  2/3)  . 

or  inserting  6*  fur  its  value  just  found,  we  get  for  the /mdamental  equation  of  the 
ellipte 

oy+^Vsntd*  (W). 
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CASE  III. 

Wb  shall  conrider  in  snccenioii  the  nibordinata  caies  that  can  ariia  froin 
dtArent  eircomstanoes  of  the  data. 

1.  Lat  a  s  ir ;  then  we  get  ain  a  =  o,  and  th«  equation  ia 

y'  C08»/3  =  0   (15), 

This  indicates  the  line  of  contact  of  the  plane  with  the  snrfnce  of  the  cone,  as  in 
the  corrc«j>onding  case  of  the  ellipse.  The  only  dUlerence  bei  verti  the  two  cor- 
res^pr  ndui-r  cases  is,  that  x  was  taken  positive  towards  V  io  the  ellipse,  and 
tow  ards  T  iu  the  hyperbola. 

2.  Let  a  be  so  taken  that  cos'^  +  sin  a  sin  (a  +  2/3)  ^  0  in  the  geoeial 


equation,      294) ;  then  the  equation  ia  redoced  to  , 

y*  —  «*  =  3il«  ain  a  tan  /3.  (IS}. 

This  species  of  the  curve,  the  general  featuiea  of  which  are  tbe  aame  aa  tboae 
of  other  hjperbolai,  ia  called  the  equilateral  hfperboUu 
3.  Let  A  =:  0;  then  we  have,  ainoe  sin  (a  +  9^  is  Miyolitw, 

ySeoe»/3  — ai^ainaaln  {(a +  3^— ir}  s  0;  (17X 

whidi  ia  of  the  fonn 

(1^  +  ht)  (ay— d»)  —  0,  (IS), 


and  repieeenta  two  linee  throogh  the  origin  making  equal  angles  with  the  asie  of 
».  They  are  the  interaectiona  of  the  cnttiDg-pbioe  with  the  tangent-planea  to  the 
enrface  of  the  cone. 

4.  The  general  case  of  the  hyperbola  subject  to  no  Testrictire  conditions. 
For  simplicity  of  writing,  put  a  +  2/8  —  ir  =  i  j  then  the  general  equation 
heoomea 

cogo^  —     sin  a  sin  5  =  A*  sin  a  sin  2/3  (19)- 

In  this  case  the  jUane  of  section  HAG  will 
meet  tbe  side  produced  beyond  V  in  a  point 
B,  and  will  never  meet  the  side  AV  of  the  cone 
except  at  the  point  A  {  whilst,  however  far  both 
aheets  of  the  cooe  he  extended,  they  will  always 
be  cut  by  the  plane  HFG.  There  will  hence 
be  two  inde6oite  branches,  HAG,  H'BG',  of  the 
CTirvc,  one  in  each  sheet  of  the  cone,  having  no 
geometrical  termination,  and  never  meeting  each 
other.  Tins  will,  howtvtr,  \m  rendered  more 
apparent  by  the  discussion  of  ilie  equation. 

Again,  as  in  the  ellipse,  we  have  two  equal 
and  opposite  valuea  of  y  for  each  value  of  », 

from  tiiie  equation   

y  =  ±  see  /3  V^A«  sui  a  sin  80  ^c*  sin  a  sin  a.   (80). 

The  branch  HAF  ia  therefore  eimilar  and  equal  to  the  branch  GAF,  aa  Is  also 

H'BF  to  G'BF'. 

Had,  as  in  the  ellipse,  the  ]preceding  investigation  been  conducted  with  respect 
to  VB  instead  ofVA,  and  corresponding  changes  been  made,  we  should  find 
that  in  reference  to  OY,  which  bisects  AB  at  right  ani^les,  the  branches  FAG, 
F'BH',  are  similar  and  equal,  as  arc  FAH,  F'BU'.  Wherefore,  the  entire  section 
is  composed  of  four  equal  and  similar  branches,  considered  with  respect  to  the 
two  axes  AB,  CD,  ^d  centre  O. 
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S.  The  relation  AB  to  a  certain  line  CD,  which  is  usually  estimateii  on  OY, 
nay  be  obtained  pieciMly  as  in  the  caie  of  Ibe  ellipee.  Denotbg  this  by  b,  and 
AB  by  s,  we  thna  have  finally 

ay-.6»«is.aV  ;  (ai). 


PROP.  II. 

'i'u£  mu^t  gt^ueral  form  lhat  ^ucli  an  equation  can  iiave  is 

Ay»  +  Bxy  +  <V  +  Dy  +  Rr  +  FaO  (1). 

This  may  be  coneidered  in  reference  to  any  angle  of  ordination,  and  any 
vahiee,  poeitive,  negattve,  or  aero,  of  any  of  the  coefficiente ;  and  by  aocceseiTe 
traniforniations,  we  ebaH  be  able  to  reduce  it,  under  all  ditnmetancea,  to  one 
or  other  of  the  forma  found  to  repreeent  the  conic  wcliona  in  the  preceding  pro* 

blem. 

1.  Transform  to  ares  Inserting  the  angle  of  ordination  and  its  su{)i)!cment ; 
and  let  the  angle  of  ordination  be  '2a.  Tin  u  the  formulae  of  transformation 
(p.  250)  will  be  found  from  a  and  k-rr  -\-  a  being  the  inclinations  of  the  new 
axes  to  the  original  axis  of  x.    We  must  then  write 

 «^  tin  (9a     g)  +  y'  8in  j  2a  —  («  +  ^  ^r)}         x'  sin  a  —  y'  cos  a 

"*  ein  2a  sin  2a  * 

_  ein  g  -h  y^  sin  (a  -f  ^  <^  ein  g  -f  y'  cos  a 

^  ain  Sa  ~*        ain  2a  * 

nod  in  the  result,  dropping  the  aecente  from  «y,  we  have 
<A*B+  O  y»  coi»a  +  (A— C)  ry  sin  2a  +  (A  +  B+C)  x'  wi*a\  _  • 

+  (D  +  E)  X  sin  o  sin  2a + (D^B)y  ooea  linaa+F  ein*2a      }  —  "  '  *  W  i 
and  which  we  shall  designate  by 

+       +  cx»  +  f/y  -f  f-r  +/  =  0  (3). 

The  function  B- —  4 AC  will  presently  be  shown  to  be  the  test  of  the  par- 
ticular kind  of  curve  represented  by  the  equation,  nince  fr  —  4ac  will  be  shown 
to  be  so ;  and  hence  the  dependence  of  the  one  function  on  the  other  must  be 
eatablished. 

Now  by  substitution, 

¥~  400  =  (A  ^Q)>sin*3a— 4(A  +  B  +  O  (A^B  +  C)  sin'a  eoe^a 
ma  {(A  — C)*— (A  +  Q)*+B^}ain>3a 

{B*-.4AC}sm*2at 

^nd  hence,  whatever  iipil  (or  zero)  belong  to  6^ —  Aac,  the  same  will  belong  to 

— 4\C,  and  vice  versa;  that  is,  as  —  4flc  is  po«it!ve,  negative,  or  aetO, 
B' —  4AC  will  be  positive,  negative,  or  aero,  respectively,  and  rice  n  rsd. 

Next  transpose  the  uiigin  of  co-ordinates  so  as  to  remove  the  first  powers  of* 
and  y ;  which  will  be  ejected  if  for  x  and  y  we  write 

,  2ae  —  bd     ,      ,  2cd— fie 

The  eibct  of  this  ttaneformation  is  to  give  the  equation 

«y-  +  6ary  -f  cx^  +      ^,^1^4^^        +>^=  °  (*)• 

In  the  nest  place  tianapose  the  aids  through  an  angle  jS  such  that 

tan  a/5  =s  —  ^^; 
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in  eoomqpmet  of  wbwh  tiie  term  jry  ia  eliminated,  and  Uie  equation  is  cbauge  J 
into 

{(a  +  c)  ±  V{a—c)^  +  6^'}  y»  -I-  {(a  +  c)  +  ^  (a  —  c)2^A-J  + 

-^^-40,      ^  +  V=0  (6). 

Nov  tbu  divides  ittelf  into  cam  according  to  the  tbIoo  of  6*  —  4ae,  ns 
already  premiaed. 

1.  Sappoee  A* —  4«e  negative.  Then,  eince 

(a  —  e)*  -h  4»  =  (a  +  c)«  +  (6'  —  4ac), 
the  radical  part  of  the  coefficients  will  be  less  in  value  than  the  rational ;  and 
henrc  both  the  coefficients  will  be  essmtiall^  positive  j  OT  the  equatKMI  will  be 
that  already  determined  as  representing  the  rllipse. 

2.  Suppose  br  —  4ac  positive;  then  -J  (u  —  c)^  -f-  b-  will  be  {greater  than 
a  +  c,  and  ooe  or  otl)er  of  the  coefficients  of  (5)  will  be  negative  w  lulst  the 
other  is  positive  ;  and  the  form  of  the  e<|uatiou  that  already  fuuud  us  belong* 
ing  to  the  hyperbola.  » 

3.  Supp<^e  hi'  —  4ac  =  0 ;  then  —  +  A*  =  (a  +  c),  and  one  of  ihe 
coefficients,  either  of  «  or  j^,  vanishes  for  this  valoe.  At  the  same  time,  the 
tern,  free  from  the  mmaUes,  will  become  either  infinite  or  indeterminate.  In 
fact,  the  transformation  (4)  was  to  an  origin  (which  had  in  the  disenssioo  of  the 
preceding  proposition  been  shown  to  be  a  centre)  infinitely  distant,  the  valuer  of 
the  new  co>otdinates  becoming  in  such  case  infinite.  Moreover,  there  is  in  tbis 
case  only  one  variable  left,  and  we  cease  to  have  the  equation  of  any  dcfiuite 
locus.    l*'(jr  these  ren -on^  've  must  adopt  a  different  course  of  transformation. 

The  term  scy  is  jirst  removed  by  the  transformation  through  the  angle  /3,  at 
before ;  in  which  case  the  equation  is  reduced  to  one  of  the  forms 

(«  +  c)y«+       .  yH--^  0  (6), 

va  +  e  >/  a  -r  c 

or  Cb  +  0  H — -  /      ^-  Jf  +  -  7   +/=  0  C7); 

V  </  -}-  e  V  fl  -f  c 

the  former  being  applicable  to  the  case  whete  the  sign  of  b  is  — ,  and  the  latter 
where  +. 

Loetty,  tnmsform  the  origin  of  (6)  by  writing  for  «  and  jr, 

g  ^  — Z  ^    .        and  If  ^  -  ^  —  : 

and  the  result  is 

(«  +  €)»'+  -^7^--^— «ssO  (8)1 

and  a  corresponding  change  of  origin  wnl  transform  (7)  to 

(a-hc)c*+   X_y  =  o  (9); 

V  a  +  c 

either  of  which  is  of  the  general  form  of  the  ci^uatiun  of  the  parabola  determined 
in  the  preceding  proposition. 

Scholium  1. 

It  has  already  been  shown  under  what  conditions  the  co-efTicicnts  of  the 
equation*;  furnish  immediate  information  re«])eciing  the  general  character  of  the 
one  to  which  they  individually  relate,  when  ilio  aAeti  are  rectangular;  and  it  has 
bceu  ahuwu,  iiinL  when  this  is  the  cabe,  the  coefficients  of  the  equations  referred 
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to  oblique  angles  of  ordination  have  precisely  the  same  relations  as  to  tiign  or 
vanishing.    Hence,  in  the  general  eqttation  (1),  W0  m  entitled  to  inflHr  tbat 

ft*  ~  4m  =5  0,  designates  the  parMa, 

6^    4ac  ss  — ,  the  «U^^,  and 

ft*— 4ac  s  4-,  the  kjfperbola, 

Sehokum  2. 

It  it  not,  however,  to  be  inferred,  that  the  term  ay  can  onI|f  he  removed  when 

the  axes  are  rectangular. 

For  let  the  angle  of  ordination  he  2a,  and  the  inclinations  of  X'  arvl  Y'  to  X 
befitfi  tlien  ip.  250)  we  have  only  to  substitute  for  v  and  x  the  functions 
jf  sin  ^  -f  y  sin  y  sin  (2«  —  i^)  +  j/  sin  (2a  —  y) 

sin  2a  '  sin  '2a 

and  the  co-eiiicieot  of  the  term  involving  xg,  abating  its  denonunator,  becomes 
Saein/Ssinr  +  2c  sm  (2«  — /5)  sin  (a*  —  y)  j 
+  ft  sin  r  sin  (3a     /I)  +  ft  sin  jS  sin  (8a  —  y)/ 
As  there  is  only  one  condition  to  be  fulfilled  by  this  equation,  which  contauis 
two  arbitrary  quantities,  0,  y,  it  is  dear  that  whatever  value  be  given  to  one  of 
them,  a  value  which  shall  fulfil  it  can  be  found  for  the  other ;  or  the  elimina- 
tion ofay  can  be  effected  in  innnmemble  different  ways,  the  angles  of  co-ordina- 
tion being  oblique.    It  is  equally  clear,  that  only  one  such  transformation  can 
be  made  whil'it  the  an|?le  of  ordination  is  required  to  be  h~.    That  one,  indeed, 
might  have  been  obtained  at  once  from  (I),  without  paiibiug  through  (2),  by  the 
substitution  of  the  functions  of  /3  from 

e  mo  4a  —  &  sin  2a 

bat  the  process  would  have  been  much  laoget,  and  the  reductioii  more  intri- 
cate. 

As  tbe  following  expiessions  oecor  very  frequently  in  rssearehes  concerning 
the  conic  sections,  they  ought  to  be  designated  by  some  uniform  notation.  The 

following  will  occasionally  be  used  in  this  work  : 

112=     _  fj  cos  a  -f  c)»  +  (6'  —  4ac)  sin^a, 

Q  =:  a  —  6  cos  «  +  c, 

H  =  Q  —  2a  sin-a  =  a  cos  2a  —  6  cos  a  -f  c, 
K  =  Q  —  2c  sin'a  =  CC08a«  —  ftcOSa-J-o. 


PROP.  III. 

Ibjmd  the  mterswtions  qf  a  given  straight  line  (2)  mth  a  given  conic  section  (I). 

^  +  ft»y +  c»»  +  (^H-«+/=0  (1), 

y  =  |i«  +  ff  Ca)» 

Substitnte  from  (3)  in  (1) ;  and  we  get 

+  ftp  -I-  c)  ir»  -f  {2apq  +  &<?  +       +  f)  ^  +  oq'  -\-  dq  +f=0  (3) ; 

the  roots  of  xxhicli  being  found,  |in  c  two  values  of  x,  and  then  from  (2)  there 
are  obtained  the  corresponding  values  of  y. 

CoroOory. 

A  straight  line  can  intersect  a  conic  section  iu  ouiy  two  points. 
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PROP.  IV. 

7h  detwrmuu     oondUknt  pfa  Im*  heh^  a  tm^mt  to  a  eonie  tectum. 

In  this  case  the  two  points  of  section  must  coalesce,  and  the  two  roots 
of  equation  (3)  in  the  preceding  problem  rnnst  be  e<]U3l.  Tlih  will  require,  as 
iu  the  casie  of  tiie  circle,  that  when  the  first  side  is  rendered  a  complete  st^uare, 
thfl  Noond  ride  slull  be  mo.  Thii  wUl  gift  the  condition, 

(2ap9  +  6^  +  |hJ  +  e)»  —  4(a/  +  6p  -f  c)  (ag»  +      +/)  s=  O 

Now  this  equation  involviM  both  p  and  q ;  and  we  may  make  wnj  further 
bypothesia  wbicb  shall  fix  the  value  of  one  of  them,  and  then  proceed  to  the 
conseqnent  determination  of  the  other.  We  shall  give  two  examplee 

1.  Thi  tanffent  paraUd  Um  ghtrn  Sm. 

Whether  refcned  to  rectangular  or  obliiiQe  axet»  the  value  of  p  ia  in  this  caae 
given;  whence  two  values  of  q  will  be  found  from  (prop,  to.),  showing  that  #100 
jneil  Umg&Ut  om  b$  Awm,  the  values  of  q  being  the  segments  of  the  aids  of  jr 
cut  off  by  them,  estimated  from  the  origin.  These  values  are  readily  found, 
for  the  equation  (4)  is  reducible  to  the  form 

(&«  —  4flc)  9'  -f  2 }(2ac  —  hd)p—  {2cd  1  ^  q  ^ 

+  (d'-4«/)j»*H-2(ed-26/)i>  +  (e'-4c/)j 
We  see  also,  when     —  4flc  ~  0,  or  the  mrve  i'?  a  parabola,  there  can  be  but 
one  mok  tangtiU,  the  equation  (a)  being  then  reduced  to  the  first  degree. 

9.  The  tangent  drawn  through  a  given  paint  (xjfi). 

In  this  case  the  equation  of  the  line  is 

y  =  px  -\-  f/i  —  px^i 
and  writing  y,  —  jpx,  for  q  in  the  equation  of  condition  (prop*  iv.),  we  shall 
have,  after  obvious  reductions, 

-  ip  \  {b-  -  4ac)  x^y,  4-  {bd  —  2fle)  y,  +  {be  —  2cd)     -  (dc  —  2i/)}  1  =  0  (3). 
+  [{b-  —  4oc)  y,»  +  2  ibe-2cd)  y,  +  (e^  —  4c/)}  J 

Resolving  this  equation  for  p,  we  get  the  expression 

4ac)  r,y,  -f  [bd  —  2ae)  y,  +  {be  —  2cd)  x,  —  (de  —  2b/) i 
±  2v/[  Xffiry,^  +  6j.y,  -f  cxr  +  dy,      ex,  +/}1  / 
'  ™  "      (6-  —  4«c J  a  r  +  2  (6d  —  2ae)     +  (d^  —  4(j/-)  * 
where  k  =  ae-  -\-  ccP  -Jr  fb^  —  bde  —  Aacf. 

There  can  hence  from  the  point  x^i  be  generally  drawn  two  tangents  to  the 
curve  of  the  second  degree. 


*  The  folluwing  forms  of  X,  derived  from  ibe  opcrmtion  of  completiog  Um  iqiure,  will  offcen 
lie  useful : 

4aX=  (W  -  2<w)«  -  (J«  -  4ac)       (<i»  ~-  iftf), 

46\  =  2{6e  -  2cd)  {bd  —  2ae)  —  4(W  -  2ae)       -  2cd  ), 

4:\  =  lie  -  2afy»  -  (i*  -  4ac)  (c«  -  Aef), 

4dXs  2(fo  —       (d»  -  4c|r)  +  3(M  - 9<M)  (dp  -  2^ 

4eX  =  2{M  -  2.// )    '  -  -Jr/)  +  2  (ic  -  2<*/)  (dl«  ^S^*), 

4/X=a       — 2fc/)»-ida-4<5r)(e»-4^). 
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These  two  tanLii^t';  will  be  identical,  on  the  vaxiishiog  of  the  radical  in  (3)| 
and  tim  will  be  ejected  either  by  \  =  0,  or 

fly,*  +  &r,y,  +  cx,«  +  c/y,  +  ex,  +/ =  0  (4). 

Now  the  former  of  these  8i|{ni6e8  that  the  conic  sectioo  is  composed  of  two 
itraight  lines  :  and  the  latter,  that  the  point       is  situated  t»  the  curve  itself. 

hk  Ifaw  ctN  of  the  pcMnt  in  the  cnrre,  or  the  tangenta  becoming  iden* 
tieali  ve  hive  from  (2) 

^  ■*  (6»  —  4«cJ«,*  +  2(6rf  —  aee)»i  +  (d*  —  4a/) 
Add  4c(ay^  +  foifi  +  e«^*  +  d^,  +  cor,  •!-/)  s  0  to  the  denominator, 
and  4a(ay,'  +  &r,yt  +  at^*  +  djyi  +  ee^  -f/)  s=  0  to  the  nameimtor ; 
then  we  ahail  have 

J  4c^Ti°  4-  4Arjr,?/,  +  4ecxi  -}-  ft*y,*  +  2^«/,  +  <^  ^ 

aadexteacting  the  roott>  ot  both  iiidcs,  we  ^et 

ad  ^  eqnatioD  of  the  tangent,  therefore,  becomee 

'-»-=-g|fe-i-9f-")  

lit  sgaiD,  IPS  midtiply  out  e3q>reanoa  for  the  tengent  at  the  point  Mjft  in 
die  cum  jnst  obtained,  we  get,  after  sobetitating/  for  4*  ^tJft  ^  ^i*  "t" 
%i  +  MTp  the  following  useful  form : 

%jp  +  dc«iy  +  y,«)  +  2(»,«  +  d(y  +  y,)  +  «(*  +  «,>  +  nr-o»..  (9), 

Coroilery* 

The  normal  being  perpendicvtar  to  the  tangent,  its  equation  will  be  (tee 
^  MO),  when  the  ordination  ie  reetangnlar, 

y-y'  =  2S:+».+,  

««iien  the  axea  malce  the  angle  a, 

_  {Invx  -ir  d)  —  (Icx^  +  ^Vi      e)  cm  a 

'     ^*  —  Cac*,  +  ^»y»  +  e)  -  C2tiyi  +      +  «(j  CO*  tt        '"^  '  * 

Hxpressions  for  the  mb-norrml,  sub-tangent,  etc.,  are  given  by  some  writers  in 

amtinuation  of  this  proposition ;  but  aa  the  on!y  u«e  made  of  tliptn  is  in  rcfer- 
cDce  to  the  rertangular  a  \t_^  passing  through  the  centre,  it  ia  deemed  by  U8  a 
most  inappropriate  place  to  brin^  them  inCo. 


*  This  fonnuJii,  whilst  quite  ns  uell  fitted  f<>r  nctnul  ii*>o  n-^  tliat  marked  (8),  has  the  tdwaiH 
^    bang  cuilj  recalled  to  memory.    For  write  the  equation  in  the  foUowiog  form  ; 

»V»  +       +<'^-'  4-  dv  -f  ^-^  +/=  0. 

Form  a  line  hy  writing  ono  factor  only  with  a  dush,  and  then  a  second  line,  writing  the 
ntmSa^  ftctofi  with  a  dash,  leaving  in  eseh  esse  Ihe  other  factors  b  plain  letten ;  this  will 
pis 

oyjr,  -fb^i-t  f-f-^j  +      -i-  ^-^  +/ 
MOB  of  theio  two,  eqoatad  to  laiO)  b  the  axptBSsion  (9)  just  given. 
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PROP.  V. 

To  fitd  ike  hcus     the  middle  points  of  paraiii  l  chords  from  the  genertU  tquatioa 

of  the  conic  sectum. 

IvET  tbL'  frenernl  equation  he  as  before,  and  denote  the  system  of  paralW 
chords  ((f  beuig  the  quanUty  upon  which  the  particular  chord  depends),  by 

y  =  pa?  -f  7. 

Insert  this  in  the  general  equation ;  then  we  get  (as  in  pmp*  m.) 

^      2apq  4-  hq  +  dp  +»^      aq'  >f  dq 

ap^      bp  -\-  e  ap^      tip  ^  c 

Let  HK  be  that  one  of  the  chords  which  depends 
on  an  assumed  value  of  q,  and  G  be  its  middle 
point;  and  (iraw  the  ordinates  HL,  GD,  KM  ;  then 
OL,  OM,  are  the  valm  s  of  the  abscissa  x  in  the 
above  equation,  and  OD  the  abscissa  of  the  middle 
point  of  the  chord  HK. 

Now  OD  =  i(OL  +  0M)|  and  bjr  tho  thcKjry  of 
iDota,  the  coHtflleient  of  •  is  the  man  of  the  two 
roots  OL,  OM,  with  their  signs  changed.  That  is, 
denoting  now  hj  m  and  y,  the  co-ordinates  of  G»  we  havo 

SflDfl  -\-  bq      dp  e 
—         ,  . "  .    ,    V    ;  or  again, 

—  -^bp-^  c)x  ±^p±J> 

^  '2fip  4*  A 

Equate  this  to  the  value  of  q  in  the  first  equation  above;  tlMO«  after  doe 

redaction,  we  get,  as  the  locus  of  G,  • 

(2op  +  A)  y  +       +  2c)  X  +  (rfp  +  e)  =  0. 

The  middles  of  all  the  parallel  chords  are  therefore  situated  in  a  straight  line. 

We  have  next  to  inquire  whether  there  he  any  point  for  which  this  equacioo 

holds  good  for  all  values  of;?.    If  such  be  the  case,  we  shall  have,  by  arraDging 

the  equation  acconiaig  to     the  form 

(2rty  -\-  bx  ^  d)  p      2cj;  +  Ay  +  e  =  0; 

And  firom  the  indetcrminatcness  of/)  we  f^et 

2ay  4-  6*      ti  =  0,  and  2cje  -f  6y  -f  «  =  0 ; 

dcf  —  8m      .  h»^2cd 
or, »  =  —  M — - — t  and  y  =  —  m — , 

Thii$  result  shows  that  the  point  to  which  the  origin  is  transposed  to  remove 
the  first  powers  of  m  and  f  in  the  general  equation,  is  that  also  through  wiiich 
all  the  diameters  pais :  in  other  words,  the  enin  the  eme  is  that  in  which 
the  co-ofdmate  origin  being  placed,  the  equation  of  the  curve  is  of  the  form 

When  6*  —  iac  =  0,  the  centre  is  infinitely  distant,  and  the  lines  converging 
to  it  hcromc  virtually  parallel,  agreeing  with  what  has  hefore  been  determined 
{pnfje.  but  this  may  be  more  advantageouitly  viewed  undtr  the  following 
aspect. 

For  9  substitute  its  value  — ,  or  for  a  its  value      in  the  equation  of  the 
diameter;  then  we  get 

+ + '-^^ = «• "  ^ + ^« + "^X  V = 
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and  this  expresses  diticreut  lines  depending  on  the  value  of  p ;  but  all  of  them 
parallel  Co  ilw  fino  (both  «qimtioii8  representing  the  same), 

2ay  +  &(r  s  0»  or  0y  +  2«r  =  0. 

The  tangent  at  the  extremi^.  A,  of  the  diameter,  is  paraDel  to  HK. 

This  mj  foe  established  by  finding  the  co-ordinates  of  A,  and  thence  forming 
the  eqnation  of  the  corresponding  tangent.  It  would  he  found  that  p  has  the 
same  value  as  in  the  expression  of  the  parallel  chords.  It,  hovevsTt  foUowSi 
from  the  simple  consideration,  that  if  the  Ijne  drawn  through  A,  parallel  to  the 
chords,  should  again  cut  the  circle,  tbat  A  in  also  the  middle  of  the  chord  so 
drawn.    Whence  the  tangent  is  parallel  as  asserted. 

Also,  the  tangent  at  the  other  extremity  of  the  diameter,  where  the  curve  is 
either  an  dlipse  or  hyperbola,  is  parallel  to  HK. 

These  accord  with  properties  already  dedaeed  geometricaUy ;  and  those  were 
in  fret  there  made  the  definition  of  eonjngates. 

CoroUarf, 

In  the  general  case,  let  the  equations  of  two  series  of  lines  which  vary  their 
positions,  as  q  and  q'  vary,  be 

ij  —  px  -\-  q,  and  y  =  p'x  -f  q' ; 
and  let,  moreover,  the  (iiarreter  which  hisects  all  the  chords  of  the  conic  section 
intercepted  upon  the  first  series,  be  one  of  the  second  series  ;  then  the  inter- 
cepted chords  of  the  second  series  will  be  bisected  by  a  diameter  which  is  one  of 
the  first  series. 

For,  in  the  case  of  the  first  and  second  hypotheses,  we  have  respectively 

Now  these  two  equations  are  identical,  as  will  be  seen  on  resolving  the  former 
for  or  the  latter  for  p'l  hut  it  will  readily  appear  from  reducing  them,  they 
both  becoming 

lapp  -f  ft  (/)  +  /O  -f  2c  =  0. 

Thi»,  then,  the  criterion  of  two  lines  being  conjugate  iix  reference  to  the 
^reneral  conic  section, 

ay-  -\-  hjy  -i-  CJT  +  di/  -\-  c£  -\r  /  =  0, 
and  we  shall  call  it  the  eqwaiiM  i^crdmatunh 

¥ma  this  we  learn,  that  to  every  line  y  =  jw  +  9,  there  is  one  system  of 
lines,  and  only  one,  conjugate  to  it.  For,  to  each  value  of  p  thcfe  is  one,  and 
one  only,  corresponding  value  of  p\ 

It  also  follows,  that  every  diameter  has  one,  and  only  one  diameter,  which  is 
conjugate  to  it ;  and  these  are  the  lines  through  the  centre,  parallel  to  the  two 
lines  which  are  defined  as  to  parallelism  hy  p  and  p'. 

Again,  if  /3,  7,  be  the  angles  made  with  the  axis  uf  x  by  the  systems  of  lines 
depending  on  p  and  p\  we  have  (the  angle  of  ordination  being  a) 

sin  B         ,  ,        sin  y 
sin  (a  —  /8)  sin  (a  —  y) 

and  if  we  insert  these  in  the  tqwation  of  ordimaion,  we  get 

2e(  sin  /3  sin  f+b  {sin  /3  sin  (a-^y)+sitt  y  sin  (a— +3e  sin  (a— /S)  sin  (a— y)=0. 

Now,  if  we  transform  the  general  equation  to  a  system  of  co>ordinate  aies, 
making  the  angles  /3,  y,  with  or^nal  axis  of  x  (as  at  p.  250),  we  shall  have 
the  expression  on  the  left  side  of  the  equation  just  obtained,  as  ths  co-efficient  of 
ay  io  the  traoaformed.  It  follows,  therefore,  that  in  an  equation  of  the  conic 
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iwtkm  nfened  to  conjugata  lines  as  txss  of  coordinates,  the  term  involnog  jry 
is  absent  s  or,  in  other  words,  any  squation  of  the  conic  sections  in  which  s  O, 
is  referred  to  conjugate  axes  of  oo-ordinales. 

There  will  amongst  the  systems  of  conjugate  axes  of  co-ordinates  bo  one 
through  any  given  point  which  will  be  rectangiilar,  and  only  one. 

For  let  y  =  ^  +  90**  *  then  a~7  =  (a->j9)^  90'';  and  the  conjugate 

equation  becomes 

—  a  sin  2/3  +  6  sin  (30  —  a)  +  c  sin  2(a  —  /3)  =  0 ;  from  which 

—  6  sin  a  -f-  c  sin  '2a 
tan  2/8  =  — — 7  — 

a  —  o  cos  a      c  cos  'Jn 

When  the  original  axes  are  rectangular,  this  becomes  simplified  into 

tan  afl  »      *  ; 
agreeing  with  the  determination  of  the  same  tangent  given  at  p.  297 • 

PROP.  VI. 

Dbnotb  the  equation  of  the  second  degree  as  (1),  and  those  of  two  otiaight 
lines  by  (2,  3),  as  follows: 

ay'  -H  Axy  +  «S»  +  rfy  -{-eg+fssQ  (I), 

py  +  qx  -\-r  =  0  (2), 

Piy  +       ''1=0  *  (3). 

Multiply  (2,  3)  together:  then,  ci^uating  the  co-etiicieuU  of  the  resulting 
equation  with  those  of  U)>  ^^'c  get 

(4). 


99i  =  o 
ff,  =/ 


pri  +  />,r  =  I 


•         e  f 
From  the  first  column  of  these  we  getp,  bb^,  fi  ss  ^  and  ri  » ;  and 

these,  inserted  in  the  sscond  column^  give 

or* +//,'  =  4pr[   (SX 

cr«+/9«=s9rJ 

From  the  second  and  third  of  these  equations  we  get  at  once 

P        :t  '^^^^  ~  ^  ?     e  +  s/e*  —  Acf 
 .ana^-  jjf—'\ 

which,  niserted  in  (2),  gives  the  equation 

(d  +  a/cP  —  4a/)  y  +  (e  +  Ve»  —  4iQr )    +  2/=  0  (6)  • 

and  hence  also,  from  (4)  we  get 

id  hF  '✓rf*  -  4a/)  y  +  (e  +  V^e*  -  4c/)  x  +  2/=  0   (7). 

But  we  have  employed  only  tvoo  of  the  equations  (6)  for  the  determination  of 
the  co-efficients  of  (6,  7),  whilst  all  the  three  conditions  sre  to  be  fulfilled  by 

them.  In  &ct,  from  the  second  and  third  we  can  get  a  value  of  ^  and  fikewiss 
from  the  fint,  anotlier»valoe  of  ^.  In  order,  therefore,  to  fulfil  all  the  condi* 
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ti<^ns,  tbe^c  values  must  be  equal,  and  we  must  obtain  an  pqnation  independent 
of  them  by  equating  tlteti^  values;  or,  in  other  words,  we  must  elimUMUe /i,  q, 
from  the  three  equations. 

Eliminating  r  in  the  usual  manner  from  the  seconil  and  third  equations, 
we  get 

cdep*  —  (erf* +      —  4acf )  Z??  +  wdg*  =  0; 
vluch  combioed  with  the  first  gives  tbe  final  eqaalion 

/^  +  ecP  +  a^  —  Miff  —  4a^s  0  (B). 

Nov  the  poMibilftjr  of  the  resolution  of  (1)  into  tbe  factore  (9»  3)  dtpeodi 

upon  the  co-exisience  of  tbe  three  equations  (5),  and  upon  the  reality  of  the 
roofs  of  each.  The  former  condition  is  expressed  by  (8) ;  and  the  latter  will 
require  that  the  three  quantities-  —  4ac,  (P  —  in/,  and  —  4r/*,  shall  be 
pnsitice ,  as  when  they  are  not,  tbe  lines  mu&t  be  imaginary,  even  should  equa- 
iiiiii  (8)  be  fulfiUed. 

It  mayt  however,  be  ebown,  tbgt  ihonld  (8)  and  either  two  of  the  throe  eqiit« 
tione  6*  —  4oe,  efe.  be  fulfilled,  the  remaining  one  will  be  fulfilled  alio  s  thoi^h 
m  each  of  thoee  ezprenione  reqjuim  to  be  formed  for  the  compoaition  of  (8), 
there  ia  no  advantage  in  attempting  to  contract  the  number  of  testa,  espedallj  aa 
they  are  in  some  slight  degree  checks  upon  each  other.  Theorstically^  however, 
there  are  bni  three  conditions  essential. 

Scholium. 

It  should  be  remarked,  that  A*  —  4ac  being  positive  (one  of  the  above  condi- 
tions), is  that  of  the  curve  being  the  hyperbola  :  and  it  has  been  »hown,  that  one 
species  of  hyperbola  is  composed  of  merely  two  straight  lines.  The  consistency 
of  the  r^ults  is,  therefore,  apparent. 


PROP.  VII. 

From  a  fixed  point  within  or  wifhonf  a  ronic  section^  draw  lines  to  cut  the  curve 
m  B,  C,  and  D,  E ;  aho  draw  BE,  CD,  to  meti  im  Pi  then  P  i$  oimt^M  MttuaUd 
m  ike  polar    which  A  it  the  pole. 

LsT  the  curve  be  denoted  hf 

ey'  +  ftsy  +  (!«*  +  4F  +  «r+/»0  (I). 

Also,  let  the  conjoint  equation  of  the  lines  AC,  AE,  and 
that  of  the  lines  BE,  CD,  be  expressed  (p.  956}  hj 

oCy-f,>"  +  «A'(y-yO(«-»i)  +  B'(»-«^«=0..  (3); 

JT^,  denutiug  tbe  point  A,  and       the  point  P. 

Then,  since  the  three  equations  exist  conjointly,  all  those 
which  result  from  tnhing  their  sums,  diflferences,  efc.,  exist 
slso  conjointly  with  them.  Wherefore,  expand  (3,  3),  and 
eqi»te  their  sum  to  the  double  of  (1) ;  the  co  efficients  of 
which,  aprain  equated  term  for  term,  wiU  give  the  foliowiog  v 
ijBtem  of  equations : 

A  +  A'  =  6  (4)      I      B  +  B'  =  2c  (5), 

fl(yi  +  y»)  +  A:r,  +  A'r,  =  — d  (6), 

Ay,  +  Br,  4-  A'y,  +  B'x,  =  —  e  (7), 

«(y.'+ys*)+  2Ajr,y,+  2A B*»«+  BV=  V^. :  (S). 

TOL.  It. 


u 
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Insert  the  values  of  A',  B'.  from  14,  5)  in  the  three  next,  which  gives 

A{x^  -  r)  =  -  a  {y,  -\-  y,)  -  bx,  -  d  

\  („  _  «  ^  4-  IUj-  —  xj  =  —      —  2cx„  —  «  •••••  \*^h 

+  u  (X,'  -.,»)  =  -«  (y.'+     -««^'-  V" 

Multiply  (10)  by  «,  +  ar„  and  subtract  the  resn.i  from  ( 1 1) ;  then 

Multiply  (9)  by  y,  +  f ^  C^*^ «  reducuon. 

Now  tlui  eqoatioa  may  be  written  in  either  of  the  forms 

(2fly,  +  ft»,H-d)y,+  (2c»,  +  ftyi  +  «)'.+*  +  «'«+^-^=^----^^^^* 
(2ay,  +  te.  +  iDy,  +  (2«r,  +  iy,  +       +      +  ««,+        0....(16) ; 

in  which  «,y,  and  m^t      obrimwly,  iiitefchaiig€rf>le.  ,  ^  „^ 

The  former  of  Uieee  eqitttione,  #,y,  denoting  the  variable  point,  is  the  eqtn- 

tioD  of  a  itraigbt  line,  the  locus  of  P,  which  was  the  object  of  our  mqmry. 
Dropping  tbe  vabecribed  numerals,  that  line  is  denoted  by 

(2fly.  +      +  <0  y  +  (*»!  +  *f.  +  «>*  +  *^»  +      +  ^-^^  °  

Thie  rewilt  ia  eaaMy  made  tbe  foandation  of  the  algebraical  theory  of  conjugate 
polan :  we  can.  however,  here  only  give  a  few  of  the  slightest  and  moet  elemen- 
tary conaeqneocea,  which  we  ahall  do  in  the  ahape  of  coroUariu, 

Corollary  I. 

As  we  have  not  particularized  by  the  formation  of  (3)  which  pairs  of  lines 
BE,  CD,  or  BD.  CE,  was  to  give  by  their  intersection,  the  point  P,  the  resnlt 
applies  to  that  of  either  pair,  and  hence  that  of  both  pau  s.  The  points  P  and  Q 
are,  therefore,  both  situated  in  the  straight  hue  PQ,  designated  by  (l6). 

Corollary  2, 

If  a  point  0-^,,  situated  in  (16).  be  made  the  pole,  then  *,y,  will  be  a  point  in 
the  polar  J  for  both  hypotheaea  are  fulfilled  by  the  same  equation  (13). 

Corollary  3. 

If  tbe  point  A  or  x^y^  be  withotti  the  carve,  and  tangents  AfcL,  AH,  be  dran-n, 
the  points  of  contact  will  be  situated  in  PQ. 

For  in  this  case  BE  and  CD  coalesce,  and  the  equation  (3)  which  re^urewnta 
them  IS  simply  reduced  to  tho  condition  of  A^^oB';  a  circumataaee  which 
produces  no  effect  on  the  subsequent  redoctionib  wbkh  ia  perfectly  acci- 
dental in  respect  of  the  gCBeral  syatem  of  lefaitiona. 

CbroOory  4. 

If  through  any  point  A,  as  /;o/e,  (either  within  or  without  the  curvej  linea  be 
drawn  to  cut  the  curve,  as  HK,  the  tangenta  at  the  extremitiea  will  always  inter- 
sect in  the  polar  corresponding  to  A.  _ 

For  in  thia  caae,  the  only  peculiarity  attaching  to  the  investigation  is,  that  AC 
and  AD  coaleace,  and  hence  that  (2)  ie  subject  to  the  additional  relation  A»=«B; 
which,  as  in  the  preceding  corollary,  ia  without  any  influence  either  upon  the 
inveatigationa  or  tbe  final  reaolt. 
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PROP.  Vlll. 

If  parallel  to  two  ginen  lines  secants  he  drau^n  to  cut  each  other,  and  a  line  of  the 
tecond  order,  the  rectangle  under  the  intercepted  segments  qf  the  one  will  have  to 
the  rtetanglk  mder  the  segments  qf  the  other,  a  given  raHo. 

LfiT  ay-  Z>jy  +  ca^  +  4-  ear  +/=  0  be  the  curve,  fi,  y,  the  angles 
made  bj  the  given  linee  with  the  axis  of «,  and  x'g'  the  co*ordiiiatea  of  the  point 
of  io(ereecti<m  of  tlw  eecanlt. 

Refer  the  curve  to  new  eo^irdlnate  azee,  makhig  respectively  the  angles  ft,  y, 
with  the  azie  of  r  (prop.  u.  p,  S50),  and  likewise  the  co-ordinates  *y  to  the 
aame  neer  axes,  llie  eqtmtion  of  the  curve  will  then  take  the  form 

fliy=  -I-  A  n;  -f  r^x"^  +  d,y  -\-  e^x  +/,  =  0, 
and  the  co-orJinates  of  the  [xniit  \v\\\  become  !r,y,.    Then  again,  remove  the 
origin  of  co>or(iaiaiet>  to  x,y„  aud  liie  ec^uation  of  the  curve  will  be  trans- 
formed to 

«jf*  +  ftgiy  +  <iy  +      +/.  =s  0. 

The  curve  is  now  referred  to  the  two  secants  as  co-ordinate  axes,  and  the 

intercepted  segnoents  of  these  axes  are  the  segments  to  which  the  theorem 
relates.  To  find  these  segments,  put  succeR!;ivcly  «  and  y  equal  to  aero;  then 

ay  +  d,v  +  /,  =  0, 

C.^3r   f   ;v  =  0, 

are  the  equations  whose  roots  arc  ihe  scgraeuts  of  the  secants. 

f  f 

Now  by  the  theory  of  equatioo8»  ^  and  ^  are  the  products  of  the  respec* 

ttv0  pairs  of  roots,  and  it  is  to  be  shown  that  these  have  a  constant  ratio;  or 
that  c, :  a,  is  constant  for  all  positions  of  the  two  secants  as  long  as  they  aie 

parallel  to  the  given  lines. 

In  respect  of  the  previous  transformations,  it  becomes  only  necessary  to 
attend  to  the  composition  of  llio  co-efficients      and  c^.    Let,  then,  n  be  the 
angle  of  ordination  to  which  the  given  equation  is  constructed.    Then  the  first 
tfaosfaraurtioii  requires  us  to  write  for*  and  f  the  values  {p.  250) 
#  sin  (g     ff)     y  sin  («  ->  y)       j  shi  Jg  +  y  sin  y 
sin  a  sin  * 

Again,  Oi  and  c,  are  the  co-efBcients  of  y*  and  in  the  first  transforma- 
tion ;  in  other  words,  to  the  first  and  third  terms  of  the  eqwUioo,  which  invcdve 
tenoa  of  the  second  degree.   These  give 

.      g  8in*y     ^      y      («  —  y)  +  c      («  —  y) 
'  8in-a 

g  sin^/S  -|-  &  sin  /3  sin  (t*  —  /3)  -f-  c  sin'  (a  —  /3) 
9\ «  •"■  • 

Also,  it  is  clear  that  a,  —  a,,  and  c,  =  c„  since  the  transformation  of  the 
origin  doss  DOt  affect  the  co-efficients  of  the  second  powers  of  the  variables. 
IVhence  the  alleged  ratio  is  constant ;  vis. 

£i  —  °  -f  6  sin  /3  sin  (a  — >  ^)  +  c  sin*  («  —  ff) 
o»     a  sin*y  +  d  sin  y  sin  («  —  y)  +  c       («  —  y)* 

Scholium. 

It  may  be  weii  tor  the  student  to  bear  in  mind  that,  nniversally,  the  co-efli- 
cieuts  of  the  second  powers  y*,  xy,  a",  are  affected  only  by  the  tranttforination  of 
co-ordinates,  as  r^ards  direction  ;  and  the  co-efficients  of  the  first  powers,  (/,  e, 
as  well  as^  an  affscted  by  the  transformation  of  the  or^frtn  of  eo-oidinates. 

x3 
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PROP.  IX. 

J*  thepUmB  9f  nery  mne  rqmmtied  by  an  fquaiUm  of  ikt  Hcomi  degree,  amd 
rf/erred  to  mny  eo-ordinate  mgU,  there  eon  aimtjfe  hefotrnd  a  ftiuU  and  a  rigki 
Une,  such  that  the  dietmtees  of  any  point  in  the  curve,  one  Jtem  the  poimt  to  be 
fwmd,  and  the  other  from  the  U»e  to  be  fmmd,  ekaU  kaee  a  eomitmU  ratio,  wkiek 
ratio  eon  aleo  be  found* 

Lbt  the  equatioM  of  the  f^ytn  cam  and  of  tho  lino  to  be  found  be 

fly«  +  ^  +  e>'  +  4ir  +  «*  +/=*  0  (I), 

^  +  9a:  +  r  =  0  (2). 

Also,  let  hh  denote  the  point  to  be  found,  m  the  ratio  to  be  found,  and  a  the 
an^le  of  ordination. 

Retainin::::  the  parallelisra  of  the  co-ordinate  axe«?,  tmn-fer  the  nrij?in  to  the 
centre  of  the  curve  ip.  297) ;  then  we  have  the  preceding  equations  reduced  to 


flj/'  -f  bxy  -\-  c:r«  +  /'  =  0  (3). 

py      qx  -i-  r'  =  0  (4)  ; 

.      _,     2cd  —  he        Qae  —  bd  ^ 
where  rs=r  — -     -p+  ...  — - —  •  ^  +  r  

J  ji*     ar*  -f  cd-  —  bde  .  ^ 


Also,  if  D  and  P  denote  the  distance  and  the  length  of  the  perpendicular,  we 
have  D*  s  m*?*;  and  the  Talues  of  these  being  inserted  \,poges  253,  eq.  I,  and 
263»  eq,  34),  we  get 

(*-A0*  +  2(x-A0  (y^AO  cos  a  +  (y-itO«  =  ?^^3L±^±l3i!^  ....  (5); 
^  ^      '       p5     2pq  cos  a  +  9* 

where  h'k'  denotes  the  point  in  qncstion  referred  to  the  new  axes. 

Expand  this,  and  equate  tiie  co-efficients  of  the  result  to  those  of  ^X).  We 

thus  obtain  the  loUowinj^  six  eqnaliont*  lor  the  determination  of  the  si.v  t|aanU- 


iit^tp,  q,  r ,  h',  k' ,  and  m  \  premising  tiial  u"  is  jjut  for  p'^  —  2pq  cos  a  -\- 

fi  =      —  m'//-  sin  a   (6), 

b  —  2u-  cos  a  —  2m'^pq  a'm-a  (7)» 

C  =  tt«  —  m'q-  sin=a   C8), 

0  =  u'^{k'  +  h  cos  a)  -f  rn-])r'  siu'a  .•«••«••••••••,.»  (9), 

0=u\h'  -f-      cos  o)  4-  m-rfr' sm^a   ..,...(10), 

/  =  tt"(/i''  +  2h'k  cos  a  +  k'")  —  nvr"'  sin^a   .(11). 

Multiply  (7)  by  cos  a,  and  subtract  from  tlie  sum  of  (0)  and  (8)  ;  then 
a  —  6  cos  a  -4-  c  =  2ii'^  sin-a  —  w-  sin-a  (j?*  —  2pq  cos  a  -}-  g*) 

5=  li*  (2  —  m*}  sin'a  U-)« 

Again,  from  the  same  three  equations  we  have 

m*p*  sin*tf  s=  11^  —  a  (13), 

2m'pq  sin'a  ss      cos  a     6  ( U), 

m*q*  »in*a  ^  «■  —  c   •  •  (1  j)- 

In  this,  (2m'pq  sin'a)*  =  Am'p'  e\n*a .  m'q'  siii'a,  or 

(9i^  cos  a  ^  bf     4{u*  —  a)  (e*  —  c)  ;  or  again. 


sin'a  ^  4(a^b  cos  a  +  c)  »'  s  fr*  —  4iic,  and 
0  —  t  cos  g  4-  c  +  ^  (g  —  ^  cos  tt     e)*  +  C^*  —  4ae)  ain«g 

^— -  (see  /).  299,  Se*o/.  3)  (i6). 
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Again,  thii  equatioii  becomes  2ai*  riii*a     Q  s  R»  whieb,  intetted  in  (12). 

•  —     R     _  2R 
~     sin'a  ~  (i -I-  R ^ 

the  constant  ratio  is  therefore  determined. 
We  next  proceed  to  p  and  9 ;  which  are  obtained  at  once  from  (13)  and  (13) 

respectively  bv  means  of  (16,  17). 

For(f>.  299,  Schol.  3), 

«i' -  g  _H^  +  R-2a  sin-g)  cu  -f  R)_ (H  -h  R)  (Q  +  R) 
'^'"m'sin'a"  4R8m*a  4R  sin^a  '  *• 

_  tt^  — c      (QH-  R—  2c  Hia-V.)  (Q-i-  R)_  (K  4-  R^  (Q      R)       .  . 
m=8in'a""  4R  8in«a  ~"        4R  8in*«        •••  UW* 

The  siffns  of  p  and  y  will  he  the  same  or  different  according  as  2u*  cos  a  b, 
w  (Q  +  R)  COS  a  —  i  ain^a,  is  potitivtt  or  negative ;  at  at  once  appean  from 
(W). 

Nut,  reaolving  (9, 10)  for  IT  and  k,  we  get 

k>  ^  ^'!^rL^J_S2L3l  (20), 

^,^_m*fipy^a)  ^^^^ 

Alto,  multiply  (9)  by    and  (10)  by  A',  and  add  the  reralte :  then, 

^  iV*  +  a*'**  coe  a  +      s  —       (ji*  +  9A)  an^  (22). 

latert  (20,  21)  in  (22),  and  reduce :  then, 

«»  (A**  +2*'*^  cos  a  +  ir«)  =  mV"  8io<a   (23). 

Svbititiite  for  the  left  tide  of  (23)  itt  raloe  in  (11),  and  we  get 

 a  =__J?L±Q)^_   .24) 

M*  («»  —  I)  tin*a     2K  (R  —  Q)  tinM ^ 

Uidy,  enbotitate  the  Taluee  of  i^,  p,  9,  e^,  in  (20, 21) ;  and  there  reeolte 

y_    VKirii^VH  +  K,coea  nOT^ 

^/ b»  —  4ae  '  ein»a  ^ 

^,  a/Uj-  R  -  V  K  -J-  R .  cos  g  v^T/^ 

V  b'  —  4ac  sin -a 

To  these,  adding  the  co-ordinates  of  the  centre,  we  have  A,  k\  the  co-ordinatea 
at  the  point  to  be  found ;  and/ and  r  are  found  by  means  of  (a)  and  (^). 

The  case  of  the  paralmla  is  not  directly  demonstrable  by  this  process,  since 
tile  centre  is  at  an  infirdte  distance.  However,  the  equations  in  reference  to  the 
triginal  origin,  admit  of  comparatively  easy  aolution  when  }^  —  4ac  =  0 ;  and 
tlx  ttodeat  is  recommended  to  exercite  himaelf  in  the  diacnaaion  of  thie  caae,  ae 
Ae  eipnetiona  reduce  to  tolerably  aimple  forme. 

The  problem  in  its  general  form  appears  to  have  been  first  discussed  by 
H.  Bret,  Ann.  des  Math.  torn.  viii.  ;  and  it  has  subsequently  been  discussed 
by  Sir  John  Lubbock,  in  the  Phil.  Mag.  Aug.  1831.  The  mfthod  adopted 
by  both  these  distinguislieil  geometers  is,  to  find  a  jjoint  in  the  plane  of  the 
conic  section  such,  that  all  lines  drawn  frotn  it  to  the  curve  «iha11  he  rational 
^ctiuDs  uf  the  data  uf  tiie  curve.    This  method  did  not  lead  tliem  to  consider 

^  ibena  in  connexion  with  the  directrix— a  view  which  it  will  be  evident  from 
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the  preceding  solulion,  is  fnr  simpler  in  all  its  details  tUaa  that  which  tV.ey 
employed.    Bret's  method  is,  however,  generalised  in  the  following  proLiictn. 

A  process  very  analogous  to  the  one  here  employed,  the  origin  being  tiwia- 
feired  to  a  point  in  the  carve  itaelf,  is  applicable  to  all  the  three  corvee  together. 
For  the  caee  of  the  parabola  the  reader  may  oooenit  a  paper  by  the  editor  of  this 
workt  in  the  PWf.  Mag,  for  Jannary  1843,  pp,  15— 3i. 


PROP.  X. 

Tie  dutance  of  the  focus  (Al:),yh>m  any  point  i^ijfi)  in  the  general  cmte  of  ike 
second  degree^  referred  to  any  system  of  rrar*,  ny- -j-^^xy-f-cx^  +  rfy-f  er+yssO, 
is  a  rational  linear function  qf  the  eihordinaUs  «t,  y„  <if  thai  pnkit. 
Or,  in  other  words : — 

—  hy^  -I-  2  (x,  —  h)  (y,  —  k)  cos  a  +  fyi  —  A)'    of  the  form  (/;,y,  -|-  q^Zi  -j-  r^y. 
Pit  9,»  r^  being  determinable  functions  of  the  co-efficients  a,  b,  c,  d,  e,f. 

¥oR,  multiplyin;T  the  {general  equation  of  the  curve  in  reference  to  »,yi  by  the 
arbitrary  quantity  X,  we  sliall  have  the  two  following  expressions  identical: 
X  {'It//  +  b3^,y^  +  cj,'  +  <^/y,  +  eT^  +  f),  and 

(x,  —  A)»  4-  2  (X,  -  A)  (y,  —  k)  cos  a  +  (y,  -  k)^  -  (p^y  +  9r>f  +  r,)». 

Kquating  the  co-efficients  of  the  homologuun  tenns  of  X|,  y,,  wc  ^et 

Xa  =  1  —  p^^  {I)  ,\d  =  ^  2  (,k  -j-  h  cos  a  +  ;},r,)   .  (4) 

}Jt  =z  2  cos  a  —  p^q^  (2)  j  X«  =  —  2  (,h      k  cos  a       q^r^)  . .  (i) 

Xcss  l  — }»•  (3)  !  X/s5A*4-3ikjfcee*a  +  i*—  r|^.  (6) 

We  have  to  ehow  that  p^  f  „  r,,  X,  k,  k  are  determinable  and  real.  The  work 
only  sketched  out,  leaving  the  details  for  the  student's  exercise. 
From  (I,  3,  3,)  we  have  soccessively 

ss  1  —  Xa,  and  9^*  =:  1  —  Xe«  and  henoo 

4  (1  »  X«)  (1  —  Xe)  =  4|»jV  =  (3pi9i}*  =  (8  COS  «  —  Xfr}*i 

or,  collecting  and  amnging  the  terms, 

_  4ae)  X*  +  4X  (n  —  (  cos  a  +  «)  s  4  sin  *a,  or  ^ 

4  Kin'a       4(a  — 6eoSa  +  e)^u      .        [.....•••  (7). 
 1  ft»-4«c  J 

This  is  identical  with  (I9)  of  the  preceding  eolation,  where  «■  =  ^ ;  and 

hence  we  have,  an  in  that  place,  and  by  resolving  the  above  for  X,  the  two  forms 

«r3L  ~  2(R-Q) 

or  X  is  the  reciprocal  of  the  detenmning  ratio. 
Again,  from  (1, 3}  we  have 

..      ,      .        ,       2a  sin'n       H  +  R 

^''  =  ^-^=^~-unr  =  Q-T-R  

,      ,      -        -      2c  8in»a      K  +  R 
=  I  -  X,  =  1  -  =  ^j-j-jj   (10), 

and  mmt  have  the  same  or  dillerent  signs  according  2  coe  a  —  X6  ie  posi- 
tive or  negative,  from  (2). 

Again,  h,  k  are  determined  from  (4,  j,  u;,  as  in  the  former  problem,  and  their 
values  are  hence  known. 

Lastly,  the  value  of  r,  may  now  be  found  from  either  of  the  eqnationa  (4,  5, 6). 
and  as  it  is  of  the  first  degree  in  (4,  6),  it  is  evidently  real,  and  all  the  reqoirad 
magnitudes  are  now  found.  It  will,  bownrer,  to  obtain  symmatikal  reaulle,  ba 
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ntot'  -sary  either  to  obtain  it  from  o  or  from  some  symmetrical  combioatioDSt 
3a  ihe  bum  or  diiTerence,  of  (4)  aud  (5). 

CoroRary. 

The  distance  of  the  ]mnt  Xiy,  from  the  directrix  m  also  a  rational  linear  func* 
tioQ  of    and  y^.   For  it  has  a  fixed  ratio  to  the  focal  distance. 


PROP.  Xf. 


To^nd  the  eqmiio»  oj  a  conic  tection  through  Jive  given  poimts,  four  qf  which  core 

in  the  axei  qf  eo-^inUnates, 

DaifOTB  the  points  by  Cx,0),  (jf,0),  {x^,),  (Oy«),  (Oy^  |  tlicik  the  curve  being 
^  +  baijf  -i-  €M^  +  djf  +  eg  +/s  o»  we  ha?e  the  6fo  eqvationt  of  oeaditioB. 

«sr»'  +      +  »»■  +     +     +/«  0  (I), 


(9)» 
(3). 


flf4*   

•f.*  +  4fi+/«0  

From  (5,  6)  we  have 

Joeert  tbeee  Taluci  of  a,  e,d,e,  'm  (1) }  aad  then  we  get 


From  (3«  3)  we  beve 
e=  Aande=--^^^L±£!) 


(5) , 

(6)  , 


a 


5  ^     /  [Cy.  -  ys  -  yj  ft  |  d  -    -  ».)    ^  , 


«*y»^ 

— /    y^ y^ 


y^y* 

—  ari 


} 


—  *i  _|. 


«i«ty. 

5cAo/ittfn. 


**yJ 


Tlie  general  problem,  when  all  the  points  are  any  how  given,  leads  to  reduc- 
tions so  lahohous^  that  the  formaliB  of  solution  have  never^  I  believe,  been 
given. 

PROP.  Xlf. 

If  the  three  pairs  of  opposite  sides  of  a  kfTfi'jon  inscribed  a  conir  sfrlimi  he  pro- 
duced to  meet,  tJit  tltrff  poirUe  qf  interaeciion  wiii  range  in  the  same  straight 
liM.    (Patcafs  hexagram,) 

Pint  sokUion,  by  Mr.  Rutherford* 

Let  A.  B,  C,  I>,  K,  F,  be  six 
{joints  in  the  curve  of  a  conic 
section,  and  let  the  op[>oHite  sides 
as  enunciated  meet  in  G,  H,  K  ; 
then  G,  U,  K,  are  in  one  straight 
fine.  For  take  HCB  and  H£F 
Ibr  tiia  axee  of  coKwdinates  of  # 
and  jr  reepcctlvely»  and  deeignate 
bjr  a,  a,,  /3„  the  distances  of 
the  points  E,  F,  C,  D,  from  the  origin  IT  ;  and  by  T,jf,  and  9jft  the  CO-ordi- 
ma  of  the  iiointa  D  and  A.   Consequently,  we  have 
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(1)  . . . .  -     *'  y  -H  ^  =  1»  for  ihe  equation  of  D£. 

ay,  a 

<a)  . . . .  *  +  ^  =  1.  for  the  equation  of  AB. 

(3)  ....  ^^^.«  +  |=  l.forthecquatiopofCD. 

(4)  ....  -'""—'.y  +  '=  I,  forthe  equation  of  AF. 

Subtracting  equalion  (2)  from  equation  (1),  and  also  (3)  from  (4),  we  obtain 

(6)  ....  ji--^}  .+  j".-^.-' },=o.f«U.ee,u««>»of  UK. 

Let  XY  be  the  eo-otdinates  of  and  Xj Y,  those  of  the  point  K ;  then  from 
(ft)  and  (6)  we  find 

Y-'*(!r,  +  /J,»,-<3r,  ™  Y,-«jf.  + /Ic,  -  a/^  y; 
Now  if  the  equation  of  the  cure  be  represented  by 

(7)  y«  +  ft«jf  +  ce^  +  <fy  +  «f+/=0. 

it  must  be  satisfied  by  subetitutinigr  the  co-ordinates  of  each  of  the  six  points, 
A,         D,  E,  F,  in  the  cunre  :  hence  we  have 

ca«  +  ?a +/=  0  ....  (8)       I        /S«+rf/?+/=0  (10) 


cai«+ «!»+/=  0  ....  (9)        I        ^,«+d/3^+/=0   (11) 

y.'  +  *'»yi  +  c»i'  +  rfy,  +er,  +/=0  (12) 

y,*  +  te^,  +  «tf +  rf|f,  +  «»,+/«0  (13> 

From  (8),  (9),  (10),  (ll),  we  obtain  e  =  -  c  («,  -f  «)j  /  eoa,; 
if  ss  —  Oi  +  jS),  and/  —  /9||3|.  Now  equating  these  values  of/,  we  get 

c  sr        and  #  =  —       (a,  +  a). 

art,  flfrt, 

Multiply  equation  (12)  by  x^y.^,  and  (13)  by  jr,y,,  and  subtract;  then  we  liavo 

(y,-  4-  c*,«  -f-  rfy,  +  ex,  +/)=  a-,y,  (y,^  +  car/  +  rfy,  +  +/). 
In  this  equation  substitute  the  preceding  values  of  c,  d,  e,/,  and  we  get 
^.Vi      <w.y,''  +  ^<3,jr,»  ^  ag,  (/3  +  /?,)  y,  —  /3/3,  (a  4-  «.)  3-,  4-  acc,ftflt 
^iSft  +  ^t»t  —  oa,  (/3  +  ft)  y,  —  M  («  +  «i)  «»  +  oajdS^Ji* 

But  suice  ^  =  rl^^^4^^'  ?  consequently,  (ro/.  i.  /Aeor.  7 1.  />.  325,) 

•iTi  —  ga,yi*+(<i/i+g,ff«)  g,y,H-/3/3,g,*«- aa,  QS-f  ft)  y,—  ffl  (g+ai) 

•iff    -Wifi'+C-^+gift)  *,y.+A3|*,«-  aa,  (/5+ft)  y,  — («+a,)  ^+  oii,|9|ft 

^(^i  +  y,--a^.)(a,y.  +  ^.--a.^)  ^^^^^^^ 
+  /3,»,  —  oft)  («iy,  +  /Sv,  —  a,^) 

«y,  +  ft»,  —  «q|3i' y,     aiyt  +  /3«a  — ai/S'y,' 

Consequently,  from  what  has  been  done  aboTe,  we  have  XY,—  Xi  Y  s  0  ; 
and  ther^ore  the  three  points  6,  H,  K,  range  in  the  same  straight  line  GHK. 

Another  solution  different  from  this  may  be  seen  in  the  PkU,  Mag,  July,  1842; 
and  others  hi  the  LaIm*'  JMny,  1843.  See  tiaopogtM  190, 833,  of  this  wwh. 


♦ 
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Seoamd  wohaUrn,  by  Mr,  Emmek, 
lUe  dia  itiiie  mt  of  #  and  y  as  before,  and  denote  the  iiz  pointa*  in  tbo 
MM  order  aa  C,  B,  A»  He.  j  tbm, 

«,0,  Mfi,       (^4,  Off,  ««y«. 
Tben  we  may  repreaent  the  conic  aection  by  the  general  equation  (each  term 
bcmgdifidedby/). 

rty*  -f  bxy      f'J^  —  dy  —  ex  +  1  =0   , , ,  (I), 

Th«  equatioijs  of  the  lines  which  meet  in  M  and  N  will  obviously  be 

(AB)   y(x^  —  x^    +  jy,  =  x,y,  (2), 

(DE)   yr,  +  ar  (y.  -  y J  =  y,t  (3), 

(AF)   +»(y4-y.)   W» 

(CD)  y (#,  —.J   +  ay«  =  y«vi  (6). 

Combining  (2,  3).  and  also  (4,  5),  ao  that  the  absolute  terms  in  the  reanlting 
equations  may  be  eliminated,  we  get  the  equations  of  GH,  KH,  Tis., 

(GH)  y\'Aj=:J^^L]  =o....(6), 

(KH)   y      -     -  M  +x  fl-i?*  ""-^-'1  =0....  (7). 

Our  ol^ect  wiU  now  be  attained,  provided  we  can  prove  that  (6)  and  (7)  make 
equal  angled  with  the  axia  of  c;  and  this  will  be  the  caae,  when 

afif^a'P  (8), 

•f  fi  being  the  co»efficienta  of  y  and  r  in  (6),  a',  fif,  those  of  y  and  •  in  (7). 


=  (_^+i_ll|J!t_l+l} 


In  a  similar  way  we  get 

-_L_^'^-^.4.'^+i-_-L....  (,o). 
«"iy*  *«y»y.    *i*»y«  ^  v«y«    »»y4    *.y«  ^ 

Again,  sobstitutin^  successively  in  (1),  the  co-ordinates  of  the  four  points  in 
the  axes,  and  of  the  point  xj/^  (or  A),  we  get  five  equations,  from  which  we 
nadily  find  (jirq»>  *».),  making  due  allowance  for  changes  of  sign, 
4  ss  —      ~  y*  _     —  ^.  J.       —       ^  J_ 

*3y«ys      ^i-^j/i        *i^3y»  ^ay* 

lo  a  precisely  similar  way,  using  the  points  in  the^  axes,  and  the  point  ar«yg, 
erD,weget 

And  aince  (9)  and  (10)  are  equal,  G,  H,  K,  are  in  a  atiaigbt  line  by  (8). 

PROF.  xnr. 

If  a  hexagon  be  circumscribed  (o  a  conic  scrtiou,  tJif  three  diagonals  which  Join  the 
three  pairs  of  opposite  summits,  )ri//y)i7>  <;  ikrough  the  same  point. 
LifTj?g^jr»^  8cc.  be  the  points  of  contact,  winch  we  shall  denote  by 

ar,y„  jr,y„  x^^,  xjf,,  x^^  x^^i 

and  AB,  BC,  etc.,  the  tangents  at  these  points. 

Having  juiced  CF,  EB,  intersecting  in  O,  and  also  DO,  AO ;  refer  the  system 
to  CF,  BE,  as  axes  of  <MM>rdinate8,  and  denote  the  conic  eection  by  the  general 
sqnatioQ:— • 

ay<    %  +  ctfS  +  ^+ +  1  bO« .  .,(A). 
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The  several  tangents  will  then  be  denoted  by  the  equations  :— 

(AB)  ....  y  C2oy, -fAx.-f  J  -f-rf2cx,  +  ftyi-f  c;-hf^yi-f  e-r, -f  2  =0  (I), 

(BC)  ....  y  (2ay,  +  6j,4-rf>+x(.2cjr,-h6y,+e)+rfyj,  +  ea:,4-2  ==  0  (2), 

(CD)  ....  y  (2ay,  +  /;j,  +  f/)+«(2«»3+^,+0+rfF3+'*3+2  =  0....  (3). 
(DB)....  y(2ay,+6x«+c/)+x(2cx,+6y,+f)+(/y,-|-«r«+2=sO.,..  (4), 

(FA)  . . . .  jr  (2iqf,+A».+il}+«(2«,+*y,+e)+d^,+«t,+a  s  0. ...  (6). 

Combining  (3, 4),  and*a1«>  (1»  6)»  la  that  the  abcolute  temu  io  the  moltinft 
equations  may  be  eliminated,  we  get  the  equattone  of  DO,  AO 

It  will  suffice  now  to  show  that  the  products  of  the  co-ctRcients  of  y,  x,  in  (7) 
and  ^5),  taken  in  a  cross  orders  uie  equal,  or,  ruiher,  the  products  of  the  numc- 
raton,  since  the  prodncte  of  the  denominatore  are  evidently  equal. 

Performing  the  euhtractione  indicated  by  the  signs,  with  each  of  these  oo^- 
eients,  we  get 

a  ss  (2ae-M)  (yA-^iyJ  +  (4«-d*)  Cjfj-fi)  +  (26-c?f)  C*,-«J. .  (9). 
/r  =  C2eci-Ae)  (x.y,-#0,)  +  (4e-f*)  (4r,-x,)  +  (26-de)  (y,-yj. .  (10), 

a' =  (2ffe— ftf/)  (y.Xe-x^6)  +  (4a-ff»)  (y,-yj  +  ilb~de)  (x,-x^). .  (1 1 ). 

/8  =  [2cd-bc)  {T,y,-t/^,)  +  (4c-e-')  Ci,-r^>  +  (ib-de)  (^3— yj. .  (12), 

a,  /3  being  the  co-eiiicieots  of  y  and  «  in  (7}»  without  the  denommators,  of,  ft 
those  of  y  and  x  in  (S). 

Again,  since  the  lines  (2,  3)  meet  in  the  axis  of  x,  put  y  =  0  in  each  of  these, 
and  equate  the  resulting  values  of  «,  then  we  get  the  fdlowing  reUtion : 

(2«l-fte)  {s^-y^^  +  C4e-««)  +  (y,-y,)  =  0  ....  (13). 

Reasoning  in  a  similar  way  with  the  Mnes  <5, 6),  (1,  2),  and  (4,  5)>  we  gei 
the  following 

(2crf-6e)  (Jr«y|-Hrjfe)  +  (4c-0  (^e-*,)  +  (26-«rf)  (y«— y,)  =  0  ..  (14). 

ilttt-hd)  {y^T^^.T  y  )  +  (4a— (y,-y.)  +  (26-erf)  (x,-x,)  =  0  ..  (15), 
{'2ae-bd)  (y,x,-x,v,)  +  (4fl— rf-')  (y,-y,)  +  (26-<ie)  x,)  =  O  ..  (16). 
If,  now,  we  substitute  the  values  of  (2crf  —  be),  (2m  —  bd).  (Ac  —  e^),  and 

(4a  —  (f)  derived  from  (13,  14,  15,  16 in  (9,  10,  11,  12),  and  multiply  out, 

we  shall  get  the  rebCion 

apt  =  a% 
benee  A,  O,  D  are  in  one  straight  line. 

For  this  very  elegant  investigation  of  Brianchon's  theorem,  which  has  not,  I 
believe,  before  been  coinplf  tely  etTectcd  by  the  method  of  co-ordinates,  I  am  in- 
debted to  my  colleague,  Mr.  Fenwick.  A  geometrical  demonstration  lias  beea 
given  at  p.  191.  The  idea  of  eliminating  the  cO'efficieiUs  of  the  equation  of  the 
curve,  so  as  to  prodme  an  tdentwai  equation  in  terms  of  the  co-ordinHtes  of  Iht  six 
points  of  contact,  is,  I  think,  both  new,  and  likely  to  be  effective  in  other  cases. 

It  should,  however,  be  remarked,  that  a  co-ordinate  InTestigaiion  of  the 
theorem  adapted  to  the  case  of  the  parabola,  was  given  by  Sir  John  X<obbock,  in 
the  Philosophical  Mai/atnie,  for  Angnst  1838 ;  and  he  points  out  the  mode  of 
extending  it  to  the  other  cases. 
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RECAPlTULATOaY  SYNOPSIS  OF  THE  EQUATIONS. 

For  any  angle  of  orduiatumt  a  ;  omI  wIm  a  9  *• 
General  equationg. 

ay  -  +  bxy  -\-  cap  +  dy  -\-  ex  -\' f  =  0  (1  ) 

bx-i-d+  V lb'^4ac)~L^  2(bd  —  2ae)  x  -h  ^rf'  —  4a/) 

<BB  —  '  "   —  '  —   —    •  •  •  •  J» 

2a 
2C 

Cb-cnKiMMt  qflAc  cealre  o/  the  curve, 

lae—hd           2cd — be 
x'  =   —  i  y  =  jji   (4) ; 

which  arc  inrniu  when  6  —  4ac  =  0.  Theae  wiU  render  d'  =  0  and  e  =  0  in 
tbe  transifonned  equation. 

MftuUion  of  conjugatim  of  two  lines, 

2appi  +  6  (/>  4-  3«  =  0  (5)$ 

the  lines  being  denoted  by  the  equations 

y  =  |W  +     and  y  ^       +  j,. 

ItUeneetumM  t^tkt  carve  wif  A  /Ae  oset  ^eo-ordinaia* 

 — 2i — *'  =  --'"^'-2^ — ^  ^^'^ 

Tl»e  curve  touchee  tbe  axee  of  y  or  «  when  iP—  4nf  =  0,  or  «»—  o  i 
and  botb  wben  botb  are  fulfilled.  When  tbeee  quantitiee  are  negative,  tbe 
carve  does  not  meet  tbe  correiponding  axee  of  co-ordinates. 

Ori^ta  and  inclination  of  co-ordinate  axes. 

The  eo-ordinate  aies  are  em^uguU  whether  the  syatem  be  obhqoe  or  rectan- 

gulnr,  when  6  =r  o. 

Tbe  transformation  is  effprted  by  (3),  where 

sin  3  J  sin  /3, 

and  ^,  /3j,  are  tbe  angles  made  by  tbe  aew  axes  of  m  and  y  with  the  old  axis 
of 

Tbe  corresponding  vahies  of  the  coeffleicnta  of  y*  aod  are 

a^6eoea  +  e±R     .  a— Acos  a  +  eJE 

 rr-^  s5^,and  ^  .  „    (*); 

wTif-re  R*=  (n  —  6  cos  a  +  c)* -f  (A*—  4fle)  sin'n,  and  the  upper  sij^n  of  the 
value  of  R  b^g  that  which  helon^^s  to  the  value  of  c  sin  2a  —  b  tvin  a. 

If,  moreover,  the  origin  be  transferred  to  the  centre  of  the  curve,  the  two 
conjugate  semi-azee  will  be  expressed  by 

—  2  sin'g         lai?  ^  cd^^bde      .\  .  . 

a--»coiia  +  c+R.l     6>-4iur      "^'^  / 

*  Th*l«i4«r  trill  lemtrk,  that  in  the  ctmio  iMt'lOIMiM  in  lh«  itraifrht  Hue,  a  l  onsuh-rahlo 
tiiinilKrrof  the  equation-*  rirc  alike  when  thr  nxrs  of  co-onUiifttes  arf  ohliqite  and  whin  iij;ht- 
angled.  The  c*t<'9,  whrrc  they  become  simplified  by  tt=  arc  put  down  imnicdiatcl>  fol- 
luwiog  the  geacr»l  cafe*:  «u4  th«  equatlMtt  MwrkwJ  "t* 
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When  tlie  original  and  the  new  axes  are  rectangular,  these  expressions  1,'ccorae 
simplidei],  fur  cus  a  =  0,  and  sin  a  =  1.  The  student  will  do  well  to  write  out 
these  particular  results  fur  ins  iuture  use. 

7hf  wm  Q3tet  (jf  co-onafibHtfct  trill  be  rtetmifi^  mni  eonjugatt  wbcn  the  new 

axis  of «  makes  an  angle  /3  with  the  old,  anch  that 

c  sin  2o  —  ft  sin  a         ,^      ,      ,  . . 

tan  2/3  =  ,  ;  ^,  and  A  —  i3  =  ^sr  (7 1)- 

Special  curves  under  certain  conditions  canongst  the  co-efficients. 


1 

PARABOLA. 

Et.MHSE. 

HYPEnnOLA. 

6'  —  4ac  =  0. 

ft5 —  4ac  s  — 

ft*—  4ac  =  + 

CAaxa. 

CABta. 

CAas. 

2aeBsO\ 
fwo  ptaraUel  UnetJ 

ossa,  &  =  2acoaa  ^ 
a  etrde.  j 

(ft</— 3w)*=(6*--4ae)(d*'-  44|f  )1 
Iwo  ttraiffki  Jiit«f.  /| 

W  —  2ae  =  O*! 
one  flrai^Al  fine.  J 

a  point,  / 

5  =  n,  a-fc  =  0  "I' 
the  equilateral  hyperbola,  J 

W  —  2a^  =  0  1 
laufyMary  lomu,J 

imagiaarji  locus,  J 

The  ttatgmt  to  ike  curve  draum  throujfk  a  pomi  sejfi  i»  lAe  cktm  It  aiyrmai  Ay 

y  -  y,  2oy,  +  ft^;  +   

or  by  (2ay,  +  ft«,  +  d)y  +  (2«r,  +  fty,  +  e)  +  rfy,  +  +  2/=  0....(10) 
or  by  2ay,y  +  ft  (x.y  +  y^aj)  +  2c*,x  +  <^[y  +  y ,)  +  e(#  +      +  2/=  0  . ,  (U)- 

The  normal  to  the  curve  at  the  point  tj,  in  it  is 

^     ^  _  r2ffy,  +  ftr,  +  rf)  -  2(cT,  4- ^-.V, -}- e)_C08a  . 
'         ~  C2cx,>  6yr+      -         +  ^'i  +     COS  a  •••• 

JSquatitm  i^the  temgtmi  ip  the  eunefrom  a  pomt  cjfi  wUhoui  it,  aae  p.  300. 

Egwttum  iff  the  eorrupemMmg  elkord  of  comtetH  \ 
{2ay,  +  ft^,  +rf)y  +         +  by,  +  e)  x dy , ex, 2/=0....(l4). 

MqMotiom  qfa  diameter  of  the  curve  through  any  point  x^y^, 

{(*>-  4«cX+  (W - 2fl»)}  (if  - y,) -  {(ft»- 4«c)y,+  (ftf -  3«l))^«-*i)  -  0; 

and  the  linea  conjugate  to  this  diameter  are   (15), 

(aay,  +  &r,  +  rf)  y  +  (2cx,  +  fty,  +  e)  «  +  *  s  0  (16), 

where  the  values  of  k  individualise  the  particular  lines. 
In  the  parabola,  the  diaoieter  is  expressed  either  by 

2a(y  — yj  +  ftC«  — «|)  =0,  or  2c(a?  —  »i)  +  ft(y  —  yO  =  0,,..(ir,  18). 

*  This  is,  n.orc  ricrall  \ .  the  equation  of  the  conjugate  polar  to  the  pole  In  retefenee  to 
the  conic  tecUou  {prop,  vii.). 
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PARTICULAR  CASES  AND  PROPERTIES  OP  LINES  OF  THE 

SECOND  ORDER. 

PRO?.  I. 

A  point  and  a  line  being  given  in  position,  and  a  variable  point  being  taken,  so  that 
iU  di$iuMee$Jrom  tkt  givempomi  and  tuubtma  given  r^fhs  tkm  th»  baa  ^ 
tku  variaMe  point  if  a  line  pftke  eeeond  order, 

Lbt  F  be  the  griveii  point,  NL  the  given  Ymc,  and  E 
a  position  of  the  variable  point;  also  let  e  l  e  the  given 
ratio,  such  that  FK  =  e .  EL.  Denote  the  parts  of  the 
line  FN  by  NA  =  A,  AF  s  k,  it  being  so  divided  in  A 
that  AF  =  e.  AN,  or  ft  s  «l.  Dnw  ED  perpendicular 
toNF,andinekeADB«,  D9sy.  Then 

FD«  +  DE>  =  PR'  =  e'Er>=  =  e=ND»,  or 
(#  —  ft)*  +  y'  =  e-  (x  -|-  hy,  or  by  reduction 

./=  =  2*  (1  +  e)  «  -  (1  -  e')    (I). 

This  beinji^  of  the  second  degree,  the  locus  of  K  iit  a  line  of  the  eecond  order. 
Applying  to  this  the  criterion  {page  299),  we  have 

— 4AC  =  — 4(1  — e»)   (2), 

we  lesm,  therefore,  that  when  e  ss  1,  the  curve  i<  the  portMas  that  when  • 
is  leea  than  1,  it  ia  the  el^|Mt/  and  that  when  $  ia  greater  than  1,  it  ia  the 
ftlperAolB. 

Corollary  1. 

"When  e  =  1,  then  y-  =  4kx,  the  equation  of  the  parabola  referred  tO  its 
principal  axis,  agreeing  with  the  determination  at  p.  298. 

When  e  <  1,  we  have,  by  putting  (1  — e)  a  for  k,  the  form  = 
(1  —  e^  (2a»  «*>,  adapted  to  the  ellipse,  see  p.  299.  When  e  >  1,  we 
have  1  —  e*  negative  i  and  hence,  if  we  put  ft  =  —  (1  —  e)ff,  we  have  for  the 
equa^n  of  the  hypextwh,  y*  s  («*  —  1)  (309  +  4^.  See  p,  299. 

Corollary  2. 

The  rectan^jle  under  the  abscisses  In  the  ellipse  and  hyperbola  varies  as  the 
square  of  the  ordinate.  For  '2ot  —  or*  in  the  ellipse,  and  2nx  -j-  a*  in  the 
hyperbola  are  the  said  rectangles,  and  g-  ia  both  caaea  varies  as  they  do. 

CoroUary  3. 

In  the  same  way  the  square  of  the  ordinate  of  the  parabola  varies  as  the 
abadaaax. 

Scholium. 

nil's  U  the  converse  of  a  (general  property  established  in  the  preceding  chap- 
ter,/>.  303.  We  have  used  the  letter  e  in  this  pl.ice  insteafl  of  them  in  that 
one  :  the  reason  of  this  will  appear  in  a  HubsequeTit  proposiiion,  in  which  we 
shaii  iiave  occasion  to  recur  to  this  subject.    Sec  ui&u  pages  109,  132,  and  162, 

of  the  geometrical  treatiee  in  thia  volume.  The  point  and  line  are  the/ocut  and 
d»reetiom,^DtfM  18,  24,  p.  106,  107. 
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PROP.  If. 


If  lines  be  drawn  from  (wo  given  jioiuls  to  meet  in  a  third  point,  such  that  their 
mmor^ftrmee  be  given,  the  locut  qf  the  third  point  vsill  respectively  be  the 
tlKpte  and  hyperbola. 

Let  F,/  be  the  given  jwints  from 
which  lines  drawn  to  any  point  D  have 
(beir  warn  or  diflbrfnce  eqiia)  to  a  givM 
liiM  90;  aho  dwiole  ff  by  2at.  Dfaw 
D£  perpendieular  to  ¥f,  aod  biiaet  Vf^ 
in  C.  Then,  if  C£  =  ar,  and  £D 
we  Bhall  have  the  cooditioaB  eipmsed 

by    

\^(w-Hg)''l-y^  +  V(ag  —  *f  +  y«  aa  2a, 
'^{fle  +  «)'  +  y»  —  '/(ae  —  x)»  -|-  y»  =  2fl. 
Redociog  these  in  the  ordinary  manner  we  shall  bare  the  eqnatione 

y«  =  (l  -  e*)  (a' - 
and,  t/*  =  (p«  _  1)  (it2  —  a»). 

When  e  is  less  than  1,  the  criterion  gives  the  ellipse,  and  the  first  f  irm  is 
adapted  ;  and  when  e  is  greater  than  1,  the  second  form  applies,  and  the  criterion 
shows  that  the  curve  is  the  hyperbola. 


PROP.  HI. 

7b  Unoniigatt  th^fofm  like  tquatiem»  ^  lit  ^hpte  andkyperhola  rtferrtd  le 
conjugatt  J&aautin  at  ee-ordliaale  aaet,  ead  amiga  iht  cone/oafe  «i  f ermr  of 
thoae  diamtien  *, 

Ttfa  geneial  equation  of  the  conre  beings  written 

Ay*  +  Bay  +  C«*  +  Dy  +  Et  as  P, 
we  have  l>  s  o  and  E  s  0,  becanse  It  Ss  refeired  to  the  centre ;  and  we  liks- 
wUe  have  B  s  0,  becanae  it  is  referred  to  conjugate  axes  {p*  303) :  wfaerelbce 
the  equation  is  in  this  case  reduced  to 

Ay'+  Cx-  =  F.  (I), 

Now,  according  to  ttie  mptg  of  these  co-efficients,  we  sliaU  have  three  cases  to 

consider. 

(l.)  Let  ihem  all  be  +  as  in  (!) ;  then  applying  the  criterion  B'  —  4AC,  we 
find  the  curve  so  written  to  be  the  ellipse. 


*  A*  it  is  of  the  utmost  consequence  to  employ  one  uniform  system  of  estimating  the  or4i- 
dirrttiftns  onthe  (ues^yieiAiaW  litre  always  adopt  the  ro1Io\\iitg  method:  it  beit^  ta  iact, 
that  which  vo  have  uuiforwly  employed  in  di»cussiog  the  sirttiglii  iiue. 

We  suppose  oonelves  on  one  tide  itf  the  horixotdtd  axu  of  jt,  (however  that  axb  may  lie  in  em 
actual  figure  with  respect  to  the  hoiixontsl  and  vertical  t:A^-<  <>r  th*^  |>nprr,)  and  that  the 
pft«itivc  Talijc?  of  j?  arc  on  the  rrjiA/,  whilst  the  negative  arc  on  tin  hjt  of  the  boriron.  The 
positive  values  of  y  are  catiniated  on  the  other  axes  above  or  heyund  tUe  axis  ol'  ^,  and  the 
negative  Mow  the  sum  aide.  When,  also,  a  traasfer  of  otigln,  ia  the  fbllowiag  pnges,  i*  made 
froiii  the  eentre,  it  b  iwariablj  done  by  going  to  the  left  for  and  dowawaids  forjr;  thatw^ 
by  passing  negatively.  This  catiBos  iIm-  »'ih»^'rrM»io.!  for  x  and  y  to  lK>comc  r  —  h  and  »  —  k 
where  —  k  and  —  A  arc  tlic  reniKJctivc  vhIuc*  ot  litc  new  origin  in  refcienco  to  li»c  original  one. 

Angular  magnUude  Ii  alto  estioiated  tgnmi^  from  a-,  and  eotircljr  raund  the  origin^  aa  in  tko 
diaeuMioo  at  p.  414.  vet.  u 
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(2.)  We  may  have  C  minus,  and  the  equation  will  then  be 

Ay2  —  Or^  =  F  (2). 

The  criterion  shows  Ibis  to  be  the  hyperbola, 
(3.)  We  miy  take  A  emnit,  giving 

-Ay>+ Cc*sF,orAy*  —   (3). 

Tiiis  is  also  in  the  same  way  the  equation  of  the  kgftrboh. 

The  only  variety,  so  far  as  sign  is  concerned,  yet  left  is 

—  Ay'  —  Bf*  =  —  F,  which  is  equivalent  to  (I). 

Let  the  ciir\'e  cut  the  axes  of  co-ordinates ;  then  y  and  x  are  at  tho«ie  points 
respectively  equal  to  zero.  Denote  the  portion  of  the  intercepted  ajus  of  «  by  a» 
and  that  of  y  by  6 ;  then  we  have 

Hie  doable  aigns  ahowing  that  the  intercepted  portiona  of  the  aiea  are  biaected 
at  the  origin  of  co-ordinataa. 
Theae  alao  givo 

F  F 

A  8  ^,  and  C  =  ^ ;  which  convert  (1)  into 

o'ys  -I-  6V  ^  a'6«   (4). 

In  the  same  way  it  will  be  found  that  (3)  and  (2)  become  convertible  into 

aY  -        =  -  a'A«   (S), 

aY  —  6'**  =  +  a"^^'   (li). 

The  valnea  of  a  and  b  are  both  real  or  both  imaginary  io  the  ellipse  (4) :  for, 
bf  bypotbeaia,  A  and  C  have  the  eame  lign.  Hence  both  diameters  meet  the 
carve  defined  by  the  equation,  or  neither  of  them  does ;  that  ia,  in  the  hitter 
caN^  the  cur\'e  is  imaginary,  since  the  origin  ia  within  the  curve  by  its  nature. 

In  each  of  the  <K]uations  (5,  6),  however,  there  is  one  value  real  and  one 
imaginary.    In  (5)  the  semidiameters  are  +  a  and  +  ^\/— 1,  and  in  (6)  they 
are  +  a^_i  and  b.    The  absolute  values  are  the  same  in        v. ^ 
reftrence  to  both  curves;  but  one  curve  is  met  by  one         \\  7^ 
axis  and  the  other  by  the  other.    The  two  equations  (5,  G;  \  ^.J^^  ln 

therefore  represent  the  two  paira  of  hyperbdas,  which,  in  M^'yT^ 
the  geometrical  tiMtise  (p.  105),  have  been  called  conjugate 
kfftrholat. 

It  is  this  circnmatance  to  which  reference  ia  made  at  (p.  nofe)* 

PROP.  IV. 

lb  Jind  the  equations  of  the  three  curves  re/erred  to  a  point  in  the  curve  as  origin, 
and  the  diameter  and  tangent  through  that  point  as  co  ordinate  axes. 

In  all  the  curves,  when  the  axes  of  co-ordinates  are  conjugate,  we  have  B=0; 
sod  the  axes  of  y  or  x,  as  the  case  may  be,  will  be  co-incident  with,  or  parallel 
to,  the  corresponding  axis  hi  the  preceding  propositiop. 

T%e  tXSpu  and  the  primary  hyperMa : 
these  win  only  leqnhrena  to  write*— ^^^""""^fi^  \p 
far*:  in  which  case,  if  OT  be  the  con-         /"^  //)      K/^  / 
jegste  axis  to  OX,  OT'  will  be  parallel      o/   /a A     /      r  fk 
to  it;  and  the  equationa  are  at  once      /(    /  /      /  / 
tnailionned  to  X/ 


— a)*=s  +  a^^»oray +  W  — 3a&%rsO  (7)» 
ay  .  fit    _     »  _  qS^,  or      _  59cs  ^        s  0  .. (8). 
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A^ain.  for  equation  (6)  of  tkf  cwjugaie  hyperbola,  to  nfer  it  to  a  point  io  the 
curve  itidf,  we  must  ineke  our  tnttiformatioii  npon  th«  axis  of  y,  by  vrriUng 
jr     i  for  y  s  which  tmtiftfoniM  it  into 

aS(ir-«)t»Ws«t6i,oray  —  aV*aa*«y=sO  (9). 

T%9  parabola.  Since  —  4AG  s  0,  and  that  B  =:  0,  the  syatem  bttiig 
coD|ogate«  eitiier  A  or  C  most  be  zero  {  whence  the  equation  is  either 

Ay»  -f  Dy  -f-       =  F, 
or  Cjt  -f-  l)y  -f-  ^'-^  =  F  ; 
which  nre  of  the  same  general  form,  the  co-ordinate  axes  only  being  inter- 
changed.    It  Will,  therefore,  be  sufHcient  to  discutit)  the  iirst  of  ihem. 
For  #  and  y  write  9  +  k  and  y  +   ;  then  the  equation  becomes 
Ay'  +  2Aily  +  Ai^*  +  Dy  +  DJfc  +  K»  +  E*  s  F. 
In  this,  as  we  have  two  indeterminate  quantities  k  and  k,  we  nay  make  any 
convenisnt  hypothesis  rsspecting  them.  Let  it  lie  that  y  shall  he  absent*  and 
the  absolute  term  be  zero.  Hiese  will  be  fulfilled  by 

aAik  +  D  ssO,  and  Aik>  +  Dit  +  E/i  =  F;  or 
.         D      J  »     D»  +  4AF 
*=-2A''"^*=-4AE-» 
and  the  equation  has  the  form 

y-  =  -iax   (10). 

Now  the  original  axes  are  conjiif^ate  by  the  hypothesis  B  =  0{  and  since  the 
abtiolute  icrm  is  absent,  the  origin  iti  in  tlie  curve  itself.  Also,  since  a  tan- 
gent and  diameter  through  the  same  point  in  the  curves  are  always  conjugate ; 
and  by  hypothesis,  the  axis  of  « is  a  diameter,  the  above  equation  (10)  esptcsses 
the  relation  of  the  absciss  and  ordinate  in  the  sense  required  by  the  problem. 

PROP.  V. 

7b  trace  Ike  general  fyures  qf  the  curves  from  their  equations  deduced  in  proposi- 

tion  iv. 

1    TVie  parabola,  y-  =  ^hx  ^_  ^ 

'I'he  equation  takes  the  form  y  =  4-  2  Ajt.  For  all 
positive  values  of  x  there  arc  two  real  and  eqiml  values  of  y 
with  contrary  signs.  Take  AX,  AY,  the  co-ordinate  axes 
msking  the  conjugate  angle,  to  which  the  equation  is 
adapted. 

llien,  if  »  ss  0,  we  have  also  y  =  0,  and  the  curve 
passes  through  A. 

Next,  take  any  positive  valae  AD  of  x ;  then  DE,  DG,  being  set  off  a^ud  to 
the  corre5?pondinsf  values  of  y,  give  two  points,  E,  G,  in  the  curve,  symme- 
trically situated  with  re«!pect  to  the  axis  AX.  The  same  will  occur  whenever 
to  the  rij^lit  of  A,  and  however  ^^rcat  the  distance  from  it,  the  point  D  be  taken  ; 
whilst  all  negative  values  of  x  give  y  imaginary.  The  curve,  therefore,  is  of 
unlimited  extension  to  the  right  of  AY,  and  lies  wholly  on  that  side  of  it. 

Moreover,  the  curve  psssitig  through  A,  and  having  all  its  other  points  to  the 
right  of  that  line,  the  line  AY  is  a  tangent  to  the  curve  at  A. 


•  If  the  equation  of  the  |Wrabo1a  referred  to  the  vertex  and  principal  di*n>etprbc  transformed 
to  »  pi^iDt  r,v,  ill  t1:c  curve,  takiiu'  =0,  7  rr  a  s  the  CODjugRte  angle:  ihea  it  will  be 
fouud  that  A'  =  A  coMi^y.    Si-e  aUo  prop.  ir.p.  U^. 
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CONSTRUCTION  OF  THE  EQUATION. 


1   The  elliptty  a'f  +  = 

Draw  AB,  A'B',  equal  to  2a,  2b,  and  bisecU 
iog  each  other  in  and  inclined  to  each  other 
ooder  th«  conjugate  angle  to  which  the  eqiuu 
tkn  is  relvRed}  tad  dnw  the  ptnUelogiwa 
PQR8»  having  its  atdei  panHel  to  the  tarn  AB, 
A'B*. 

Take  «  =  0 ;  then  y  =  ±  bi  wlienee  the 

curve  pafi'^e"  through  A'  and  B'. 

Take  y  —    ;  then  x  =  +  a;  whence  the 
carve  also  passes  through  A  and  B. 

Ftt  the  eqaatUm  in  the  fonn  f*        (a*  —       then  it  ia  deer  thtt  :t  ^  are 

the  gnateit  ponible  positive  or  negative  va]oea  of  «  that  will  render  y  real. 
The  carve  doee  not,  thence^  eirtend  beyond  A  and  B  in  the  direction  of  the  azia 
«f  a.  In  a  ainilar  manner,  it  ia  ahown  that  the  conre  doee  not  eiteod  beyond 

A'aDd  B'. 

Again,  take  any  value  of    aa  CD  i  then  the  equation  gives  two  equal  valoee 

'^r  V.  oue  on  the  ponitive  and  the  other  on  the  negative  side  of  AR,  which  will 
iie  represented  by  DE  and  DG.  Both  these  are  less  than  AC  or  B'C,  since 


+  -  v^^-Tit  I,  lei.  Hum 

llie  same  holds  if  CD' be  taken  on  the  negative  side  of  the  ori<j!n,  and  the 
P^itive  and  negative  ^  alues  of  x  being  taken  of  the  same  absolute  value,  the 
values  of  y  corresponding  to  them  will  also  be  equaL 

la  the  sane  manner,  if  the  equation  were  put  in  tlie  form  «  s  ±  |  VJCI^ 

dMn  wodd  readlt  aimibr  condoiioiia.  The  figure  indicatea  the  Imee  upon 
vlueh  the  etadent  ie  ,to  conduct  the  reasoning. 

It  follows,  therefore,  that  the  curve  is  composed  of  four  symmetrical  branches, 
newtd  in  reference  to  the  axes  of  co-ordinates,  via.  AA\  A'B,  IMV,  WA. 

A^in,  «ince  HE  and  KD  are  respectively  less  than  CA'  and  CB,  the  point  E 
lie?  within  the  pnrnllelogram  BQ  AC:  and  the  same  applies  to  every  point  in 
ibe  carve  except  A,  A',  B,  B'.  The  four  sides,  PQ,  QR,  RS,  SP,  of  the  paral- 
Wogram  are  therefore  tangents  to  the  curve  at  A',  B,  B',  A.  They  are  also 
Q^jogate,  being  by  construction  parallel  to  conjugate  diameters,  and  forming  a 
prnDelogram,  it  ia  the  conjugate  parallelogram  [d^.  21,  p.  106). 

3.  ne%}MraolB,ai^*  — ^c*=s  -^e^. 


Here  jf  =  ±         ^  o».    Hence  for  all 

positive  and  negative  values  of  »,  abaolutsly 
his  than  s^  the  corresponding  values  of  y  are 
inuginary ;  and  for  all  absolutely  greater,  it  ia 
wal,  whether  taken  positively  or  negatively. 

L^t  CX,  CY,  produced  both  ways,  be  taken 
as  ases  of  t  and  y.    Make  AC  and  CB  equal  to 
Of  00  both  sides  of  the  origin  j  and  draw  the  indefinite  lines  QR,  PS,  through 
Bsnd  A,  parallel  to  CY. 

Then,  when  #  =  ^  a,  we  have  y  s  0,  and  the  eorve  passes  through  A  and 
B;  and  no  part  of  the  curve  can  lie  between  the  panJlela  QRy  PS^  aince  for  all 
lbs  valoee  of  «  ao  taken,  those  of  y  are  imaginary. 

VDU  It*  T 
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All  positive  and  ail  negaUve  values  of  x  greater  than  a,  give  two  correspond- 
ing  values  of  v :  a*  in  the  figure,  if  CD  a  «,  then  jr  u  re|ireMnted  faj  DE  and 
DQi  andif  C&'1>ei«preMDtedb]r^«.tbmf  waiberapnaeiited  by  D^'^ 
D'G'.  TAe  curve,  therefoR,  ia  compoaed  of  two  branchas  capable  of  imlofaita 
aztenaioa  in  contrary  directiona,  (ainea  all  aneb  Tallica  of  « tender  y  laalj  com- 
naocing  at  A  and  B,  and  each  of  them  symraetrically  situated  witb  raapect  to 
the  axis  GX»  and  lying  napectivdy  to  (ha  leli  and  right  of  the  two  parallel!  QR 
and  PS. 

They  are  also  symmetrically  situated  with  r^pect  to  the  axis  CY",  as  the 


lation  of  the  equation  for  •  will  show,  it  givii%  «  s  ±  ^  vjr*  +  6*|  tad  aa  ia 

illustrated  in  the  figure  hy  the  lines  EE'  and  GG'. 
But  tiiere  are  alao  two  olbar  Knee  between  wbldi  the  cnrraa  are  confined. 

For  pntti^g  the  eqoation  under  the  fona  y  s=  Hj^  ^  ^  ^  *~  *  aipaad- 
iQg  tba  lafieal, 

.bx(         fl»      a*       a*  J  •  r  1 

» =  ±  i  i '  -  -  - 15»  -  •  •     j  • 

Now  if  we  soppose  the  two  lines  y  =  +  ^  to  be  drawn,  wa  see  at  once  that 

by  increasing  the  absolute  magnitude  of  x,  we  shall  have  ihc  values  of  y  in  the 
curve  always  less  than  the  corresj  ondinff  ones  in  the  straight  line;  and^v  lulst  as 
X  ttt  increased,  liie  corresponding  values  become  nearer  and  nearer  to  equality. 
Tliaycul  only  beeoma  actually  equal  when  «  ia  infinite.  The  conra  ia  there- 
fore  situated  wholly  in  tba  ao|^  QCB»  PCS. 

This  oonelnsiott  agreea  with  the  property  abown  in  tba  gaometrieal  tnatiaa 
(j^.  1S6— 160)  to  belong  to  the  asymptotes  of  the  hyperbola. 

4.  Tk§  aaitf ^»  %yerM<i,  ay  —  W  a:  a«y. 

This  gives  y  =  +  ^N/«'-t-a'i  and  hence  for  every  Vidue  of  x,  positive 

and  negative,  there  are  two  real  values  of  y.  Tlie  curve  ie  in  this  ca«  capable 
of  indefinite  aitenaion,  as  far  as  icgaids  the  axis  of  jr;  and  it  is,  as  in  the  pre- 
ceding casa»  limited  between  two  linaa  y  s  +      but  witb  this  dilleno«a»  Uiat 

Ca 

the  Talue  of  y  in  the  curve  is  now  always  greater  than  that 
in  the  line.  It  is,  therefore,  altogether  situated  in  the  other 
pair  of  opposite  angles  QCP,  RCS ;  and  it  may  be  shown, 
as  in  the  preceding  case,  that  it  is  composed  of  branchea 
aynoMtricaHy  situated  witb  respect  to  tba  aiae  of  co*on&- 
nataaCX,  CT. 

The  lasoUitioQ  for  «,  bowevar*  diowa  that  the  two  Baas 
VQU  RS,  pass  tbraogb  A',  B',  and  are  parallel  to  GX;  and 
bence  the  curve  is  in  all  respecta  analogous  to  the  preceding  one,  and  baa  tba 
same  asymptotes.  This  is  characteristic  of  the  c(mjuffat9  kypirbok$.  See 
pages  156 — 160  of  the  freoroetric:il  treatise  in  this  volume. 

Indeed,  as  the  equation  is  the  snme  with  b'x*  —  a*y'  =  —  a^b^,  we  might 
have  seen  that  the  curve  would  be  m  this  case  of  the  same  general  form  and 
character  with  the  preceding  one,  only  mterchanging  the  axes  of  *  and  y,  and 
their  corrsqHmding  diameters  2a  and  2b, 
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PROP,  TI. 

Tb  mvettiffoie  fke  parameters ffociy  and  directrices  of  lines  of  the  second  order. 

Hekk  we  shall  employ  the  rectangular  system,  from  the  greater  simplicity 
conferred  upon  the  inquiry  by  meaoa  of  ik» 

1.  The  parameters  (def.  17,  p.  106). 
Denote  by  p  the  parameter  and  a,  b,  the  semi-axes ;  then  we  have. 

(1) .  Iji  B  —  in  the  ttt^i 

(2)  .     s  ~  in  the  primary  kjfperbolat 

(4).  |p  s  8A  in  tliejNmMB. 

2.  Tie^  (itf.  18,  p.  106). 

In  the  e//tp««  put  y  =  ^  p  and  a  =;  »;  then, 

or  MsoMng  and  raMtoCitig  for  p*, 

or  the  square  of  Uie  distance  of  the  focoa  from  the  centre  it  tqtiul  to  si* «  ^. 
In  both  the  ayatenw  of  hgperboUu  we  hace  similarly, 

«  =  ±  V  0"  + 


In  the  parabola,  ettimated  from  the  verteXf  we  hav?,  putting  «  for  the  dietance 
of  (he  foctis« 

3.  TA«  directrices  (d^,  24,  p.  107). 

The  equations  are  those  of  straight  linea  peipeiidieahur  to  the  tiaaavena  azaa. 
Their  equationa  follow  at  onco  to  be 

(I).  InAaelKpaa   ~^^0. 

—  a* 

d).  Hm primary  hyperinla •  +  ^0, 

V  0*  +  4f 

—  6*  ' 

(3)  .  The  conjugate  hyperbola . . .  »  +         ^     =  0. 

V  ir  + 

(4) ,  ThepandMla  sO. 

Corottory  1. 

Ifwa  writeo*s*foraF  — 8iin<hec1Iipae,  referred  to  tho  otntie,  we  ahall  have 
fli  s  at,  and  the  omra  will  then  be  expreesed  by 

p>s(i  —  «t)(2aa  — «*). 

t2 
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In  a  bimilar  manner,  the  two  hyperbolas  give  «  =  ur,  aud  u  —  be,  and  the 
curvea  themselves  respectively  become 

y»  =  («»—  I)  C8«i  +  ind 
jf"  =  (f«  —  I)  (1%  +  jf^. 

Corollary  2. 

The  radius  vector  drawn  from  the  foni>^  ht  inii;  written  r,  we  shall  hare 
(1).  In  the  ellipse  r  =:  a  +  ex.  the  upper  sign  being  employed  when  the  focus 
and  the  point  in  the  curve  are  on  liitierent  sides  of  the  conjugate  axei. 

For  H  =  y«  +  (j:  +  ae)* 

ss  (1  —  «»)  Ci<»  —  <r*)  +  (X  + 
=  («  ±  e»)«« 
(S).  Similarly,  in  the  primary  hyptrioia, 

H  =  (a»  ±  e)*. 

(3)  .  hk  ihB  eon^ugaif  ifperbola, 

(4)  .  Ill  the  jMroMi, 

r»  =  (A  +  zy. 
For.  y»  =  4te,  and  r«  5=  y«  +  (A  -  «)•  =  (A  +  «)«. 

Corollary  3.  ^ 

The  quantity  e  is  the  (fafcmiMie^  ro/to,  as  appears  by  comparing  this  with 
prop.  I.  p,  317*  The  d^eroiining  ratio  ie  therefore  that  which  the  tranevene  < 
axis  bean  to  the  focal  dietanee  from  the  centre  in  the  ellipee  and  hyperbolaa. 

Corollary  4, 

ftom  Mr.  t.  ave  aleo  easily  inferred  the  remarkable  relations :  vis.  that 

r  =  r  -|-  A,  in  the  parabola, 

r  =  ex  -\-  a,  \n  the  ellipse, 

r  —  ex  —  a,  in  the  pmndn/  h>jj)erh<}la. 

r  =■  ey  —  6,  in  the  conjugate  hyperMa. 
The  property  in  the  hyperbolas  is  to  be  understood  as  referred  in  each  case  to 
the  Ttal  foci  of  the  respective  pairs.  The  expression  for  a  point  in  one  pair  of 
them,  in  refinenoe  to  the  focoa  of  the  other  pair»  takes  a  mnch  more  complex 
form ;  which,  as  it  ia  of  little  utility  in  investigation,  need  not  be  hers  specified. 

PROP.  VII. 

To  jind  the  equation  of  ike  hyperbolas  when  the  co-ordinate  axes  are  parallel  to  the 

agymptotu. 

Thb  equation  of  conjugation  is  a*  tan  ^  tan  y  +     z=z  Q,  where  /3  and  y  are 

the  angles  made  with  the  axis  of       Let  us  then  take  one  of  the  asymptotes  as 

the  new  axis  of    and  the  centre  as  origin.  Then, 

b  b 
tan  /3  =  - 1  and  hence  tan  7  =  —  -z  cot  i3  =  1 

or  the  other  asymptote  is  the  conjugate  axis  of  y.  Whence  also  a  &  w  S/}; 
and 

b 


sin /3  s:  -7= 
sin  y 


b 


COS^ss  .  

Va>-f  6* 

—  n 

COS  ¥  =  — .  

Vo«-|.^ 
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For  f  write  t  sin  /?  4-  y  sin  y ;  and  for  x  write  x  cos  (3  +  f  CM  y :  tbeo, 

—       cos^*^  —  26»xy  cos  j3  cos  y  —  &'y»  cos'y  j  * 
in  which  Uie  first  and  third  vertical  pairi<  cancel,  and, 

2  (a'  sin  /3  sin  y  —      cos  /3  cos  y)  xy  =  a'i^« 

But  bj  the  Taloe*  of  sin     e/c.  aliove,  this  reduce*  to 

TTiis  is  the  equation  referred  to  the  asymptotes  ;  and  that  referred  to  axes 
parallel  to  them  is  found  by  writing  x     x^  for  x  and  ^  +  jr,  for  giving 

xy  +  £,y  +  y,x  +  x^y,  =  4  (o»  -J-  J 
«,y,  being  the  co-ordinates  of  the  origin. 

The  converse  process  obviously  transfornns  the  last  equation  to  the  preceding; 
and  this,  again,  to  the  original  form  adapted  to  rectangular  conjugate  axes. 

All  the  conjugate  parallelograms  hare  their  angular  points  situated  on  the 
aaymptotes. 

Hw  pointt  m{f^  nnd  c^,,  at  which  the  taogentt  nra  dnwn,  wiU  b«  oii«  (x,y,) 
ninated  in  the  primary  hypeihola,  and  the  other  in  its  conjugate,  llw 
cqoitifliu  of  the  tangents  at  these  pointe  will,  therefore,  be . 

and  by  addition  we  get  the  equation  of  the  line  pa^siog  through  the  origin  and 
blenection  of  the  tangents ;  vis. 

But  the  diameters  ]  h  inf?  conjugate  in  reference  to  the  primary  bypeiholay  we 
bare  the  conjugate  equation 

tan  /3  tan  y  =:  ^ ;  wheie  tan  A        and  tan  y  =  ^. 

Abo,  since  is  in  the  primary,  and  «,y,  in  the  conjugate  hyperbola,  we 
kive 

tf^,*  —  6^,*s     e^      I       n«y. A%v,*=  +  a^. 

Binioate  ^ly,,  x^y,,  by  means  of  the  last  foiff  equations,  and  there  lesatts  the 
sqwtion  of  the  asymptotes;  vis. 

jf«  =  j^«»,orjr  =  ±-«. 
PROP,  vni, 

Tnis  general  probleni  has  been  already  eolred  at  300—1 ;  and  the  stn- 
dent  majeitlier  obtain  them  by  giving  to  the  co-efficients  of  the  general  equation 
the  special  forms  which  they  have  in  our  present  chapter ;  or  he  may  deduce 
tbem,  ab  initiOt  by  corresponding  processes.  The  following  tables  will  show  the 
results  in  a  form  adapted  for  convenient  reference.  The  tables  themselves  need 
but  little  remark,  as  tiieir  structure  is  obvious. 

The  numbfred  parts  are  the  same  in  both  tables,  and  in  the  second  tiie  iium- 
her«  only  witkiout  the  names  of  the  parts  are  repeated,  on  account  of  the  room  ; 
let  heiQg  placed  on  opposite  pages,  are  both  visible  at  the  same  time. 
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TABLE  I. 

The  foncttoDs  of  the  ellipse  and  hyperbola,  referred  to  any  oooji^te  tjrvtem  of 
,   duiMters ;  the  lower  siga  in  the  hyperbola  refeninf  to  thf  coojogate  of  that 
ezprcieed  by  the  upper  tign. 


2 
3 
4 

5 

6 

7 

8 


a 

9  I 


s 
cr 


10 


e 
o 
•a 
« 

•5 
5 

w 
O 
u 

"Si) 
e 
(■ 


3 

111  § 


FUMCnOM* 


rCom  * 
Tw  (!)• 

Subt.  QQ  « 
•  Subt.  oo  jf 

Nemnl 
Suba. on  m 


Solm.  on  jf 


MLLm*, 


V  or  

(A^T,     a»y|  eat 
Wr,  —  aV,  eot « 


_(<»Vl  +  CO*  •>  ^1 


•  By  l«  metnt  ±  s/o^ ^»-H'^  jti'— a'  6'  in  tb«  ellipw,  «b<1  ±  V±  (•*jr|*— 6'*;r|«)^«4* 
in  the  hyperbolas.   In  thia  latter  cue,  lh«  rign  7  refen  to  the  tve  €we»  In  thm  enwliii  af  At 

livpi  ibola,  the  order  of  the  sipn^  •<>  Kf  f  .km     in  tlie  equation  of  the  first  line. 

The  taogeoi  (1)  refen  to  the  point  being  without  tlie  onfre.  mud  (2)  to  it»  bcny  m  tke 
enrre. 

Morwwer,  thry  an-  the  value*  of    —  «,  and  y    Jf|  in  the  trii  innjanf  and  aatHMmaf  Ani 

an  iUTBriably  put  down  in  thcs^  tabh  s. 

The  followiiig  it  th«  process  for  the  case  of  the  tanffemt  bdng  dnira  to  the  carve  fiea  a  fast 
jTfif,  situated  witbont  it. 

Tbe  equation  of  any  line  thtongh  «,y,  I*  |r=yi+^(«-^«i)  wheiepb  iadeCcmoMM. 
Inaert  thit  in  the  cquatiuu  of  the  curve  ( I )  :  then  we  get 

The  value*  of  j-  in  this  are  the  abKisscs  of  the  points  of  intersection  of  tfic  line  uaL  \ht 
earve ;  and  that  the  line  may  be  a  tangent,  these  points  must  coalesce,  and  the  value*  of  <  be 
equal.  Thia  will  require  the  equatton  above  la  be  a  ann|ilete  tqoan ;  and  henea, 
dnP        +  &•)  {(y,  -  ;ir,)»  -  A»]  =  {a*V»  (yi  -f*. )  j «. 

flxpaniling  .mil  rei«o1\  inpr  this  for  p,  we  have  the  second  side  of  (3)  aa  ita  faloa.  Wh««ea  *bT 
equation  of  the  cuuiog  (or  now  toacbtag)  liae  it  at  above  aUted. 
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*  TABLE  II. 

The  functions  of  the  three  curves  referred  to  any  point  in  the  curve 
and  the  diameter  and  tangent  to  the  curve  through  that  point. 


EB  ongin 


1 

2* 

3 
4 


PAIUBOLA. 


— jr,  2«, 


-4ri 


-*i        2B-f-jf,  cot 


8 

.9 
10 

11 


(2a  -f  .V|  co«  o)yi 
y,  1-  2a  CM  « 

(y,  -♦-  '2o  co«  tt) 
lis  -f-  jTi  CM  a 


X—JC. 


9» 


9<i 


ay +  6»*»-2a6»«=5  0 

2(Mf,  — ■  Jf^* 


a' 


HYTSaaOLA. 


y— yi  aV,-fA»(j|«-a)  cota 

a* 


•  In  ihe«e,  the  value*  of  F'  are  ±      a*  yi'  +      J^j'  —  2<i6*irj  in  the  cllii>«c,  and 

V a^yi'— Mr,>4-2uMr|  in  the  hyperbola.  Tb«  origin  it  the  ttUnmit;  of  the  di«aicter  to  the 
Ig^ of  th« cntre^  in  both  enmt,  tb*  petltiva  tilMof  •  Mug  reckoned  to  Uie  rig^K  of  Ihe 
wigin* 

For  illustration  witli  respect  to  the  normal,  wc  shall  tnlce  the  jxiraJiMa. 
The  point  jr^yi  being  in  the  curve^  (the  only  cMe  for  which  in  «11  the  curves  m  both  tabic* 
the  DOiiiial  ia  given,)  we  hat«  ite  equatieii 

yy,s=2a(*-f  *,),  ory=5  — +  — -i. 
The  perpendkular  to  thk  through  j»,y,  to  the  angle  of  ordination  •  ia  {p,  260,  eg.  28) 

1  "f*  ~  coe  •  n. 

9 -If I  yt   J/i  -K  2>J  ro»  a 


15 


4*  CM  a 


8ai-yiCoe«* 


which  is  the  equation  (6)  in  the  table. 

Eieepi  tint  the  wfmrioot  ane  a  little  nor*  eonq^lex  for  the  nanntla  in  lU  the  cmw  of  all 
^CMnrp  above  tabnliMd,  the  pmeitof  findlqgAeaiii  pieciMlj  rindlar  lo  the  one  hiM  pit 
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PROP.  IX. 

Lbut  drawn  from  my  poini  m  the  «0ljMe  md  hjfptrMa  to  ik»  tKtnmiif  ^  mjf 

diameier  an  totgmguU  titardi, 
Tak%  for  imtanee.  the  eUipte,  asd  refer  it  to  the  propoeed  diameter  and  iu  cod- 
jngatflb  aa  aza  of  jf  and  «s  put  6  for  the  proposed  seml-dtameter,  and  a  for  die 
eemi-diameter  coojogate  to  it.  Theo*  if  « j  be  the  aatomed  point»  we  hate 
0^,*  +  6"^  =  ^i^,  or 

y  _y.-  — yi  +  ^  y, 

But  the  e<j[uaUons  uf  the  two  chords  themselves  are 
aiid>  if  y         +  9,  and  y  =      +  9,  be  Ae  linee,  we  have 

and  hence  pip^  =   .  ^         ~        T  • 

Thus,  the  criterion  of  the  Unet  being  conjugate  (p.  315)  is  fulfilled ;  and  the 

CODchiston  follows. 

Id  precisely  the  same  way  the  property  is  proved  in  the  hyperbola. 

CoroiZory. 

If  the  assumed  diameter  be  the  transverse  or  the  conjugate,  the  angle  of  orrJi- 
Tiation  is  W  ;  and  the  factors  p^,  are  the  tangents  of  the  anglee  made  by  the 
chords  with  the  axis  of  a.    We  thus  get,  adapted  to  this  case 

tan^itan^s  +  g. 

And  further,  when  6  as  a  in  the  ellipse,  we  luive 

tan  /3|  tan    s  ^  1 ; 
or  tiie  diorda  are  at  right  aoglea ;  thna  sfaowiag  that  the  angle  in  a  aemi-ciido 
ia  a  right  angle. 

PROP.  X. 

Given  the  principal  panmtUr  iff  a  jMvaMi*  to  find  that     any  ^trea  diameter. 

Let  the  principal  parameter  4&  =  p,  and  that  belonging  to  the  diameter 
through  the  point  x,y,  of  the  curve  be  4A,  =  /), :  then  the  eqnntionsi  of  the 
|mratx>la  referred  to  the  diameter  through  the  vertex  and  the  point  xJf^  are 

f  =  p3e   (1)    I   y*  =  P,*   (2). 

AhOf  the  equations  fur  transformation  to  conjugaie  co-ordinate  axes  through 
x,y„  the  axeaofo  being  parallel  in  both  cases,  and  the  angle  of  conjugation  =a, 
are  found  upon  inaeition  of  «|  +  •  +  y  coe  a  for  uid  yi  +  y  ain  «  for  y, 
(theae  being  the  forma  to  which  Uie  eqnatiou  of  ttamfonnation  lednce  WMfer 
theae  particolar  circanutancea)  to  be 

2y,  sin  a  =  p  cot  a,  or  tan  a  =^  ,  and  y,'  =  4A«,. 

Whence  the  equation  referred  tu  the  new  axes  and  origin,  is 

y*  =  jp  cos'a    =  4  (A  +  a;,)  ar  =   ....  (3), 

which  ia  the  equation  of  the  parabola  referred  to  the  diameter  and  Ungeot 
through  srjf,. 

Hence  p,  s  4{k  +  «,)  the  ponnwier  required*  ia  found.  See  aleo  prep,  cn, 
ear.  3. 
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CoroOoiy. 

The  parameten  of  the  diAreat  diameten  are  to  one  another  iavendj,  ae  the 
•quaret  of  the  lines  of  the  aqglea  which  the  tangeate  at  their  eztnnitMe  nake 
with  the  principal  axie. 

PROP.  XI. 

Ji  parabola  is  refined  to  rfrtanqvlnr  co  nrrfinnles,  of  v'hieh  ortf  xs  p^pfJifUculor 
to  (hr  pnuripui  ojciSf  ttttd  the  other  jparallel  to  the  origm  being  on  the  curve: 
to  J'md  Us  equation. 

Let  D  be  the  origin ;  and  let  any  two  fixinj^  condi- 
tions be  assumed.  Suppose  the  angle  VDU  made  by 
the  tangent  at  D,  with  the  line  DX  perpendicular  to  the 
axis  AB,  to  be  one;  and  the  length  DV  of  the  tangent 
at  D  intercepted  by  the  axis  to  be  the  other.  Let  1'  be 
a  point  in  the  curve. 

Put  VDB  =  a.  DV  =  a,  DR  =  «,  RP  =  y  :  then 


DB  s: «  coe  %  AB  s  ia  tin  «,  and pss  T-g  = 


2a  cos 'a 


AB         SID  a 

But  we  have  pJA  «  FS*  by  the  curve  (  or  eobetitnttng 

p(AB  —  B8)  s  (DB  —  DR)*,  or 

|ia  sm  a  —  y|  =  {a  COS  a  —  «}•,  or  again 


eua 


Srs«tana»  —  .tanaeeea. 


wliich  ia  the  form  required. 


Sekolmm. 


Tbia  proposition  tonally  containe  the  whole  practice  of  calculating  the  cir- 
cnmitances  connected  with  the  flight  of  a  projectile  m  mchd.  We  ahall  have 
frequent  occasion  to  lecnr  to  it  under  that  head. 


ruor.  xir. 

7b  Jind  the  polar  equations  of  fh^  curves  and  of  their  tangents  and  normals;  both 
when  r^erred  to  the  centre  and  to  tkt focus,  as  origin  qf  polar  co-ordmtUei, 

It  ie  obvione  that  by  using  the  proper  subetitutioo,  we  nay  refer  the  origin  of 

polar  co-ordinates  to  any  point  whatever;  but  the  two  mentioned  in  the  enun- 
ciation of  the  jiropo'^itinn  are  all  that  commonly  offer  any  advantages  in  our 
inquiries  respecting  tliese  curves.  It  is  equally  oV)\nou«,  t^o,  that  we  might 
investigate  these  equations  directly  and  without  the  intervention  of  rectilinear 
co>ordiDates;  but  such  methods,  though  very  elegant,  are  aooMwhat  operos^ 
from  the  reductions  to  which  they  lead.  We,  therefore,  prefer  in  thie  pkee  to 
adopt  the  method  of  transformation.  This  merely  consists  in  writiDg  for  «  and  y 
their  values  r  cos  0,and  r  sin  B.  The  processes  involved  being  of  the  most  ele- 
mentary and  simple  hind»  it  has  been  deemed  sufficient  to  tabulate  the  results  - 
as  in  prop.  mi. 

It  must,  in  these  equations,  be  kt  pi  in  mind  in  respect  to  tlie  ellipse  and 
hyperbola  referred  to  the  focus,  ti)at  the  focus  employed  is  invariably  that  to  the 
l^<lf  the  centre  </  the  curve,  and  that  the  positive  branch  of  the  axis  is  that  to 
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the  right  of  the  focus,  whilst  in  the  parabola,  the  same  rule  applies,  the  centre 
being  at  an  infioite  dittanee  to  tbe  right  of  tb«  aeeenible  foeoi  of  the  curve 

The  upper  aign  thronghoot  eppliei  to  B  maeioral  from  the  poeittfe  bunch  m 
the  initial  position  of  the  radius  vector,  and  the  lower  signs  to  9  meaiiared 
fion  the  Mgttive  branch.  Should  it  be  desirable  to  refer  to  the  other  foci  as 
the  re«pectire  origiriM  of  polar  co-ordinates,  or  to  reverse  the  pogiiion  of  the 
parabola;  then  either  the  positive  and  negative  branches  of  the  axis  mii«T  be 
reverse^],  or  else  the  upper  and  lower  signs  ia  the  equations  of  the  curves  respec- 
tively interchanged. 

Moreover,  in  referenoe  to  the  heat  eqnatioiu  to  be  employed  for  tfaae  tme- 
fonottioo,  it  ney  he  remarked,  diaft  in  all  eaaee  the  corvee  referred  to  the  eame 
origin  as  the  polar  co-ordinatee  are,  and  rectangular  conjugate  axce,  viD  he 
found  pnrfiBmble  to  any  other,  for  the  curve,  ila  tangent,  and  iu  normal.  For 
tbe  curve  :\!one,  the  property  in  prop.  ri.  cor.  4,  is  well  adapted;  hot  it  Inmidiee 
no  aasistance  for  the  cases  of  tbe  tangent  and  normal. 

TABLE  in. 


Tbe  pohur  equattons  of  the  conic  aeclioos,  with  their  tangenta  and  normals. 


■avATioKor 

OBIOtM  AT  TBM  VOOtM. 

oewiif  AT  Tna  cmrras. 

■< 

Curve 

at 

Tsageat 

r{cos(«  —  0|)q:eoa9{  82r, 

Cu 

Norinal 

r[ua  (6  —  0|)  7  nn  d|]  s  7  r,  un  e^ 

Curve 

o«  (  1  —       )  ' 

H 

X 

1  7  e  cos  d 

.4 
M 

Tangnil 

rfcM  (a-«i) 7 «  CM  0]  sri  <1 7« caa a,) 

r{cos(a-a,)-^«eQ.a|  c«>}ar.  (l-.*€Qa«a,) 

r  {sin(e  — e,)7«slB'0}sBqp«r,dBe, 

* 

r^sin  (a— 6i)— e*co«0,  »in0|ss«— r,#  so^,  co«P, 

r  HYP. 

Carre 

at 
a. 

r{co«  (6  -  Oi)  7  0  CO*      =  n     ^  '  ^ 

rjeoiia— e|)~«»co»dj  coi  8 1  =3-|0— > 

Normal 

rftin  (0  ^  0i)  ±  «  sin  a{  s  ±  «r,  ria  a^ 

r{ilB(a«a,)-a«eosa,slaa{s— r,«atef|  c«a, 

> 

Curve* 

'  ~ld:«'ca»a 

m 

t 

•< 

Tangent 

rfcoa  (a  -  a,)  ±  /ens  a)s  r,  (1  ^/eos  a,) 

rfeesca— a, )~<«co»  6,  co«e}=r,(l-<s<uM<i,> 

p 

Normal 

r{iia  ca  ~  a,)  ±    tin  a,}^^  ±  c'r,  am  9i 

r  {au(0— a^)^*  cMaitia  ajs  ^r|«  ma«c«#( 

!  ^ 

A'*/'",  c  =  ,  ,  or  ft«  =  ae. 

u 

1 

*  In  theca  caaea  each  hyperbola  i«  referred  to  om  of  ite  own  fad,  the  formuta*  for  «adi 
i«faf«4t»tlMolb«n*liMibslBffonitlcdasinalaiSBtaad«aaiaM.  Ths  e^artionietf  liS|iB> 
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PROP.  XIJI. 

7b  fiidt  m  tik  rfigMf  «i  kj/perhok,  lAe  potUkm  md  magmiuii  qf  ii§  Hmdtr 

mmfwgaU  to  u  givm  dUmutv, 

Refer  the  system  to  polar  cO'Crdinates  originating  at  the  centre  and  trana- 
▼erse  axis.  Let  the  given  diwn^ier  make  an  angle  9,  vith  the  poaitive  branch  of 
the  tnnevene,  and  ite  conjugate,  an  angle  9,  with  the  aame  branch.  That  the 
equation  of  conjngatioii  ia  (p^  315). 

—  IP 

tan  0,  tan  e,  =  +  ^  =  —  (1  —  e'),  or 

tan  d,  s:  ~  (i     c>)  cot  9|  

which  gives  the  position  of  the  conjugate  diameter. 
Again,  r,0|  and  r,0g  being  pointa  in  the  curve,  we  have 

"  I  — •«ciie««i  ^  ^M  l^e>coe^,  

Tram  (1, 8)  «t  gel 

*~  «*)»cot»»,""  'coe*«,+ein^i  ""^|e»— r,%«coe»ff,j* 

Insert  this  in  (3)  and  reduce  :  then  we  have  the  value 

r*  =  o»  —  r,M  cos'O,  (4). 

and  r,,  are  the  magmludes  of  the  given  semi-diameter  and  its  conjugate 
respectively. 

The  eatpmeion  (1  —  e')'  ^^'^x  +  sin'^,  ocean  ao  often  in  this  class  of 
leeearehes,  that  it  will  be  convenient  to  put  down  a  few  of  the  forma  which  it  ia 
capal>1e  of  taking. 

From  the  equation  of  the  cnrve  we  have 

r, V  ooa«»,  s  r^''  —  ^(  I  ^  <*) ;  and  hence  rjV  ain«»,  =  (««  —  r,")  (1  —  e^. 


and  normal  of  the  parabola  also  admit  of  further  Mmplification ;  but  they  are  left  in  their  pre- 
SSBt  ttsle  to  lc««p  tbs  table  qnifimii.  Thdr  f«diiced  fena*  an 


For  upper  ilgn 
•a.  lower  ■•• 


TANOBNT. 

r  cos  (0 
r  sin  (0  —  ^Cj)  liu  ^O^s  k 


)  ros  0,  =  A 


NORMAL. 

r  cot  (6  —  ^P,)  =  r,  cos  0, 
r  tin  (0  ~.  ^0,)  s     lin  0} 


It  will  alMbeTCmarbetl,  that  the  cqtiatloiisof  the  tangent  and  normal  of  tlie  curves  referred 
to  the  centre  are  precisely  alike  ;  but  the  "ttI  inay  be  tnin.-furmeil  bv  eliminating  r,  by 
meant  of  the  equation  of  the  curve.  Little  aJvaatage,  however,  attends  thii  change  in  the 
tangent,  and  amoM  in  the  oonnaL 

Tboogfa  it  antkipates  the  student*!  adTance,  it  may  not  be  irrelevant  to  state,  tbal  the 
expTMiiions  for  tlic  tangent  and  normal  in  tliH  table  have  been  cliccktMl  by  the  use  of  tbp  two 
following  formulte,  first  gircn  by  the  editor  in  the  EdiiJt.  TVuiu.,  vol.  seii.  i  and  which  will 
he  Investjgsted  io  the  Difletendal  Calenlos  fn  the  preMut  voluaie. 


TaiigmU,  r{co.(e-ej-Bin(d-.e.);^|  =  r, 
^bffMOl.    r  {sin  (0  -    )  -I-  cos  (6  -  e, )  ^^^^^j  =:  r, 


dr, 
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Substitute  these ;  then, 

r.»e»  {(1  -  €*)  +  tm.l^l-^  {r,''(l-«»)-a-(l-e«)«+a*-r,=}..(l), 

=  (1— e*)  }(l-f2)a'  +  ««-r,«}  (2), 

HIO  -      co8»d,  4-  8in»0,}  =  (1  -  e*)  {(2  -«»)««  —  r  «|  (3X 

s  (1  ~  e*)  fr,*  -  r,V  co^,  +  «•  -  r.»} .  (4), 
=  (!  —  •»)  {•«  -  r,V co^«,|  (5); 

-Or  agum, 

(I  —  ^«  cot»^,  +  mBL%  s  1  —  3i*  coi^O,  +  *•  eoi^,  (6), 

«ieQ^,)  •i-tf'ttD'e.  cn» 

<re.,  cfe.,  tic 

PROP.  XIV. 

y«m  of  the  squares  of  any  pair  of  conjugate  diameters  in  the  ellipse,  nnd  fhrir 
diffrrence  m  the  hypprhola,  is  equal  to  the  respectice  sum  and  d^ertncc  qf  Ike 
squara  of  the  prinajpal  diameteri. 

For  in  the  Vnipsf, 

+      =1  a-  -|-  r»'  —  r,=e"  cos'0,  =  a»  +  o*  (I  —  e*)  =  «*  +  ^^ 
and  in  the  hy  perbola,  r,' and  6- are  easentially  negative  in  the  algebraical  ex- 
pressions. Let  their  absolute  values  be  r'^and  A'*:  then  -f-  ri'  =  —  r'^and  +  6* 
s  —  6'^  i  aud  ibe  expression  becomes 

PROP.  XV. 

The  area  qf  a»y  conjugate  paraiklogram  is  equai  to  the  rectangle  of  ike primciptl 

diameters. 

Foe,  from  prop,  mii.  ej  (I)  we  have 

sin  9,  fill  0,  =  —  (1— «f)  cos  «j  OM     or  cot  (e,»0,)=:c'  coa  6,  cot  tf. ; 

hence 

or  4r,r,  sin  (^^  —  9,)  =  4(i^> 
which  establishes  the  conclusion  enunciated  in  the  proposition. 

PROP.  XVI. 

Tn^rtetangle  under  the  focal  radii-rertorfs  nf  nnij  point  in  the  ellipse  9r  kfftP' 
(tola,  is  eqmU  to  the  square  qf  the  axis  conjugate  to  that  point, 

Dbmotb  them  by  p,  and  p,«  and  let  tlie  pnot  be  rj^^^  the  referenct  hmag,  at 
beforet  to  the  centre  and  transverse:  then, 

p,*  =  r,'  —  2r^ea  cos  6,  -f  n"e',  and  p,'  =  r,"  +  '2r^ea  cosO,  + 

p,»rj/ =  (r,>  -I-  flV)«  —  4r,  V;  e''ros'^,     =  (o- —  r.^pi  cos  ; 
heuce  p^p^  =  a'  —        coa^, ;  which  by  (x*i».)  proves  the  theorem. 

PROP.  XVII. 

Tojind  the  lengths  qf  focal  radii-ceciores  of  a  point  tn  the  e2%ife  and  hyperbola, 

FoEy  from  the  preceding  proposition,  employing  also  its  notation, 
+  p,»  ss  ar,«  +  a«V,  and  ^,p^  =  2a>  —  ar^Vcot^,. 
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Henee, 

p,»+2|»,ft+p,»=flr,«(l-*«co»*9,)+a«i»(l+0=««^{(l-«*)+(l+«^}  =  4fl», 

Wherefore^  pi  +    =  S^i         —  p,  =  +  3r,e  eoe  0, ;  and  hence, 
Pi  =  a  +  r,e  coe  Oi»  and    —  a  —  rjf  coe  9|. 


PROP.  XVIII. 

To ^ud  the  locus  of  the  intersections  of  the  tangent  to  a  rojiic  section,  with  tksp«T» 

pendiculars  drawmfrom  them  to  the/oci* 

1.  paraboku  TUke  the  focus  as  origin  el  polar  oo^ordinatee ;  then  the 
tangent  at  r^9^  is  ezpreseed  by  (/>.  331 ,  note). 

r  eoe  (6  —  ^i)  =:  A  sec  ^8,  (!}• . 

Alio,  the  cqiiaUon  of  the  perpendicnhur  upon  this  from  the  origin  ia 

=  j3  =  ^e^,  or  r,  sin  {9  —  ^O,)  =  0  (2). 

Hence,        r*  {coa>     —  itf,)  +  ain*  (0  -  W]  =  A*  aec«4ei»  M»d 

r  =  —  A  sec  J^,  s:  —  A  sec  fl,  or  A  =  r  cos  (9  —  ir)  (3). 

Tliia  is  the  equation  of  a  line  perpendicular  to  the  axis  of  co-ordinatee»  having 

P  =  h  ■  in  other  word"?  the  tangent  at  the  vertex  of  the  parabola. 

2.  The  ellipse  and  hyperbola.  Refer  the  system  to  polar  co-ordinates  orip^inai- 
ing  at  the  centre.  Then  the  equation  of  the  tangent  given  in  the  table  may  be 
written 

(Ij-y)  cos    cos  9  +  sin  g,  sin  9  r,  (1     i*  cotftf,)  .  . 

^  '     -/(I  — >}»coa*y,  +  »m-«,         V(l  —  ^  co^»,  +  sin^i 

Puttanp  =  *^^  

Then  (4)  is  converted  into 

^  r,  (I  —  cos'e.)  

r  cos    —  fl)  —    .  ,      '  ==•  

Again,  by  (5)  and  eq  (18)  page  267,  the  peipendicuUr  from  rA  (where  s  oe 
and  0,  =  0)  upon  the  line  (6)  is 

•        .  *   ^  — Of  sin  9,  • 

rem(0  — ^)[=«*iin/S]^  ■    (7). 

To  find  r  eliminate  0  from  (6,  7) ;  which  will  be  best  eflected  by  adding  the 
squares  of  (6,  7) :  thus  giving 

_  r,»(l— <?»  co8'0.)^-f  a«e«  sin'fl,  ^  ga  (1— g»)  (1— e«  cos^Q.j-f  cV  nin'^t^^ 
(I— cus^(J,-f  sin'O,  cos»y,+8in-^,         ^  * 

whence  the  lucwi  sought  is^  in  this  case,  the  circle  dueribei  cm  ike  tnmtverM 

PROF.  XIX. 

To  Jmd  the  lengths  qfthe  perpendiculars  from  the  foci  upon  a  tangent  to  the  ellipse 

or  hyperbola. 

Dsnom  then  by  X,  and     keeping  the  asme  notation  lor  the  other  parte,  aa 

before. 

By  eg  (18)  jN^e  268,  we  have,  since  r,  =  ae  and     =  0, 

Xi  =  p  —  r,  cos  (0,  —  |i;  =  />  —  ae  cos  /3. 
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Abo,  u  in  the  preceding  solatiim  we  readily  obtain 


(I— e»)coi«, 


Hence 


X  —  con%)  ^  flg  (1  —     coi  » 

r,*(l  —  ^ coa^,)  —  er,t  (I  ->  «^  coeO, 
•"iv'Cl  —  ey  ooe^  +  aiiiH*,  * 

«»  (1  —  e»)  —  «r,e  (I  —  e«)  cos  0,  ... 

=    ^  , — ^    .-i  >  ikal », 

v(|  —  e^j  {o"  —  r,V  co8''t^,  | 

—  r ,r  cos  9, 


r^e  cos 


  —  r,e  cosT^,         .      /a  —  r 

X.  _  e».  V       ^^^e^o^^  -  *  Vr+  r 

Simikrlf  

/g  -t-  r,e  coa  tf|  ,     /a  +  r,e  cos 

CoroOsry  1. 

The  tectangle  under  the  perpendicidan  fnun  the  fed  of  the  ellipae  or  hyper- 
boh  U  equal  to  theaqnaie  of  the  aemi-conjapite  diaimler. 
For, 

*^       V  a  ^  ne  coe  Oi   «  —  r,t  eoa  0| 

CwroUary  2. 

The  focal  radii-vectorea  make  eqtial  angles  with  the  tangent. 
For»  let  the  angles  ao  made  be  xi  and  xt :  then 


-ill-  ^ 


,  and  8in«jc, ' 


~  p,«      a«  —  r,V  cos-  ),'  p,«     a»  —  r,«e»  coa*©,  * 

whence  xp  X«  estimated  either  way  are  e^uoi  or  supplementary. 

Corofiory  3. 

Theradii  veetoret  from  the  foci  to  the  point  of  contact^  hive  the  aame  ntio  u 
the  pcrpendieaUfft  upon  the  tangent. 
For  by  the  praeeding  cafo]kry« 

Pi  H 

wbkb  eitabfiahea  the  coroUaiy. 

PROP.  XX. 

lanes  drawn  from  ike/oci  of  a  conic  tfc/uu  (o  the  intersection  qf  the  temgents, 

make  equal  angks  with  them, 

Lbt  G,  H,  be  the  pointa  of  contact,  T  the  mterseo- 
tion  of  the  tangente,  and  F,  f,  the  fod.  Denote  by 
Xt»  X»  ^  ^vad  WB^tu  made  at  G  and  H  by  the  radii- 
vectorea  frorn  F  and/;  by  3wi  and  2Ma,  the  angles 
HFG,  H/G ;  by  ^,  and  B^,  the  nnglea  FTG  and 
/TU,  and  by  y  the  angle  GTH.  Then* 
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FTG  +  TGF  +  GFl^  =  tt  =r  FTH  +  TIIF  -f  HFT;  and 
/TO  +  TO/  +  G/T  =  w  =/TH  +  TH/  +  U/T;  that  ie, 
^.  +  («•  —  Xi)  +  «,  =  (r  —      +  X.  +  «,»  or  7  —  2^,  =  a-  —  (x,  + 
(7  —  '«)  +  Xi  +      =  ^  +  (it  —       +  •»»  or  y  -  2^,  =  »  —  (x»  + 
mwnee,  7  —  S^i  s  7  —  aJ^  or  ^,  a  9,,  at  eniuiciated. 


PROP.  XXI. 


Jbjbidikenbaimit  mmomgtt  iJbt  aegmtnti  of  tk$  dtarda  dhm  tkriMgk  thtfod 


Lit  F  be  the  focus,  and  the  system  referred  to  this 

as  origin  ;  also  put  KFB  =  A,  (nnH  hence  the  salient 
ansile  LFB  =  »  +  and  KF  =  fp  FL  =  r,. 
Tl^Q  we  have 


t.sz — ^  .«ittr.=  —  = 

■      1  -—  c  cos  0,        ■    I  —  e  cos  (it  —  e^) 


a(\  —  e') 
1  4-  «  cos  0|* 


hp 


"  r— e  COS 


and  ft  s= 


1  +  e  cos  e, ' 


6«      2&«  . 


plMiig  lifaa  pamneter  of  the  prisdpal  dianwter  s  — -  =  —  in  all  the  cvrrei. 


nnwehave. 


4« 


~  1  — <*coaW/ 
CbroAsry  1. 

Ift  diaowler  CH  ho  dnwn  panllel  to  KL»  and  denoted  hy  ^  wa  hare 

l^»»€oa«g,  =  1^  '^^^ 
Ceroflofy  a. 

hi  the  jMredofa,  the  chord  thnmgh  the  focos  conjagote  to  wof  cBameter  ia  the 
pMeter  of  that  duuneter. 
For  in  thia  eaee^  e  s  1,  and 


r  +  r  -  P 


P  _ 


eui>0, 


=  p^.    See  prep.  «.     328,  and  motet  P* 


PROP.  XXII. 

^Umirmpm/romiUJkiau  qf  a  oome  ttelim  So  ihopomlo  f^omM  qf  too 
/orm  an  amgle  which  i$  hittettd  by  the  Utu  dntumfivm  tktfocm  to  th* 
klawectiom  tff  the  atme  imigeuto, 

Urr^  udrs^sbethe  yointa  of  cootneti  then  the  eqnatione  of  thatngenta 
"fcned  to  the  focoa  are  for  the  cUipaa  and  hjperbolay 
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r{co8(«-»,)±««o"«i=«(l-«^  

r{cos(!9  — 0,)  +  ecotej  «a(l   C»). 

Subtract  the  Mcood  of  thew  from  tbe  iirtt  and  aimpUfj ;  tfaen 

2  siD  i      —     +  9^1  tin  (e,  -  6i)  «0  (3)5 

timt  *w« 

20  =  9,  +  0,;  or  0.  —  e s  «  ~   (4); 

which  is  iho  algebraical  expression  nf  the  propcmdon. 
Hie  process  and  the  result  for  ihe  parabolA  are  predaeljr  the  same. 

Corollary  1. 

Substitute  (4)  in  (1)  or  (2) ;  then  we  have  tbe  value  of  r  at  tbe  pmot  of  iotST'^ 
sectioa  j  viz.  in  tbe  eiiipse  and  hyperbola^ 

 a  (I  —  e«)  

** "  COS  i  (0,-  y.)  ±  e  coe  i  C»,  +  »,) ^" 
and  m  tbe  parabola  we  obtain,  in  precisely  the  same  manner, 

CeroUory  3. 

Tbe  semi-augles  at  the  focus  are  each  s  ^  (0,  ^  0|). 


PROP.  XXIII. 

^  a  circle  be  described  about  the  triangle  formed  by  any  three  tangents  to  a 
pONtbola,  UwtUpagM  through  the  focm. 

Lkt  r,0,,  r,0,,  r,Oj,  be  the  three  points  referred  to  polar  co-ordioates 
originating  at  the  focus ;  then  tbe  equations  of  the  three  tangentii  are 

r  cos  (fi  —  ^0,)  =  *  sec   (i), 

rcoe($  — 40,)  =  »eec|«,   (2). 

r  coa  (0 s  A  esc  ie«  (9). 

Denote  by  RiOif  Rid,,  B,e«»  tbe  intersectioas  of  the  pairs  of  tangenta,  {%,  3), 
(3*  ^\  (1»  9i)t  of  these  equations!  Then»  proceeding  exactlj  ae  in  pnp,  < 
have 


R,  =  A  sec  JO,  sec 
R,  =  A  sec  §^3  sec  JO, 
R,  =  A  sec  sec 


=  i  (^^,  + 

From  these  we  very  simply  obtain  the  follou  uig  ones 

R,  sin  (Oj  —  G,)  =  A  I  tan  —  tan  \9,] 
sin  (Oj  -  8,)  =  A  [un  —  tan  j 
sin  (U,  —      =  A  [tan  if,  —  Un  ^0,} 

and  by  addition, 

R,  sin  (G,  —  Gj  +  R,  sin  (G,  —  G,)  +  R,  sin  (Oi  —  0^  ssO  ....  (4). 
Whence  the  cirde  passes  through  the  origin;  (4)  being  the  criterion  (p.  286, 
•J.  20). 

Scholium. 

This  remarkable  proposition  has  in  this  country  been  generally,  but  errone- 
ously, ascribed  to  Dr.  Wallace,  that  gentleman  having  made  a  dititiuct  and 
positive  daim  to  it,  in  bis  Cdmc  Stdtwiu,  page  167.  It  was,  however,  pubiisbsd 
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by  the  celebrated  Lambert  in  his  Insigniores  orbitcp  Comelarum  proprietates  {sec- 
iio»  •'.),  nearly  forty  yean  before  Dr.  Wallace  repubUslied  it  m  the  JIaihematicai 
Btpomiwrjf.  See  also  118  of  thie  worki  and  Poncdet,  JMUdm PnpHUA 
project ivet,  p.  269- 

This  property  has  been  usually  coneidered  an  unfavourable  one  for  the  appli* 
cation  of  the  co-ordinate  methods,  without  deriving  aid  from  the  geometrical  pro- 
periifs  of  the  fiKure.  I  think  that,  except  the  one  here  given  fwhich  I  first 
pubiwhed  in  the  Phii.  Mag,  July  1S42,)  there  has  been  only  one  solution  given, 
founded jMfre/y  on  the  principles  of  co-ordinates;  which  was  by  Sir  John  Lub- 
bock, Phil.  Mag,  August,  1838.  The  method  here  employed,  is  well  calculated 
to  illnstrate  the  utility  of  tbe  jwler  epuUum  o/tke  UmgaU, 


EXERCISES  ON  LINES  OF  THE  SECOND  ORDER. 

1.  A  LINE  pn««in(/  tbron^b  (—  1,  2)  and  (—  2,  1)  cuts  both  an  ellipse  and 
hyperbola  whose  axes  are  6  and  8,  apd  are  parallel  to  the  rectan^ailar  co-ordinate 
axes ;  and  the  co-ordinates  of  the  common  centre  of  the  two  curves  are  C—  I'd, 
2'6) :  what  portion  of  it  is  intercepted  by  the  curves  respectively  ? 

8.  The  co-ordinatee  of  the  vertex  of  a  parabola  are  (—  2.  i),  ite  ada  makes 
an  angle  of  —  45*^  with  the  aatis  of  »,  and  the  curve  paosee  through  the  origin  of 
co-ordinates :  find  its  equation. 

3.  Two  parabolas,  wliosc  parameters  are p  and  p^,  having  a  common  vertex  at 
the  origin  of  co-ordinates,  and  their  axes  inclined  at  an  angle  of  60°  to  each 
other,  and  50^  and  —  4  0  to  the  axis  of  «,  intersect  io  a  second  point,  tbe 
co-vrdinates  of  which  it  is  rec^iuired  to  iind. 

4.  Thwe  the  curm  represented  by  tbe  equations : 

(1)  .  3«y  -i-  6*  —  9y  —  1«  =  0. 

(2)  .  4«r»  —  ftry  +  8y»  —  1(Vp  -|-  lOy  =  120. 

5.  Given  the  base  and  either  tbe  sum  or  difference  of  the  angles  at  tbe  base, 
to  find  tbe  loci  of  the  vertices,  and  of  the  centres  of  the  circumscribed,  in- 
•cribed,  and  escribed  circles. 

6.  Given  the  base  and  sum  or  difference  of  tbe  sides,  to  find  tbe  loci  of  the 
same  parts  as  in  tbe  preceding  example. 

7-  Given  two  focal  radii-vectores,  r,  and  r.^,  and  the  augle  a  comprised 
betwei  ii  thern,  to  find  tbe  polar  ecjuation  of  the  parabola. 

8.  Given  three  focal  radii  of  an  ellipse,  r,,  r,,  r,,  and  tbe  angles  a^,  a,,  com- 
prised between  them,  to  find  the  pulur  equation  of  the  ellipse. 

9.  A  point  P  so  moves  that  its  distance  from  a  given  point  baa  always  the 
aame  ratio  to  its  distance  from  a  given  line :  assign  tbe  pobir  equation  of  the 
locus  of  P,  and  specify  the  diversity  of  cases  that  can  arise. 

10.  A  given  polygon  is  so  moved  that  two  of  its  angular  points  always  rest 
upon  given  lines  :  what  curves  are  traced  out  by  its  other  angles  ? 

U.  If  parabolas  have  the  same  given  vertex,  and  touch  tbe  same  given  line, 
what  curve  is  traced  out  by  the  focus  :  and  if  they  have  the  same  focus  and 
touch  tbe  same  given  line,  determine  the  path  of  the  vertex. 

12.  Tangents  to  a  conic  section  intersect  Under  a  right  angle  {  and  others  are 
parallel  to  conjugate  diameters :  determine  the  paths  of  the  points  of  intersection 
in  both  cases. 

1 3.  The  base  of  a  triangle  is  giveuj  and  either  the  sum,  dilieience,  product,  or 

VOL.  11.  *  z 
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ratio  of  the  tangents  ot  the  angles  at  the  base,  is  also  given,  to  tiod  the  locus  of 
the  vertex. 

U.  The  equations  of  loci  which  intersect,  are  refurred  to  an  angle  oC  ooKwdi* 
nation  a,  and  denoted  by 

—  +  -  =  1+1  and— +  — =1  +  —  • 
OB     by    ay    06*       «|«    6 jf    ay     a^b^  * 

determine  their  nature,  and  their  points  of  interacction. 

15.  The  ndes  contuning  the  verdcal  angle  and  a  point  diroqgh  which  ibm 
base  passes  are  given  in  position :  prove  that  the  locus  of  the  centre  of  the 

ctmimscribing  circle  is  an  hyperbola. 

16.  If  the  rectangular  ordinates  of  a  conic  section  he  produced  till  they  are 

resptctivpl)'  equal  to  the  normals  of  the  same  points:  nhnw  ih^t  their  extremitiee 
trace  out  portions  of  other  coiuc  sections,  and  assign  the  hniits  of  these  iocL 

17.  Find  the  co-onl mates  of  the  foci  of  the  conic  section  denoted  by 

r'  (a  sin'O  +  A  sin  y  cos  0  +  c  cos*©)  +  r  ((/  sin  9  +  e  cos  fl)  +  /  =  0. 

18.  The  triangle  formed  by  three  tangents  to  a  paial;o1n  i"  c  ircum>rrihed  by  a 
circle:  it  is  recniired  to  prove  that  this  circle  always  passes  thruugti  the  lociUi  of 
the  parabola,  employing  rectangular  co-ordinate  axes.    (See  pa^e  336.) 

19.  The  points  of  contact  of  a  quadrilateral  circumscribing  a  conic  section 
are  made  the  angular  points  of  an  inscribed  one:  then  the  diagonals  of  both 
qnadriUiteFals  intersect  in  one  point ;  and  the  intersecttone  of  the  opposite  aides  of 
the  two  qoadrliatnrals  intersect  in  points  which  are  all  four  in  one  straight  line. 

20.  From  the  extremities  and  the  point  of  contact  of  one  of  the  sides  of  a 
pentagon  with  a  conic  aection,  draw  hnea  to  the  opposite  anglea:  theae  will 
intersect  in  one  point. 

21.  A  lini'  inuvts  always  parallel  to  itself,  and  cuts  the  three  bide-  of  a  given 
triangle ;  and  a  point  is  taken  in  it  so  that  the  three  segments  into  which  it  is 
divided  by  the  lines  and  that  point  shall  be  either  in  arithmetical,  geometrical,  or 
harmonical  proportion :  it  is  required  to  profOy  that  in  each  case  the  locns  of 
the  point  taken  in  the  line  ia  a  conic  eeetion. 

22.  From  a  pomt  lines  ars  drawn  making  giren  anglea  with  gtten  lines ;  and 
they  are  so  related  that  the  sums  or  differences  of  the  squares,  or  of  the 
rectangles,  of  any  number  of  them,  taken  in  a  given  order,  shall  have  a  given 
ratio,  num,  or  difference :  the  locos  of  the  point  from  which  (he  lines  are  drawn 
is  a  conic  section. 

23.  If  an  ellipse  and  hyperbola  have  the  same  diameters,  then,  if  from  any 
point  in  either  curve  liue«  be  drawn  from  the  extremities  of  either  SLxm  to  cut 
the  other  curve :  the  lines  joining  the  other  points  of  intersectioa  of  the  Itnee 
with  the  curve  will  he  parallel  to  the  other  axis. 

24.  Of  pomti^  fines,  and  circles,  any  two  being  given*  to  ahow  that  Cbo  loco* 
of  the  centres  of  the  circles  which  touch  them  will  be  conic  sections. 

26.  In  the  ellipse,  if  CP*  CQ*  be  drawn  at  right  ang^  to  each  others  prove 

that  +         =         +         where  CA,  CB  are  the  semi-axes. 

26.  Let  two  parabolas  have  the  sri me  vertex,  and  their  axes  be  perpendicular  to 
each  other;  also  let  their  parameters  he  a  an<l  2^  r  tiu  n  the  co-ordinates  of  their 
second  point  of  intersection  are  two  nuan  pruiiuiriionalji  between  a  and  2a;  and 
the  former  is  the  side  of  a  cube  winch  is  Uouiile  of  a*. 

27.  Let  AC,  BC,  he  any  two  given  lines  meeting  in  C,  and  let  AV,  BY,  be 
inflected  to  a  point  V  ao  that  tan  VAC  s  m  tan  VBC :  ahow  that  V  ia  alwnyt 
in  a  conic  section* 
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28.  I>et  ABCl)  be  a  given  quadrilateral,  and  P  guch  a  point  that  perpen- 
diculars PF,  PG,  PH.  PK.  heinc:  drawn  to  AB,  BC,  CD.  DA.  there  shall  exist 
the  relation  PF»  +  PG^  :  i'H  .  PK  : :  m  :  «  ;  then  P  ia  in  a  conic  section. 

29.  If  two  equal  panbofaw  have  axaa  coincideot  in  poaition,  then  any  Une  a 
tBDgeDt  to  tha  intariar  one,  and  a  chord  to  tbe  other,  will  be  biaected  at  the 
point  of  eontaet.  , 

30*  In  may  two  ellipses,  or  any  two  hyperbolas,  situated  on  the  same  planc^ 
there  can  always  be  found  one  pair  of  conjugate  diameters  in  one  parallel  to  one 
pair  in  the  other  :  and  if  the  two  curves  cut  in  four  points,  there  can  be  a  third 
curve  described  throu^h  them  which  shall  have  one  pair  of  conjugate  diametera 
aJao  parallel  to  the  former  two  pairs. 

31.  Tbe  equation  r  =  v  :  — ^  repreaenta  an  ellipee,  parabola*  or  byper-. 

bola,  aeeordiog  aa  e  ia  laaa  than,  eqoal  to,  «r  greater  than  nnityi  when  k  ia 
tte  ptmneter  of  the  carve. 

33.  Giren  tbe  aquation  of  the  pohv  and  of  the  conic  eection  to  wUch  it  ia 
refeiredi  via. 

wy  +  nor  =  1,  and  ay'+&ry  +  ce*  +  <^  +  ea  +/=  0  ; 
to  ebow  that  tbe  co-ordinates  of  the  pole  are 

V  =  _  (2crf  -  60  -  m  (e-  -  2cf)  -  n  (de  ^  bf) 

_  ^  b(f)  —  m  (de  —  hf)  —  n  [d*  —  2a/) 

'  (h'^  —  4ac)  f  m  {he  —  2rd]  4-  n  [hd  —  'Ine)  ' 

33.  Assign  the  equation  of  a  conic  section  which  sliall  touch  two  given  lines, 
each  m  a  given  point,  and  also  pas8  through  a  third  given  point 

34.  Point  out  the  method  and  assign  the  equations  of  condition  from  which 
wo  can  find  the  eqoatian  of  a  conic  aection  which  paaaea  tbroogh  five  given 
potnta,  any  how  given,  with  reapoet  to  a  ayatem  of  rectilinear  co-ordinatea. 
What  is  the  reason  that  theee  co-efficienta  have  never  been  aangned  ? 

35.  Transform  the  general  equation  of  the  lines  of  the  second  order  from  a 
rectangular  to  a  polar  form,  the  origin  of  co-ordinates  being  the  same  in  both 
syRtems;  and  j  rove  from  this  that  five  independent  conditions  are  necessary 
ftud  suthcient  tor  the  determination  of  the  curve. 

36.  Let  die  focal  radina^vector  make  an  angle  x  inih  die  tangent  at  the  point 
«»f  contact  rO$  and  let «  be  the  angle  made  by  the  aiqiplementad  chorda  drawn 
Irorn  1^  to  tlw  extremitiea  of  tbe  tranaverae  diameter:  then  it  ia  required  to 
prove  that, 

2  tan  X  =  '  ^ 

37.  Find  the  poaition  and  parameter  of  the  pambola^l^  +         as  1. 

33.  A  chwd  and  ita  conjugate  diameter  make  an  angle  a,  and  the  tangent  at 
the  eztrenuty  of  the  chord  makee  with  it  tbe  anglea  ^„  /S, :  afaow  that 

cot  /3,     cot  /?j  =  2  cot «. 

39>  Prove  the  foiiuvvmg  relations  between  the  radiuH-vcctor  and  perpen- 
from  the  foci  and  centre  upon  th&correaponding  tangent - 


Origin. 
Foeua 

Centre 


Parabola, 
p^  =  *r 

(no  case.) 


Jjiitpse. 


«a  — r 


a«  +  6<  _  r* 
s  3 


Hjfperbola, 
Mr 

"~    2«  +  r 
P  -a«—  M— r« 
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40.  If  tanfl^ents  to  a  conic  section  be  drawn  continually  at  right  angles  to 
each  oilier,  their  intersections  will  irnrc  n  circle  whose  radius  is  v^n-'  in 
the  ellipise  and  hyperbola ;  and  a  straight  line  tangent  at  the  vertex*  in  the 
parabola. 

41.  If  from  the  fucus  of  a  conic  section  a  perpendicular  be  drawn  to  any  focal 
chord,  it  will  meet  the  directrix  ia  the  same  point  with  the  two  tangents  at  tho 
extremity  of  that  chord. 

4S.  CoDjagate  taageota  in  the  elfipse  uid  hyperbola  Intenect  in  pooita  of 
another  ellipte  and  hyperbola,  which  are  nmilar  and  shnilaily  aitnated  witb  die 
original  curves. 

43.  A  variable  tangent  to  the  ellipse  or  hyperbola  cuts  from  two  fixed  and 

parallel  tan^fcnt«,  srufTnents,  whose  rectangle  is  ron^tt^nt.  and  ef|ual  to  the  square 
of  the  semi-diameter  conjugate  to  that  which  joins  the  fixed  i>omls  of  contact. 

44.  Find  the  lengths  of  the  perpen  liculars  from  the  foci  of  each  of  the  *.\>iac 
sections  upon  tangents,  at  liie  puiut  J^i^i,  the  curves  being  referred  to  rectangular 
co-ordinates. 

45.  The  ellipse  and  hyperbola  nay  be  represented  by  the  equations 
y>s(l— 0>)  and  f*  =  (e*—  1)  where  •  ia  die  determining 

ratio  of  the  curve. 

46.  The  lengths  of  two  conjugate  diameters  2a',  2b'  of  the  ellipae  e^*  +  s 
*  a^b*,  which  nudce  a  given  angle  a  with  each  other  are 

=  VfiS  +  6»  -h  2afr  cosec  a  ±  Va«  +  ^  —  8a6  coeec 
2*'  =  Va"  +  6>  -f  3a6  cosec  a  +  ^a*     6'  —  2a6  cosec  «. 

47.  Let  three  p:'rabola8  be  escrilu  d  to  the  three  Bides  of  a  tnangle,  and  have 
the  lines  bisecting  the  interior  anglcH  of  the  triangle  for  their  principal  axes;  let 
also  a,  bt  e,  be  the  sides  of  triangle,  p^,  the  parametera  of  the  three 
parabolas,  and  r  the  radios  of  the  ciide  ineeribed  in  the  triangle :  then. 

Pi*  PiPi  '  (a  +  d)  (*  +  c)  (c  +  «)::?• :  ofe. 

48.  Let  there  be  any  line  of  the  second  order,  referred  to  axes  having  an  angle 
of  ordioatioo  a,  denoted  by 

ay»  -f  J     4-  ca:»  -I-  rfy  +  ea?  +  /  =  0 : 
then  the  two  following  hyperbolas  will  intersect  in  its  foci :  viz. 

4ac)  (y'— «»)  +  2  (6e— 2a0     2  (W— oe)  *  +       4</)--C«'— 4<lO  =  0* 

and, 

4ac)(xy— x*C09  a)-^{bd—2ae)  (y  —  2j  cos  a)-i-2bf—ed-^{(t^—4af)  cos  a=  0. 

49.  A  right  line  of  given  length  a  is  erected  perpendicnlar  to  m  borizontal 
plane :  to  show  that  the  locos  of  the  extremity  of  its  shadow  is  expressed  by 

y*  eoS>fr  +     (cos*«  —  cos'X)  —  e»  sin  S\  4-    (cos*«r  —  sinU)  s=  0, 
where  «  =  polar  diet*  of  sun,  and  X  the  latitude  of  the  place. 

50.  Suppose  the  earth  and  sun  to  be  spherical,  the  sun  being  in  the  focas  of 
the  elliptic  orbit  of  the  earth :  find  the  locus  of  the  vertex  of  the  earth*e  conical 
shadow. 

An$*  An  ellipse  similar  to  the  earth's  orbit,  whose  parameter  is  ^r^~p  >  P 

the  parameter  of  the  orbit,  and  r,  r'  t\)e  radii  of  the  sun  and  eartli. 

61.  A  normal  at  any  point  of  the  equilateial  hyperbola  is  eqmd  to  the  diirtanre 
of  that  point  from  the  centre. 

52.  Three  straight  lines.  A,  B,  C,  are  given  on  a  plane ;  and  ciides  are  de- 
scribed to  touch  B,  having  their  centres  in  A;  and  C  for  a  common  polar:  show 
tiiat  the  locus  of  the  poles  is  an  hyperbola. 
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CURVES. 

It  hn  \ma  draidy  explaioad,  and  mffideat  examplei  liava  been  gi^en  io  Uhu* 
trBtion»  thRt  when  4ine  datum  only  is  absent  from  the  conditiooe  wtiich  are 

rec|uiaie  for  the  eoluUon  o{  a  determinate  problem,  there  are  innumerable  points 
in  tl»  same  plane  from  which  lines  bein;^  drawn  to  fulfil  all  the  other  condi- 
tions,  this  remaining  one  will  also  be  fulfilled.  Thus,  the  ba*e  and  nliitude  of  a 
triangle  bein^  given,  to  find  the  trianple ,  then  lines  from  any  point  in  a  certain  • 
line  parallel  to  the  base,  fulfil  the  cotuiitiuns  :  or,  if  it  be  required  to  find  u  |M>int 
at  a  given  distance  from  a  given  point,  the  condition  is  fulfilled  by  any  point 
which  is  in  tho  cireomference  of  a  drcle  whose  centre  is  the  given  point,  and 
ndim  the  given  distance :  or,  again,  if  it  be  requited  to  find  a  pouit  such  that 
the  snm  or  difference  of  its  distance  from  two  given  points  be  g^ven,  any  point 
in  a  corresponding  ellipse  or  hyperbola  satisfies  the  conditions.  In  all  these 
cases  one  datum  more  would  have  fixed  the  point,  or,  at  h'-\-^\,  hare  reduced 
them  to  a  dehnite  number,  all  of  which,  with  that  datum  anuexed,  could  have 
been  found  with  more  or  less  algebraical  didiculty. 

Hie  process  for  other  curres  is  of  exactly  the  same  character  as  for  those  jnst 
quoted,  or  for  other  eases  analogous  to  them,  already  discussed  with  a  greater  or 
leai  degree  of  detail.  The  method  consists  in  assuming  the  unknown  point 
(like  the  unknowns  in  common  algebra)  as  represented  by  the  co-ordinates  x  and 
y  in  rectilinear  co-ordinates,  or  by  rO  in  polar  ;  and  then  expressinp  nil  the  con- 
ditions of  the  problfnn  in  terms  of  the  datn,  and  of  xy,  or  rO,  as  the  case  may 
require.  The  res^ult  is  ilie  equaiion  of  the  curve  ;  and  is  that  which  the  student 
is,  in  this  section  of  his  study,  rtfjuired  lu  find. 

It  win  be  it  once  obvious  that  curves  may  be  imagined  mthout  limit :  but  in 
the  examples  whidi  foUow  we  shall  only  select  thoss  which  are  interesting, 
either  in  connexion  with  Uie  pn^grsss  of  mathematical  sdence,  or  dss  for  their 
application  to  practical  purposes  in  mechanics  or  the  arts.  Even  of  these  we 
shall  only  be  able  to  put  down  the  mere  results.  However,  there  is  no 
cft'-f*  that  is  likely  to  create  any  insuperable  obstacle  to  the  student  ;  any 
di  tails  of  the  investigation  are  unnecessary  to  bring  it  fully  within  his  reach. 
Several  of  them«  also,  will  be  again  noticed  under  the  differential  and  integral 

The  chief  of  the  curves  which  have  recnved  distmct  names  in  consequence  of 
some  peculisr  interest  or  vslue  attached  to  them,  are  given  by  means  of  ti.eir 
respective  geneses :  then  follow  a  few  others,  which  are  only  varied  methods  of 
generating  the  same  curves,  or  else  of  curves  which  have  not  received  separate 

appellations. 

No  figures  are  given,  as  the  verbal  description  will  be  a  8u£Bcient  guide  to  theit 
construction ;  and  the  student  is  earnestly  urged  to  oonstruct  them  mU^^m,  and, 
ns  far  as  posmble,  to  trsce  the  course  of  the  several  curves,  snd  assign  theur 
intersection,  with  the  axes.  It  will  be  a  really  useful  practice  for  bun. 

I.  Thb  LuiinscATB.    Its  general  equation  is  of  the  form 

No  geometrical  genesis  is  known  to  give  the  form  above  with  three  arbitrary 
magnitudes,  d,e,f'.  but  one  or  two  varieties  have  much  mathematical  interest. 
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1.  ThB  CotMHSM  ellipse.  Givan  tbe  Imw,  fn,  of  t  triangle  and  Uio  itctao^ 
of  its  eides,  ub,  to  find  tbe  locos  of  tbe  vertex. 

Take  the  bate  as  azia  of  *,  and  the  middle  of  tbe  baas  as  origin  of  roetangolar 
co-oidinataa  i  than  tbe  equation  ia  leadUy  found  to  ba 

{y*  +  («  +  «)•}         (o  —  flP)*|  =        or  by  wducUon 
(y»  +      +  a«»  (y«  —     +  o"  =  «»6». 
The  polar  equation,  hy  the  usual  traoaformation,  becomea 

2«*r>coa2e  +  o»  =  «•  *». 
Thia  eorro  ma  oonjaetvred  by  Gasaim  to  ba  the  form  of  the  planataiy  orbits, 
from  wUcH  it«  mune  is  derived.   More  recently  it  has  bean,  with  much  pro- 
bability, conceived  by  Sir  John  Herschel,  to  be  the  form  of  the  lines  of  equal 
tint  in  polarised  light.   It  will  be  advaalaceooa  to  the  afcudant  to  cooatraci  a 

series  of  them  to  ncnle. 

2.  The  iriicrsrriinn  of  I  he  />trpendicidars  from  the  eenire»  q/"  the  eiiipst  md 

hyperhoia  upon,  (hi-  taitfjtuin,  vith  those  tangenJU* 
This  problem  j^ivta  the  three  equaUuns, 

a'y,'  +  ^^'i*  =  +        the  curve, 
fl'yiy  +  b'^x^x  =  +  a*6',  the  tangent, 
a>y,x  +     ,y  =s  0,  tbe  perpendicular. 
Blimioate      from  thaaa;  and  than  raauta  the  final  aquation, 

(3).  l^ban  c  s  ft,  or  the  equilateral  b}'perbohi  ia  taken,  we  get  the  aioiplified 
form 

(ar>  +  y')»  -f  a'  Cy'  —  i')  =  0. 
This  curve  is  the  iMMifco^e  of  Jamtt  BeruMUUt  which  posaeaaea  many  very 
curious  properties. 

II.  AoNKSi'a  Witch.  At  the  extremity  B  of  the  diameter  AB  (=  a)  of  a 
circle,  draw  a  tangent  BH  to  meat  any  other  line  AH  drawn  fram  A  to  cut  the 
cntle  in  B  s  alao  from  H  draw  HP  parallel  to  AB,  and  from  B  dimw  DBF 
parallel  to  BH,  meeting  HP  in  P :  than  P  tracea  the  curve. 

■ 

Jbu.  fit  egtM/ion  is  ay*  s    («  —  c). 
Thia  curve  is  more  remarkable  aa  bong  propoaed  by  a  lady,  the  Donna  Agneai, 
profeaaor  of  mathemades  at  Bologna,  than  for  any  propertiea  which  it  poaaeieea. 

IT  I,  The  cissoVd  of  Diocles.  Take  two  p<ji!its  P,  S,  variable  in  position, 
but  always  equidistant  from  A,  B,  the  extremities  of  tlie  diameter  of  a  rircle, 
and  draw  ST,  PM  perpendicular  to  AB ;  and  through  T  where  8T  mect^  the 
drcle  draw  AT  to  meet  PM  in  M.  the  porat  wbteh  tracea  the  ciasoid. 

Lst  a  =  the  diameter  <^  tbe  circle  i  then  y*  as  ^  isthe equation  required. 

This  curve  waa  devised  for  the  trisection  of  an  angle  and  the  duplication  c»f  the 
cube. 

IV.  Tas  CONCHOID  OP  NicoifEOBs.  A  lins  PB  revolves  about  a  given 
point  P,  and  cuta  a  given  line  AX  in  B ;  and  in  the  lino  PB  a  point  M  ia  taken 
auch  tliat  BM  ia  alwaya  of  the  eame  givan  length.  The  point  M  tracea  tbe 
conchoid. 

Draw  PA  penM  nrVu  ular  to  AX,  and  take  AX  for  azia  of  c  and  A  for  origin. 
Let  PA  s  a,  and  BM  =  6.   Then  the  equation  U 

y»*»—  (y»  —  A»j  (y  +  a)'  B»  0. 
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Also,  if  P  be  taken  as  polar  urigio,  and  PA  a:i  origin  of  0,  the  polar  e^ualiou  of 

(f  4:  A)  tmanteB, 

according  as  M  is  on  the  same  side  of  AX  or  not,  with  P. 
lliis  autn  wa^  pi  uposed  for  thfl  nine  patpcne  w  the  preeeding  ooaw 

V.  The  Tbisbctrix.  ftomapoint  A  in  the  circumference  of  a  circle,  draw 
chords,  and  from  the  other  extremity  C  of  each  chord,  set  off  CP,  CP,  eaeh 

equal  to  the  nidixis  :  the  point*  P,  P'  will  describe  the  branches  of  the  curve. 

The  rertingtiiar  equation  referred  to  the  point  A  as  origin,  and  ha?ixig  the 
diameter  through  A  for  axis  of  2',  i^ 

+  y')*  —  a  (a  -i-  2x)  («»  4-  y>)  +  4o'*«  =  0. 
The  polar  equation  is 

r  =  (2  cos  0  +  1)  a, 

the  upper  sign  applying  to  the  exterior  and  the  lower  one  to  the  interior  branch 

of  the  curve. 

Tbe  object  of  tins  curve,  as  its  name  implies,  is  to  trisect  au  angle.    It  was 
proposed  by  Captain  Burton,  R.  N.,  for  that  purpose,  in  the  United  Service 
farieC  t«dv0  or  fowrtetn  y$tn  ago. 

VI.  Tys  QVADKaTaix  or  DmoeTftaTva.  About  the  centra  C  of  a  cude 
vImw  ladhn  li  0,  a  line  CP  revohme  wMi  an  uniform  amvlar  velocity,  origi- 
nating at  the  radius  CB,  whiJat  panBcl  to  a  tangent  at  B,  and  originating  with 

it,  a  line  DP  move«»  al«o  with  an  uniform  angular  velocitv,  "uch  ihnt  D  movea 
thmugii  tiie  radius  BC,  whilst  the  revolving  line  CP  describee  a  right  angle : 
lh<?<e  two  Imes  meet  in  P,  which  describes  the  curve. 

If  BC  be  the  axia  of  rectangular  cooordiuates,  and  B  the  origin,  the  curve 
viU  be  denoted  by 

y=:(o— *)  tan(^.^). 

If  die  curve  be  mfened  to  polar  eo^4iniiBatea»  the  oaatra  bebg  the  pole,  and 
CB  the  origin  of  9,  the  poUur  equation  will  be 

IT  —  2© 

r  s  a  sec  . 

ir 

Thia  corre  waa  invented  by  Dimatfatna  for  the  mnliiaectioD  of  an  angle,  and 
the  midttpHca^n  of  a  cube.  It  is,  however,  remarkable  eluefly  from  its  fur- 
nishing an  explanation  of  the  curious  optical  phenomenon  exhibited  by  viewing 
the  wheel  of  a  carriage  through  the  vertical  bars  of  a  Venetian  blind.  See 
Dr.  Rog^  PkU.  Tnmi. 

VII.  The  QUADBAiaix  of  TsciiiaNHAUsxN.  If  whilst  the  uniformly  re- 
volving line  move  from  the  radius  drawn  to  one  extremity,  B.  of  a  quadrant,  the 
edwr  line  more  vniformly  from  the  other  extremity.  A,  of  the  qnaibant»  parallel 
to  die  tangent  at  A,  the  Intereeclion  of  thcae  linea  trace  the  curve. 

Employing  the  aame  notation  aa  in  the  preceding  case,  the  rectangular  and 
pobr  eqnationa  are  respectively, 

y  =:  r  sm  {^-^,        and  r  =  a  sec  — 

This  curve,  like  the  preceding,  was'devieed  for  the  multisection  of  an  angle, 
•sd  the  multiplieation  of  the  cnbe. 
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VIII.  Watt's  parallsl  MOTION.   The  line  ABC  =  26  has  its  extremities 

moving  on  the  circumference  of  two  equal  circles,  whose  radius  is  c,  and  the 
distance  of  their  centres  CD  =  2a  :  the  middle  point  of  AB  describes  the  t  un  e. 

Take  M,  the  middle  of  CU,  for  orij^in  of  co-ordinates,  CD  being  t!ie  avis 
of  X  ;  then  x,y,,  x.^y.j,  xy  denoting  A,  B,  P,  we  have  the  foUuvving  five  equatiouu 
from  which  to  eliminate  i,,  y,,  y,. 

(a-.a^,)'  +  yi»-c"  I  to  =  x, + 


(a  +  »^«  +  jf,«-o»  I  ay  =  jr,  +  y. 

Ptat    =  £^  »  fl":  then  the  remit  is* 

(a«     rfj  +     +  yysfl  +  (ii»  +  <P  +  «»  +  ^f»  =  4««»y. 
Or»  again,  if  referred  to  polar  oo-ordinates,  the  oiigtn  of  6  heing  the  pRfrioiii 
aids  of    the  remit  takes  the  form 

•  4«-(c'  — 

The  object  of  Watt  in  this  construction  was,  lo  s^ive  to  V  by  means  of  the 
motions  of  the  three  bars  CA,  AB,  BD  about  the  jumtii  at  A,  B,  C,  D,  a  reofs- 
liMttr  eerlMmoljoii,  Within  the  limiti  of  ihe  actoel  motioii  in  the  dream* 
•tances  of  the  constroctioos  employed,  it  becomes  Mfy  ater  to  a  {bUilmeni  of  that 
purpoee,  though  not  accurately.  For  a  lengthened  diaeiUMon  of  this  eot^ect,  see 
Prony,  4itek,  Hffdr,  lorn  u,  pp,  133*14S.  Also  Gotf.  Diary*  1817  and  1838. 

IX.  The  magnetic  cur\e.  The  ba^e  (=  2a)  and  sum  of  the  cosines  of 
the  angles  9,,  0.^  at  the  base  is  given  (cos  e^,  -f-  cos  =  2  cos /3) :  the  vertex 
traces  the  curve. 

Refer  to  the  middle  of  the  base  as  origin,  the  base  itself  being  the  axis  of  a: 
then  the  equation  is 

g  -f  J?  «  —  *  

^(« +     +        ^/^a -1    '  + f «  "  ^  ^' 
which,  when  deprived  of  its  rsdicsls  and  dmominators,  is  of  the  eighth  degree. 

Many  of  the  properties  of  this  carve  are  given  by  the  editor  of  thia  woric  in 
two  papen  m  the  PkUoupkieal  TVonMofioM  for  1835  and  1836. 

X.  Thb  involute  of  tub  cibclk.  a  string  being  unwound  from  the  cir- 
cumference of  a  circle  {  ita  extremity  traces  the  curve. 

Let  the  line  from  which  B  is  measured  be  the  radios  through  the  position  of 
the  extremity  of  the  unwrapped  string,  and  the  centre  of  the  cirde  be  the 
origin ;  also  let  a  be  the  radius  of  the  dtde ;  then  the  polar  equation  is 

Vr»  —  ««  a 

•  »  cos  -. 

a  r 

XI.  Thb  logarithmic  curvb.  If  abscisses  be  taken  on  a  given  line  in 
arithmetical  progression,  and  their  ofdinates  be  taken  in  geometrical  progression, 
(he  extremitiea  of  theae  ordinates  trace  out  the  curve. 

Let «  be  a  constant;  then  the  curve  is  denoted  by 

jr  =  af». 

SchoUmn. 

The  curve  represented  by  the  equation 

a  +  0  =  i  a  |e-  +        f , 
being  that  of  a  flexible  chain  suspended  at  its  extreuuties,  is  cailed  the  Cattatif, 
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XIL  Ths  TmiooiroicsTftiCAL  euuvm,  Thete  ate  formed  by  openiiig  oat  tbe 
cimnnference  of  a  circle  into  a  etratgiit  line,  and  at  each  point  of  this  line  Hetting 
off  an  ordinate  at  right  angles  to  it,  equal  to  the  sine,  cosine,  tangent,  etc.,  of  the 
portion  of  the  curve  from  the  point  which  we  took  as  origin.  Their  equatioosi 
it  ia  obvious,  will  be 

y  =  sin  jr,  y  =  cos  x.  y  =  tan  x,  etc. 
Thtj  are  often  called  the  jigwre  qf  situs,  thejigwe  of  cosines,  etc. 

XIII.  Ths  HAaMOKto  coaTa.  If  a  light  cylinder  be  cut  by  a  plane,  and  the 
iurliftce  be  opened  out  upon  a  plane*  the  cut-edge  of  the  turface  becomee  this 
curve.  Its  equation  is 

y  =  m  sin  « ; 

where  m  depends  upon  the  inclination  of  the  cutting-plane  to  the  axis  of  the 
cylinder.  When  it  cuts  the  axis  under  aa  angle  of  46°,  m  =  1,  and  the  curve 
becomes  the  figure  of  unes. 

XIV.  Turn  ALOBBRAic  SPIRAL.  A  line  revolving  about  a  pole»  whilst  a  point 
in  it  is  so  taken,  that  the  radius- vector  is  a  given  multiple  of  a  given  power  «)f 
the  arc  of  a  given  circle  concentric  with  the  pole ;  then  this  point  traces  the 
algebraic  spiral. 

Let  a  be  the  radius  of  the  given  circle ;  then  the  equation  is  readily  seen  to  be 

Of  these  there  are  several  cases  which  have  been  much  discussed.  The  follow- 
ing are  a  few  of  the  numbo*  that  have  reoaved  names. 

r  s  a9,  the  tpmU  qf  Arekimedtf, 

r  s        the  ne^proeal  or  kjfperioUe  tpkttl, 

r  9  aflT^,  the  Ifihwt,  one  of  Coles's  spirals. 

XV.  Tub  bxpo.vential  spiral.  The  point  in  the  revolving  line  is  espressed 
by  some  multiple  power  of  the  angle  described. 

Its  equation,  therefore,  is  r  =  ae"'S 

When  m  =  1,  the  curve  is  the  logarithmic  spiral,  and  possesses  many  remark- 
able properties,  mainly  discovered  by  James  Bernouiili. 

XVI.  Taa  PAaABOLic  sphal.  If  the  axis  of  a  parabola  be  wound  round 

a  circle,  the  curve  itself  becomes  the  parabolic  spiral. 

Let  p  be  the  parameter  of  the  paral)ola,  a  tlir  rndius,  and  c  the  circumference 
of  the  circle ;  also  meastir*  >>  from  the  radius  drawn  to  the  vertex  of  the  para* 
bola ;  then  the  polar  equation  is 

where  the  upper  and  lower  signs  refer  respectively  to  the  spirals  formed  by  the 
two  semi-parabolas. 

XVII.  Tub  cycloid  or  Roulette.  A  given  circle  rolls  upon  a  given  line* 
then  any  point  in  the  plane  of  the  circle  traces  the  cycloid. 

Let  the  axis  of  or  be  the  given  ime  or  directrix,  and  the  origin  that  point 
where  the  radius  through  the  tracing  point  is  perpendicular  to  the  axis  ot  x. 
Denote  the  distanee  of  the  tracing  point  from  the  centre  of  the  circle  by  r,  and 
let  «r  be  the  radius.  Let  abo  the  angle  made  by  the  radius  in  contact  with  the 
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directrix  with  tbe  ndi«  tfaroagli  Uie  dMeribing  point,  at  tnj  period  of  t]» 
gemrtting  motioii  be  «:  then 

«  ss  r  (MM  —  tin  «)» and  y  s  r  (1     eoa  «). 

For  many  of  tbo  pnrpoeeu  of  investigation,  these  equations  an  faj  con- 
venient, and  they  are  ea^y  obtained  ;  but  to  have  the  definite  cqnaitfoii  of  tiie 
curve,  the  angle  m  must  be  eliminated.  This  givee 

,  »  +      2ry  —  »«  _ 


or  y  =  2r  sin' 

The  cycloid  is  the  prolate,  wniifln^  or  earMe,  aeeording  aa  ai  is  kaa  than  1, 

equal  to  1,  or  greater  than  1. 

The  cycloid  has  many  and  remarkable  properties,  the  greater  part  of  which 
were  discovered  by  PascaL 

XVIII.  Thb  coMPAKioir  TO  ran  cvcloKo.  The  ordinate  to  a  drcle  being 
prodneed  till  it  ia  eqoal  to  the  arc,  eatimnted  horn  the  diamelir  to  which  tb> 
ordinate  ia  drawn,  tiacaa  with  ila  eatmnity  thia  carve. 

If  r  be  the  radina  of  the  cirds,  and  « the  angle  at  the  centre  aobtciided  by 
the  are:  then 

y  ■=  r  (I  4-  C08  w),  and  x  —  r«. 
Or  if  w  be  eliminated,  as  in  the  cycloid,  we  have 

f  '^r^  r  coa-ssO;  or  again, 
r 

y  as  ar  coa" 

Thia  curve  reoeivet  iti  name  from  the  etreunuCanee,  that  if  the  ordinates  of 
the  common  cydoid  be  diminished  by  the  conreeponding  ordinatee  of  the  drcle, 
their  extremities  will  describe  the  companioii  tii  the  <^oid.  It  doee  not  difler 
in  reality  from  ihejigwre  qfme$. 

XIX.  The  Epictcloid.  If  a  circle  roll  upon  a  fixed  circle,  then  any  point 
invariably  Luunectod  with  the  rolling  circle,  traces  this  ciin*e. 

Tlie  curve  is  properly  called  the  epicycloid  wheu  the  tracing  point  in  in  the 
chrcumferenee  of  the  rolling  circle :  it  ia  called  the  epUroekofd  when  the  point  ia 
not  in  the  circumference^  and  the  rolling  circle  is  wiikmt  the  base  or  directrix ; 
and  the  kjfpoinMSd,  when  the  ndling  circle  ia  wtfftin  the  directrix,  or  toochea 
its  concavity. 

Take  thtf*  straight  line  in  which  the  two  centres  and  the  tracing  point  sittmted 

in  the  course  of  their  motion,  as  axis  of  y,  and  a  line  perpendicular  to  it  through 
the  centre  of  the  fixed  circle,  as  axis  of  y.  IjCt  r  he  the  radius  of  the  fixed 
circle,  r  that  of  the  rolling  une,  and  b  tbe  distance  of  the  tracing  point  from  the 
centre  of  the  latter  ;  also,  let  w  be  the  angle  mode  by  the  hne  joining  the  centres 
of  the  two  circles  in  any  position  with  the  axb  of  y  :  then  the  values  of  x  aud  y 
in  terms  of  w  will  be 

y  =  (r  Hh  rO  cos  «  +  6  cos  ^"-"p—  « 

X  =  (r  +  r  )  sin  w  +  ^      C  "  )  * 

the  upper  sign  referring  to  the  tpUroekoul,  and  the  lower  one  to  the  AypocyelMid!, 
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If  the  tracinpf  point  be  in  the  circumferenre  of  the  roUinpf  rircle,  np  have 
b  =  r,  and  the  valu^  for  the  ^na/ciotd  aad  hifpocffcio'id,  as  the  upper  ur  lower 
aigos  are  taken,  are 

f  —  (r  ±  r)  cof  +  f'  CO*  (yp^-  •*  )» 

•  =  (r  +  r  )  tin       r'  sio  )• 

Some  vwMties  of  thew  cumt  un  not  witboai  ioteRSl.  For  instaooe : 

(1).  When  the  radios  of  tbe  roUiBg  cirdo  whicfa  gtnmtn  the  epicycloid  ie 

W  that  of  the  fixed  circle,  or  r'  =  |r,  the  curve  is  an  ellipse. 
(3).  When  the  radii  have  the  teoM  relation  in  the  hypocyddidj  the  point  traces 

adirimeter  of  the  fixed  circle, 

^1.  When  the  radii  of  the  circles  are  equal,  the  ejjicycloVd  becomes  Caxtilhn's 
cardioid ;  a  fi<rure  re^eiiihiiiig  <i  heaiL,  and  wtiicU  posiieMett  some  curious  pfo^ 
perUe«.    Its  rectangular  and  polar  equations  are 

(y*  +  *«  —  a')«  =  4a'  {y"  +  (a?  +  a)*} 

r  =  2fl  (1  +  cos  e)  =;  4fl  c<»N- V>. 
(4.)  If  hypocfcloids  he  descnlxd  by  generatinfif  circ  Its  wliose  radii  are  |(r  -f-  r*) 
afid  I  (r  —  r'),  they  will  be  ideuticai :  r  bemg  the  radius  uf  the  fixed  circle,  and  r' 
any  line  less  than  r. 

XX.  Tb%  snercLi.  The  centre  of  ihe  mofing'  ehde  moving  QDifomly  tn 
the  cirenmfereBce  of  another,  revolves  with  a  uniform  angular  veiodty  about 
thit  centre :  then  a  point  in  the  circumfereoce  of  the  noTiog  one  traces  the 

curve. 

Let  ibe  initial  position  he  taken  when  the  trac  ing  point  C  is  in  hne  with  (),  B, 
the  centrs  s  of  the  fixed  ami  moving  circles  ;  and  let  R  be  another  position  of  the 
centre  of  the  rnoviag  circle,  corresponding  to  the  position  Pof  the  tracing  point. 
Denote  the  angle  AOB  by  w,  and  the  angle  DBP  (D  being  in  continuation  of 
OB)  by  SIM  i  also  let  r  and   be  the  radii  of  .the  fixed  and  moving  drcles :  then« 

«  =  r  sin  M  +  r'  sin  (si  +  1) 

jf^rcoew  —  f^cosCsi+  l)»f 
tre  the  values  of  the  rectangolar  co-ordinates,  y  haviag  the  position  OA,  and  « 
perpendicular  to  it. 

Tl^e  epicycle  has  an  important  place  in  the  history  of  astronomy,  it  bcinfr  the 
curve  in  which  Ptolemy  conceived  the  celestial  objects  to  move  round  the  «arth. 


XXI  Tns  coaoLLA.  These  carves  are  so  called  from  their  resemblance  to  the 
corolla  of  an  dpen  flower.  They  are  comprised  in  the  general  pobr  eqaation, 

rsa ainsi9|  orrs« cos 

When  si  is  an  integer,  the  coroUn  will  be  compoeed  of  an  even  number  off 
petilsj  when  2si  is  an  iotq;er  and  si  not  so,  it  will  be  composed  of  an. odd 
nnmber.  When  si  is  irrational,  it  will  be  compossd  of  an  infinite  number  over- 
hying  srd  crossipg  one  another. 

The  student  will  be  interested  in  the  construction  of  a  few  of  the  simpler 

In  the  Philosophical  Transactions^  tht  rc  is  a  paper  by  Guido  Grandi,  in  which 
several  of  them  are  fi;^nired.  It  was  presented  under  the  quaint  designation  of 
*' a  bouquet  of  lluwerii  for  the  Royal  Society." 


Digitized  by  Google 


348   UEOMETRY  OF  CO-ORDINATES  OF  TWO  DIMENSIONS. 


FDUBBB  ■XXRCIBM  Oil  CO-OBOINATlt. 

I.  One  parubula  rolls  upon  another  in  the  manner  of  the  epitrochoi'd,  thor 
vertices  beiog  in  contact  at  the  conmeiiceiiuut  of  the  notioB :  eliofr  tliat  the 
focus  of  the  rolliiiff  one  describes  a  straight  line*  and  that  ita  ▼eriez  describee 
the  cissoid. 

9.  Let  BC»  CI,  be  indefinite  lines  at  right  angles*  and  e  point  E  be  taken  in 

BC;  let  two  rulers  HG,  GF,  meet  in  G,  and  be  fixed  at  right  angles  to  one 
another ;  also  let  the  ruler  FG  be  of  a  jfiven  length,  and  GH  be  unlimited  ;  then 
if  this  rectangular  ruler  be  so  moved  that  HG  ahvny^  jia^ses  througli  E,  aad  F 
always  rests  upon  CI,  the  middle  uf  F(i  will  trace  the  cissoid. 
This  is  Newton's  instrument  for  the  construction  of  the  curve. 

3.  If  a  circle  he  described  on  the  principal  diameter  of  the  dUpse  or  hyper- 
bola, (or  a  tangent  drawn  at  the  Tertex  of  the  psiahofar,)  and  a  rectangular  ruler, 
as  in  (2),  have  oae  leg  passing  thioogh  the  focoi  of  the  corve^  and  the  angular 
point  moring  on  the  cirdet  (or  tangent,  in  the  case  of  the  parabola,)  then  the 
other  leg  of  the  ruler  will  be  a  tangent  to  the  conic  section. 

4.  A  semicircle  being  described  oo  a  given  line  AB  (=  2a)  as  diameter,  let  an 
indefinite  straight  line  EF  be  drawn  parallel  to  that  diameter  at  the  distance 
b  {<  a)  from  it ;  also  let  the  portion  DD'  of  any  radius  CD'  intercepted  by  this 
line  and  the  circle  be  divided  in  P  in  the  ratio  of  m  to  n  :  then  the  Ivcwh  of  P  h 
the  conchoid,  whose  pole  is  C  the  centre  of  the  circle  ;  the  dititaoce  uf  it^  pole 

fyota  iht  directrix  is         ;  and  the  constant  distance  of  the  tracing  point  from 

•I  "T*  • 

...  ate 

the  directrix  is  — : — . 

tn  n 

5.  The  intersection  of  the  perpendicular  from  the  centre  of  an  ellipse  open  the 
tangent  with  the  tangent  is  denoted  by  the  polar  equation 

=  a'  cosH)  -(-  b-  sin^fl. 

6.  Given  the  base  2a,  and  altitude  6  of  a  triai^le,  to  find  the  locus  of  the 
centre  of  the  inscribed  circle. 

2  («•  —  a«)  y  —  6  (y*  +  X*)  +  a'6  =  0. 

7.  The  comer  of  a  leaf  of  paper  is  doubled  down;  find  the  locus  of  the  angular 
point,  0  being  measored  ftom  the  line  bisecting  the  original  comer  of  the  leaf. 

(1).  When  the  length  of  the  crease  is  given  a  3a  i 
(g).  When  the  folded  srea  is  given  ss  A. 

Aiu,  r  =  2a  cos  29,  and  r>  =  2 A  cos  20  respectively, 

8.  The  three  angles  of  a  variable  triangle  DEF  continually  move  upon  the 
three  sides  of  a  given  triangle  ABC;  ahso  two  of  the  sides  DE,  EF,  are  always 
divided  by  two  given  lines  in  given  ratios:  show  that  iho  iocus  of  the  point 
which  divides  the  third  side  FD  in  a  ^iven  ratio  is  a  conic  section. 

9.  DG,  FG,  are  two  imeii  giveu  m  position,  and  £  a  given  point:  show  that 
when  the  two  lines  form  the  side  of  a  variable  triangle  whose  base  passes  through 
E,  the  locos  of  the  centre  of  the  circle  drcBmscribing  the  triangle  is  an  hjper- 
hoUu 

10.  The  equation  of  the  cycloid  referred  to  the  middle  of  the  base»  and  to  the 
vertex,  becomes  respectively 

p  —  r  cos 


mr 


Digitized  by  Google 


340 


Dii  JjEKENTIAL  CALCULUS. 

INTRODUCTION. 

1.  Ix  the  practice  of  elemcniury  algebra,  quantities  which  from  the  conditions 
of  their  introdnctioii  iDto  an  inmtigatioo  were  yiven,  are  coovenieDtly  called  in 
the  higher  departmente  of  the  acicnce^  cotutmOg.  The  two  words  have,  how- 
ever, preciael^  the  lame  meaniiig;  via.  a  fixed,  though  arhitrarjr,  valne  through- 
ujt  ti  e  inveatigation. 

The  constants  here,  as  the  data  there,  are  alwajt  deeignated  by  the  earlier 
letters  of  the  alphabet,  a,  6,  c,  etc. 

2.  Every  determinate  problem  in  elementary  algebra  terminates  in  n  '^in^'le 
equation,  involving  only  the  data  and  a  j«inglc  qu(rs\ium  of  the  j)rublem.  The 
symbol  of  that  quaraitum  constitutes  the  unknomn  of  the  equation  ;  and  the  re<io- 
lutioD  of  the  equation  furnishes  either  one,  or  a  defined  number,  of  the  valuer  of 
ihtt  ooknown,  which  are  all  the  Talaes  which  that  symbol  can  take  in  each  an 
e^ion,  oonaietently  with  the  cooditiooe  of  the  problem  which  gare  rise  to  it 

All  the  tcrma  of  the  equation  being  bronght  to  one  aide,  the  molt  ie  com- 
nonly  called  a  function  of  that  nnknowo ;  and  if  «  be  that  unknown,  it  ie 
«ritten/(2-),  F(4e)»  tl«)f  X,  «le.,  according  to  convenience.    (See  vol,  j^, 

207,  231.) 

lo  the  cfination /(«)  =  0,  e/c  ,  there  is  nothing  indeterminate:  since  [theoreii- 
cd/y  at  kant),  there  is  only  a  definite  number  of  values  of  x;  or  at  least  its  values 
are  separated  by  ^nite  intervals,  instead  ul  being  capable  of  taking  continuous 
luccessive  values  without  limitation, 

3.  In  elementary  algebra,  there  ie  a  dasa  of  eqoationa  eoopriaing  only  given 
qointitlce,  and  a  single qnanttty  whoae  value  hat  not  been  laid  down  or  rendered. 
CQBstant.  Snch  are 

j-L-  =  1  j.  X  +  x* X* -\-   {ool.  i.  p.  163), 

(l+»)a=l+   (    842), 

log.«s=l  +  («-l)+i(ar-l)»  +  (    250), 

x^  x^ 

^•=^-rT:3  +  r:5-3TT7^-  <  — 

Such  equatinns  oniv  px-prp'?'^  the  u^mtUy  of  the  second  «idp  w'wh  fhp  fir--t,  when 
the  iadicated  or  implied  operations  for  e.xj)ansion  are  sopposed  to  be  periormed. 
In  these,  however,  x  is  capable  (and  in  the  investigations  whic  h  gave  rise  lo  the 
ei^uaituns  assumed  to  be)  of  all  consecutive  and  conliimoiK  vsdues.  The  symbol  x 
is  in  theM  cases  called  iadWenmaafe^  and  the  reader  will  perceive  in  this  cir- 
mmstance  tbe  perfect  propriety  of  the  term  applied  to  the  method  by  which  tho 
ncccsstve  coeffieienta  were  obtiuned,  so  as  to  fulfil  the  several  eqnatiooa--lAe 
mikod  of  indeUmuMtt  eo^ffieieiUt, 

4.  In  the  preceding  case,  the  coefficients,  though  determinable  by  the  methods 
employed  in  their  investmsttion,  and  therefore  ^Vpn,  were  not  arhitrary.  When, 
liowev!  r.  nn  equation  ttriii in;i! (  d  so  as  to  involve  rnof  c  than  onv  tjtinrititi/  whose 
valiit  -  wt  ie  not  f^iven  or  ciui-^t.ini  (see  vol.  i.  pp.  174,  17^),  then  it  is  clear  thai 
eiiLer  oi  ibciu  may  aduiil  ul  mdcliuiLt:  and  cuuuuuuus  Vttnaliuu  cunsiblc^ni  wah 
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the  conditions  which  gave  rise  to  the  equation  in  whirh  t)iey  occurred.  A  case 
familiar  t  )  ihe  student  may  be  quoted  in  illustration :  the  doctriue  qf  lod.  Take, 
fur  iuslance,  the  equation  oi  the  straight  line 

y  =  a«  +  A' 

In  this  it  lias  been  shown,  that  for  every  value  of  c  there  is  one  oocrcspondini^ 
value  of  y  $  and  tnoe  vertd,  that  for  every  value  of  y  there  is  one  corresponding 
value  of  c :  the  variations  of  the  fundamental  symbol,  whether  x  or  y,  being 
ennHmimii,  or  without  finite  iitUnal,  and  the  valiies  of  the  dependent  onc^  whe- 

ther  y  or  x,  beinjj|^  also  continuous. 
ia  the  equation  of  the  second  degree,  al<^o, 

ay*  -j-  hxy  -\-  ex-     dy  -\-  ai  -f  /  =  0, 
the  same  remarks  apply;  and  tlumgh  the  possible  values  of  x  and  y  may  be 
contained  within  ^ite  limils,  their  >^riations  are  eontitmout,  or  vrithout  fimUe 

5.  It  is  not,  however*  to  be  mdersCood  that  there  can  only  enter  mm  snch 
independent  quantity,  whether  «  or  y,  into  an  equation  s  for  an'eqnation  nuiy  bo 
conceived  to  have  any  sp^iBed  number  of  its  component  symbols  of  variable 

value.  The  uses  to  be  made  of  such  an  assumption  in  subsequent  inquiries,  is 
evidently  the  only  limit  to  the  number  of  ussuraed  variables.  The  continuity  qf 
their  variations  according  to  a  uniform  law,  in  thn*  only  condition  to  which  such 
symbols  are  to  be  consi  li  red  subjected  in  thrsc  nu  estigations. 

6.  A  Junction  of  a  variable  (or  of  several  variables)  iti  any  algebraic  expresdon 
which  contains  it  (or  them),  either  with  or  without  the  intcrmirtnre  of  given  or 
constant  quantities.  The  notation  for  a  functioB  of  a  single  variable  is  /  {x\ 
^  («),  ««,  Xt  do.  /  and  that  ior  a  function  of  several  variables,  «,  y,  ir.  It 
/C«,  y.  . .  Of  f  ^  Iff  <  •  *)*  V  y,  jr,  Nothing  beyond  the  expressions  which 
we  have  under  conndemtion  being  compooed  of  «,  y,  t, .  Is  to  be  onderslooil 
by  these  notation  ? ;  and  either  of  them  may  be  used  according  to  circumataDces, 
(ro/.  i.  ¥^nite  Differences.) 

7.  Where  a  series  of  functions  of  any  number  of  variables  are  derived  each 
from  the  precedincr  one  accorcbti^'  to  any  given  law,  it  is  usual  to  express  the 
circumstance  by  the  following  nnt.iiion  : — 


Ciiven  function. 

/(«•,  y,  • . . ) 
^(#,y,...) 

9* 


v*  •  *  • 


u 


Ist  derived  fimct.  2nd  derived  funct 


•*  *»  y»  •  •  • 

u. 


/,  («,  y, . . . ) 

■  rf»  y»  •  •  • 

u. 


3rd  derived  funct. 
y»  •  •  • 


In  the  last  case  U  is  put  (as  aleo  «  often  la)  to  represent  the  fonetion*  with- 
out the  subscribed  letters  of  «•»  f» . . . 

8.  Whatever  fonctioos  enter  into  an  expression,  they  always  appear  as  com- 
ponent parts  of  an  equation.  When  ihe  entire  function  is  brought  to  one  side, 
the  other  will  be  zero  ;  or  the  equation  will  be  written  in  one  of  the  forms 
/(x,  y,  . , .)  =  0,  u,.  y  —  0,  U  —  0,  etc.  Such  functions  are  called  impli  it 
functinns  of  the  variables.  When,  on  the  other  hnml,  the  equation  is  resolved, 
or  assumed  to  be,  for  one  of  the  variables  (for  instance  z)  in  terms  of  the  other 
or  others,  still  eiiienug  iittu  the  general  implicit  form;  then  the  equation  ia 
written  9  y,  ....)>      '    called  an  etfUeit  Jimetum  of  the  other  varia* 

bks,  #1  y> . . . 
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9.  Aa  the  variation  which  any  one  variable  undergoes  depends  upon  all  those 
iffMch  the  remaining  ones  undct  gi>  i  and  at  all  the  others  but  this  one  adtoit  of 
variation  independently  of  each  other,  these  othen  an  called  mdependent  variMt,  « 
and  the  remaining  one  the  dependent  variable.  The  expfeMion/t^v  jr, . . .)  =  0 
doee  not  point  oat  hj  ita  notation  which  are  the  independent  variables ;  but 

z  =/{r,  y,  . . .)  px;>resse8  that  ar,  y,  .  .  are  the  independent  variables,  and  that 
X  is  the  dependent  variable.  It  is  fur  the  expression  of  this  circumstance  that 
the  two  different  notations  are  mainly  used. 

10.  The  liauts  of  a  variable  quantity  are  those  values  to  which  it  can  approach 
noK  doaely  than  any  aaaignable  quantity*  howeter  aoBall,  and  beyond  whidi  it  . 
can  never  paaa ;  that  variable  being  anbjected  to  the  conditiona  mider  whidi  it 
was  originally  introduced  mto  the  inquiry. 

1 1.  The  mawmtal  ratio  is  the  value  of  the  fraction  which  arisen  Iroat 
dividing  the  increment  of  the  function  by  that  of  the  variable. 

Thus,  if  the  function  be  u  =  ijr^  «—  4j,  and  x  receive  any  increment  k,  then 
si'  being  put  for  the  new  value  of  the  function,  we  have 

»'  —  It  =  {2  («  -f  &)'  ^  4      +  A)}  —  [2Mr  —  4arj 
=  4kx  -f  2A'  —  4/1  i  auU  hence, 

Now  n*  —  a  is  the  increment  of  the  function,  and  k  that  of  the  variable ;  and 
the  value  4  (*  —  1)  +  2A  ia  the  incrfmaifol  nUh, 

It  ia  found  convenient  (a«  in  oof.  i,  p.  273,  cic.)  to  write  ^  for  k,  and  An 
font  — •  I  and  in  tbie  notation,  the  incremental  ratio  ia  written 

^  =  4  (»  -  1)  + 

When  there  are  "cveral  independent  variables,  the  principle  of  this  definifiori 
can  be  easily  extended ;  but  in  the  i  i  l  m  iu  sta^t  nf  our  progress  we  shall  only 
need  to  coni^ider  the  case  of  one  independent  variable. 

1 2.  The  tendent  raiio  of  n  fanction  ia  that  loieanit  wkiek,  «•  «  Umii,  the  incre* 
mental  ratio  tends,  by  the  oonlimwnf  dMiitHon  dkmAg, 

The  incremente  of  u  and  c  are  in  tbie  caae  deaignated  by  the  prefix  d  instead 

du 

of  A,  the  fraction  being  written  -j^. 

To  fi<4certain  in  the  preceding  example  the  tendent  ratio,  we  "ee  nt  once  that 
hy  the  continual  diminution  of  iix,  the  fraction  approximates  towards  the  value 
4  (x  —  1);  wbilt>t  lur  no  finite  value  of  Ax,  however  small,  does  it  become 
actually  equal  to  that  quantity,  though  we  may  make  it  approach  to  4  («— 1) 
more  doeely  than  any  quantity  which  can  be  aasigncd.  Nor  can  it  ever  paaa 
that  value  by  continually  diminishing  Am  (without  changing  the  sign,  which  ia 
contrary  to  oar  definition) ;  and  hence  anch  is  properly  the  tendent  ratio. 

H:ul,  on  the  other  band,  M  been  oricrinally  taken  negative,  the  diminution  of 
its  actual  value  would  have  led  to  the  same  result. 

f  x-i  UH  now  consider  the  general  form  of  all  the  functions  in  which/ (iP  -f  k) 
can  Ih:  developed  *  in  ascending  integer  poweTB  of  A.  Ftat 

•'=/(»  +  A)  ss>  +  A»  +  B*«  +  


*  Wc  say  whieh  can  1m  "—for  no  otbcn  properly  coone  under  onr  consideiatioiu  Let  those 
who  believe  that  all  fttnctiMU  «so  be  se  developed,  show  it.  LignMge  hat  Med  in  this,  at 
•11  events. 
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where  A,  B,  . . .  are  functions  of  x  and  constants,  which  do  not  become  mUoite^ 
then 

s'--«=A*  +  B4*-f  GA*+  ...or 

=  A  +  BA  +  CA'  +  . . . 

The  tendent  or  ttUimste  ntio  u  thwefon 

du  ^ 

dx 

13.  The  continually  diminishing  increments  dx,  dy,  are  called  the  differentials 
of  X  and  y  ;  that  is,  minvte  differmcet  *,  to  distinj^^ish  them  from  the ^nite  dtf" 
ftxauxn  ^»  Ay  treated  in  vol.  i. 

14.  The  d^trtnHai  calaiht  is  that  which  investigatee  the  propertiee  and 
feeults  of  the  teDdent  ratioe  of  fiinctioiia,  and  of  their  iodepeodcnt  variablea. 

15.  The  tendent  ratio,  or  ratio  of  the  dUforentiab  of  the  fiincikni  and  iti 
variables  \h  called  the  diffentUial  €a-^6rimt» 

Thus  in  the  precetling  examples, 
4  («  —  1)  and  Af  are  the  difieiential  co-efficients  of  24^  —  4«,  and  of  m,  reepee* 
tivelf. 

Scholium  1. 

It  is  very  important  tliat  the  sLuilciit  should  accustoni  liimself  to  make  a  <Jj-- 
tinctioii  bcLweeu  ihe  mere  addition  of  a  small  quantity  tu  a  comparatively  lar^^e 
one,  and  the  ralib  between  two  v«ry  small  quantitioi.  Let  him  consider  that 
though  two  qoantitiea,  each  viewed  in  relation  to  another  quantity,  may  be  very 
small  {  and  that  if  the  huge  one  be  taken  as  a  measure,  these  qoaotities  mmf  be 
said  by  continual  diminution  according  to  their  respective  lawa  of  forniation»  to 
approach  to  equality.  Lei  the  one,  however,  be  considered  the  measure  of  the 
other ;  then  they  may  Still  havo  a  ratio,  which  in  comparison  with  either^  would 
become  very  large. 

Take,  for  instance,  the  fraction  ^-^y^  •  That  is  evidently  10,  or  the  nume- 
rator is  10  times  the  denominator,  for  all  valnca  of  n. 

But  if  n  s  50,  the  tfs^errace  of  the  numerator  and  denominator  is  (*  1)^  x  *9> 
or  9  in  the  fifty-first  decimal  place :  that  a  quantity  extremely  small  in  tela* 
tion  to  the  ratio  itself. 

Again,  take  the  fraction  ^  _  ^  ,  whoso  universal  value  is  a*  +  a^  +  6*. 

Now,  for  all  values  of  b  less  than  a,  but  approximating  more  and  more  closely 
to  it,  the  numerator  and  denominator  cotemporaneously  approach  towards  zero, 

and  when  6  =  a  it  becomes  actually    •  Yet  the  fraction  itself  or  the  ratio 

ofa  —  (too*  —  A*  may  be  extremely  great.  In  fact,  the  smaUneaa  of  the 
numerator  and  denominator  depende  entirely  upon  the  approximatiaii  of  the 
value  of  to  that  of  e  t  whilst  the  value  of  the  ratio  depends  upon  the  actual 
msgnitudea  of  a  and  b* 

Again,  take  the  expression^— ^.  This,  as  «  diminishes,  has  both  its  terms 


*  In  thdr  ulttmate  state  of  dimtnutimi,  the  diSvpnttialt  become  virtuallv  zero :  bat  this 
Dotation  liM  tbesdvHntagc  cif  shoning  from  what  con  si  d  orations  those  terms  lisve  been  derived, 

or  rnthrr.  ]>crliap,  «liat  fnnrtioTi'^  tin  y  me  whose  diniintitinn?  \vr  nre  couBideriiig. 

U  will  be  well  to  keep  in  mind  in  this  notation,  that  the  numerator  cxprcftse*  the  funrtion 
wtikh  is  difleiWDtislcd,  uiA  tlie.denouinslMr  the  vuiaUe,  ■oeerdiog  to  which  the  ditTcmitiatkm 
b  {irrtbnned. 
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diminished,  and  when  f  =  0,  it  takes  ihe  furm  ^  .  But  the  seriett  for  mo  » 
(pot.  i.p,  435)  being  written  instead  of  it»  we  have 

8ing_^~  1.2.3"^  r7a.3.4.5  ,         a»    af< 

«  «  1.2. 31.  2. J. 4.0 

which  in  the  aoppoaed  case  givei  ~^     i ;  or  I  i«  the  value  to  which  the 

fraction  appraachei  bjr  the  conthmal  diminotkm  of  a. 
In  thif  case  the  terms  approach  to  eq[na]ity,  aa  in  the  fonner  caaes  ttiey  were 

actually  10  nnfl  n-      ab  6'. 

Aa  a  fourth  example,  take  u  —  a^,  u  =  {x     h}*,  and     =  «  +  ^ » 

7  =  (x  +  /»-x  =(•  +  »)'  +  »ar  +  »)  + A 

Now,  let  A  be  diiniuishef],  sine  iimite,  then  we  get  ultimately  the  Undent  ratio, 
0 

^       =  0  —  3**  I  which  ahowa  that  whilst  the  tenna  of  the  fractioii 

respectively  apinonniate  to  0,  the  ratio  between  them  tends  to  3o*. 

In  all  the  cases  here  instmeed,  Ule  Imm      tkt  fraction  are  diminished  bj 

diminishing  the  value  of  the  rommon  measures,  viz.  of  (1)*°  in  the  first  cass^ 
of  a  — b  in  the  second,  of  x  in  ihe  third,  and  of  (a  +  A)  —  x  in  the  fourth. 

But  the  numprator  and  nominator  may  be  functions  whirh  have  no  alge- 
braic common  measure  ;  and  yet  cuutxuual  increase  or  dmiinutioa  of  some 
quantity  coaceraed  hi  it  may  tend  toreduee  both  lerma  to  lero  at  the  same 

In  thist  aa  A  dininishea,  the  factor  ^  ^     ^  ^  appfonmatea  to  for 

e* — 1=0,  and     +  A)  —  •  s  0.  In  the  eaUreaie  oase        then*  ia  ihert 

a  common  measure ;  and  in  this  case,  ^  s  sP. 

It  is  unnecessary  to  multiply  instances,  as  those  already  adduced  an  qoita 

competent  to  show  that  the  terms  of  a  ratio  or  a  fraction  may  diminish  respec- 
tively towards  the  zero  of  tlic  functions  represented  bj  them,  and  yet  that  the 
ratio  itgelf  mny  be  of  any  value  whatever. 

It  may  be  well  to  remark  that  the  expressions  which  for  particular  values  of 

one  or  mora  of  the  quantatiea  concerned  become  ^  t  are  called  vmukuig  /ra^ 

Uem^  ftoo  tho  ainndtaiMOiiB  evaaeaeeiico  of  both  theh'ttraM. 

It  18  to  be  diatuMtly  kept  ia  mind,  that  i&  the  extent  to  which,  in  a  contracted 
treatise  like  the  pteaent,  our  investigations  can  be  carried,  the  only  daaa  of 
Dmctiona  conndered  are  those  which,  d  priori,  we  ahowto  be  capaUe  develop- 
inent  according  to  positive  integer  and  ascending  powers  of  the  increment.  The 
possibility  of  the  development  in  other  forms  i^^  neither  nffirmed  nor  denied, 
since  the  question  does  not  bear  upon  the  view  here  taken  :  nnd  for  the  same 
reason,  it  is  equally  unimportant  to  us  at  present  whether  all  functions  what- 
ever admit  of  such  development  or  not — though,  en  passani,  we  may  remark 
that  there  haa  not  yet  bean  i^vcn  a  perfectly  logiod  and  convindag  proof  of  the 

VOL.  II.  A  a 
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affirmative,  ookwithitaiidiiig  tbe  aflirmative  is  the  general  beliaf  of  mathwiifc* 
ticiana. 

SeMmm  3. 

We  embrace  this  opportunity  of  making  a  remark  ona8ui)jeci  uUunately  coo- 
necked  with  the  present  one — in  fact,  the  foundation  of  a0  developmeoi— the 
doctrine  of  mdetermmaie  cthegidmU,  The  principle  upon  which  we  l»d  founded 
the  argoment,  for  tbe  method,  (at  ^999  S37f  oof.  i,)  though  atrietlf  logical,  ta 

unnecessarily  recondite,  as  it  pie-implies  the  fundamental  theorem  reapcct&ng  tho 

roots  of  an  algebraical  equation — a  princifila  of  whkh,  when  must  generally  eOQ* 
aiderod,  the  theory  of  indeterminate  co  efficients  is  altogether  independent. 

l;\  (  ry  function  proposed  for  expansion  implies  that  certain  operations  are  to 
be  pertorraed  (which  are  indicated  by  the  i^wen  form  of  the  function)  upon  some 
combination  of  the  several  simple  fuuciiuubi  and  the  development  is  the 
exprestiioQ  of  the  result  of  the  performance  of  these  operations,  in  monomials, 
following  the  powers  of  the  symbol  according  to  which  the  derdopment  ia  to 
be  made. 

Now  the  general  principle  on  which»  in  the  terf  ootiet  of  algebra,  the  aolutioa 
of  any  problem  ia  made  to  depend,  isi^to  suppose  the  problem  solved,  them 
entering  into  the  expression  either  one  or  several  unknowns;  tbe  conditions  in 
order  to  capability  of  solution  being  such  as  to  givf  as  many  succeissively  de- 
pendent equations  ae  there  are  unknowns  in  tlie  system  of  condilioaal  equations 
introduced. 

When  those  equations  can  be  tullilled  by  real  values  of  the  data,  their  siuiu- 
tion  constitutes  the  solution  of  the  problem ;  but  when  the  solution  of  these 
equations  involves  either  imaginary  or  ambigooua  valuca  of  the  onkaownsb  tlio 
problem  ia  incapable  of  solution. 

The  doctrine  of  indeterminate  co- efficients  is  a  dhect  appHeatioii  of  thn  aamo 
principle.  It  merely  omtmes  that  tbe  devdopment  is  effi^cted  according  to 
a  certain  assigned  form ;  or,  in  other  words,  it  is  assumed  that  it  is  ])OS8ibIe  to 
develop  the  function  in  that  particular  form*,  the  co-efficients  being  inde- 
])endcnt  of  the  symbol  according  to  the  successive  powers  of  which  the  develop- 
ment is  to  be  made.  If  our  assamption  be  correct,  and  lake  any  functions  of 
both  sides  of  the  equation  Cbetween  the  original  function  and  itit  devdopiiient) 
we  must  have  identicil  results  on  both  sides. 

Taking,  then,  thoee  MMneyiMciioM  which  will  reduce  tho  first  aide  to  a  aetiea 
of  moAomea  (that  la,  unravel  the  function  to  ha  monomial  elementa,  and  perform 
the  same  implied  operation!^  on  the  development),  we  must  have  an  identity 
between  the  two  results,  if  tbe  assumed  development  be  a  true  one.  This  idan^ 
tity  is  shown  by  the  equality  of  the  horaolo'jous  ro-efficients;  and  hence  it  gives 
the  several  required  equations,  involving  tbe  unknown  and  assumed  co-efficients 


*  As  an  instance  of  the  capability  of  more  foiuis  of  development  than  one,  we  may  quote  tbe 
binomial  thoorcm  when  the  index  is  fractional.   Tak*  the  ^^^T**  (a  which  it  idM^ 

tical  with  («     a)^*   The  two  developments  arc 

«^+i«~^*-4'»'^'*  +  ^<r*«»—  

•*  +  |jri«-  i#"lB»+  ^«r4«»-  

In  tbe  ftcnuer  m  pvoceod  aceording  to  )>o^itivc  and  iocretung  integer  power*  of « ;  and  in  the 

Inttcr,  nf'cording  to  neg^Mvr>  nnd  decreabing  fm  tioiiul  powsn  of  it;  Yot  both  oro  title  dov^O^ 
mcnts.   lanumerablc  other  iustauces  nuy  bo  quoted. 
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on  the  one  iide»  md  the  koonm  or  given  co>el6cient«  on  the  other.  Of  these,  there 
will  be  one  for  eech  term  whieh  involvei  e  aeperate  power  of  the  af  mbol  eceord^ 
ing  to  which  t1|p  development  is  made*  and  therefore  as  maoy  as  there  are  co- 
efficients to  be  determiried.  Tliere  are,  hence,  as  many  equations  as  are  required 
fur  limitinf?  llie  co-t^fficients  of  the  development,  and  none  superfluous.  The 
problem  is,  therefon,  unluced  to  the  detcrminalion  of  these  values;  and  if  they 
shall  prove  to  be  rtal  and  unatnbitfuoMSt  the  problem  is  solved,  and  the  develop- 
ment effected  in  the  assumed  form :  bat  if  these  vdues  shoold  be  imaginarjr  or 
uabignonsy  the  developoient  either  cannot  be  eAeccd  at  all  in  that  form*  or 
else  that  form  is  ambtgnona  and,  thei<sfore»  nsdesa. 

It  ie  understood  all  throngh  this  teasoninf?,  that  the  oo-effieients  of  the  expan- 
sion arc  to  be  rtal,  as  well  as  the  constants  of  the  given  ftmction.  The  contrary 
hypothesis,  so  far  from  invalidating  our  reasoning,  subserves  it. 

The  principle,  therefore,  as  a  principle,  is  altogether  independent  of  that  more 
recondite  but  establisiied  principle  of  equations: — that  the  roi)ts  uf  an  equation 
afe  eqoi-namerons  with  its  dimensions.  Still  more  is  it  independent  of  the 
verf  illogical  principle  involved  in  putting  o  in  the  expansion  itself  which 
has  been  almost  nniversslly  employed. 

For  some  susple  examples  of  oor  meaning,  let  us  turn  to  voL  i.  p.  338, 

this  is  nnrsvellcd,  or  the  inverse  function  of  5/  taken*  by  squaring  both  sides. 
Again*  page  838.  \ 

(l-c_+,.>  (> +£z:f2  „  A  +  B.  +  C-.+  ..... 

I     X  -r 

which  is  unravelled,  or  the  inverse  function  taken  by  muliiiil)  iitg  out  the  nume- 
rator (it  being  artificially  converted  into  fsctors),  and  multiplying  both  sides  by 
the  denominator.  Both  sides  ars  thus  converted  into  series  of  monomes. 

Again,  in  the  proof  ofajfntk§iie  Avinm,  p.  584*  the  form  of  the  quotient  is 
nsfasMd^*  and  the  synthetic  method  itself  is  only  a  contrivance  for  conveniently 
(lerforming  \he  <?eries  of  opcntiona  implied  in  the  solution  of  the  simple  equa- 
tions of  condi'.ion. 

The  same  view  will  be  found  applicable  in  all  cases  wiiatever,  though  occa- 
sionally (as  in  the  binomial  theorem  and  exponential  theorem)  some  address  will 
be  requirad  in  the  application  of  the  principle.  The  fundamental  principle  itself 
is*  howescr*  invariable  and  nmverssl. 

The  view  we  have  here  tsken  enables  us  to  dispense  with  much  of  the  com- 
plexity of  the  reasoning  at  pp,  435,  436,  vol.  L  smce  we  are  not  require  1  to 
show  that  tht  sine  and  cosine  cannot  be  developed  in  other  forms  than  those 
there  given,  but  merelv  to  establish  that  they  can  be  so  develo}ied.  Moreover, 
there  is  a  flaw  in  that  reasouuig,  as  far  as  it  £U.^mpts  to  estabiiiili  the  needless 
part  ot  the  proposition. 

Scholitim  4. 

For  denoting  to  the  eye  that  the  limiting  vakte,  or  tendeni  vaku  of  an  expres- 
sion which  is  written  in  a  finite  form*  is  meant,  we  shall  enclose  that  finite 

value  in  brackets.  For  instance,  when  we  pass  from  "  ^—  to  its  tendent  value, 
we  shall  expresf;  it  thus  at  pp»  352*  353. 

["If  "]  =  *  =  A.  .0.1 1^-^  ]  =  "X-  = 

and  so  on  wit  It  other  expressions  of  like  nature.  The  only  object  of  this  is 
brevity  aud  facility  ul  reading. 
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CHAPTER  I. 

THE  DlFFEREMiAiiON  OF  THE  DEVELOPABLE  FUNCTIONS  OF 

A  SINGLE  VARIABLE. 

PROP.  I. 

7b  diferetUiaie  oj^tbrtncfimctioni  cmpoted  qf  a  uriet  qf  tHonoma. 

Thb  gtnttral  fonn  ii, 

II  =  «*  +  J*"*-*  +         +  .... 
in  which  a,  6,    are  of  tny  ngn  tnd  value,  or  anj  of  them  sero. 

Let  X  receive  the  incremeDt  A,  and  thereby  become  ^  t  whilst,  in  consequenM, 
M  is  changed  to  u\  Then,  expanding  the  terms  «  («  +  A)",  6(«  +  efC, 
by  the  binomial  theorem,  we  shall  have 

«•-.-{•»-.«— i  +  +  I* 

+  terms  in  h*,  

Divide  the  first  side  hy  z'  —  «,  and  the  second  by  its  value  and  take  the 
tendent  raito  or  limit ;  then 

A  =  [^]  =  «i«f--i  +  (»-I)&r^«+  

or  m  the  fonn  of  a  dUferenUal  eqmitioii, 

It  win  he  eeen  hy  reference  to  vol,  <.  p.  QOS,  that  the  diflhrsntial  eo-effidmt 
here  ohtamed  ie  pradeely  the  eame  thing  ae  the  JSnt  dtHmi  eo-{|foM  there 
employed.  The  rule  given  in  that  phce  appliee»  therefore^  in  thie;  and,  «idi 

eli^ht  verbal  alteration,  is  annexed. 

Multiply  enck  tnm  hy  the  index  qf  x  in  if,  and  dlmuiish  thr  ivdfx  by  wmity:  tkis 
hi-ing  done  for  each  qf  the  mnnames  compoj^uuj  the  vjpif  ssion,  ant}  the  remits  multi- 
plied bjf  Of  b,c,  », ,  their  sum  is  the  dtjfereuiial  CQ-^^ient  qf  the  enttre/unctum. 

Corollary  1. 

T\^^  absolute  term,  or  constant,  eliminated  by  diflferBntiation.  For  itii  the 
same  in  a'  and  at,  and  therefore  absent  from  a'  —  a. 

Corollary  2. 

The  difTerential  co^efficientof  a  constant  is  0,  whatever  its  value  maybe;  tot 
both  tt'  and  u  are  each  composed  of  that  constant  only,  and  henc«  u'  —  «  =  0. 

'l^hese  results  accord  with  what  was  shown  to  t.ike  place  ia  JkUU  dj/fenMU, 
voL  1.  p.  275  i  and  as  might,  d  priori,  have  been  expected. 
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Corollary  3. 

A<!  the  binomuil  theorfirt  i*?  true  for  all  values  of  m,  whether  positive  or  nega- 
tive, integer  or  fractional,  t  ins  rule  applies  to  all  functioiu  composed  of  monomial 
terms  in  x  with  constant  indices. 

ClDroRary  4. 

A  constant  factor  of  any  fimctjioa  is  aim  a  factor  of  the  differential  or  of  the 
diflerential  co-efficient. 


S  SS  ft 

4W  S  IMV  IB  0. 

H^.yM— 1 

<2»  =  iiiur"-'dv 

M 

• 

m—n 

■-3"' 

MS  — All* 

iiii8-.iite<i-idb 

1  ^ 
<bi=-.«  "tic 

+  V. 

1  1 

j,^(«-l)<ir 

»  =  a  —  V—M* 

-  V  ^1 

r 

paop.  II. 

1.  Tlte  txpnnential,  u  —  a  ^    In  this  case  we  have  u'  =■  a-^'^^   and  hence 


tt  —  u  =  a 


JT^ A    nJi   


~    (J^i  ^Qk    1) 


=:  •■|^  +  ^|- +  ....  ^A;  wlMMfore(l.j».959), 
^=  l^^r^^Js  Aa*as  logfCtf^s  Mid  hence,  finellj. 


« 
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S.  T%9  kjforiikmie,  u  =  log.*.  From  this,  •  =  and  by  the  pncdiqg 
case  we  get  at  once 

,  dx     ^        ^  du     I    I        I  Wa 

dm  '  d9    A  m    «log«a  • 

Wherefore,  du  =  .'^    — ^li^f. 


I.  Let «  =  +  e- ^-1,  then ^=v'^-{^^ -  ^"^j 

3.  Let»  =  log*{to  + 1 +  3  vHTm+^J.  Tlieo« 


4.  Let  be  the  equalion.  Take  log«of  bothudee:  thai 

log^  =  I  log^  +  i  loge  (1  +  ar)  —  i  log«  (1  —  «>5  and 

«  ~  39  +  a:)  "•"2(1  -  «)         2ar  (1  —  «>)  ' 

Hence 

da      u(3  +  20-  -3x')_  (3  +  2j?  —  3x^   (    x    |  ^ 

5.  SappOM  u  =■  log'#*.   Put «  =:  log  »:  then  log**  s  log  «  s  «.  Wheooa 

-       , ,           dz       dsB  dw 
d»  —  a  log  X  =  —  =  —  =  — i  . 

6.  a  =s  log  .      .,  — /  !  ^ 


7.  If  «  =  k?g«*:  then  ^  =       j^,^ ^     j^^,^ . 

FROP.  III. 

lb  differentiate  a  function  composed  of  any  number  of  factors,  tokick  tare,  each, 

a  fimction  qf  the  same  variable. 

LsT  the  function  be  s  s  Mfvw. .  •  <t  the  factors    y,  9»  m,  htang  all  foodwos 

of  the  same  variahle  x. 
Take  the  loge  of  ^oth  sides :  then 

log  u  =  log  «  +  log  y  +  log  r  +  log  w  +  i 
and  differentiating  we  have,  afur  multiplying  by  n 
,       (d!r  ,  dy  ,  db  ,  cAp  ,  ) 


*  Hera  lo^«  it  the  notetion  for  whet  is  fwd  tlie  log»ridmi  of  theli^pnllim  of*;  hf*'* 
the  logttithm  of  the  btt  nkentioned  logirithm,  tnd  m  od. 
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Tliat  is*,  the  differential  of  the  function  is  composed  of  the  ram  foroied  bf 
]niilti|>lyiiig  the  diffisrential  of  each  factor  into  all  the  other  focton. 


1.  Let  m  3s  (2a'     3it^  {a*  —      be  the  given  function  (  in  which 

«a*  +  3«*,andy  ss  — 
Now  dp  =  6xdx,  and  cfy  as  —  3x  (a'  —  ae*)^dx;  whenee 

9.  Let  II  cae    —      (6  —  «)*  (c  —      =  llien 

db  s  Jicdy  4-  ii^dj  4-  tfzdm  is  the  general  Ibtbi. 

Alao«  4f  s=  -         ^,  ds  =  -  "^^f  and  db  &   *"  *^ 


2(a—jr)*  2(6— x)*  2(c  — 

whence,  diriding  by  dx,  we  get  the  di0'erential  co-efhcient 

dm  \(    kb  —  x)  (c  —  T)\        He  —  x)  (a  —  g)        /(a~g)  {h  —  g)l 

<to~   itV       o  — «       /V        6  — X        "^V         c  — «  J* 

3.  Let  •  =  «* :  then  log  »  =  dr  log     and  taking  the  differentials, 

d  log  11  =  log  x.dx  +  x.d  log  X, 
or  diassii  {1  +  k^aj  dvB«*  {1  +  l«)g'i  dv. 

4.  Let»ss  log  {{a  +  x)"*  (a,  +  +        ....}  then 

6.  Let «  5=  (1  +  «) (1  +  «*)  (1  +      (I  +  «*) ...  .  (1  to  find  ^. 

du 

6.  Let «  =  (1  +  «)  (i  +  2*)  (I     3x}   (I  +  nor),  to  find  ^. 

db 

7.  Let  •  =  a,'»  fl,'«  a/«  a/*  «A.  to     jgi  *i»  *j»  bt&oig  gifeo 

functions  of  J?. 


•  This  might  a)ao  have  brcn  obtained  from  first  principles  in  tTic  following  manner  r 
L«t  «  =  ty  be  a  function  of  jr,  in  which  the  facton  e,  jr,  are  both  functions  of  «;  and  let  h  b 
tli«  iMNmsnt  «f  «  :  tbn 

=       AA+B*'  +  .„.« 

Then, 

✓  — AA+BA«4-  )  (j, -f  A'A  +  B V  -f  )-ty 

s  ( Ay  +  A'«)  A  4-  tereu  in  t*,  

Alto,  in  the  aqtarate  czpoouona  A  =      A'  s=  henco, 

■ad  the  diQercntial  equation  become* 
We  Biiglit  proceed  in  the  wm%  aaaimer  frheo  then  aie^aMit  betecti  w  «,  tr,  ete. 
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PROP.  17. 

3b  J^ereniiaie  a  fraction,  the  ntmerator  and  tUnomiMoior  being  functiom  of  mt 


y 

lijti  It  u  =.  -  where  y  and  z  are  functions  of  x.  riiis  may  be  writtCtt 
II  =  ym* ;  and  the  problem  is  reduced  to  the  preceding  ona.  We  have,  tbot- 

This  formula  gives  rise  to  the  following  verbal  etatemeat  ot  the  role  Ux 
Mlution : — 

Multiply  tke  differential  of  the  nnmerutor  by  ihe  druorninator,  and  (hen  (he  lUj- 
ferential  of  the  denominator  by  the  numerator  :  then  the  latter  product  sidAractti 
from  the  former,  and  the  difference  dwided  by  the  square  tf  the  deMminaior  it  the 
differ eniial  reqnkrei, 

SXAMPLBS. 

a'  +  ar  (a-  -f  jr'l* 

and  performing  the  differentiations  and  redtR  tiotis  we  get  the  required  result, 

du  _a  ja^  —  x^) 
ic^Xa^  +  «»)«• 

3.  If  •       .  -  -  :  then  tt    s=   ~  i  

3.1flis   5=:then^  s=  ' 


4.  If  «  ss  log^  f  7  1  :  then     =  -  -  -7-^=- 

J.  Ai 
«.  If  «     flT:  then  ^  «  (I  —  logts)  •  • 

6.If.=:..(L±-'V:  iheng^,  ^^7*:^^  . 


PROP.  T. 

If  a  MHef  qfegprmSon  he  to  rdaUi  Out  th»Jtrst  is  a  function  of  the  veriabU  m 
ikeMOOHd,  iktttetmdajlisieiitm ^the  vanabU in  Ht  third,  ike tkM aJkmHam 
qfik§9anaUe  hi  tka/imik,mid»cmt  U  it  nqmnd  to ^itmtmtt Ot/bM 
fimdkm  at  out  «^tkt  loti  varitiUe. 

Lar,  for  imtaneet  ti  be  a  fuMtioa  of    and  y  a  fnnetioii  of « ;  it  ie  reqmrodlo 

•-ft- 

Since  y  ie  a  function  of  *,  we  have 

y'  ~  y  =      +  B*«  -f  CA«  +  ....  =  ouppoeo. 
Also,  since  u  is  a  function  of  v,  and  y'  =  y  -f-  jb,  we  get 
M'  —  tt  =  A'/fc  +  BV  -r  CP  +  ... 

=  A'(AA  +  BA2  -i-  ...)  +  B'(AA+  BA*  +  ...)'+  .... 

=  A'AA  +  A'B*'  +      +  B'AV+  ....  +.., 


Digitized  by  Google 


IMPUCIT  FUNCriOiNS  OF  TWO  VARIABLES.  361 

.      -       du     du  dv 
wherefore,  ,  =  t-  •  -p. 

dx    dy  ds 

W«re  there  any  namber  of  such  dependent  eqoatbna  and  correspoadiiig  varia- 
bles, we  should,  by  following  oat  ui  analogoua  coune  of  ioTettigttion,  airive  at 

du     du  de  dz  €ljf 
dx    dv'dz  djf  "* ****3i* 

RXAMl'LES. 

I.  Let vn (a  +  bT^)"^  i  then y  =  a  f  &r", and  u  =  y*". 


8.  Let»  =     *  +       +  *'  =  {»  +  U  +  tben. 


3.  If  «  =     i  then  ^  =  e**. 

«w 

4.  If  sskK"*}  tben  ^"  =    r  ~T  a  i    a  i  

^  c/j:     or  log  «  log**  log'*. .  , .  lug*— la 

6.  If  be  gimi  thai  ^^iS^LJl-. 

^-    -  gersi'  v'**— *• 

PROP.  VI, 

3b  disfcrMilMie    Myfictt  «^^i6r«ie>bMfiDii  ^  Ave  oorMNev. 
1-  Wbin  the  equation  can  bo  reiolvod  for  one  of  the  Ttriables,  the  expreuion 
to  be  differentiated  will  take  one  of  the  preceding  f<»ma  i  and  the  aolution  may 

becffectj  rl  by  the  rules  already  laid  down. 

2.  It  will  rarely  be  the  case  that  the  rule  just  given  can  be  apjilied  to  the 
actual  ca.ies  which  occur;  and  even  in  most  cases  ^vhc^e  it  q-^w  be  ^o,  the  solu- 
tion obtained  by  such  means  will  not  be  that  which  is  most  conducive  to  the 
■octMifal  investigation  of  the  problems  to  which  we  shall  have  occasion  to  apply 
Hie  following  very  obvione  rule  appliee  to  all  catea : — 

Bednce  the  fooctloQ  Co  the  nmpleet  algebraic  form,  by  the  dimination  of 
daMQuialofB  and  radicalei  and  equate  the  whole  of  the  tenne  to  aero  or  to  m 
<^D«tant  By  difierentiating  this  expression,  we  shall  have  an  equation  contain- 
'igthe  first  powers  of  the  differentials  of  the  two  variables,  each  multiplied  by 
ttftain  fonctiont  of  thoee  variable  i  and  the  whole  equated  to  aero,  (the  difier- 

tttnl  of  aero  or  of  the  conetanO  gi^M  an  eipreaaiQn  from  whicb  ^  can  be 

ttatimdm  ftnctione  of  •  and  «. 
It  ia  to  be  lemarlted,  however*  that  tJie  dUBwential  eo-effidem  will  genendly 
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be  a  function  of  both  varimblM  in  the  retalt  When,  therefore,  it  is  essential  to 
give  the  mnlt  in  term  of  either  of  the  vtrUbke  above,  it  will  irieo  he  eeaential 
to  reiolve  the  given  equation  for  the  other  vemble,  and  ■nbetitnte  ila  vahio  ia 
the  flxprearion  fior  the  differential  oo*efficient  ipoken  of  above. 


If  we  diflerentiate  the  function  rt  =  0  separately,  aa  functions  of  y  and 
stdering  in  the  two  cases  respectively  «  and  jf  as  constants^  the  difierential 
efficient  will  be 

This  is  derived  from  the  eonsidention  that  y  is  a  fuoction  of  %  and  s  a  func- 
tion of  precisely  as  in  prop.  v.  p,  360.  The  employment  of  fhia  formoln  ie* 
however,  often  attended  with  more  trouble  than  the  piincifile  laid  down  above, 
on  account  of  its  generally  requiring  additional  vednctioDs.  The  student  will, 
however,  do  well  to  familiarise  himself  with  it,  on  account  of  its  usee  hereafter. 

Another  proof  of  this  will  be  given  by  mcane  of  Taglor'M  tkeoriem,  a  few 
pages  further  on.  See  page  373. 

EXAMPLES. 

1.  Ia  t     —  2tix  +  a' s  0  be  an  implicit  function  of  u  and  «.  Then  diffier- 

entiating  we  have, 

2udu  —  'ludx  —  2xdu  =  0,  and  hence 
<ia        ti          da  n  — g 

which  is  an  implicit  function  of  «  and  #. 

If,  however,  we  require  lo  have  it  eipressed  as  a  function  of  u  or  •  aoklf,  wu 
must  resolve  the  given  equation.   From  this  we  have 

du  a:  j-  0»        rir  _  ii»  —  a* 

±  '      dm"  "1^* 

Now  it  win  depend  upon  the  nature  and  conditions  of  the  probleni,  whieb  of 
these  variables  it  will  be  best  to  consider  the  independent  one;  but,  primdjkei^ 
it  is  obvious  that  the  latter  is  the  prefemble  one  from  its  greater  simi^icitf. 

Circumstance",  however,  must,  in  all  cases,  decide  wliicli  should  be  taken,  aa 
the  res))ective  values  of  the  Iwo  will  depend  upon  the  ulterior  opesEations  to  be 
performed. 

2.  Let    log  If  —  y  log  «  =  0.    Then,  diflferentialing,  we  have 

log y . —  Jf . ^  +       —  log as  0,  or 

w 

4f  —  y  (y  —  tog  y) 

dt    «  (»  —  y  log  «)* 

3.  If  rtog,—,  >^^=t.+.i^y)r-- 

«.  ir  ■  s  «/ os+v/ hm+./ia  +  . aiiif:  or •^Snte— ■+ AP^faaOi 
dx  4it>«-4aNV— •  1 
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FROP.  VII, 


lie  tcndflDt  ntiot  ^am  me  to  U»  me  md  to  I'lt  tmgmit  are  ratioe  e^ 

tke  mebemg^mhUMeme  Umiie, 


Fob,  Kcoiring  to  eoL  i.  p.  436,  wt  have  generally, 
sinA    ,        A*     ,  A« 


A  1.9.3^1.3.3.4.5 
UttiA_  aA«     .  16A* 

A  1.3.3'*'l.a.3.4.5"*"  •••• 

Now  as  the  valuea  of  A  in  these  equations  are  diminished,  saw  Umie,  the 
Tslnea  of  the  Inetions  on  'thn  left  aida»  or  of  tlis  tendent  ratioe,  an  in  botli 
cases  those  of  eqnality.  That  is, 

-^J  =  1,  and  =  I. 

OmUkaj, 

[cos  A]  =  1 ;  for  =  h  w»d  =  1 1  wherefore^ 

f.  rsin  A"l     i  . 


PROP*  Till. 

7b  differmtmte  the  sine,  cosine,  tangent,  etc.,  of  an  arc,  as  a  function  qf  tke  arc* 

(l>.  «f-«9sin(«  +  ^0— atn«as9m(«  + AA)^|Ai  or 

a*  —  a          ,    ,  ,  .N  sin  JA 

—J—  =  cos  (X  +  i*) 

In  tho  limit  the  lait  factor  is  nnitj  (jm^.  aw.)  i  and 

f  ^  ^  eos  «,  or     B  eos  m  dSv. 

dx 

(2)  .  u'  —  «  —  cos  (x  +  A)  —  COS  ;r  =     sin  (x         sin  ^ { 

whence*  ^     the  preceding  case, 

du  ,  .  ,  , 

s«-«sm«|oraa  =  —  sm^dh. 

ax 

W'e  may  deduce  the  whole  of  the  other  functions  by  correspfindinflf  processes : 
but  they  will  be  more  simply  obtained  alter  the  manner  of  the  tangent  m  the 
next  example. 

till  C 

(3)  .  tan  «  as  .  Differentiate  this  as  a  fraction  {^prop.  tv.  p,  360.);  then 

cos  o 

,       ooso  d  sin*  —  sin  •  if  eos  or    (eonfm  +  sin*«)  db        ,  . 

dm  s=   s  =   ^-3- — - —  =s  sec**  da. 

cos'«  core 

We  shsU  leave  the  inTestigation  of  the  rsmaiaing  fnnctioas  for  the  student's 
cameiie;  sad  merelf  tabalste  theiesnlts  as  ftUoma, 

gpAo/iani 

The  preesding  invsstigation  anpposee  the  radina  to  be  unity,  a  dienmstance 
ef  oompaiatiTs  unireqnent  oocnirence  in  thoss  researcliea  to  which  the  calenlns 
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ii  ftfiplied.  The  radim  u  being  introduced  to  render  the  expresn<ms 
one*  will  eonvert  the  apmakMii  obtained  into  the  required  fonn*  preded  j  es  m 

ordiiuuy  trigoDometrf.   In  order  to  thie,  it  ie  reqnieite  to  keep  in  mind  tint  ^ 

18  to  be  written  for  x  i  and  the  table  referred  to  ia  the  propoutioo,  nuf  be 
written  m  follonre ; 


0 

d 

cos  X  = 

—  -uiaxdx 
a 

d  tan  x  =  ^  sec'j;  dx 

d 

cot  M  = 

 i  cosec'x  dx 

tfaee«s^ttn«eec«di» 

d 

d  Ten  •  s  -  lin  •  dr 

-  a 

d 

eoTiecs 

When  the  radius  ie  unity,  we  have  only  to  omit  the  factors  ^  and  ^  from  these 


1.  Let «  =  lug«  tan  X.   Tlien  we  have  ipnp.  U.), 

dn        dtans        sec'x  1  9 


dm        tan »        taii  x       sin  «  cos «         sin  2x 

3.  Let  II  ^  k)g<  (cos    -|-  sin  «  v'  l) :  then  as  before 

du 

d  (cos  X  +  sin  «  V  —  i)     —  sin  g  -f  «>i  ar     —  i        ,  - 
^  ~  ^Ji^^   >  r    =   .   y"     J-  ==  V  ~  i. 


ooe  *  +  em  •  eoe  «     tin  •  v--l 

3.  If  »  =  sin  (log ») :  then  ^  =  —  • 

4.  If  «  =  a* eoe «:  then  ^  =:  e'  (coe •  —  rini^ 

ft.  If  •=ooe».iri»«:tb«n^  ■in»-fm^)e'*"'. 

6.  If  «  0  log  '^•in*  -t-      Vcoe»  ;  then  ^  =  eot  3c. 

7.  If  »ss«(f +  iin#)aad«sa(l  ^coi#)t  thiols  ^2gx  —  a* 


^  ,  — — — ;  

8.  If  II  ss  a(tio  « ^  coi «) ;  then  ^  s  «  vl  +  ein  2c 


PROP.  IX. 

7b  d^^liofe  m  ore  ««  oybnelMii  nfit»  trigoMmelHadJkMikm. 

This  case  belongs  to  the  developable  functions ;  as  since  we  have  the  arc  m 
terms  of  its  sine,  cosine,  etc.,  we  can  revert  the  series  (vol.  i.  p.  272),  and 
thus  obtain  the  arc  in  ternaii  of  its  trigonometrical  fnnctione.  Availing  ourselves, 
bowem,  of  the  leeulta  of  the  preceding  proposition*  «•  can  obtain  tbe  leqahtd 
dil&R&tiala  in  a  more  brief  and  elegant  manner* 
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Let  •  =  aiiir* «:  then  «  s  lio  » ;  and  by  the  preceding  propodtioii  we  bm 
T"  —  coi  MfWtmzz^  —  =  =  ~" 

V  C0>  U  COS  sili    'X  "V  1           i  - 

If  ibis  be  required  to  radius  a  instead  of  unity,  we  have  only  to  render  the 
term  of  the  nomerator  and  denominator  homogeneous.  Thia  changes  the  pre* 
eoliog  into 

A  _  « 

The  other  fimetioiie  ere  Hft  for  the  itadeni'e  eierdit^  and  the  rMidta  put 
down. 


adx 

ilcor^  • 

adx 

Vaa  -«* 

fl«  +  «• 

coir*  • 

n^dx 
+^ 

imc^  «  = 

a^dx 

rfcowcr'* 

a*dx 

*Var*  -  a* 

adac 

adx 

Via*  —  »t 

When  the  radius  is  unity,  we  Lave  uuly  tu  Urup  the  a  and  a'  as  factors  of 
iboeeipressiona. 


1.  Let «  ss  smr*  ^.  Then  ^  =  sin  » «  and  differentiating, 

s  coe «  db  =  A .  s/  ^^p^  and  reducing 

a.  H  «  =  tan-'  f :  then =  ^^T!!?^* 

3.  If  « B ein-'  (a»i/  1  ^#«)  then  dii     ^  ^  ^  jjj* 

4.  |f  .=  -ua~'.:  then|=(L+f^J?)eu»-'.. 

5.  If  e  =  ton-»— p:  then  ^= -pp^. 

6.  If        sin-' a  = -/nZF:  <hen£=^i^]^- 
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CHAPTER  11. 

ON  SUCCliiibiVfi  DIFFERENTIATION,  AND  THEOREMS  DEDUCED 

BY  MEANS  OF  IT. 


The  illfTerpntial  co  efficient  of  any  function  may  be,  and  generally  is,  a  ftinction 
of  the  variables  concerned.  This,  therefore,  viewed  aa  a  new  function  of  those 
variables,  may  be  differentiated,  and  its  differential  co-efficient  assigned  in  the 
same  manner  that  the  first  was  found.  In  like  manner  a  Lhird  (lifierential  co- 
efficient may  be  found  from  the  Mcood,  a  fourth  from  the  third,  and  so  on.  an 
long  u  the  laceomTe  dlflbiential  co^effideoto  contain  either  one  or  nore  fari* 
ables. 

The  actnal  dilforentbtioo  Iteelf  is  eisily  and  direcUx  perfiornied  by  means  ef 
the  roles  already  given.  We  shall  take  one  or  two  Instances. 

(1)  .  Let «    01*  s  then» 

1st.  Diff.  co-eff.  =  Ses*  I   3rd.  diff.  eo-eflT.  ..««  ss 

2nd,   ••.«•••  =6ax    |    4lh.  ••••  •  ssO 

and  all  suceeeding  ones  ss  o. 

(2)  .  Let  II  =  a' :  then  we  have 

ist.  diff.  co-eC  =  logro  .  a'       |      asd.  diff.  co-efT.  =  (1ogtfl)*a* 
2Dd  =  (loge  a)^  a'      I  and  so  on. 

(3)  .  Let  y  a  logfO  i  then  the  co-efficieoto  are 


1st  diff.  co-eff. 


'Snd 


3td 


+1 


o* 


1  .  2 


4th diff. co-eff. s  -  ^'^'^ 


6th 


=  + 


1.3.3  4 


and  10  on. 


(4).  Let  y  =  sin  «;  then  the  co-effidpnts  are 


1st  diff.  co-eff.     +  cos  • 

2nd  


3rd 


ss  —  sm« 


'  coe« 


4th  diff.  co-eff.  =  +  sin  « 
5th  .........  =  +  cos  «r 

and  so  on. 


To  render  this  Tiew  of  the  subject  usefol,  we  most  fix  upon  a  notation  for  the 
successive  differential  co-efficients.   Moreover,  as  our  psseetit  emidoyment  of  it 

is  only  where  there  is  either  one  explicit  function  of  a  principal  variable  or  an 
imi)licit  function  of  two  \ n  lahie^,  we  are  lihert}-,  rnnsistent  with  our  general 
priijclples,  to  consider  I'ne  ditiereutial  of  eitiier  of  these  variables  aa  constant. 
Under  this  condition  we  bhall  take      as  the  constant. 

Moreover,  let  ti-u  denote  d  ((/«),  d^u  denote  d  i,d'u),  and  so  ou.;  ai&o  let  the 
second^  third,  etc.,  poweia  of  da  be  written  d^,  dg^,  sTc.  Then, 
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By  proceeding  similarly,  we  get  for  the  locGaediDg  diffeieiiiial  co-effidents. 


tpuu  poa  axBftcies. 

1.  If  »  =  *• :  thea^  =  »  (»  —  1)  . .  ...  (a  —  r  —  1  j 

3.  If  II  =  0* :  then  ^  s:(log<  aXo*. 

d^ 

4.  If  •  8  no  fur:  thtn^—  s  a*"  no  (m  +  inr). 

d''u 

5.  If  s  =  CM  M :  then^  =:  iif  coe  (m  4*  &  nr). 

dru 

6l  IT  «s)og#:  thea  ^  =      i)^-*  (r  —  1) (r  —  2) S.a.I.^-'. 
7.U«=  J-^:  tlMn  ^=2a-»)-<r+Ur(f-i)(r-2)...3.2.l. 
Llfssewr;  then^=  a^.e**. 

9.  If  «  =:  cos  nu; :  find  the  value  of  — ,  ami  aasigu  the  law  of  the  si^us  -H 
sAil  —  in  the  several  successive  differential  co-efijcients. 

10.  If  »  s  ^  ^  ^CM  (» lia  0) :  then  ^  s  ^  ^  ^  CM  («  an  e  + 

U.  If  »  =  <<«  cos     I  then       =  (a'  4-  n^)^  e«'  cos  {ju  -j-  »»  tan"*  -  J. 

For  farther  discussioM  and  methods  rcl  Ltiro  to  successive  differentiotbn* 
Mr.  Gregory'i  talnable  Example$,m  ike  Differencial  and  Integral  Calcului  is 
strongly  recommended.  Also,  for  an  excellent  piaxia,  Hind'a  DijfuUd  Serin 
(ifEtmpki  M  the  D^erential  CekuUe. 


PROP.  I. 

y  (Aer»  he  m  deeekpM  ftmettm  Me  mm  ^  two  quaniUiei  gheit,  one  onljf 
^mUekkenpfoeed  to  vory  «l  lie  eme  time ;  then  the  respeeHne  d^ereniud 
to-^fficiente  om  eodb  eofporiHem  ae  to  «Ate4  it  ike  oariahle  qnmiUy  wiU  be 

Lkt /(«  -f  y)  s:  0  be  the  giren  function  9  theo«  sapporing  9  oonatant, 
-yy-  y\  etc..  WiU  be  the  »«.  «  ^+JL\  ^t^+D.  rf.. 
ilmi  f  it  coniidered  conitant. 
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for,  wnietflm  +  y),  +  c),  we  hm 

4f(«-»-y)^«yry4-*) 

Conndor  in  tlie  two  aides  of  this  equatioii,  the  former  letter  to  be  coiiMt; 
then«  einee  the  qnentittet  ire  the  nme  in  both  aan,  their  devetopment<i  are  the 
saae,  and  henoe  their  tecond  terms  are  the  same,  except  the  iotcrcbanjfe  of  jr 
and  «}  aleOf  tlie  difierentials  of  the  denominators  are  dy  and  dr.  Whence 

y)  ^  <^f(9  +    -  «y  +  y) 

<te  (iar  * 

It  ie  readily  shown  that  the  successive  differential  co-efficiente  moat  foUov 
the  eame  law.  Indeed,  the  entire  principle  ia  almoet  an  axiom. 

For  put  c(r  (»  H-  y)  =  » :  then,  as  just  foand»  ^ = ^  J  whence, 

,/du\  /du\ 

Vflfcc/     dht     J    V</y/     cT-u       <P«    cP«  ^^^^ 


PROP.  II. 

To  prove  Taylor's  theorem;  viz.,  thai  if  u  =z  /(x),  ihen,/Qr  aii  deceiopabie  Jumc- 

tions  we  shall  have, 

i^=/(x  +  A)  =  «+^.  J +  ^.—  +  ^^.-^3--+   

r^t  ns  Hssnme  the  ^er\es  in  which  n.  A,  B,  C,  ...  are  functiona  of  only  X,  and 
coDstaots,  or  indepeadeut  of  h. 

«'  =  tt  +  AA  4-  lU-  +  CA'  +  

Then  did'ereatiating  both  sides,  both  as  functions  of  x  and  k  we  have  the  series 
du'       du  ,  dA  -      rfB        dC  ,«  . 

^=sA  +  aB*  +SC**+4DA>  +  

Alao  by  the  preceding,  ^  ===      •ioct  m'  =/(«  +  A),  and  we  haveaoppoied 

each  of  the  quantitiea,  9  and  k  respeetiTely  to  be  the  wiablel  Now,  as  thtM 
two  eeriea  an  identicd,  we  may  equate  the  homologoua  oo.efficienta  of  I.  We 
thuaobtmn. 


A  = 


du 

1 

1 

3' 

dx  ~~ 

—  • 

2 

dx 

dB 

1 

1 

3  * 

dx  ~ 

3" 

djB 

d'u^  1 
cPtt  1 


dx* '  1.2.3  ■ 
and  ao  cnn. 

Subetitoting  theae  valoea  of  the  co-efficienU  A,  B.  C,  elc,  in  the 
aerie^  we  get  the  propoaition  above,  known  aa  Tajfhi^s  thtonm. 
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8G9 


PROP.  III. 


To  investigate  Maclaurin*9  theorem  .  viz. 

^jf  =^(iy  be  a Junctu.ni  of  x,  which  admila  of  decelnpment  in  ascending  integer 

powers  of  x,  thea  ti  u:iii  be  expressed  bg 


Let  us  uow  make  x  —  Oia  these  values  of  the  co-efficients :  whence 


Proceeding  thus  to  any  extent,  we  find  the  succeeding  co-efficients  to  be  as 
etated  in  the  theorem. 


Professor  Younj?  (Dtff'.  Calc.p  36  )  has  deduced  from  this,  a  very  elegant  and 
valuable  rule  for  tlie  ready  development  of  a  function,  when  we  know  that  of  its 
first  diflferenuai  co-efficient.    It  is  as  follows  : — 

Detelope  ^    <^  mna  of  aecendtng  powera  of  m  t  inerette  the  exponent  of 

cedi  power  of  m  hy  umtf,  and  dmde  by  the  exponent  thus  increaaed. 

BXAMPLSa  Oir  DBVXLOFMnNT,  BT  TATLOE'e  AND  MACLAVntN'a  TBSOtlMS. 

It  will  fireqiiently  happen  HtM  we  have  functiona  to  develope  in  which  the 
employment  of  such  methods  as  have  already  been  explained  indeterminate 

CO  efficients  mainly),  would  lead  to  intermediate  expressions  of  f^reat  com- 
I>lexity :  whereas,  by  these  theorems,  the  results  can  be  obtained  with  great 

readiness  and  simplicity. 

1.  To  find  sin  h  and  cos  h  in  terms  of  h  by  Taylor' s  theorem.  Put  y  =  sin  x : 
then 


Then  the  development  of  sin  A)  being  expreaacd  by  Taylor'a  theorem, 
by  giving  the  values  above  to  the  differential  co*efficient«,  we  get 


Scholium. 


cos  X, 


COS  X,  and  so  on. 


sin  («  -f>  A)  =  sin  «  +  coe  ••v 


cos  jr. 


1.9.3 


+ 


.)  +  eoe  •  (  A  — 


1.2.3 


+ 


) 


vol..  It. 
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Bat  tin  («  +  A)  =  nn  «  cot  A  +  cos  «  rin  A :  whence  tlto 

tin  A  =:  A  "  =— +         and  cos  A  =  1  —  r— 5  +  •••••• 

1*3*9  *•» 

n  detennintd  in  vei.  i.p.'43B, 
%  To  develop  tan"'  (•  +  A)  in  trigonomttriod  funetioot  ol*  and  h 

t  tur'«:  then,  ^  s  cotV» 


Fnt  f 

^=  -atinycoty^  =  -tinflsrcotV. 

^'J     — s(eot9ycotV^«n2ydn3fcotjr)^=B»S«oo3jreot^ 

'^'^  =:  +  9.'3(tin3ycotV  +  cot3j^  tiny  co^)^s3.3na4f  co«^ 

^  s  -1-  2.3.4  (cot  4y  cotV— nn  4y  tiny  cotV)  ^=        cot6y  eoi^ 


efe.  cto* 

wherefore, 

tan-^  (»  4-  A  )  =  y  +  cos'y  .A  —  J  sin  2y  cos'y  .    —  |  cos  3y  cos^jf .  IF 
+  i  Sill  4y  cos'y  .  A*  4-  ^  COS  6y  co8*y  .A*  —  . 
which  is  the  development  required. 
If  y  =  tan''  f  =  0,  then  «  =  0 ;  and  this  is  converted  into 

tan-»  A«A-J*»  +  J   

If,  moreover,  wc  take  A  =  1,  then  tan"*  h  =  45»,  and  we  get  Machin'i 
series  for  Uie  length  of  the  eighth  part  of  the  circumference  {voL  ip.  475i 
note). 

->'-M4+  

3.  To  develop  tan"'  x  by  Maclaurin's  theorem. 
Put  y   =  tan~* « 

cte        i  + 


U.=:Oj 

U.  =  l; 


2.2, 40^ 

5t»  


2«.3.n* 


(I  +«»)t'"  (I (1  +«*) 


U,  =  Oj 
U,=  -25 
U,  =  Oj 
U,s=3>.3.etc 


whence  putting  tan  y  for  x,  and  these  valnet  of  1^  co-effieieDti  hi  Ibctein's 
tcfiet,  we  get  at  above. 

y  =  Un  y  —  J  tan»y  +  i  tan»y  —  

4.  To  find  the  same  development  by  Young's  rule  p.  368. 

^       1    _  I 


de     sec'y      1  +  tan*y 


s  tan«y  —  tanV  +  tan^  «  tan^  + 
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bcnue  the  isdex  of  each  tan  y  bf  1 ,  ind  divide  by  tbs  index  eo  iomied  • 
wn  we  get  as  above, 

y=staay-4ton»|f  +  lUnV-{tanry-|-  .... 

iYounff'MD,  C«lmbt$,p,  60). 
4.  Fmd  a  form  of  the  function /  which  fulfils  the  equation, 

/(»)  ./(A)  =/(ar  +  h}  +/(*  -  A). 

Ut  a  =/(*):  then 

/Or  +  4)  =  «+^.^+^»  Jl.^^« 

'  dir    1  ^  1  .2  '^t^  ■  1.2.3  ^  •••• 

Whence  adding,  equating  the  resull  to  the  first  aide  of  the  eooatum.  and 
mnmg  all  by  u,  we  get  ^ .       *  ' 

aiooe  A  is  independent  of  r  (the  j^iven  equatian  he'm^  unreatricted  as  to 
Vadence  ol  x  aod  k).  the  co-effideat.  J  •  i  •  ^.  ete..  which  do  not 
««ib  l»  naj  be  conaidered  aa  oonatanta.  Let  ua,  therefore,  put 

u'lu?  =  —  alao^ 


gina  the  form  of  the  function/ aa  required ;  and  the  fonction  ia 
2  coa  ah.  coa  a#  «s  coa  a  (9  +  A)  +  eoa  a  («  ^  A), 
•wcfc  la  at  once  Terified  bf  trigonometry. 


6.  Show  Aat  log     +     =  logx  +  + 1-^  .  .... 

8.  PTOvethattaa(»  +  4)aBtan«  +  Aiec»«  + A»a«*<rtan»4.  .... 

10.  aec  «  =  1  +  ^  +  .        ^^-g'  4. 

^  i.a^  I. a. 3. 4^1. a. 3. 4. 5. 6  ^ 

*  ^  1.3^3.«^3.5.7  ^ 
^  a    3  ^  2.4     5  ^  2.4.0     0  .... 

PROP.  IV. 

'•djfcreatio/e  aa  in^Hcit  function  of  two,  three,  or  more  variables,  e«cA  ^wAtcA 
if  a/tmc/ton  q/"  another  and  principal  variable, 

Ftrtt.  Lai  there  be  two  iodepeodent  functiona  of  via.,  ji  and  9;  it  ia 
n^aircd  lo      ^^P'  ^\ 


Bb2 
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When  X  becomes  jp  +  let  p  and  q  become  r  +  ^.  "t-  and  q  4-  t  >  or  7'. 
Then  the  function /(/;.  q)  hecoines/Cj',  j»  +  Aj  ;  in  which,  is  nui  atiected  by 
the  increment  k  of  the  variable  p. 

We  have,  therefore,  by  prop,  iu 

d/iQ\p)  k  ,    d^f{q\p)  ^*    ,  n^ 

(1).  /> + *)  =/(9'.  + -^^-T + —dy- 1.2+  

Next,  for/(g',p)  write  ito  va)tte/(p,  «  +  then 

•  4r(9^^)  _  ^«  .  *^  (^)    ij+  (3); 

and  10  on,  for  the  faceeaehre  difienDtial  eo-efficients  of  f{q\  p). 
Sttbctituto  in  (1)  for  the  fifit  two  termi,  their  valaee  from  (2)  and  (3) ;  then 

du    ki  du     k  ,  ,\ 

/(9  +  *.i»  +  *)— +rf^-r+     +  *  1  + 

Rut,  k  IS  the  increment  o(p,  and    that  of  g.  when « becomee «  +  * : 
by  iaylur's  Theorem, 

Substitute  these  m  (4),  and  there  results,  since  11  s/(g,  p), 

/  rftt    dq  ,  du    dp\  ,  _t 
/(8 +  »« J» +  *) -/(ftp)  =  »=  i 55  •  5?    ^  •     ^  * 

dx~^  dq  dx     dp  dx' 
Steond,  Let  there  be  three  functions,  p,  q,  r,  of  x,  such  that  /  (p,  g,  r)  =  0, 
to  find  When  «  becomes  #  +  *.letp.g,r,becoin0p+»,  or  the 

funetion  p\  g  +  or  g'.  r  +  or  r'.  'Then  r  enterR  as  a  constaal  m 
/ 4.    9  4-     rO.   Hence,  if  11  =/ (p.  g.      we  have,  as  above, 

.  ,  idu  dq.  dn  dp\  . 
+     9  +     r)  =    +  ^-^^  rf^  c^j*+  — 

Also,  let  •'be  the  Talueof*  when*  becomes  »  +  Aj  then 


d 


it) 


dmf    du,  \drJkt. 

dn'_  du  _^      \  drl  kj^  ^ 
dp  ~~  dp         <ip  1 
For  a  leaaon  similar  to  that  employed  in  the  final  step  of  the  last  case,  we  hare 
.  _drh  d^r 

Hence,  eabatitnting  as  before,  we  getVor  our  final  expreesioo 


Digitized  by  Google 


SEVEKAL  FUNCTIONS  OF  ONE  VARIABLE.'  373 

•ndfioally*. 


du  fir     du  (fn     du  dp 

—  .  — ?_L  --^  .  —  • 

dr  dx     dq  dx     dp  Ox 


and  ihe  same  reMoabg  may  be  extended  to  any  number  of  functione  what- 
ever. 

Hence  the  ru1«  :» 

DifereMtiale  tkg  /kmeHam  for  mdk  nf  i\t  ^gfy  t»  lie  Mlf  vorkfr/e 

Alto  i^fimUu^h  each  if  the  ftmeiiomt  at  m/uMetiM  tf  th»  prineipal  variable. 
With  these  co-ffficientt  form  the  right  side  oftk§  above  equation  :  which  wilt  bt  tka 
total  d^enatial  ^  ike  geaeraljuaetion  wUk  n^eet  to  the  priaeipat  variable. 

Corollary  1. 

If  one  of  the  fnnctioDs  of  jr,  m  p  for  instance,  be  «  nmplf  ,  then  the  expies- 
flions  become  simplified ;  for  then  ^  =  1 ;  and  we  have,  when  «  s  f  9), 

and  It  q,  r)  respectively, 

du     du     du  da 

~  =  ,  4      — ; 

ux     ax     ilq  '.IX 

( rftt|  _!_  ^"  dq  ^du  dr^ 

\dx)'~dx    dq  dx    dr  4* 

Cbreltorsf  9. 

I'he  former  of  these  equationst  since  11  =  0  is  an  implicit  function,  gives 

^  =  0,  and  hence 

dx  ' 

ia       du  dq 
da       dq'  da' 
[  is  the  fnrmola  alloded  to  at  p,  363. 


*  It  wiil  b«  ob«erved  that  the  function  on  the  right  tido  docs  not  differ  in  any  respect  at  to 
/btm^  cxeapt  that  it  i»  «ncl«i«d  in  braeet,  from  one  of  the  tetme  of  its  vnlue  on  the  right.  The 

hrsee*  are  u»ed  to  express  that  it  i»  tlie  lot(d  difiirenlial  co-tfficifnt  which  is  meant :  vii.  that 
eomposcd  of  the  several  partut/  <lijf'ercn/iu/  co-tffficu'nls,  tnkpn  in  siuccsvion  with  respect  to  the 
•ucceseiive  variables.  Tlie  complexity  of  the  form  in  print  is  the  only  oUjtt  lion,  that  1  am  award 
«f«  to  the  fidllewinf ;  sinI  in  writing  it  may  tbetefore  be  advantageously  employed. 

Denote  by  du^  the  dilferential  of  the  function  u,  on  the  hyiwlhesis  that  t  is  the  only  rari- 
altlc,  djf  that  of  y  on  the  same  hypothms.  d^u  that  of  u  «\i[>|>oMrig  y  alone  to  vary,  d^^^  u 

that  of  u  supposing  all  to  vary  together ;  and  to  on  for  otiicr  functions  and  vaiiables.  Then  tlio 
nlMvn  oqnation  would  be  expcoMibio  in  rither  of  the  two  following  ways 

djj       d^u  djr 
du  rf  It  . 

The  notation  in  the  text  i«,  however,  no  doubt  fuHj  adequate  (taken  !n  conjunction  with  the 
rem  n  r  k  :) 1 1 h c  foot  of  pifo  352)  to  exproM  tito  GODpo^tioii  of  Um  equation,  aa  to  the  depradence 

of  the  variablet. 
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Scholium. 

Tavlor's  t^iporem  U  snid  to  fail,  and  the  cases  in  wliich  it  fails  arc  called 
failing  cases,  \vlu  ;i  t!ie  function /(j)  is  of  some  particiilar  forms.  The  mi-anin^j 
of  these  phra^ies  i^,  that  the  ditff renlial  co-efficienls  hecome  in  these  case«  illa- 
sory  or  amhijfuous,  either  under  the  ^jeneral  fi»rm,  or  fur  particular  valuer  of  the 
variables;  and  the  immediate  inference  is,  that  tho  expannion  caouot  he  fully 
effected  according  to  positive  and  aMendinff  integer  powers  cf  A. 

Am  ihe  proceta  of  diflerentiation  ia  a  du^  ona*  it  can  introduce  no  ladical 
fonna  which  were  not  in  the  original  function  s  and  hence  the  impoaiibilitf  ef 

each  expantiona  cannot  be  exprcaaed  by  imagiQary  ndicahi»  aiich  aa  a  Ht  W ^1. 
The  only  other  wnya  in  which  we  can  conoetwa  the  indicationa  of  impoaaibility  to 
appear  are  theae  two : 

(1)  .  That  fiome  of  the  eo-elficienta  of  the  integer  powera  of  k  which  de  net 
enter  into  the  develupinent  are  Mro. 

( 2)  lliat  there  alfraya  occur  two  or  more  co-eficienta  of  inlagar  powm  af  h 
which  are  infinite. 

Into  the  theory  of  these  f  ulmar  rases  we  cannot  here  enter;  hut  must  refer 
the  reader  to  the  very  able  discussion  of  them  given  by  Professor  YouDg,  lA  llis 
Differential  Calculus,  chap.  ix.    We  have  only  to  remark  : 

1.  That  when  the  co-eificients  of  any  powera  of  h  appear  in  the  developm^l 
of  finite  values,  the  terma  which  eontaUi  them  are  terma  of  the  tme  develop* 
nient. 

3.  That  the  terms  with  dpher  eo«efficienta  are  abaent  from  the  developneDt 

3.  lliat  the  terms  with  infinite  co-efiicienia  imply  the  extreme  of  terms  itt 
powers  of  k  with  fractional  co-efficients. 

4.  That  when  the  development  is  required,  recourse  roust  be  had  to  other 
methods  depiendin^  on  the  nature  of  the  function  itself  j  as  the  binomial  tbeoren, 
indetermiaate  co-efficieota,  etc. 


^  PROP.  V. 

7b  dlos;^  lAe  indepmdeiU  earioMt  in  a  djfemUUil  eqtuUim, 

At 

Lit  ^»        e/c.  be  differeottal  co-efficients  of  ti,  with  regard  to  the  inde- 
pendent variable  « ;  it  ia  required  to  expreaa  them  as  functioBa  of  anedicr 
independent  variable  /. 
Since  «  =/Cv)>  and  «  =  ^  {l),  we  have  {page  373) 

4&     du  dx        du     du    dm  (du) 
di     d»dt  *      dg    dt  '  dt  (fig)' 

where  we  put  (du)  =  ^  and  (dir) »  ^  for  brevity  af  writing. 

Again, 

d'H     d-ii  dxr     du  d*»       . , 

and  S  I  on  for  higher  orders  of  differpntial  co-cfhcicnts.  Such  transformations 
as  we  proceed,  however,  become  extrimciy  laborious;  but  above  the  secwwi 
here  given,  they  are  never  required  in  ordinary  practice. 
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EXAMPLES. 


1.  Let  u  :=  eia  «  and  «  s  cotr^  ti  then 

dg  ai         Vi  —  <• 

Al     '  COS*      _  f 

3F         V  i^-T' V  1  — 
9.  Clmiige  the  formiik  |l  +       )'}        ^ 3  ^ 
in  which  •  b  the  prineipal  variable  Into  one  where  y  te  the  principal  variable. 


3.  llxe  expressions  - — j^"*  ^  ,  and  * — ^ J*^      have  identical  yalues,  « 

being  the  principal  variable  in  the  fonner,  and  y  in  the  latter  case. 

4.  If       =  1  +  ^»  It  IS  required  to  change  the  expression 


into  one  where  s  is  an  independent  variable.  An$.  — ^-?-*t'. 

or  iis     ds*  ds 

S,  Show  that  if  «  =:  r  cos  0  and  jr  =  r  ein  0 ;  then  the  expreasions  in  Em,  3 
will  b«  changed  aa  functioni  of  0  into  ; — 


CHAPTEB  nL 

VAMSHINO  OS  AMBIGtWUS  FRACHONS. 

Tnie  term  applies  to  racfa  fraetions,  -tV^'  ^      >onie  one  or  more  apcdfie 

/  w 

^nt^e  vahie8  nf  x  in  both  its  terms  vanish  simultaneously,  or  the  fracdon  to 

0 

taka  tbefonn  -  J  and  thereby  render  the  valne  of  the  (faction  ambigaous. 
Inataneea  have  been  given  in  the  introduction  to  thie  eubject,  such  as 

"~ir"»         which,  when  x  =  n,  and  9  =  0,  take,  respectively,  the 

values  3a^  and  1.  'i'he  diflerential  calcukis  furnishes  a  ready  method  of  finding 
the  values  of  these  fractions  under  such  conditions. 

1.  In  the  general  development  of /  («  +  A)  by  Taylor's  scries,  it  is  impossible 
that  aU  the  differential  co-eflBcients  shall  vaniab  with  the  same  value  of  «. 

For  in  each  caae,  if  a  be  tbe  value  of «,  we  ebould  alao  have 
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for  all  values  of  h  j  and  as  in  this  case  /  (n)  =  0,  we  have 

/(a  -f  A)  =/a,  or  A  =  0; 
which  is  incnrnpatihle  with  the  hyjrothesis  of  the  equations,  beinf?  inf^ependent 
of  the  values  of  h.  Whence  all  Ibe  difiereutial  co-eliicieDU  cannot  timuUcmeoutljf 
vanish. 

2.  Develop  the  fiaction  ^Jf  "|"  *| ;  and  write  the  difiereotial  co-efficienls» 
fior  the  take  of  brevity,  as  follows :— > 

(jh  in  the  derived  equations,  vol.  i.  p.  208),  and  similarly  F|  (jt),  F^  ite.,  for 
the  diflerentud  co-efficients  of  F  (s).  Then, 

Ffx  -i-  A)_F(j)  -f  F,(x).A  +  F3  (x).  A»  -f  F,  +  ... 

/I*  +  A)     /Cx)  +/,  (*).*+/.  (*) .     +/,  (X).  A»  +  ... 
If  a  value  a  be  given  to  x  such  that  F  (a)  =  0,  and  /  (a)  =  0,  then,  dividing 
all  the  teruit  of  both  remuoing  series  by  A,  we  get 

F(y.f  A)_F,  (o)  +  F,(fl)A  +  F,(a)  A«  +  Ft(a), 

/(»  +  *)"■  /(«)  +/.(«)*  +/,(«)  »^+'...  /iW 

when  A  is  taken  zero. 

Should  this  also  give  the  ambigiiotts  form,  let  US  stili  further  divide  by  k,  and 
in  the  result  make  A  sssO:  then, 

F  (x)  _  [a) 

/(«) "  May 

Or  if«  again,  the  second  side  of  this  be  ^,  we  proceed  onward,  tiU  at  last  wt 

arrive  at  terms  either  Fn  (a)  and  /«  (a),  which  are  one  or  both  not  /er  k  Such 
values  as  are  furnished  by  the  quotient  are  those  of  the  original  fraction.  Whence 
the  rule. 

Substitute  the  successive  differentials  of  the  numerator,  and  the  correqxnid- 
ing  ooea  of  the  denominator,  for  the  original  numerator  and  denominator:  then 
the  quotients  which  are  thus  formed,  and  are  not  of  the  ambigiiona  fom,  sie 
the  values  of  the  iiactioa  itadf  . 

EXAMPLES. 

jJt   

1.  Find  the  valne  of  ,  when  «  s  0. 

X  —  a 

Here  F,  (•)  =  3j^,  and  /  (a)  =  1 ;  hence,  potting  »  a  «,        s  34^. 

Qjf 

S.  What  ia  the  value  of    ^    when  « is  made  equal  to  zero  I 

F  (x)  F,  (0)  <J 

=  0*  log«a— 6'  log^.    Hence  ^^^—r ^  =  a«  log<a  —  ¥  log^  =  log, 
J I  W  ft  (0)  • 

^  ,    .   cos  X  —  sin  T  -f  1      .        F,  (^tt)  cos  W  +  sin 

3.  If  « s m  ; — :  ;  then,  ■J  ::-  <  =  1  -. — r-  —  ^• 

'      cos  « nu  »  ^  1 '        '  fi  (iir)        coe  ir  —  em 


4*  To  find  the  value  of 


a 


Ziy^^whenx  =  0.  I'^m^^ 
«»  ft  (ft) 


6.  Fmd  ^     ^  -  («  +  ly  «^  +  (2>»  .f  2a  >  1 )  xH.  -  n»r.^-^,^ 

(!-*)» 

F>0)_«(w  +  1)  (2»+  1) 
1,2.3 
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It  will  often  be  advaatageom,  and  sometimes  essential,  to  d^lop  wiihoiit 
the  aid  of  Taylor's  theorem ;  and,  if  poatiible,  to  elitninate  the  common  factor 
open  which  the  expression  depends  for  ill  anbiguooi  form.  We  have  not, 
however,  room  to  dilate  here. 

ThiM  if  2LlZL^_^^i^Sjz3  be  reqnind  when  m^a»  we  may  write  it 

Var— v^tt^       1  1 

»y     —  o*      V  x  +  a      ^/ 2a 

On  this  subject,  treated  under  a  diffisrentand  more  general aBpeet,aeeYoQog*a 
IJif.  Calc.  pp.  76—81. 

6.  Tlie  value  of  the  differential  co-efficient  of  u=t*-]-  3o*«* — 4(^4^ <- 0^^= 
when  a:  =  0,  is  —  2  +  \/  7,  the  function  being  explicit. 

7.  The  diffbrentlal  co-eiBcient ftf  ay*—  20*9 <—  2«*  +  Za^  =  0,  when*  s  a, 
ia  <jh  ^  3,  the  fwietion  heiog  ao  explicit  one. 

8.  The  value  of  «  'CI  —  log    ^    ^^^^^  «  =  0  j 

J 

9.  The  value  of  9"  sin  m  is  infinity  when  »  ss  O. 

1 0.  The  value  of     e""-*  when  x  is  infinite  is  ^^-^  ^)  -  •  ■  3.2.1  __ 

e* 

11.  When  «  =  0,  the  value  of  (co«  ax)  (cosec  §x)^  iae  '^^*' 
18.  When  «  =  0^  the  value  of  (1  +  msf)'  is 


CHAPTER  IV. 
THE  THEORY  AND  APPLICATION  OF  MAXIMA  AND  MINIMA.' 

Whrn  one  variable  of  an  equation  ilepcnds  upon  the  variations  undergone  by 
one  or  more  independent  variables,  its  value  will  vary  accordinj?  lo  the  variation 
of  those  upon  which  it  depends.  For  any  specified  values  of  the  independent 
Tsriable,  it  will  have  one  or  more  apecific  values,  dependent  solely  upon  the  form 
of  the  eqnation  which  connects  all  the  variables.  This  value,  (or  values)  can  lie 
always  found,  provided  we  admit  the  possibility  of  resolving  the  equation  which 
connects  the  variables. 

During  the  progressive  changes,  however,  of  those  indepenrknt  variables, 
tliere  will  be  some  values  of  the  function  which  are  greater  or  less  than 
others ;  and  as  we  suppose  the  independent  variables  to  change  progressively, 
according  to  specified  laws,  the  value  of  the  function  itself  must  undergo  its 
changes  progressively,  also  aeeording  to  a  specified  law*  The  laws  of  change  are 
also  implied  in  the  form  of  the  equation  itaelf ;  and  hence  may  he  considered  as 
given  for  all  the  uses  we  shall  have  occasion  to  make  of  them. 

Those  changes  maybe  of  various  kinds;  either  sometimes  increasing  up  ton 
certain  value,  and  then  commencing  lo  decrease  ;  or  first  decreasing  to  a  certain 
value,  and  then  commencing  to  increase.  The  function  may  be  of  such  a  form 
as  successively  to  do  both|  even  many  times  in  succession :  or  it  may,  either 
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after  doing  bofh  wy  number  of  timet  or  doing  eitber,  inaeaie  or  decrease  vilb- 
ODt  finite  limit,  or  to  infinity. 

(1)  ,  As  an  example  let  iu  take  sin  0.  TliiB  may  increase  from  0  to  sin  |v  txt 
nnity:  after  wbicli  it  commences  to  decrease  till  sin  x  =  0.    Continuing  to 

decrease  (for  a  nfrjnfirp  vahie  will  represent  decreajse  below  0)  it  arrires  at  s:n  fr* 
or —  1 ;  and  then  it  commences  its  incretise,  by  diminishing  its  negative  value^ 
till  it  arrives  again  at  the  value  sin  'Itc  or  0. 

(2)  .  If  we  con*»ider  y  =f{x)  to  be  the  relation  of  the  ordinate  of  a  line  of  the 
second  order  to  iU  abscissa,  precisely  the  same  results  will  follow  from  an  exami- 
nation of  tbe  equation  of  tbe  conic  section  y*  s  Jbr  +  This  the  student 
can  follow  out  for  himself.  He  will  see  that  when  Jb  =s  0^  there  is  neither  a 
greatest  nor  a  least  Yalue  of  jr  i  that  is,  such  as  the  values  fore  immediately  pre- 
ceding and  succeeding  are  both  greater  or  both  less  than  for  that  at  any  speci- 
fied  value  of  «.  Whilst  for  real  values  of  k  there  are  values  of  y  which  are  either 
both  greater  or  both  less  on  each  side  (at  tbe  smallest  difference  in  the  value  of 
3c)  of  that  particular  value. 

Oiber  instances  will  presently  occur;  tbe  present,  however,  will  suffice  for 
cxplaininsf  the  following  definitions ; — 

Dkp.  1.  A  majcimum  is  that  value  of  the  function  of  one  or  more  variables 
corresponding  to  ispecific  values  of  those  variablets,  such  that  if  compared  with 
the  values  of  the  function  dependent  upon  two  contiguous  values  of  the  inde- 
pendent variables,  it  shall  be  greater  than  either  of  tbem. 

Dkp.  2.  A  MsaMtuii  is  that  value  of  the  function,  two  contiguous  ones  of 
which  are  greater  than  it. 

Tbe  algebraic  expresuon  of  these  definitions  will  obviously  be  s-^ 

Lettt=/(x)  be  afuncUon  of  and  n  be  8uch  a  value  of  *  that  for  any 
finite  value  of  A,  however  small,  and  fur  all  less  values  of  A  down  to  0, 

f(a  -  h)  —f(a)  =  ±  and/Cfl  +  A>  -/(«)  =  ±, 
that  is,  shall  have  the «ame  sif/n  .  t!ien 

(1)  .  If  that  sign  be  —  the  lunction  «,  =  f  (a)  is  a  maximum. 

(2)  +   u^=/{fl).,  minimum. 


PROP.  I. 

db 

7%0Med!sef  ^««itc&reiuler  uAfiianflm  0. 

Lbt  Hi           -f-  A)  and  u^=f(x  —  A) :  then  generally 
 du    h        d'u     A»         rf'tt  A* 

ci^     1   +         •  172  +  1.^.3 
du     h    .  A«  d^u 

^       i  +  rf?  •  1 .2  ~  ci^-  •  1  'ITa'*"  •••• 

Now  in  every  series  of  ascendmg  powers  of  A,  in  which  all  the  co-efficients 
are  fmile,  a  value  so  small  may  be  given  to  Aj  as  shall  render  the  aggregate  value 
of  all  the  terms  after  the  firttt,  less  than  the  value  of  that  first  term  * ;  and  hence 


*  TliU  propo»ition  has  been  virUmlly  provH  at  p.  221.  rf>f.  i.  throrrm  't  .  tlit  mothiMl  o' 
reasoning  tlierc  eaiplu^cd  tnay  be  extended  to  an  intinite  »cneii  as  wcil  ha  lu  a  Uuite  number  of 
terms.  For  tb«  sdce  of  eompletMios^  howorar,  we  shall  testale  the  aiguiiieat  in  a  il^hdy 
modified  fona. 

Let  tbe  given  tsries  be 

AA-f  BA«  +  CA»  +  ; 
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« 

that  value  of  k  wUl  remier  the  aggregate  value  of  the  entire  scries  of  the  tmne 
ngn  as  that  prefixed  to  the  first  term.  But  in  liheee  tiro  seriee,  ^  .  y  is  the 

eame  value  with  differeot  signs;  and  beoce«  except  ^  ^  0>  the  condition  of 

the  maximnm  and  minimnni  (m.  that  the  functbna  «•  n  end  Hs  — 1|  shall 
have  the  same  iigns)  cannot  be  fulfilled.  Whence  the  proposition  follows :  for 
then  the  third  Wm,  and  hence  the  eggregate  values  of  the  series,  will  have  the 
same  signs. 

PROP.  II. 

3b  innetiigaU  ik§  tigni/leaiUm    the  mbte^unU  Umu    the  devehpment, 

1.  Since     is  essentially  positive,  the  sign  of  the  term  — -  depends  on 
the  factor 

When  ^  =3  +  the  ftinetion/  (a)  is  a  simisnmi. 
When^  =  -  /(e)  mammmi 

The  maxima  and  minima  can  therefore  be  distiti^shed  by  this  criterion : 
whilst  the  equation  from  which  a  is  to  be  determined  is  that  ^  '^^^  =  o  j  es- 
tablished in  the  preceding  proposition. 

9.  Should  it  also  happen,  that  for  «  &=  a,  ^  =  0,  then  ^      0  is*  insnfil- 

cient  for  determining  the  maxima  and  minima,  as  the  following  terms  of  the 

(I'm  a* 

two  series  +  ,  ,  .  —  .  have  different  signs,  and. the  analytical  condition 

—  (ur  1.2.3 

eeaess  to  be  fulfilled.  Whence,  that  the  condition  ehould  be  fulfilled  we  must 
further  have  ^  =  0 ;  and  then  the  separate  casee  of  maxima  and  minima  will  . 

Mr 

be  determined  by  the  sign  of  ^  as  they  were  before  by 


nn<l  1ft  tlic  ratio  of  any  onp  of  the  co-cfTu  icnts  to  tlie  one  inmit.Iiatcly  preceding  it,  H  -t*  Q  bo 
finite  i  then  if  r  be  gixutcr  tlian  the  grt'alesl  of  all  these  lutios,  wc  §hall  have 

J?  Z.  p,  or  D     Cp,— or  D  ^  Af0;  tk. 

WhcDoe 

A*  +  B*«  +  C»»+  A*  +  Ap»*3+..  

/.AAil  +  Hk  +  P^«+  i 

Let  A  =  J- ;  then  - — i — J  =  2 ;  and  wc  have 
2p  1  —  (>h 

AA  4-  DA«  +  CA3  +  Z.  eAA,  or  IWJ  +  (7.3  +    ^  Aa. 

The  mm  of  the  whole  of  the  i  cmriiuinK  s«jit!*  ia,  in  this  cmc,  rendered  lets  in  value  than  the 
first  term ;  and  hence  the  aign  ot  ih«  entire  value  for  this  Tslue  of  A  is  the  aame  as  the  aign  of 
the  fiiit  teiBi* 
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3.  Shoidd  the  dUTerential  co-effidentB  for  tbo  Ttliie  w^a  become  woo  through 
any  number  of  stages,  it  will  follow  from  uoiUar  reasoning,  tliat  the  maxima 
and  minima  will  only  be  indicated  by  an  even-numbered  eo-el!icient»  aa  the 
2a'^.  bein^  the  fir^t  one  of  the  series  which  has  a  finite  value;  and  the  separate 
caseH  w  ill  be  determined  by  the  same  crilerioD  aa  to  the  4-  or  — >  value  of  thai 
co-elficient,  as  was  given  above. 

4.  If  fi  be  a  maxunum  or  minimum  for  a  given  value  t  —  «,  then  anv  con- 
stant muliiple,  sub-multiple,  root,  or  power  of  u,  will  ai&o  be  a  maximum  or 
minimum  respectively. 

6.  If  «  be  a  maxinram,  then  ^  ia  a  minimum  1  and  eooTenely. 

6.  If  «  be  a  maximnm  or  a  minimtun,  log  « ia  eo  too. 

7>  If  in  the  equation  ^  =  0>  there  be  /actors  qf  the  variable  which,  /or  lUl 

ooAifff  0/  ihai  varUMe,  rtmmm  poritwe,  theae  may  be  rejected  in  the  aame  waf 

that  constants  are,  in  determining  the  sign  of      ;  for  as  it  is  the  sign  alone  with 

which  we  are  here  concerned,  it  is  obviou-^  that  the  rejection  of  these  factor*? 
does  not  affect,  in  any  way,  this  particular  object  of  our  search.   Such  factors 

are  (a — c)*",     (■  —         ^c,  which  are  poaitive  for  all  mteger  values  of  n. 

This  will  often  greatly  simplify  the  work.  We  must  not,  however,  forget  that 
we  ihna  determine  only  a  part  of  the  maxima  and  minima,  vis.  thoee  which 
depend  upon  Uie  compound  expieaaioo  which  ia  multiplied  by  these  factoit.  In 
aoch  casee,  however,  the  determination  of  the  maxima  and  minima  correspond- 
ing to  the  roots  of  /,  (x)  =s  0,  which  these  expressions  imply,  ia  very  nmple^and 
generally  done  by  inapection,  on  the  principle  iUuatiated  in  JBa*  8. 

If  «  =/  (X.  y, . . .),  the  aame  leaioidng  will  apply ;  and  it  will  follow  that  tiie 
several  conditions  already  deduced  muat  be  fulfilled  by  the  difiereatial  co^ 
efficients  of  Taylor's  theorem,  taken  inreepect  to  enel  of  the  variablee,  c,  y, . . . ; 
but  in  the  present  work,  it  would  be  impossible  to  enter  upon  the  requisite  dis- 
cussions for  their  establishment.  The  student  ia  referred  to  Ori;^ory*a , 
pUtgp*  I07»  eftf*>  for  the  requisite  information. 


PROP.  III. 

Tie  «^«f    ihe  differentitd  «hfffi€uni  for  vahm  immediattly  pmtimf  midJU- 
kmng  a  mmnmum  or  MiasaMMs  are  differemt^ 

For  aince  the  function  is  a  max.  or  a  min.  we  have 

/(p  -  A)  »/(*)  -/»        +  /,  i»)*Y7%  " 

/(X  +  A)  =/(*)  +/.  (»)  *  +  /,  (ar).^  +  .... 
both  less  or  both  greater  tban/(c}  .  that  is,  the  taro  aeriea 

^/i(«).*+/3(*).j-^  —  /a  i^^^  y^  +  •••• 

+/.(•)*+/.(•). +/,  (*)n7:3+ 
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nratl  Iiax-e  the  nme  ligo ;  vit.  —  when  the  ftmction/Cir)  is  a  nuadiiiiiiii,  end  + 

wlicD  a  minimum. 

Now,  with  values  of  h  sufficiently  small,  the  signs  of  these  series  vvill  be 
the  e^me  with  tbo«f  of  their  first  terms,  —  and  +  respectively  ;  and  hence  the 
condiiioQ  of  the  values  of  the  series  having  the  same  signs,  requires  that  ia 
paning  through  the  maximnm  or  the  n^oiimim,  the  sign  of  (j)  shall  he 
changed, 

ScAoltiiiii. 

The  criterion  of  the  maxima  and  minima  laid  down  in  the  previous  prop(V 
eitiim  (u.)  it  often  of  diffiealt  application »  owing  to  the  great  complexity 
amtmed  by  the  sneceeuve  diflerential  co-eflkieots.  It  alao  becomea  inapplicable 
in  ceftam  eaacs  from  the  illaaorj  form  vbich  the  expansion  of  the  aeriea  by 

Taylnr*s  theorem  aaanmee.  For  these  reasons,  this  proposition  (Ui)  ia  often 
useful,  and  sometimes  essential  for  the  determination  of  maxima  and  minima. 
Its  praxis  is  comprised  in  the  foUowing  ruk» 

Make  ^  [or      if  more  convenient]  =0,  and  find  the  valnea  of  «  [or  of  a] 

which  fulfil  this :  inaert  aacceaaiTely  thie  valoe  decreaaed  and  increaaad  faj  a 
positiTe  qnanti^  h,  aepantdy  in  the  given  fonction,  and  ohaenre  the  a^ina 
bekmgtng  to  both  reanlta. 

du 

If  both  results  he  —  the  value  a  of  «  in  -r  =0  makes  the  function  a  rraxi- 

dx 

mum  :  if  both  he  -f  that  value  of  a  makes  the  function  a  minimum  :  and  if  the 
signs  of  both  i>  suits  he  unlike^  that  value  renders  the  function  neither  a  maxi- 
mum tior  a  mxmmuiu. 

BZAIIPLBS. 

1.  Find  the  ouudmum  and  minimum  values  of  the  function  u,  in 

«  rs        8«*  +  sac* »  24a  +  18. 

Heie^ 

du 

^  =      —  24c*  +  44r  —  34  =  0}  loola  1,  9,  3. 

12**  — 48«  +  44$  valoeafor  the  roote  +,  ^, 
Hence  for  a  s  1«  the  valae  of  «  ia  a  wdm.s  for  a  s  8,  a  mam»s  and  for  Z,  a 


8.  To  divide  the  number  a  into  two  parte,  •  and  «  —  «,  eoch  that 
«  asa"  (a  —  a)"  ahail  be  a  maximum. 


dx 

^=a^  (•-a)'^  {ai(ei-I){a-«)»-2aiaa(a-«)+«{a-l)a*} 


Hovf  the  values  of  or  in  ^  =  0  are  0,  o,  and  ^ 


da  *  '      M  +  « 

(1)  .  When  a  s  0,  a  ia  a  mta.  if  ai  be  even;  hut  neither  eiaa.  nor  mta.  if  »  be 

odd.    For  it  is  clear,  that  by  continuing  the  differentiation,  the  factor  c*— 
Yvhich  renders  the  firat  even -numbered  differential  co>efficient  of  the  form  0* 

((»r  1)  depends  upon  m  —  2/j  l)eitig:  an  even  number,  and  therefore  m  even. 
(Jiherwise,  the  term  o<»  is  nn  odd-numbered  differential  co-efficient;  which  ia 
oeiiher  indicative  of  a  max.     a  min. 

(2)  .  'When  a  ss  a,  it  wUl  sumkrly  depend  ua  n  htmg  even  or  odd,  whether 
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(a  —  a?)^"^-P  becomes  0"  in  an  even  or  an  odd- numbered  differential  co-efficient; 
and  the  same  conclusion  follows  for  n  as  before  for  m. 

<"J-  then  ^b«««. -(.  +  »)  (-"^«-J"-(_^p 

]Qdi€fttiv«  of  II  being  a  mas, 

3.  To  bisect  a  given  triangle,  ABC,  by  the  ehortest 
Kne,  DE,  ponible* 

Denote  the  tides  and  angles  of  the  given  triangle 
ABC  aa  usual;  and  let  CD  =  x,  CE  =  y,  and 
DE  =  «.  Then  aABC  2^CDE ;  or  i  a&  sin  C  s= 
a .  i  cy  lia  C,  or  a6  =s  2«y.  But 

f^as  «•  —  2af  cos  C  +  jp«  =    +  ^  —  oft  cos  C. 
Whence,  an.^teOa  orc^ssi  e«ft',andc=v^|a5: 

Wherefote also, y » s '^iab j  and, substituting, 

mm 

«*s=^a5  +  itfft  — oftcoeC«4i6(l  — cosC)  =  i(a  — 6-f.c)  (— a  +  ft  +  e). 

4.  To  find  the  quadrilateral  which,  formed  by  four  given  lines,  a,,  a,,  a^, 
contains  the  greatest  area. 

Let  9  be  the  angle  indnded  by  «„  0, ;  and  w  that  contained  by  a,,  a« ;  also 
let  m  be  the  diagonal,  subtending  these  angles,  and  «  be  the  area  of  the  figore. 
Then  we  have 

«  =  1 0|«,  sin  6  +  I  «|04  sin  «i 

^  =  i         cos  9  +  0,04  cos  c  —  j  =  0. 
But  «4*  —  So^o,  Goa  •  +     s    as     —  2a,«,  coa  9  +  a* ; 

and  differentiating  we  get,  "3 ^  =  ^  ;  whence,  substituting, 

coe  0  +  costt . ^1*^  =  0 $  or  sm  «* cos  9  +  cos  w  sin  0 as 0|  or  ain  (w  4-  e)  =  0; 

8in  w  '  #  >    1    /  » 

or  lastly,  d  +  a;  =  tt.   The  quadrilateral,  therefore,  is 
inscriptible  in  a  circle. 

5.  There  is  a  mark  on  a  maypole  of  a  feet  high,  at 
the  distance  of  b  feet  from  the  bottom ;  at  what  dia- 
tance  on  the  horisontsl  plane  from  the  foot  of  the 
maypole  must  I  stand  to  see  the  upper  part  aubtend 
the  greatest  angle? 

Put  AC  =.0,  EC  =  b,  CD  =  X,  the  disUnce 
sought,  and  ADB  s  9,  the  angle  subtended  by  AB 
atD.  Then 


«  »  un  e  =  tan  {tan->  ?  -  tan-«    -    r"- ^  f_ , 

oft  + 
{a  —  b)x 


which  is  to  be  a  fm.,     -  =  =    »  mta.  Hence,  dropping  the  coo- 

atant  o  —  6,  we  ham 

From  the  former  of  these  =  ab,  showing  that  D  is  &e  point  of  contact  of  a 
circle  ibrotigh  A.  B,  with  the  line  CD;  and  the  aecoAd  being  «f  ahowa  thttffw 
a  iiMi.,  and  therefore  a  ss  tan  0,  ia  a 
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9.  Find  the  greatest  ordinate  in  a  given  ellipse,  rcfcrreil  lu  a  given  diameter. 

Let  the  equaliim  of  tlM  eUipee  be  referred  to  the  given  diameter  2a,  and  its 
coojagate  36,  the  origin  being  the  centre,  llien  we  have 

«V  +      =  0^6**  and  y  being  a  fanction  of 
then  diferentiating  and  applying  the  ertterion,  the  condition  ia  found  to  he  fnl* 
6lled  by  «  s  0,  y  s  0,  or  the  greatett  ordinate  ia  the  aemi-ditmeler  conjogate 
to  the  given  one.  O 

7.  Determine  the  longest  pole  that  can  be  put  up  a  Jq 
chimney,  the  height  RM  from  the  floor  to  the  mantel  y^. 
hein^  a,  and  the  depth  RB  from  front  to  bade  ^f^— 
beiog  h. 

Let  OP  be  the  position  of  the  pole,  and  th&  angle 
MPR  =:  e  i  then  OP  =  u  =  a  cusec  6  +  6  sec  e. 
DiflSwentiatei  dien 


dm 


a  cos  0  ,  6  sin  9     ^      ^   «     /   \  4 


Whenoe* 


«  =  a  cosec  9  -\-  b  sec  0,  or  PO  =  +  {u'  4- 


the  double  sign  signifying  that  the  pole  is  measured  iiom  either  end,  O  ur  P. 
Again,  the  first  differential  co-etficient  gives  both 


taD9=^^ji,and 


=  sec'd 


eotO 

cPu 


=  —  008ecj*9. 


The  resulta  feapecttvdy  ahoir  that  m  ia  both  a  mov.  and  a  mtii.  We  mnat, 
therefore,  recnr  to  the  yeoaielHcal  conditiona,  to  assign  which  is  to  he  taken. 

Now,  the  condition  which  we  have  used  is  that  the  line  PO  passes  through 

M  and  is  terminated  hy  the  lines  AB  and  BC.  But  that  line  may  be  increased 
without  liirtit,  since  when  it  becomes  parallel  to  either  of  the  lines  AB  or  BC, 
it  ii  infinite.  The  line  found  above  is,  then,  the  least  that  can  be  drawn 
ti)rouf(h  M. 

If  a  pule  longer  than  Utat  now  found  were  placed  in  the  chimney,  it  must  in 
its  progress  have  coincided  in  length  and  position  with  PO ;  and  as  these  two 
conditiona  are  eontiadictory,  PO  ia  the  longest  pole  that  could  fulfil  the  coodi* 


8.  Hw  four  edgea  of  a  rectangular  piece  of  lead,  a  inchea  in  length  and  b  in 

breadth,  are  to  be  turned  up  perpendicularly  8o  as  to  form  a  Teaael  which  ahall 
hold  the  greateat  quantity  of  water :  what  breadth  ia  to  be  turned  up  to  form 

the  «ide^  ? 
Let  it  be  r  inches  ;  then 

tt  =  «  (a  —  2*)  (6  —  2«)  =  a6a:  —  2  (a  +    «^  +      =  max. 

^ssoft  —  4(e  +  A)«*f  l^a's  0,  or 


=  -4(«  +  *)  +  a«»i 


in  which,  inserting  the  previously  found  value  of  w,  we  get 

^«±4Vo>-e6+6«. 
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This  «!olntioni8  double,  like  the  preceding  one.  an»1  similar  rrmarks  nprU*  to 
it;  but  without  thi*?  discussinn,  as  only  the  maximuin  is  sought,  wc  have  Ukca 
the  sign  of  the  radical — to  fulfil  the  condition,  and  hence 

X  =  J  {a  +  6  —       —  (lb  -j-  A*  j  ^ives  the  nua»  TesteL 
9.  Cut  the  j^reatest  ellipse  from  a  given  right  cone.  jl 
Let  A  be  the  vertex,  and  KK  the  section  made  in 
the  base  of  the  cone  by  the  tranavene  plane.  Then, 
pot  AB  B    AD  s=  ,  AER = A,  and  ED,  Vh  K . 
the  transrene  and  conjugete  diamelere.  (See  pafft$  134 
and  144).  Then  by  tngonometry» 

ED*  =  a»  —  2«»  cos  A  + 
HF  s  PD s «em lA, EM  =  F6 s: « ein iA. 

Also,  area  oC  ellipee  =  ED.VUK.FG«ri  or  tubetitutinir 


s=  w V  (o»—  3«r  cot  A  +  x';.a*  sm^jA. 
This  being  a  max.,  iu  square  and  snbmiiltiplea  wUl  be  a 
our  present  purpose,  we  have 

«  s  aV;  —  te*  cot  A  +  c**  a 


ss  3x*  —  Aax  cos  A  +  a'  =  0  ;  from  which 
»     ia  {2  cot  A  ±  -v^cos'A  —  3  h»i»A} 
Again,  '  "  ==  6«  —  4«  cot  A  =  ±  aa  Vcot«A  —  3  tin'A, 
the  negative  sign  betokening  the  max. ;  and  hence  the  tolntion  is 
«  =  4  a  [2  cos  A  ~  Vcos^A  —  3  8in*A} 

The  limit  of  possibility  it  evidently  tan  A  :=  I  ^il 

9.  Given  the  base  and  sum  of  the  sides  of  a  spherical  triaugle,  lo  find  it  so 
that  the  verticai  angle  shall  be  the  greatest  possible. 

Let  2a  be  the  given  base,  2&  the  given  turn  of  tlie  aidet,  and  ^  +  9,  ^  i 
the  sidet  themtelvet.  Then  if  C  be  the  vertical  angle,  we  ahall  have 


p      cos  2fT  —  COS      4-  9)  cos  (/3  — -  e)  _ 


cos  2a  —  cos=/i  -f  sitfy 
sin*p  —  ^in'e 


d  cos  C  _  4  (cos  2a- cos  2  ^)  sin       ^        _      Qmit  the  conttants :  thtn 
d9  (cos  26  —  cos  ifi^ 

<Pcos  C  _  a{l— cos2>3co8  20  -f  8in»2g}  _         ^  ^j,^^  ^  =  o. 


(cos  2«  —  cos  2/3)* 


(1  —  COS  W 


The  vslue  of        -  it  therefora  a         and  hence  C  itielf  ia  a 

was  required. 

10.  {Ldin.  Trans,  vol.  xii.  p.  333).  To  find  the 
sun's  declination  f  when  in  a  given  co^latitode  X, 
the  ratio  of  the  sun's  motion  in  right  ascension  to 
his  motion  in  longitude  it  a  maziroiim,  and  to 
assign  Aat  ratio. 

Let  P  be  the  pole  of  the  equinoctial,  M  the 
pole  nf  tb.e  pcliiilic,  Q  the  first  point  of  capricom, 
and  &  the  sun's  place  at  the  time  in  question. 
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PlltFRsf,SFRse,PMs=X,RS  =  xi  then  we  have 

(APSR)....co8x  =  <^cotf  finX  +  oa^cosXcos  0  (i), 

(APMR)....cot  f  ss  —  uui  X CM 6,  (tince  MR  =  |ir)  (2). 

^=  M,  (»  being  the  variabb  ratio)   (3). 

Froiii(lj  2)  wftget 


cot  X  =  or  ^  =  -  » 

sia  \'  V  g^ix  —  GOsV 

Differentiatiog  (2)«  we  get 

<I9  cos  X 


•  •••••••■a  C^}f 


(6). 


iuaert  (4,  u)  m  (3),  and  reducing,  we  have 

sia-^  —  u  cos  X  (G), 

vbich  8o]v«8  tlw  problem  when  the  fatio  of  the  two  motioiis,  u,  is  given. 
To  have  %  ft  marimnm,  let  ue  dtfleientiate  (6)  {  then  we  get  the  equatton 
du     2  sin  0  cos  «     sin  2^ 

coeX        coeX'^  ' 

This  substituted  in  (6)  gives  « as— =  sec  X,  as  the  greatest  or  least  value 

COS  A 

of  the  ratio  in  question.  The  criterion  givee 

<ft»     2  cos  24  2  •  % 

T-s  =  =  —  - — c  =  —  a  eec  X, 

cf0'       COS  X  COP  X 

in  the  case  before  us.    Hence  the  value  just  determined  is  a  maximum. 

11.  In  ■  given  latitode  to  And  the  time  when 
the  enn  poasce  from  one  given  almieantar  to 


Let  EIIRQ  be  the  horizon  of  the  place,  Z  the 
senith,  P  the  pole  of  the  equinoctial;  N',  N,  the 
point*!  in  which  the  sun's  path  LNR,  cuts  the 
given  almacantars  Ml'N",  LSN  t  it  is  required 
to  find  the  polar  distance  PN' or  PN  (this  or 
the  declination  bem<^  siupposed  to  not  chanj^e 
during  the  time  of  passing  through  NN'),  so 
that  the  afc  NN'«  (and  conaequently  the  time 
of  ita  deacription»)  shall  be  the  least  possible. 

Put  PZ  (the  co-latitude)  =  X;  PN'  =  PN  s  p,  the  apherical  mdioa  of  the 
circle  LNR;  ZN  and  ZN'  thoee  of  LTN,  MUN'  =  p„  reepectively,  and  the 
aiiglea  ZPN,  ZPN'  =  9|»  9^  zespectivay.  Then,  putting  9,  —  0,  s  9» 

smpsinX  *  ainpsiaX  * 

NN'ai9.-«  -ttfT^^^'^  cos  pcoeX    ^coapi-^coip coax 

sin  p  sm  X  sm  p  sin  X 

Now  as  the  stin  moves  uniformly  throiitrh  NN',  the  time  of  describinpr  NN' 
will  be  a  tninimuin  whe  n  NN'  is  a  minimum.  Hence  this,  as  a  function  of  ia 
to  be  a  mmmium.    lake,  therefore,  the  differential  \  and  we  get 

(s»m'^X  —  eos^p,)  -f  2  cos  X  cos  pi  tos  p  —  cos'^p 
(cos  X  —  cos  p,^  cos  p)  cosec  p 
>/ (sio^X  —  cos'pj  +  2  cos  X  cos  p,  cos  p  — cos'p' 
which  upon  reduction  by  ofdmary  trigonometrical  proceeeee  becomes. 
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coii*p  »  8  eot  X  . 


1  -f-  cos  p,  COS  Pa 


C08  Pi  +  C08p, 
CO^'J  (p,  +  Pa)  C09  X 


CM  p  +  COt^  =  0 


COS  ^  (p,  +  pj  COS  4  (p,  —  pj* 

^  cosMp.   

COS  i  (Pj  ±  Pi) 


Differentiating  (1)  and  inserting  the  values  of  p  from  (8),  we  get 


_    Bin  p,  sin 

-ns  =  +  r          — .  OOtAi 

Op'  COS  p,  -}-  CUS  Pj 


(t). 


Firs/,  take  the  upper  signs  (which  are  correspondent  in  all  the  equations),  and 
we  have  as  the  condition  of  the  minimum,  that  sin  p,  tin  p,  cos  X  shall  have  the 
■ame  sign  ai  coa  pi  +  cos  p^  at  ui  ettentiai  relation  amongst  tbt  dftta.  Hie 
remit  k  otherwiae  a  nuucimiiai. 

Second,  take  ihe  lower  ngn$,  and  we  most  hm  the  valves  ofmupimap^tomX 
and  cot  pt  +  cot  ps  <>f  diffrrent  rignt.  llie  retuU  it  otberwite  a  maiinoiD. 

Thtte  conditiont  heing  tboae  amongst  the  tame  fanctions  of  tlM  same  quan- 
tities, cannot  be  co^zi^tent. 

One  of  the  expressions,  therefore,  gives  the  maximnm,  and  the  other  the 
minimum  time  of  describing  the  arc  Is' N' of  right  ascension;  and  the  expres- 
sions for  the  maxima  and  minima  change  according  to  the  values  of  X,  p,,  p,, 
passing  from  the  fulHUing  of  one  or  other  of  the  above  conditions  to  its  ojiposite. 

This  is  a  generalization  of  a  problem  of  some  celebrity — more  for  the  illustrious 
geometers  who  have  engaged  in  its  discussion,  and  tbe  imperfection  of  the 
retttitt  generally  deduced  by  analysis,  than  for  any  inbereni  diflieiilty  in  die 
invettigation  or  importance  to  be  attaefaed  to  6ie  lesiilt— to  jbirf  Ike  time  lelai  He 
dbntfim  fim%Al  it  ekorteet.  Tbe  problem  bere  tolred  becomet  that  of  dm 
tbortest  twilight  when  pi»  s=  i  w;  and  by  snbstitvting  this  vahie  of  p|  in  (S) 
we  get  the  usual  results. 

The  reader  who  wishes  to  see  a  farther  discussion  of  the  general  problem, 
as  well  as  its  general  history,  may  consult  a  paper  by  the  editor  of  this  work 
in  the  PAt7.  Mag.  for  Sept.  and  Oct.  1833. 

12.  From  a  point  in  the  axis  of  a  rio:ht  hexagonal  prism,  three  planes  are 
drawn,  each  passing  through  two  alternate  angles  of  the  prism:  it  is  required 
to  find  the  inclinations  of  these  planes  to  the  axis  of  the  prism,  in  order  that 
the  prism  may  have  a  given  volume,  and  the  entire  surface  of  the  figure  be  the 
least  possible. 

Let  ABCoie  be  Ae  bate  of  the  hexagonal  prism,  and 
PMRpmr  tbe  upper  parallel  surface ;  and  let  S  be  a  point 
in  the  azSa  of  the  prism,  from  which  planet,  of  which  SRP 

is  one,  be  drawn  through  the  alternate  anglet  P,  R,  to  cut 
the  edge  MB,  in  Q.  Let  O  be  the  intersection  of  the  axis 
SH  with  the  surface  PMBpfliri  and  join  OM,  cutting  RP 
in  N,  and  SN,  NQ. 

Then,  O  is  the  centre  of  the  hexagon  VMRpmr ;  and 
hence  MR  =  RO  =  OP  =  TM,  and  OM,  RP  bisect  each 
other  in  N,  and  are  at  right  angles  to  one  another,  by  the 
known  properties  of  the  rhombus  MROP. 

Again,  since  80,  MQ  are  perpendicular  to  tbe  plane 
PM  Rpmr,  and  that  from  O  and  M  perpendicular!  to  the  line  * 
BP  in  that  plaae  are  drMrn,  the  linee  SN,  NQ  will  also  be  perpendicular  to  RP 
(pot.  i.p.  351)  I  and  they  art  by  construction  in  one  plant  PQRS.  Whence 
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the  points  S.  N,  Q  are  in  one  line.  Also,  the  lines  SQ,  MO  heinflf  in  the  same 
plane  (that  of  the  panliela  SO,  MQ}  they  iotencct  at  N,  makiDg  the  aoglea 

ONS,  MNQ  equal. 

Wherefore  the  tnanffles  ONS.  MNU  have  ONS  =  MNU,  SON  =  QMN, 
and  ON  =  NM  ;  aud  iieiice  OS  =sMQ. 

It  IbUova^  thfnfoM.  tt»l  tba  trfamguhir  pynnnldi,  QRMP,  SORP,  having 
their  huM  RMP,  POR  eqiul,  aod  their  altitudes  QM,  OS  alaa  equal*  have  equal 
Yolunet.  And  die  eamt  Iwtdi  with  reapeet  to  the  oUier  tvo  ptirt  of  pyramids. 

Whence,  the  volume  ot  die  figure  le  the  same,  u  herever  in  the  axis  of  the 
prism,  the  point  S  be  taken }  end  it  rainaini  to  inrcetigate  whea  the  entire  avr- 
face  is  the  least  possilile 

Let  the  side  of  the  hexagonal  base  AB  =  2a  ;  the  height  of  the  prism  AP  =  b ; 
and  the  angle  made  by  one  of  the  cutting  planes  with  the  axes  of  the  piiam, 
OSN  ■=  a.   Then  the  luilowing  equalions  are  at  once  derived. 

ONssNMse;  SN»tfeoeec9;  andQMsceote. 

Snrf.  ABPa  »  I  AB  (2AP  —  MQ)  =  a(26  —  «  cot  0) 

Surf.  PQIl8sPR.8Nc«4«cos3Q^.«co8ec«s2dl'v'3.coeee9. 

Hence  the  enrlhoe  of  the  entire  solid  being 

6  ABPQ     3  PQRS,  vee  here  to6nd 

«s  6a  (86  —  «  cot0)  -I-  6«V3«  co*^  9*  <^ 

A  1 
s  coaeci'<^  —  ^3 .  coaec  0  cot  9=  0,  or  cot  9  s 

Again, 

^  B  eoeec  $  {Vi  (coaec'a  +  cot^)  —  2  coecce  cot  9], 

wad  foaarting  the  ebore  vnlut  of  cos  9,  leeoUeetng  tbit  the  ang^  9  ia  acnte, 
■ndthevefore  coaee  9  and  cot  9  both     we  here 

dhi_  3 
d9>''^'d 

The  function  is,  therefore,  a  minimum  as  required  by  the  question. 

•*  lliis  is  the  celebrated  problem  of  the  form  of  the  cells  of  bees.  Marnldi 
was  the  first  who  measured  the  angles  of  the  faces  of  the  terminating  solid 
angle  (BQP  and  QPA),  and  he  found  tliem  to  be  J09°  2b  and  70  32' respec- 
tively. It  occurred  to  R^umur,  that  this  might  be  the  form,  which  for  the 
eaine  eolid  content  gives  the  minimum  of  aur&ee,  and  he  requested  Koniig  to 
oxwoine  the  question  mathematically.  That  geometer  confirmed  the  conjecturs» 
the  result  of  his  calculations  agreeing  with  Maraldi'a  measurementa  within  V. 
Meclaurin  and  L'HuiUier,  by  different  methods  verified  the  preceding  resulta, 
excepting  that  they  showed  that  the  difference  of  2'  was  due  to  the  calculations 
of  Kesoig'oot  to  a  mistake  on  the  part  of  the  beea."   Qr^oqf't  E*,  p.  104. 


*  I  would  a4J,  howcTcr,  that  X  have  feund  amy  csll*  which  ifs  ftr  frsm  beiog  perfectly 
formed,  <  von  in  tlir  piisuiatic  pnrts.  I  have  wen  tlicm  formed  lltfl'*  more  llian  adhciing 
cylinders — very  •hgltdy  flattened  at  the  ed]!eB  of  contact ;  and  the  iittcrstict-s  aouietimes  colircljr 
veld*  Imt  more  frv<^uent)j  croMed  obliquely  by  filmy  leaves,  »o  to  lay,  of  dry  wax.  The  tamo 
occasieaaHy*  bal  less  fiwioeatly,  occur*  with  rctpeet  to  the  PQR8  of  the  figure,  and  I  liave  teen 
the  plates  often  not  plane,  nor  with  ditii  nppn«.ite  fuce«  pai-allel.  Tlie»e  obst  i  vations  partioihirly 
apply  (to  far  as  I  liave  made  theni)  to  tiie  tirit  yenr's  honeycomb ;  but  they  may  often  be  seen, 
though  U  M  distinctly,  in  comb*  of  bee*  of  all  ages.  I  bad  no  rocani  of  aocurato  aMSsamDenti 
so  as  to  aaeortaia  «rhetbcf  aay  faiiation  ia  the  iacUnation  of  the  iilaaeo  of  the  ftees  of  the  prisn 
take  place. 

But  \\m  is  not  the  place  (o  liiscuwsoch  a  subject;  tboogb  the  circwnttaoce  ia  worthy  of  the 
attcation  of  tha  oaturai  histunaa. 

0  e  S 
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BXAXPLBS  FOB  XXBEC18B. 

1.  The  greatest  rectangle  inscriptible  in  a  triangle  whose  base  is  a  and  altiiade 
bf  is  when  the  breadth  of  the  ret  t  ni^^le  is  ^6. 

2.  The  greatest  rectangle  inscriptibie  in  a  semicircle  uf  radius  a,  haa  the  &ide9 
r^2  and  \r^2. 

3.  The  fraction  which  tho  moet  exeeeda  its  tqnum  it  i ;  wnA  iti  cnbe  it  •/i. 

4.  To  divido  tho  angle  a  into  two  paru,  tnch  that  the  nth  power  of  the  tine 
of  one  part  multiplied  by  the  nth  power  of  the  tine  of  the  other  thall  be  a  maai- 

mum.  A     r,  •  f      J  r       sin  (a  —  20)     n  —  m 

Ams.  0  18  found  from  V- — ~  =  -  -  . 

tin  a         «  +  « 

5.  To  divide  the  number  a  into  a  number  of  equal  partt^  tuch  that  their  con- 
tinued product  thai!  be  a  maximum.  ■ 

Am,  » (the  nnmber  of  partt)  =     or  ^  |)  = 

6.  "Where  must  a  balloon  rest  between  lli^  earth  aud  moon  (iliey  bcjug 
spheres  of  radii  r„  r,,  and  the  diatance  of  thdr  centres  a)  so  that  the  person  in 
the  car  thtU  tee  the  greatett  pottiUe  quantity  of  spherical  torfaoe } 

Am.  Diet,  from  centra  of  earth  s      ~ '~  «  • 

7.  The  content  of  a  right  cone  on  a  circular  bttt  being  given,  to  find  ita  form 
when  the  surface  it  a  maximum.  .     altitude  of  cone__  . 

radius  ot  base  ^ 

8.  If  a^^  b»9  =  0,  then  n  =  (tia  +  »)  («y  •f  m)  is  a  mayimnm,  when 

log  (a-w) 

9.  The  greatest  parabola  that  can  be  cut  from  a  given  cone  is  thai  whose 
vertex  is  distant  from  the  vertex  of  the  cone  one-fourtU  of  the  slant  aide  of  the 
cone. 

10.  Find  the  point  of  a  given  ellipte  mott  remott  from  the  extremitf  of  the 
conjugate  diameter. 

]  1.  Let  AQ,  BR,  be  the  oppotite  tidet  of  a  leaf  of  a  book»  AB»  the  bottom, 
being  s  a:  it  it  required  to  crease  it  down  to  tliat  PQ,  the  create,  being  a 
minimum,  the  comer  A  thall  rest  upon  the  oppotite  edge  BQ  at  R. 

12.  When  the  area  turned  down  is  a  minimum,  then  x  =  ij  a. 

13.  In  the  quadrilateral  AHCD  the  base  AB  =  o,  AD  =  BC  =  6  :  find  CD 
(parallel  to  AB),  so  that  the  area  shall  be  a  maximum. 

Alts.  CD  =  ^{xJbh^-i-  a-  —  a}' 

14.  Two  ships,  A  and  B,  360  fathomt  asunder,  begin  to  sail  at  the  same 
instant,  A  towmtla  the  place  where  fi  ttartt  from  at  the  rate  of  80  fathomt  per 
minute,  and  B  towards  C,  at  right  angles  to  AB,  at  the  rate  of  &0  fathoms  per 
minute :  it  it  required  to  find  when,  after  the  time  of  ttarting,  thejr  irill  be 
nearest  to  each  other.  Ang.  3*  14*1(7*. 

16.  The  azimuth  of  a  star,  when  six  hours  from  the  meridian,  was  49®  20'  from 
the  north,  and  the  ditlerenee  between  the  star's  co-altitude  and  zenith  distance 
was  a  maximum :  required,  the  latitude  of  the  place,  and  the  star't  altitude  and 
declination. 

An$,  lat.  5=  5r  5'  15"  N.;  alt.  =  38*^  64'  43"  i  decl.  =  33^  49'  42"  N. 
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16.  Hie  difference  of  the  expense  of  paving  an  octagpnal  court  at  a  penny  a 
foot,  and  palisading  it  at  a  guinea  a  yard  was  a  maximmn :  find  the  am. 

Aru.  side  =  23*1959  yards. 
17*  Generally  for  n  sidei^  at «  pence  for  paving  and  b  pence  for  palisading*  the 

side  win  be  c  ss  ^  tan-. 

an  ] 

IS.  Find  the  tbIuc  of  •  which  renders        a  minimnm.      Ant,  m  =  e\ 

19*  lines  are  drawn  from  the  angles  of  a  triangle  to  a  point  within  it,  ao  that 
their  sum  is  a  minimnm :  find  ihmt  lengths,  and  the  angles  nnder  which  they  meet, 
ilnt .  They  make  angles  of  120^  with  each  other,  and  their  values  are  given  by 

the  solution  of  Ex.  8,  p.  193.  vol.  i. 

20.  Required  the  dtmensionf^  of  a  cylindrical  tankard,  to  hold  one  quart  of 
ale  measure,  that  can  be  made  of  the  least  possible  quantity  of  silver,  of  a  given 

thickness. 

21.  Find  that  system  of  diameters  la  an  ellipse  which  have  the  most  oblique 
conjugate  angle. 

3d.  Find  those  diameters^  the  sum  of  which  is  a  maximum  and  a  minimum. 

S3.  The  radii  of  the  cylinders  which  form  the  inner  and  outer  surfaces  of  the 
shaft  of  a  winding  stair-case  are  the  inclination  of  the  ceiling  of  the  stair- 
case  to  the  horizon  is  a,  and  the  height  of  the  ceiling  (:  show  that  the  longest 
pole  that  can  be  carried  op  the  stair-case,  is  the  square  root  of 

•[ft  +  2r.«  tan  a  |«  +  4  (r.«  -  r.«) , 

«ir  signifying?  3'H159  .  . . 

24.  Given  the  length  of  a  circular  arc  (2a)  to  find  the  radius  x,  such  that  the 
cottespooding  segment  shall  be  a  maximum.  «  s=  ^ 

3S.  Two  bodies  start  from  A  and  B  at  the  same  time,  and  move  with  umform 
given  velocities  along  two  given  lines  situated  in  the  same  plane,  when  will  they 
be  nearest  to  each  other,  and  what  will  their  distance  then  be  i   Give  also  a 

geometrical  construction. 

26.  Inscrilje  the  greatest  parallelogram  in  a  pariU>olaj  and  likewise  in  the 

double  rimso't'd. 

27.  I  he  least  parabola  that  can  circumscribe  a  giren  circle,  lias  its  parameter 
equal  to  the  radius  of  the  ciide. 

38.  Of  all  })yramids  of  the  same  altitude  and  standing  on  the  same  triangular 
base,  to  ebow  that  the  one  which  has  the  greatest  vertical  sofid  angle  is  that 

which  is  contained  by  three  equal  plane  angles. 

29.  If  a  conical  glass  whose  altitude  is  a,  and  the  generating  angle  be  o,  be 
filled  with  water,  Hud  the  radius,  r,  of  the  sphere  which  being  pot  into  it  shall 
cause  the  greatest  quantity  of  water  to  overflow. 

a  sin  a  

2  sin  i  (i  »  —  a)  sin        ir  —  a) 

30.  From  two  points,  both  within  or  both  without  a  circle,  lines  are  drawn  to 
a  point  in  the  circle  whose  saui  i^  a  tutu;,  or  a  min.  :  show  that  these  lincaraake 
equal  angleti  with  the  radius  drawn  to  the  same  point  in  the  circle. 

31.  Show  that  the  angle  contained  by  the  lines  drawn  as  in  the  last  pro- 
position is  grsatest  when  the  sum  of  the  lines  is  least,  and  least  when  the  sum  of 
the  lines  is  the  greatest. 
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CHAPTER  V. 

TANGENTS,  NORMALS,  AND  RECTILINEAE  ASYMFTOTBS  TO 
CURVi::  LINES,  REFERRED  TO  RECriLlNEAR  GO-ORDINATES. 

D£FIM1T10M. 

A  iangeni  le  a  curve  !•  •  atraigbt  line  which 
meets  it  in  one  point  P,  and  being  prodaced 
doee  not  meet  it  ■gain,  except  (which  it  tnaj 
posvibly  do)  at  a  finite  distance  from  that 

j)oint. 

Thus  if  P  be  a  point  in  the  curve  P'PR,  and 
FT  a  line  which  meets  it  at  P,  and  does  not 
meet  it  again,  except  at  a  finite  distance  PR, 
this  line  is  a  tangent  to  the  curve  at  the  ^loint  P. 


PROP.  I. 

Thfiad  th§  c^wlton  afika  imt^mU 

Lav  OXy  0Y»  be  the  axea  of  rectilinear  eo-ordinatea  to  which  the 
y  ie  referred. 

Put  OM  8s«,  MP  s  MM'ss  A,  M'P's  y*;  alio  let  XT  he  the  current 
co-ordinates  of  the  line  PP'.  Its  equation  will  he      256)  since  it  paseei 

tiirough  (ay,  x^y'),  Y  -  y  =  (X  -  «) 

Whence   1  =     +  c/x^ '  r2  — 

which  at  the  limits  when  h  vanishes,  becomes  reduced  simply  to  the  cqualioo 

—  X  dx' 

and  the  equation  of  the  tangent  at  the  point  «y  of  the  carve,  referred  to  the 

curve  at  co-ordiudtes  XY  of  that  tangent  is 

For  the  sake  of  uniformity  and  future  conrenience,  the  letters  denoting  iIm 
coordinates  of  P  are  marked,  and  the  plain  cy  written  for  XY.  llie  result  thus 
tskea  the  usual  form  given  to  it ;  vis. 

y-8ri«^^(«-«i)  a>. 
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(3). 


ConBttry  I. 

Thfiq[tianti^^^  iiobfiouslytha  which  in  th^  earner  part  of  ihiawork  has 
'  sin  S 

been  designated  by     or  ^^^i_^^y  where  a  ia  the  angle  of  ordination,  and 

thB  angle  made  by  the  line  with  the  axis  of     Whan  «s  ix,  ^  is  thotai^t 

of  the  angle  PTM,  which  we  shall  call  tan  w^.  ' 

CoroUary  2. 

The  distance  MT  at  which  the  ordinate  and  tangent  cut  the  axis  of  x,  (or  the 
anhtangentj  b  fnond  aa  before  in  the  conic  sections,  by  putting  y=o,  and 
dedttciog  the  value  of  «  which  eorreeponde  to  it.  Th us,  in  ( i ) 

If  y  =  0,  we  have*  -  «,  =  —  ^  =  MT,  andOT  =  x«*  =  «.  — 
Simiktfly  the  snb-taogent  on  the  sua  of  jr  is  kmd  to  bo 

»-'•"  -      =  sv.  «HlOV= ^  

Coroliarjf  3. 

The  length  of  the  tangent  is  found  thus : 

FP  =  MP*  —  2MT  MF  cos  TMP  +  TM» 

+  — +(|;)'  W: 

and  when  the  angle  of  ordination  is  iir,  this  becomee 

Fr  =  y.yi  +  ^^^^   (5). 

Corollary  4. 

The  sub-tangents  on  the  two  axes  of  co-ordinates  being  found  by  these 
methods,  viz.  MT,  iSV,  we  readily  obtain  two  points,  T,  V,  in  the  tangent;  and 
the  line  VT  being  drawn  through  the  poinu  T,  V,  it  will  be  the  tangent 
required. 

Corotfsi3f  5. 

When     sO,  tho  tangent  ia  parallel  to  the  aus  of  #,aBd  vl>en^  =  ^,  or 

tlx  *  * 

a  0,  it  is  parallel  to  the  axis  of  y  $  and  the  ordhiate  or  abacieaa  reapeetlTdy 

haa  attained  toa  siMiwaia  or  sMsleiiiin  ea/ae. 


*  Thif  cmvenient  notation  for  the  Tilaes  of  m  rad  jr  in  the  equation  of  the  tai^tid 
when  it  cnis  tho  ucet  X  aod  Y,  vis  ^poaed  by  Mr.  Gregeiy.  In  aaalegy  to  thb  we  auj 
eoopley  for  tho  eoiNspoadiag  poiate  of  the  eorwef. 
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Corollary  6. 

If  p^  denote  the  perpendicular  from  the  on^m  of  co-ordinates  on  the  tangent 
to  a  curve  y  =:^/(x)  at  the  point  and  the  poction  of  that  tangent  cot  of 
hf  it,  ettimatad  from  the  point  x^y^,  then  we  ahall  ha?e  thmr  ?alaee  eaprowed  hy 


Pi 


Both  iheae  resnlta  are  dedudble  from  what  ia  dbown  leqMcting  Um 
for  the  coffretponding  caeet  at  pp.  253,  262. 

It  may,  moreover,  be  remarked,  that  if  u3s/(/g,  f) ;  then  tlieaa  linaa  wiS  lake 
ibe  following  form;;  for  their  expreeiiooat 


dxi 


PROP.  !!• 

Tb/a^     eyiiafiMi      neraiai  of  lie peial  cjr,. 
Tbb  normal  ia  the  perpendiealar  PN  to  the  tangent  at  «,y,. 

By  |>.  260,  eg.  18»  we  have,  putting  a  the  angle  of  ordination,  and  =tan#p 

1  +       .  COS  a 

— c-')  

~  +  cos  a 

and  when  the  angle  of  ordination  a  =      thia  ndneea  to,  aimply. 


(6); 


Corollary  1. 

The  sub  noniKils  on  the  axes  of  x  and  y  are  found  in  the  eamewayaatfw 
8ub>tangents  were  determined.   Their  expmaions  are, 

Whenasir. 


When  a  ie  not  ir, 

«-»i  =  yi  a;  

1  +  7«coa« 


Corollary  2. 

The  normal  at  .r,y,  might,  therefore,  be  traced  in  the  "^mne  way  by  the  sab> 
normals  that  it  was  by  the  sub^tangents  j  viz.  by  finding  x  and 

CoroOary  3. 

The  lengths  of  the  normals  on  the  axes  of  x  and  y  may  be  expressed  in  die 
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mane  way  u  those  of  the  tangents ;  but  the  result  is  seldom  nqiiind  eieepk  for 
xeetaogidar  ordination.  They  are  then  espretied  by 


/  J  J,  S  /  fJyt 


PROP.  in. 

To Jfjwi  whether  a  curve  has  reciilinear  asymptotes ^  and  to  assign  the  posUums  qf 

such  as  exist, 

Def.  An  asymptote  is  a  tangent  to  the  curve  at  a  point  infinitely  distant 
from  the  origin,  but  which  cuts  one  or  both  the  axes  of  co-ordinat«a  at  a  finite 
distance  from  that  origin. 

Fhrtt  method. 

The  eqnatioa  of  the  tangent  at      ii  jr  ^  Jfi  =  ^  («     'i)  I  nnd  Una  ten* 

gent  cntB  the  axes  X,  Y,  in  pointa  whose  dittancea  from  the  origin,  have 
thevaloes 

=  and  y.  =  Xl^LTlll*.. 

If  when  the  values  of  a?,  or  y,  or  both,  are  increased  without  limit,  x^,  y,,  or 
both  To  and  yo  have  finite  values,  the  straight  line  defined  by  the  equation  is  an 
asymptote.  If  no  such  values  of  «o  and  y«  can  be  found,  there  are  no  asymp* 
totes. 

'Ihis  method  is  in  practice  sometimes  inconvenient,  and  hence  we  give  tiie 

■ 

Second  (or  SUrUnft)  method, 

11  y  z=  /  {^x)  or  X  =  1?  (jf)  euk  be  expanded  in  descending  integer  powers  of  x 
or  y  respectively,  so  that 

IT  =  M«  +  Owu-i  S"^*  +     .  o,«  +  flo  +  a_,  ar>  +  a_,  or-*  +  , . . 
or  d  =s  amy*  -I-  a«_,  y"^*  +  . . .  Oiy  +  oo  +  o_i      +  a_,  y~*  +  . . . 

then  (attending,  for  illustration,  only  to  the  first  series)  when  «  s  ~,  all  the 
teems  after  a$  become  mto;  and  the  canre 

it  an  asymptote  to  the  proposed  corve  y  =/(«). 

'When  y  s  Oi*  +  a«,  it  is  a  rectilinear  asymptote ;  and  where  it  can  be 
applied,  it  is  a  very  simpls  method.   It  haa  already  been  employed  at  p.  39S,  in 
that  the  common  hyperbola  has  asymptotes. 


SchoUwu, 

Whenever  the  asymptote  is  parallel  to  one  of  the  axes  of  co-ordinates,  Stir- 
ling's method  rentes  to  apply;  but  in  jjeneral,  to  this  case  the  other  method 
applies  very  simply.  However,  this  can  generally  be  detected  from  inspection, 
as  in  thin  case  a  particular  value  of  one  variable  renders  the  other  infinite,  whilst 
a  value  greater  or  lesa,  but  continuous,  renders  it  finite.    For  instance,  if  the 

cwre  be  y  B  *^  ***  ^  value  testa  renders  y  s         infinity :  thus 

•bowing  that  thero  is  an  asymptote  parallsl  to  the  axis  of  y  at  the 
from  the  ongin* 
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TIm  eM  bm  cited  in  fiui^  that  of  tb»  lijpcvbol«»oM  of 
ia  panM  ta  the  axes  of  y. 


PEOF.  IV. 

ThJkdtkepotUimiofaemrvtmrtkaiomtoiU 

Let  OM,  PM,  be  the  co-ordinates 
of  the  point  P  in  the  curve  P'PS,  and 
take  MM'  h,  and  draw  M  P'  to  cut 
the  tangent  at  Q.  and  PR  parallel  to 
X«  Itiea  we  thall  bava  the  foUowing 
ayatema  of  ladocing  equatboa : 


fffntffflptfjf  lo  titi 


/l 

A 

V  in 

o  s. 

menca  M  -  QR  =  ^  .-*!,+ . 


1 

A' 

1 

.2.3 

i 

.  2  .3 

1 

.2.3 

1 

.2.3 

"H  •  •  «  • 
• • •  • 
•  •  •  • 


And  by  dimiuisbing  A,  nae  itmi/e,  the  value  of  the  seriea  will  have  the  ama  aca 
d*y 

aa  tba  fint  term  ^ 

Whence*  when  ^  u  raiagfeater  than  QB»  and  the  eorveliea  above  the 
tangent,  or  w  OMMwe  lo  tht  wei$  tffm  (fff,  I). 

When  ^  is  — ,  FR  is  less  than  QR,  and  the  point  P'  lies  below  the  taogest, 
or  the  carve  it  eoaeooe  to  the  asis    »  ijig,  2). 


1.  Find  the  equation  of  the  tangent  at  a  given  point  fl^  of  the ; 

denoted  by  Ay»  +  B«y  +  Go»  +  Dy  +  Ea?  +  F  =  0. 
Djffierentiate  and  daah  the  vaiiah1e<;  to  mark  the  point  of  contact  m'fi  then 

_  2Car,  -f 

'     <ijp,        2A(/,  +  Hx^  -f-  D' 
wliich  is  precisely  the  result  obtained  at  pa^e  301,  by  a  much  longer  and  mots 
laborious  proceits. 

2.  The  equation  of  the  paraMa  lefcrfed  to  two  tangjente  as  aaaa  d  ca<crii> 
natea  ia  known  to  be 

(:)*+a)*='= 

ibow  thaiif  a^  and  jfi  aie  the  sub-Ungente  on  X  and  Y»  thca  wa  ehall  have 

'»  J.      —  1 
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3.  Hie  tub^tangent  and  tiibiuiinnal  of  the  dffpSion  tht  ans  <if  #  an  nspee- 

4.  The  •tth-tangent  and  aoh-nonnal  of  the  in/eian  ■  and  —  --7. 

5.  Show  that  the  sub-tangent  of  the  jparabola  on  its  principal  axis  ia  double 
the  abftcissa. 

6.  The  equation  of  a  tangent  and  the  vahitt  of  the  sub-tangent  to  the  coHch<nd 
«t  Xt3fi  respectively, 

7.  Show  that  anj  tangent  to  the  hyperbola  arte  fimn  the  asymptotic  space, 
a  triangle  of  constant  area. 

8.  The  6ub«tangent  of  the  UgarUhme  ewve  ia  »  —  a:,  =  a ;  the  tangent 

  y  a  y,  V  a'  +  y  * 

—  VflT  +  yi*i  the  subnormal  =  ^  j  the  norfual  =  —  2^. 

Also;,.  =  ^/"-''>   and    =  ^4^-. 

9.  The  sub-tangent  tc  the  eommoii  cycibuf  referred  to  itt  vertex  )e  -j-      — ; ; 

v2ax, — Al- 
and the  tangent  itself  is  parallel  to  the  chord  of  the  circle  on  the  axis  which  the 
absdisa  «i  has  been  taken. 

Alio,  y, «    -  %^««p,-.«,"i  p,  a  y.  (Ip) - »  nonnalasy.  (  ^^)* 

10.  The  normal  to  the  cnnre  y'  =  4flrr  is  a  tangent  to  the  curve  27ay'  « 
4  (x  —  2a)* ;  and  the  two  curves  intersect  at  a  point  where  «  =  bd. 

11.  FiiiU  the  asymptutea  of  the  following  curves: 

The  isircJk;  the  autSi:  the  efneleid^-  the/^er  of  tangmtg^  9o4mi0tlii9, 
aeeoMiSt  co-wemto. 
13.  Find  the  aaymptotea  of  the  curves  cipreseed  by  the  eqnationa: 

alao,  of  thoae  expressed  by 

fl^a  —  bx^  4.  c*«y  ss  0 ;  and  a'y'  —  26»y  —  ar*  =  0. 

13.  Show  that  the  following  curves  hare  no  rectilinear  asym[itn'cs  r 
The  lemniscale  ,•  the  cycloid  family  :  the  Imjnnthmic  curve  j  ihe^yMrei  0/  §mes 
and  canaeMi  the  caienarj/j  and  Walts' » paralUL  motion. 


m  m 


14.  Show  that  in  the  catenary  whose  equation  is  y  =  ~  le^-h  e  "J,  we  have 

anh^tangent^^j^^y 


tangent 
normal  = 

A 


2«  211 

sub-normal  s  ^  j  e     e  | . 


15.  The  curve  y*  —  a*  +  3i«"y  =  0,  has  asymptotes  y  =  i  6  +  a:. 

16.  Also,  ay»  —  te»  +  c^ay  s=  Oi  has  asymptotee y  =  (^}  ^  {«  ""^^^jj} 
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CIIAriER  VL 

THE  TANGENTS,  NORMALS,  AND  ASYMPTOTES  OF  CURVES 
REFEKRBD  TO  POLAR  OO-ORDINATES. 


PROP.  T. 

To^»d  the  angle  made  by  the  radius-vector  and  taiMjent  at  a  given pouU  ss  a  curve 

referred  to  polar  co-ordinaies* 

Lbt  P  be  the  given  point,  and  F  another  near 
in  the  cunre  FPQ ;  and  let  r9,  r*ff,  be  eo- 
ordinates  of  the  points  P,  P  in  reference  to  the 
pole  O  end  polar  axis  OY.  Then  putting  FOP 
=:  Ay  we  have 

w_    .drh.d'r  A« 


Dnw  FK  perpendienlar  to  OP  (produced 
when  neceaaary) :  then  we  have 


KP' 


OF  sin  k 


r'atn  A 


tw  OPL  «  tan  FPK  «      =  UBr=raF=  OJVcoa  A-OfP^STJ^ 

/  ain  A  r[  


ain  h 


Now  the  limit  of  this  value  of  tan  OPL,  or  that  where  FP  coakace  and  FP 
becomee  a  tangent,  ia  evidently 


.  r  rd9 

dr' 

do 


Whence,  accenting  r^Q^  to  denote  a  giren  point  on  the  cunrej  and  putting 
OPT  =  01,  we  have 


tan»s 


r^dQl 


PROP.  II. 

To  find  1h§  egiMrfion    the  iangmU  ^  the  point  ri9^  ^  a  ennw  rtfemi  iopolar 

oe-ordmolet. 

Lit  EC  be  the  tangent  at  the  point  P,  refetred 
aa  in  the  preceding  proposition.  Then  the  gene- 
ral form  of  ita  equation  ia  (p.  264), 

r=p  wc  (0— >i3)  0). 

Also,  by  the  prece<])n^. 


OPE  =  tan-'  (~       )  ;  and  hence, 
OB  «  r.  «n  tan-t  (  -        )  « p  . . . ,  (2). 
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AgtlDj 

EOC  =  i  »  —  EPO  +  e,  =  ^,  or 

/3  =  i  ir-tMi-i  (-''■^  )  +  0,   (3). 

Expand  (1),  nnd  in  the  result  write  the  TalUM  of  sin  fi,  CM  fi  obtainfld 
from  (3):  thcQ  after  sli<Tht  reduction 

p         r^dOt, coa     —  a,)  —  </r, .  gin  (0  — 
But  from  (2)  we  get 

'"V^.7+^   

This  iDserted  in  (4)  gives  at  once  the  equation  required, 

r  {cas(e-0O^tiiiCe-«,)^^|=r,  (6). 

or^«eot(e-«»)-im(«-tf»).^  (7), 

bodi  of  wUdi  eqnalioni  an  in  a  form  conveiiMiit  for  vae. 

CoroUarf  I. 

Corollary  2. 

If  j7  be  the  perpendicular  on  the  tangent,  we  have  by  simple  tiib«fcitation« 

If,  tb«refoite>»  we  can  find  ^  from  tho  equation  of  the  com*  in  tenna  of  r 

and  oomtaati  only,  wa  abaU  have  the  aquation  of  the  curve  expressed  as  a  rela. 
tioa  between  r  and  p.  In  manjr  caaea  this  ia  naafol  t  and  ia,  in  fact,  the  only 
method  of  tnating  polar  curvea  which  haa  been  geneiaUy  known  and  employed. 


PROP.  III. 

Tbjkd  ik§  egmlfM  i^tho  nomai  «f  f  Ae|wiBl  r^e^,  a  curve  rtferred  to  polar  co- 

ordkMie§» 

This  niir/ht  be  found  by  ernployinff  eq.  IS,  p.  267,  for  the  eqn  ition  of  the 
perpendicular  through  r,0,  to  the  tangent  whose  equation  has  been  just  found  : 
bat  as  it  may  be  derived  at  once,  and  independently,  by  a  method  analoaous 
to  the  preceding*  and  girea  aomewhat  leas  trouble  in  reducing,  the  latter  mcLhod 
ia  here  employed.  Smfywo  to  hut  propoiitum» 

Draw  OH  perpendicolar  to  the  normal  GPH :  then  we  hare 

HOP  =  tan-'       ,  (since  HOP  +  OPC  =  ir . ),  or  aa  before. 
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SabBtitute  sin  /3,  cos  /3,  derived  from  this  in  the  gcnenl  eqnfttion  of  a  line 
r  =:   CM  (6  —  /3)f  and  then  renilta 

co§  (9  —  g,)  rfr,  -t-  gin  (0  ~  tf,^  r,rfgt 

Butf  =  r,  sin  tan"'^  =    .  which  convert*  (1)  into 


f  r  do 

or.^i  =  coate-.«0  +  iin(«-.flO.-^  (3)^ 

boOi  of  whieh  are  convenient  forme  for  nio. 


Scholium, 

Tbie  and  the  precedinir  proposition  were  first  solved  by  tbe  editor  of  this 

work  in  a  paper  on  Sphericn!  Co-nrdinafes  in  tVie  Edinburgh  Transactions,  rol.  rii. 
pp,  407 — 9,  (iatetl  Fel)ruary  lb  53.  The  former  of  them  was  subsequently 
deduced  in  a  somewhat  ditiVrent  manner  by  Professor  Avery,  in  Gill's  Malkf 
magical  Miscellany,  No.  rii,  1839  ;  but  of  the  latter,  there  has  not  been,  it  ii 
believed,  any  other  investigation  than  the  one  above,  yet  publi^^bed. 
Tbeee  are  ibo  eqnatione  refenred  to  in  the  note,  p,  331  of  this  volume. 


PROP.  IT. 

Dbf.  If  a  perpendicular  GT  be  drawn  through  the  c, 
pole  O,  to  meet  the  tangent  and  normal  in  T  and  Q 
reepectively ;  then  PT  is  the  twitgent :  PG  is  tbe 

or  .  00 1,    «».       ^  j.^ 

We  have  from  the  li^ht  anglod  trianglee  of  the  ^ 
fignre^  and  the  value  of  tan  OPT  alitadjrfoomU—  q  *r 

5ii6««iy«ai,  OT  =  OP  tan  OPT  «  r, .         =   (I). 

SeteomM^  00«OPcot  OPT  =  r,.  -^^=^  («). 

Tdii^mf ,     PT  «  V(JF+W =  n  J  \^  {^^y  W- 

Normal,      PG  =  ^OF*  +  OG»=  n/'".*  +  O*  C*)- 

CoroUarf, 

By  iheee  eqoatione  we  can  draw  a  tangent  or  normal  to  any  given  pmnt  f ,0| 
of  a  polar  cnrvOf  in  nearly  the  eame  manner  ae  when  rectilinear  co*oidioatiB  am 
employed. 
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The  abnormal  and  subtanf^ent  on  OV,  and  its  perpendicular  througli  O, 
ai^ht  have  been  found  with  ecjual  facility;  but  it  would,  in  fart,  be  only  j<ivmf{ 
polar  px!'re«^'^jons  for  the  ma^niiudfs  already  found  by  rectangular  cQ-ordiuates, 
ma  htuce  would,  probably,  in  most  cauies,  be  auperfluoua. 


PROP.  V. 

To  IrOM^fom  the  equation  nf  a  curve  referred  to  rerftUnrnr  dk^rdimotti  tO  M 

tquution  r^ened  to  polar  C(hwdinatet, 

At  6r  as  die  equation  ie  concerned  with  ihe  ea.ordinttet,  apert  from  their 
diferentiib,  tbia  problem  bai  already  been  aolTed  et  pp,  250*1,  We  shall^ 
therefore,  toppose  that  the  two  preliminary  atcpt  are  taken :  via.  transfivmation 
to  the  origin  of  polar  co-orduMlee,  and  tranaforaiation  to  rectangnlar  aatea^  one 

of  which  is  the  ori;jina!  X. 

Let  then  /3  he  the  angle  which  the  pohr  axis  makes  with  X«  aod  supposed 
poiiUre:  then  we  have,  by  what  is  tlitre  shfiwn, 

y  =  r  sin  (f^  —       and  x  =  r  cos  (0  —  /3), 
(fy  =s  r  cos  {9  —  /3)  di)  -f  sin  (a  —  /3)  dr, 
i  =  —  r  sin  (e  —  /3)  </e  -h  cos  {9  —  fi)dr;  and  hence 

i'^d9 

By  dtffereDliattnir  agam,  we  have 

d^  S5  ain  (•  —  0)  f/*r  +  2  eos  (0  —  /?)  drdO  —  r  sin  (9  —  /S)  d»9, 
rf»jr  =  cos  (0  —  /3)  d=r  —  2  sin  (0  —  /3)  drd9  —  r  cos  (9  ~  jS)  d*9 : 
aid  the  process  may  evidently  be  continued  to  any  required  extent. 


SfhnlittM 

Byaeswespemdh^g  method,  thfMwh  a  little  more  eompln  in  the  fednctloDa, 
the  eoDfsrse  problem  may  be  soWed,  making  use  of  the  fondamentri  equation 
(U),p.  S32 ;  and  atiU  better  by  equation  (1 5),  making  the  transformatbn  for  ft 
>ftv«iids  in  the  ractaqgular  equation  thus  deduced. 


ruop.  VI. 
Th  JSad  tht  oiya^olet    polar  enrvif. 

1.  Reelilinear  asymptotes.  These  will  evidently  depenii  upon  the  eircumstaoce 
the  subiaogent  OT  being  finite  when  the  radius  vector  OP  is  infinite. 

T*di 

Hoes  asaome  r  infinite,  and  find  the  values  of  9  aod  ^  which  siniuttane- 

<HiiiTAilSl  Hie  condition  and  are  infinite.  The  first  gives  the  pesitioQ  of  the 
l^ts  which  the  asymptote  is  parallel,  and  the  second  gives  the  distance  upon 
^  perpendicular  (XT  from  the  origin,  at  which  that  asymptote  is  situated. 

2.  Qireular  (uymptotei.  Theiie  de|)end  Upon  B  being  infinite  and  givii|g  r  a 
^  value.  Xhea  r  ie  the  radius  of  tlie  aaymgtotic  circle. 
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PROP.  VII. 

7b  dlelerMMe  ik§  dtreeUm     eunatun  ofapolar  cmve  nUk  mpeet  io  itt  radfat 

vector. 

Since  p,  the  perpendicular  on  the  tangent,  is  a  function 
of  rO,  and  that  0  is,  a  fimctiun  of  r,  therefore  p  ia  z  func* 
tion  of  r,  or    =  /(r). 

When  the  spind  is  concave  towardt  the  pole,  p  and  r  (as  is 
ob^ioiu  from  th«  tlightest  attenUoa  to  the  figure)  incvesse  ^ 

or  decrease  together  i  and  hence  ^  moai  be  penliwCfig.  1). 

In  like  manner*  when  it  ie  convex  towardi  the  pole,  r 

dr 

increases  while  p  diminishes,  and  vice  versa,  and  hence  ^ 


nnit  be  mgaiwe  (fig.  S.) 


1.  In  the  $pir(U  of  Archimedet,  expressed  by  r  =  a0«  we 
have  the  equation 

8.  The  kj/perboUetpirol  i«  eipwwed  by  r  ss  aO^;  and  we  have 


subtangent  =  r.'  ~  = 


=  —  a. 


This  negative  value  rignifiee  that  the  enbtangent  te  meaenied  the  contnuy 
way  from  that  which  in  the  figore,  we  employed  in  the  general  invettigatieo*  it 
was  designed  to  represent  it  This  is  anakgona  to  the  negative  vahies  of  the 
rectilinear  co-ordinatee. 

It  is  often,  however,  found  convenient  in  tpkak,  properly  eo  called,  to  pot 

r  s  ^  $  M  it  frequently  simplifiea  the  dependent  reductbne.  In  aoch  cass  the 
nhi.  of  th.  mbtiDgrat  i.  tinvlT  r>  I  =  - 

Applying  this  to  the  exauipie  before  us,  we  have 

•  ss  ^;  and  the  sabtangent,  —  ^  »  —    as  before. 
Since  the  eobtangent  is  eonetant,  the  locus  of  its  extremity  is  a  drck;  and 
0  sO  renders  r  =  ^  or  infinite,  it  follows  that  a  line  drawn  parallel  to  the  axis 
at  the  distance  a  is  an  asymptote*  « 

3.  The  litmut  is  expressed  by  r  =  e&  ,  or  u  z=  -  .   Hien  tan  «^  —  3(^, 

and  the  suhtangent  as  2a8i^. 
The  value  9  ss  o  gives  r  infinite;  and  hence  the  polar  axis  is  an  aeymptoie. 
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(1)  .  w  =  tur*  a,  or  oomtant :  whence  it  i»  oftea  called  tbe  tqwUmgakr 

(2)  .  p  ss  rtin  twr^  a  =s: 


a 


I' 


(3).  Subtangent  =  m. 
In  spirals  of  the  class  already  noticed  :  viz.  the  algebra: c  and  exponent ial,  the 
eqoations  of  the  tangent  and  normal  lead  to  no  results  worthy  of  notice,    it  ie 
*^Jienri«e  with  the  following  curves. 
^  Tbe  kmmtcate  of  Bernoulti  is  expressed  by    =  a'  cos  29,   At  the  point 
«e  Itm 

(1).  «*,  =  tan-»       =  tan-'  C—  cot  20,)  =  2e,  —  4  x, 
of  the  UmffmU  and  Mnmi^  and  the  length  of  the  pcipendicnlar  become  respec- 

tt»«ir» 

(8),  r  coi  (a  —  390  =  r,  coe  29,. 
(3).  r  ain  (9  —  39,)  =  r,  tin  20,. 

r  '     f  3 

^4).  p^  r^  cos      =  r,. 

6.  The  Cardimcl  is  expressed  by  r  =  a  (1  —  cos  0)  =  2a  8in*|0,«  where  a  U 
ibe  diameter  of  one  of  tbe  cirdea.  Then  we  have  by  a  aimilar  prooeas^ 

(I),     =  \9,. 

iTj,  r  sin  (^0,  —  0)  =  r,  sin  ^0,  ia  the  equation  of  fnnrjmt. 

(3)  .  r  cos       —  Q)  =  r,  cos  ^0,  , , , ,  » . .  HormoL, 

(4)  .  p  =     sin  AO,  =  2a  sin'^0,. 

(5)  .  If  r'  be  the  radius-vector  produced  backwards  to  meet  the  curve  i 
then  r'  =  a  —  cos  (0  -j-  =0(1  -f-  cos  ^0 ;  and  hence  r  -\-  = 
2a  =  twice  the  diameter  ol  either  circle,  ileuce  all  lines  through  the 
pole,  which  are  terminated  both  ways  by  the  cttrvey  are  equal :  a  pro- 
perty which  it  poeaessea  in  common  with  the  cirde. 

Tbr  an  inveatigation  of  the  general  family  of  curvea  which  poaaeaaes  ihla  pro> 
pdty,  tbe  reader  may  conaolt  Gergonne'a  Jinialet  ifaf  BtaihmaiiqMUt  or  Ley* 
bourn's  Malhi-rnatical  Repositorij. 

7.  Let  the  apiral  be  that,  whoae  equation  ia  r"  =  a*  ain  ntf. 
(]).  tui  *»,  &=  tan  »$u  or  s= 

W,  f  coa  |0  —  C«  +  1)  0|}  =  -~  18  the  /anyeaf. 
(9).  r aio  J9  ^  (n  +  1)  0,}  =  r^  cot  ne^.^jtumaL 

(5),  If  the  radtua  vector  be  produced,  so  as  to  change  0,  into  ir  -f-  0,,  have 
s=  •  (0j  +  ir),  or  *i,  —  w,  s  nir.  Tbe  difference  of  the  angles  made 
by  mij  chord  through  the  focna  with  the  tangenta  at  ita  extremltiea  ia» 
therefore,  oonatant 
6-  Let  the  ellipte  referred  to  its  focna  be  taken  aa  the  aptraL 
Id  the  same  way  we  may  obtain  the  other  equationa  of  tbe  conic  eectiona 
t«ferred  to  tbe  centre  or  focua»  which  are  tabulated  at  p,  330. 
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9.  Ia  ihe  h^peiMa  rtferred  to  ita  focof  as  poK  to  find  tlie  aajmplote. 

If  r  =  ^,  tlieii  r  =  A^^r^Jl.  becomes  cos        which  gives  the  posiliM 
0  1  — « ow  e  ■ 

of  the  infinite  radius  vector. 

The  polar  sub-tangent  in  this  case  becomes  —  a  >/  C"  —  I,  and  hence  tlie 

asymptote  is  determined. 

10.  In  the  cissotd,  viewed  as  a  spiral  curve,  Tis.  r  ss  ^-^^-t  we  have,  wbea 

cos  V 

r  =  ~,  cos  9  =  0,  or  9  =  ^w* 

The  sub-tangent*  when  r  is  iofimte^  tiz.  ,  beconies,  siaoe0a:|v, 

simply  2a;  whence  the  asymptote  can  be  drawn. 

11 .  Is  the  spiral  of  Archimedes  convex  or  concave  to  the  radius  vector? 

r|  dp     r  C2o*  -|- 

Here  p  =        *  •  j   4-  =   i  which  is  always  positive  for  r  po«i- 

^     V  W  +  0*    rfr     (a*  +  r»J|  '  '  *^ 

tive,  and  negative  for  r  negative.  Under  these  eiicnnistances  rsspectivelf,  it  is 
concave  or  convex  towards  the  radius  vector. 

Note.  In  the  ordinary  discussion  of  this  curve,  there  arc  only  con?ii]ori  1  rhe 
positive  values  of  r ;  but  negative  ones  being  admissible,  the  entire  curve  a  oot, 

therefore,  usually  described. 

12.  U  the  hyperbola  referred  to  its  centre  convex  or  concave  to  the  radius 
vector  ?   

/    e*—  1  oft  abr 

which  being  negative,  the  curve  is  convex  to  the  radius  vector  throughout. 

?  2  2 

13.  The  tangent  to  the  curve  x  -J-  =  intercepted  by  ibe  axi^  of  co  orrli- 
nates,  is  of  constant  length,  and  lees  than  any  other  line  drawn  through  the 
point  of  contact. 


CHAPTER  VIL 


THE  DIFFERENTIALS  OF  THE  LENGTHS  AND  AREAS  OF  CURMSS 
BOIH  IN  R£F£RENC£  TO  RECTANGULAR  AMD  POLAR  Ca 
ORDINATES. 

PHOP.  I. 

Afi^Jimte  poriim     a  ewrve  line  i$  greater  than  the  duurd  jommff  Ht 
but  the  arc  is  less  than  the  sum     the  tvoo  tangents  at  tls 
1.  Let  AB  be  the  chord,  and  take  any  point  C  in  the 
curve  AB,  and  join  BC^  CA:  then  AC  +  CB  is  greater 

than  AB. 

Take  a  })oint  1)  in  the  curve  AC,  and  join  CD,  DA  :  then 
CD  +  UA  is  greater  than  CA ;  and  hence  still  more  is  yA 
BC  +  CD  +  DA  greater  than  AB.  T 

Take  other  points  E,  F,  etc.  then  successively  the  ex- 
pressions 

BC  +  CD  +  DE  +  EA, 
BC  +  CD  +  DE  +  £F    FA,  etc, 
more  and  more  exceed  the  chord  BA. 
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Hence,  ns  we  divide  the  arc  AB  into  more  and  more  aumite  portkms,  we  find 
that  the  inscribed  polygons  acquire  greater  and  gjcater  perimeters,  or  that  the 
sum  of  all  the  sides  but  AB  exceed  Ali  by  prertt' r  and  (greater  magnitudes.  If, 
therefore,  we  suppose  the  fsuniinits  of  tlie  polyi^un  to  become  continuously  con- 
■ecutive,  these  two  circumbtanceii  will  siuiultaiieously  take  place : — 

(1).  'Vhc  polygon  wiU  beconM  identical  with  the  curve,  and  therefore  equal 
to  it  in  length. 

(3).  The  perimeter  of  the  polygon  will  he  the  greatest  poeaible  nnder  the 

given  conditions. 

Wlicrefore  it  follows  that  the  arc  of  the  carve,  which  ia  equal  to  the  greateat 

polygon,  is  greater  than  the  chord  AR. 

2.  Let  AC,  BC  be  the  tangents  at  the  extremities 
of  the  arc  AB:  tlien  the  arc  AB  is  less*  than 
AC  +  CB. 

For  draw  any  tangent  EF  at  a  point  D  intermediate    c  < 
to  A,  B,  as  in  the  figure :  then 

BC     OA  is  greater  than  BB  +  EP  +  FA. 

Again,  draw  LK  a  tuugciit  at  a  puint  II  interioediate  to  DB ;  then 
BE  +  BF  +  FA  is  greater  than  BL  +  LK  +  KF  +  FA ; 
and  so  on,  the  perimeter  of  the  new  polygon  being  continually  lese  than  that  of 
the  preceding  one,  and  hence  becoming  more  and  more  deficient  Irom  AC  +  CB. 

Bot  if  we  conceive,  as  in  the  preceding  case,  the  summits  of  the  polygon  to 
become  continnously  consecutive,  the  perimeter  of  the  polygon  will  be  the  least 
possible,  and  durini^^  tlie  ]>r(>gress  towards  that  state,  becoming  more  and  more 
defective  from  the  sum  of  the  two  tangents  AC,  CB. 

CoroUSsry. 

If  a  line  BD  be  drawn  from  one  extremity  B,  to  cut 
the  tangent  AC  at  the  other  extremiiy  hj  D,  and  not  to 
meet  the  arc  AB  in  the  interval,  then  AD  +  l^B  greater 
than  the  arc  itaelf.  For 

AD  +  DB  s=  AC  +  CD  +  DB  >  AC  +  CB. 


PROP.  ir. 

Of  the  arc,  chord,  and  tangent  the  Undent  ruiio  of  any  one  to  «acA  qf  the  others  it 

a  ratio  of  equality. 

Let  O  he  the  origin  of  rectanpftdar  ro-ordinntes,  P  a 
point  in  the  curve,       the  tangent  at  P,  and  P'  another  -vi 
point  in  the  curve.  Draw  the  ordioates  PM,  FM',  the 
latter  meeting  FT  in      and  draw  PR  paiaUel  to  the 
aaeis  of  «. 

Denote  the  arCt  generally  estimated  from  any  specified 
point  in  it,  by  #,  and  the  increment  MM'  of  c  by  A.  ''^ 


/ 


A 


9 

o  a«i 


*  In  Uiis  the  arc  is  supposed  to  hare  no  clinnges  of  flexure,  (that  is,  turning  its  concavity 
•lifTrrcnt  ways  with  respect  to  the  tangent  at  any  point  intermwliate  to  A  and  B)  witliin  tin- 
given  (initc  limits.  For  the  c&aos  iu  which  vc  abail  require  the  u«ie  of  the  propoution,  thia  con- 
dition ii  oltrayt  fulfilled,  M  oor  object  will  only  leid  as  to  eonridor  It  a<  (fo  UmA. 

Dd2 
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Also,  let  tanQPRstuiQTM=stni«s9.  Then*  JRP s y,  »fi  aim 

get  eoccianvely. 

m  =     and  PQ  =  vI^TAV  =  h^l  T^t  vad 
PQ-HQP'  _  ft  VI  Ar~(v,  -y)  _  * 

Now,  at  the  Itmt/  this  becomes  sinply,  since       ^  ^  j  =  ^  =  r, 

PP*    -I  Vi^rjr 

Noir      +  QFia  greater,  and  the  chord  PF  ia  leaa  than  the  aic  FPfioraa 

$mU  values  of  the  are  PF;  and  aa  at  the  limit  they  beoome  equal  to  each  ocbcr, 
the  arc  which  always  in  respect  of  magnitude  lies  between  them,  will  then  al» 
be  in  a  ratio  of  equality  with  each  of  them.  ^Mlere^o^e 

Care  PP'  ~]  _  r    arc  PP     ~|  _  f  chord  PP'  ~|  _  . 
chord  PP*  J  ~  Ltangent  PVl  J  ~  LtftngcnV  PQ  J  ~  ** 

PROF.  III. 

3b jiiuf  ikt  diff'erenfud oftktare^a  earet  inie  ia  reef m^idar  eo-erAiMt. 

SmcF  tlu  ( hoH  !'P=  >/(»,  — r)>  -f  (y,  — 
and  taking  the  limita 

[PP']  =  [n/Cs-,  —  xy  +  (y,  _  J,):],  or  ffs  —  -t^c%^ 
which  is  the  differential  required:  and  it  may  be  written 

PROP.  IV. 

To ^«ti  f/ie  dij'erenttal  0/  the  arva  of  a  cwvt  line  in  rectanguiar  co-ordinates. 

RpcAusE,  the  increment  MM'  =  —  r  =  A,  therefore  we  hare  MI*PM'  the 
increment  of  the  area.    Or  in  symbols,  S  representing  the  area,  we  hare 

rS,~  Sn_  TMPPMn  _  rguadnlateral  MPP^M'  1 
L»,  — «J~L  MM'  J""L  MM'  J 

_rcPM-f  P'MQMMn  _ +  yl  - 

"L         MAT  J-L~2~J 

Whence  ^  =    or  dS  Bs  ydk. 

PROP.  V. 

To  find  the  differ  eniiaL  of  the  length  of  a  curve  referred  to  polar  cO'OrduuUes, 

Let  O  he  the  pole,  P  a  point  in  the  cnrve,  and  P  a 
point  adjacent  to  it;  and  draw  PM,  P'M'  perpendi- 
cular to  the  polar  axis  OV  ;  and  let  A,  the  intersection 
of  the  curve  with  the  polar  axis,  be  the  origin  of  the  arc. 

Hien,  o 
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OP  =  r,  OP'  =  ruFOV  =  e,POV=^e,-0«A,AP  =  S,AF  =  S'; 
and  ve  have 

|-S>  —       _  j-arc  PP'^  _  |-chora  ri"~j 


ritop.  VI. 

7b  jlwl  IA«  diJfermUial  qftht  ana  iffapobar  ewve, 
fif  jj=^.  and  <iS  =  JrW. 

EXAMPLES. 

L  Rod  the  difeeatiai  of  the  are  of  a  circle,  to  radim  a,  In  nctangolar  oo- 

ordioatet. 

Em,  reCnred  to  the  centre,  y  =s  Vq^  —  «» ;  wheoce 

1  Rad  the  difficential  of  die  area  of  the  parabola  refeired  to  rectangular 
Mdiaates. 

Hen jr* ss  4aei  and  dS  =s  pd»  =  Qa^c^cfir. 

3.  M  diflbrantials  of  the  length  and  area  of  the  spiral  of  Arehimedee. 

«J»  =       F+^=  ad9 .  VTTI*  J  and dS  =  J«Vd». 

4.  The  diiierentiale  of  the  arcs  of  an  ellipse  and  parabok  are 

5.  Ibelcoglih  of  a  cydoidal  arc  hai  the  differential 

6.  Find  the  differentials  of  the  conchoVdal  area,  and  those  of  the  lengths  and 
«feas  of  the  witch  and  dasoid,  the  first  and  third  in  reference  to  polar  and  rect- 
a&golar  (Mhordioates. 

Scholium, 

It  is  always  to  be  understood,  that  the  differential  which  can  be  moet  easily 
i  <>ind  back  to  its  primitive  function  ii  the  most  desirable  in  all  the  applications 
^  theie  iaqniries :  and  it  is  likewise  to  be  kept  in  mind,  that  the  differential 
**FniHQn  is  to  be  coo?erted  mto  a  function  of  only  one  of  the  variables,  either 
«  «fs  in  rectanguhv  co-ordinates,  or  either  r  or  0  (or  r  or  p)  in  pobr  ones. 
MoreoTw,  the  expressions  given  in  the  text  in  x  and  y  are  referred  to  rectangular 
co-ordinates  only :  but  if  they  be  required  for  an  oblii|ue  angle  of  ordination  a, 
tbej  nuigt  undergo  the  following  obvioos  changes : 

i$  ss  V  dte"  +         cos  «  and  dS  =  ydv  sm  «. 
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CIIAPTEll  VIIL 

OSCULATION  AND  CURVATURE,  WITH  INVOLUTES  AND  EVO- 
LUTES  OF  CURVES,  REFERRED  TO  RECTANGULAR  CaORDI- 
NATES. 

PROP.  I. 

TbjIiMl  tm  ttfimiAtmfw  ike  d^trmiee     the  w^SmOm ^  Iwo  cmntt^tmpmi 

in  the 

Let  I  v()  curves  PP',  QQ',  which  are  referred  to  the 
same  rectangular  axes,  aod  iotertsect  in  be  denoted 
respectively  by  the  geimal  equatioiif, 

y  =/(»)f  and  jr  =  #  («). 

Lot  a,  ft  be  the  co-ordinBtes  of  the  point  of  tntenec^ 
tion  P.  Then  b  ss/da)  and  5  —  ^  (a) :  and  henee 
/(a)==^(e). 


/ 


Now,  if  we  take  another  abscisa  OM,  the  ordinates  are  no  longer  eqnal :  \d, 
then,  M'P' s  f,  and  M'Q!  s  jr,:  then  suppoaing  MM'  =:  A»  we  hare  thegc8e> 
lalform 


y, -/w  +  ^  1.2  +  

Whence,  since  as  above/ (f)  =  f  (or)  in  the  case  supposed,  we  get  by  sob- 
tfiethm 

-  v~s — asr/  I  +  V  Sr«  — f7« 


Dsr.  I.  Curvea  $  ss/(«)  and  y  s:  f  («)  are  aud  to  eiei^  one  another,  wka 

f(k)  s  p  (x). 

Dep.  II.  These  curves  are  said  to  have  a  contact  of  the  nih  order,  vbes, 
besides  meeting,  theyha?e  their  first  m  diflforential  co^effidento  equal,  eachti 

each. 

Tbua,  the  conditions 
/(«)  s:  f  (m),  and        ='^^*  mdieate  a eontaet  of  thejtoordbr. 

=  ^  c.).  ^  =  indicate  a  contact  d  d» 

eeeoml  order  /  and  ao  on. 

DsF.  III.  Such  curvea  are  said  to  otaihie,  and  the  ordera  of  contact  m 
aometnnea  called  ordflrt  ^oieiijWtoa. 
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PROP.  II. 

7b  ieiermim  ike  lughegt  degree  iff  eonttuU  wAleA  two  emnet  etm  hate,  ime  ef  tplmsl 
emiam  %  mUtrarif  eoneiante,  a»d  the  other  of  foiUel  if  either  nf  a  higher 
d^rte,  or  eoHtame  a  greater  mumber  qfgwen  eo-{^Scteii/#. 

Lr  g=f{m)  ho  ibat  cum  whkh  contains  %  aibitniy  coostants,  ttiid  g  =  ^(x) 
the  other  eitrfe.  Then  there  can  he  fonned  the  following  «  saceessive  equationa. 

/(»)-^C*),-^j  Sr  "355 —    cAc*  - 

No«r,  ainee  «  =  a,  a  given  or  known  quantity  at  the  point  where  the  correa 

meet,  the  aecond  side  of  each  of  these  n  equations  is  given.  Whence  fhe  • 
arbitrary  co-efficients  can  be  determined,  and  the  ipecial  form  of  the  eaaential 
terms  of  g  =/(«)  can  be  found. 

BX AMPLE  I. 

To  find  all  the  ^ms'-.hlc  orders  of  (  ontnct  of  a  straight  line  with  a  given  curve. 
In  this  casey  —  ax  -f  h  is  the  erjuation  of  the  line,  and  it  contains  two  arbi- 
trary constants:  whence  the  contact  is  of  i\n- Jir^t  order. 

Hence  we  have         =        =  « ;  and  putting     y„  the  values  of  w,  g, 

at  the  pomt  of  intecaeetlon,  we  get 

6  =  y-  a«s=:y-^^.«;ory-|f,  =  ^|(jr—  «j) 

which  is  the  ordinary  equation  of  the  tangent.  The  tangent,  therefore,  has  a 
contact  oi  the  first  order  with  the  curve. 

SXAMPLB  2. 

To  find  the  highest  order  of  conuct  of  a  cirde  with  a  given  curve,  and  to 

assign  the  magnitude  and  position  of  the  circle. 

Let  jf  =  ^  (<c)  be  the  given  curve,  and  denote  the  circle  by 

p'  —  (d?  —  *,)-  +  (y  —  y,)-; 
of  which  p  is  the  radius,  and  x,,  y,,  the  co-ordinates  of  the  centre. 

As  this  contaios  three  arbitrary  constants,  the  highest  contact  will  be  of  the 
second  order,  or  have  the  first  two  differential  co-efficienta  equal  to  the  two  first 
in  Sf  s  ^  (»). 

Now  difibrantiating  the  equation  of  the  circle,  and  rscoUecting  that  the  point 
«y  ia  common  to  both  curves,  we  have 

dg       « — «,      ,  /  «^v* 

as3=  -         (y  -  yo* = -tuJ  y— 

Substituting  the  first  and  second  of  these  equations  id  the  equation  of  the 
circle,  we  get 
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_         ^-P  n_+ 

where  xy  are  the  co-ordinates  of  the  curve  y  =  ^  (x)  at  which  the  contact  takes 
place,  and/>,     are  the  first  and  second  differential  co-efficients. 

The  double  aigu  in  the  value  of  p,  which  arises  from  the  extraction,  has  been 
generally  eansicierad  to  designate  the  dixeetidn  of  the  concavity  of  the  curvature. 
It  hae*  however,  been  proved  by  Frofesior  Young  {Math,  DU$.  pp,  91^30), 
that  it  U  aaperflaoQS,  the  concavity  being  natorally  determinable  by  another 

criterioD,  viz.  the  sign  of  q  or 

We  have  yet  to  find  jr,,  the  co-ordinatee  of  the  centre;  which*  however, 
flow  at  once  from  the  preceding. 

tor  y  —  y,  s=  --i-,  and  hence  y^=zy  +  ~   q  > 

1  + 

«  ~     =  —  (y  —  yj|i,  and  hence         — -^-^-t-  .p. 

Corollary. 

The  radius  drawn  from  the  centre  of  the  cirde  of  complete  contact  (or  centre 
of  curvature,  def.  iv.  below)  is  a  normal  to  the  curve  at  the  point  of  contact;  for 

both  the  circle  and  curve  hare  a  common  tangent,  and  the  radius  b  perpendi- 
cular to  the  tangent  of  the  circle,  and  therefore  to  the  tangent  of  the  cum;  i^f*^ 
is,  a  normal  to  the  curve. 

The  curvature  of  the  circle  being  uniform,  it  ia  the  moet  convenient  measure 
of  the  cnrvatura  of  any  other  curve  at  any  sjiedfied  point.  The  cmwitmre  itadf 
ii  estimated  by  the  value  ^p~*. 

BZAHPLB  3. 

When  the  radius  of  curvature  ia  a  maximum  or  a  miiumum,  the  circle  has  a 
contact  of  the  third  order  with  the  curve. 

^  q       *  dx      ~'  5» 

Whence  at  the  nuae,  and  ami.  ^  =  o,  or  —  Zp^  -f  (1  +      r     o.  Divide 

by  q,  and  substitute  —  g  (y  —  y,)  for  l  +     ;  tlien 

(y  —  j/i)  ^  +  3/>g  =  0. 
But  this  ia  the  third  difierential  co-efficient  ^  of  the  equation  of  the  elide  of 

curvature ;  or  the  cirde  and  the  curve  have  a  contact  of  the  tilurd  order  at  the 
maximum  and  minimum  values  of  the  radius  of  a  curvature. 

Def.  IV.  The  cirde  so  determined  is  called  the  cireU qf  emvahtre,  nr otcm- 
latiny  circle ;  and  its  cenUe  and  radius,  the  eearre  ^  canMliire  and  the  rodrnt  ^ 
emvaiwt,  respectively. 

Dnr.  V.  The  dordi  of  curvature  are  chords  drawn  in  the  cirde  from  the 
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extremities  of  the  diameter  throogh  the  pnnt  of  contact,  pantUel  to  the  axes  of 
co-<lldinatefi. 

'Dbp.  VI.  The  toehte  a  curve  is  the  locus  of  its  centre  of  curvature,  vary- 
iiig  as  the  position  of  P  in  the  given  curve  varies. 

Dbp.  VII.  The  involute  of  a  curve  is  that  whose  consecutive  centres  of  curra- 
tare  are  situated  in  the  curve. 

FKOi'.  III. 

Tiafind  the  evolute  of  a  curve. 

DaROTs  by  9{§\  the  co-ordinates  of  the  evolute  oorreqionding  to  «y  of  the 
^ven  curve*  These  are  the  co-ordinates  of  the  centre  of  curvature. 

Then  we  have  the  three  equations  from  which  to  eiiminate  y,^,  9,  (the  two 
latter  being  functions  of    y) ;  viz. 

The  resultini^  eciuation  in  x,y,  an  J  constants  will  be  that  of  the  evolute. 

The  diihculty  of  this  elimination  is,  however,  often  very  considerable ;  and  in 
fact,  there  is  but  a  comparatively  small  number  of  curves,  in  which  it  can  be 
actually  perfotmed.  A  few  of  snich  as  admit  of  it  will  be  given  amongst  tho 
eramplew  at  the  end  of  the  chapter. 

PROP.  IV. 

Tkit  radim  qfemvaimn  of  my  point  in  a  proposed  curve  i§  a  taigaU  to  ike  corrv- 

igmdiug  poiut  <^  itt  evolute, 

Ws  have  already  seen  tliat  the  equations  of  the  evolute  are 

*  -  X,  +  (y  -  y,)  2  =  0,  and  1  +  2'  +  (y  -  y ,)  ^  =  0. 
Now  this  being  the  locus  of  the  centres  of  curvature,    and  yi  are  functions 
of  »,  and  therefoce  variable^  Also,  y,  ^  and      are  functions  of  m, 

Difiei  enuute  the  former ;  then  we  get 

which  reduces  the  latter  to 

dx      ^  dx"  ' 

dx_^     dy  ^  d»  ^  dy^ 
riy  "         '  tte, "~  di^ 

Whence  the  equation  of  the  nonnal  of  the  proposed  curvu  at  ay,  namely, 

dx 


is  expressed  by 


is  the  equation  of  the  tangent  to  the  svolute  at  xj^^,  and  passing  through 
cy  of  tlie  proposed  curve. 


Digitized  by  Google 


410 


THE  DIFFERENTIAL  CALCULUS. 


PROP.  V. 


T%€  d^grmn  beiwtm  anjf  two  nulii  <f  emvature  is  egiw}  to  the  diMtamee  if  the 
two  e&Um  (femvattm  tttmatoi  omtkewre  iftke  eoolate. 


Thb  equatioQ  of  the  circle  of  cun-ature  being  as  before 

p«  =  (*  —  a?,)"  +  (y  —  y,)' ; 

in  ^  hich  x,,  y„  p,  y,  are  functioos  of  if  we  differentiate  with  respect  to  2  ai 
the  principal  variable,  we  get 

and  by  ihA  firet  difienntial  equfttion  of  the  circle  of  cnrvatme, 
this  18  changed  to 

or*-*»+  (y-yJ^|=-^^ 

and  hence, 

(.  _  .J.  +  9    _     (,  _        +  (,  _  „y  g  = 
But  since,  bj  the  preceding  investigation,  y  —  y,  =      (r—cj,  we  have 
(•-•.)(»-».)  ^  =  (*-«,)'      =  (r  -  »,)'  S  henee, 

or«  substituting  for  p', 

»{(.—.)•  + or ->.)')  gi. 

Whence,  ^"^ss  1  +        or  dp  =  ^  cfc,'  +  rfj^. 

The  first  side  of  this  equation  is  the  differential  of  the  radius  of  curvature,  and 
the  second  that  of  the  arc  of  the  cvolute  :  and  hence  the  radius  of  curvature  dif' 
fers  from  the  arc  of  the  evolute  by  oidy  a  constant  quantity,  or 

p  =  *  +  c. 

If,  therefore,  there  be  two  radii,  p„    and  two  corresponding  area  of  the  etoliite 
#^  we  have 

Pi  —  Pt  =  (»i  +     —  U»  +  c)  =  *i  -  «tJ 
which  algebrucaUy  expreseee  the  enunciated  proposition. 

SekoUmm  1. 

'i  he  terms  tncoiu/e  and  ecolnte  have  been  given  in  consequence  of  the  property 
juet  established  of  these  two  connected  curveti. 
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If  Ap'Fbe  ibe  evoloto,  and  s  string  kept 
•betched  pf^  w  W  he  gjnisallj  unwoand 
irom  Ap'F.  then  any  fixed  pout  in  it,  p  or  9, 
will  trace  the  curve  of  which  Ap'P'  ia  the 
e volute.  For  it  has  been  just  shown  that 
Al'  -  Ap'=  PF  -  pp'  =  P'Q  -  p'q,  etc. 

U  the  tracing  point  p  be  the  point  at  which 
the  strinp^  commences  its  evolution,  then  the 
constant  c  uf  the  former  solution  is  0,  and 
Ap'  =  pp\  AP  =  PF,  tie.  If  tbe  tiacing 
point  be  at  B>  (in  the  tangent  at  AO  then 

c=  AR  =  p9  =  PQ,  ffc. 

The  curve  Ap'P  is  tbence  caUed  the  wobUt  of  ApF,  and  ApP  ia  caUed  the 
tMVolute  of  Ap'P'. 

Alao,  PM,  GP'  are  the  semi-chords  qf  curvatwre. 

Tbe  cuire  A|»'F  bemg  given,  the  evolnte  ApP  can  be  fomied  from  the  sane 
equations  as  have  before  been  uaed. 
For, 


pdx, 


X  =  OMsOM'-  MM'=:x.  -  FG  =  «,  -p  cos  QPG  =», 

f  =  MP=  M'F  +  PG  =  y»  +  Pti  =    +  p  sin  CU^G  =  y.  +,^7^^^ 

Whence,  p  bebg  expnsaed  in  terms  of  its  co-ordinates,  and  m^i  being  elimi- 
nated, we  shall  have  the  eqoation  of  ApP  in  terms  of  icy  and  constants. 

EXAMPLES. 

Find  the  radius  and  centre  of  curvature  of  the  parabola.    Here  y=  =  4ax ; 


3  5 

Substitute  these,  and  reduce  j  then  p  =  1  =         where  r  is  the 

ladins^vwtor  of  the  point  in  reference  to  the  focus 

Again. ,  _    =  L+  J'  =  , .  =  ,  +  »^  or     =  - 

X  —     =  —  p  (y  —  y,)  =  —  2  (:r  +  fl),  or  a?,  =  3»  +  2a, 

which  are  the  co-ordinates  of  the  centre  of  curvature. 
FrtMH  the  two  last  results  we  have 

y  =s  —  (4oVtA  and  «  =  i  (r,  —  2«). 
ThtM,  snbatitnted  in  the  eqnation  of  the  paznbola,  give 

(4a-y,)^  =  ia  J  (a?,  —  2a),  or  cabing  both  sides, 

27oy,=  =  4(x,  -2a)'; 
or,  putting  x^  —  2a=  w,  and  dropping  the  accent  from  y. 

This  curve  is  called  the  sewU-culAcal  parabola,  and,  as  we  h«VO  written  it,  has  its 

origin  at  the  focus. 
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In  the  anneied  figure  P'F  and  p'P  are  the  branches  of 
this  curve.  PF  is  the  radius  of  cur^'afure  at  P,  and 
AM',  M'P',  are  the  co-ordinates  the  centre  of 

curvature,  *jr-  ^ 

2.  Show  that  ia  all  the  conic  sections  the  radius  of 
enmtiire  la  proportional  to  the  cube  of  the  normal. 


N=jf<^l  +  ^iand  hence  ^  I  +  ^=  -  j  and 

_  r  ^  d?/       N»  _  N» 

Bfiferring  the  com  to  the  ▼ertes  and  transveiw  axis,  we  have 

and  hence,  loeeeMiTel^,  • 

|iy  =  A  +     ;      +  j»*  s  J^;  and 

^  =       -  pY  =  *  (2Ax  4-  kx^)  -  (A  +  hcY  =  l» 
Wherefore,  p  ^  *  — 7  =  tt. 

3.  Find  the  laditu,  and  centre  of  curvature^  and  evolate  of  the  ^pse,  refand 
td  the  centre  and  prindpalaiM. 

Here  ay  +      s=  tfl^  %  whence  diflbentiating,  we  get 

merefora,  p  ss  '^'^'i. 

Again,  for  the  centre  of  curvature  we  have,  by 
proceeding  as  before,  the  co-ordinates  of 'the  re- 
quired pomt, 

y,=  gr^iand*.  =.-^. 

LaaUy,  from  theae  we  haw  ^ssj^^,  and  jr  =  and  thea^  aob- 

•titnted  in  the  equation  of  the  carve,  give,  after  alight  reducuou, 

{ax,^  +  {by,)^  =  (a2       =  (o«  — 

The  figure  ^\\fh  represents  all  the  parts  of  the  curve,  Fandf  being  the  loci  ef 

tlic  ellipse. 

4.  ill  the  hyperbola  referred  to  the  centre,  the  evolute  is  expressed  hj 

5.  The  equation  of  the  evoiute  of  the  rectimgviat  hyperbola  referred  to  ill 
axes,  (vis.  aej/  =  ia^J  ia 

6.  To  find  the  ndini  of  curvatore^  the  involute  and  evvdnle  of  the 
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r.et  A  he  the  middle  of  the  base,  AB  the  dia- 
mttt  r  of  ilie  (^eneratin^  circle,  and  O,  the  extremity 
of  the  base,  be  taken  as  orif^in  ;  let  OA  be  X,  and 
OY  perpendicular  to  it  be  Y  ;  let  P  be  a  point  in 
the  carve,  P  the  eorretpondtng  point  of  the  evtf> 
lute  s  end  take  AE  s  AB,  and  draw  the  other  Uoet 
as  obviously  pointed  out  in  the  figure. 

Let  OM  s: HP  s=  ff,  and  AB  s  3r :  then 
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Vary  — 


 r  =  0 


Theie  enbetitiitione  being  made,  we  get 

jf,  ss  —  jr  and  «,  =  •  —  a  V2ry  —  jf% 


Inserting  the  values  of  «  wad  ff  from  theae  in  the  equation  of  the  cycloid,  we 
get  the  equation  of  the  evolute. 


y,  — rcoe 


which  ia  the  equation  of  a  cycloid  whose  origin  is  at  the  vertex  O,  and  the  dia- 
meter of  whose  generating  circle  is  2r.  It  follows  thai  the  involute  of  the 
cydolid  it  another  eydoul  equal  to  iteelf* 

When  the  traeing  point  hae  arrived  at  B«  we  have  y  =  3r,  and  hence  p  =  ir, 
Butp  ie  cqinal  to  the  are  of  the  lemi-cycloYd  OPE,  which  is  equal  to  OPB; 
and  hence  the  length  of  the  entire  cycloid  if  four  tinee  the  diameter  of  the  gene* 
ifttiog  cirrle. 

7.  In  the  cunre  whose  equation  is  a0  +  aeec  ~>  ^  s  Vr>-.  e>,  show  that  the 

a 

evolute  is  a  circle  to  ndius  a. 

8.  Find  the  greatest  and  least  circles  of  curvature  in  each  of  the  conio 
4ectumM, 

9.  In  the  catenary  defined  byjr=:  -  |<r»  +  ^  oj,  we  have 

10.  In  the  Jiiipo-cyclo'id  x$  -f  ya  =  a!,  we  have  p  =  —  3  {axy)\' 

1 1 .  Find  the  cvoluie  of  the  circle^  by  the  use  of  tiie  equations. 

19.  Show  that  if  y  and  <  be  made  tucceirively  the  independent  variables,  the 
ndine  of  curvature  and  its  reciprocal  will  be  respectively 


¥  — 


ay* 


13.  Silow  that  if  9  and  y  be  functions  of  any  variable  ^  then  we  shall  have 


•> 
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CHAPTER  IX, 


OSCULATION  AND  CURVATURE.  TS'ITFI  THE  INVOLUTES  AND 
EVOLXTTES  OF  CURV£S  j  REFERRED  TO  POLAR  CO-ORDL 
NATES 

PRoi'.  I. 

To  find  the  d^ermiial  qf  tlu  angle  w  (pa^  396)  in  a  polar 

m  «9iialio»  6e/i0eaip  and  r. 

Lbt  O  be  the  pote,  OV  the  polar  axis,  PB  the  tan- 
gdtt  at  P»  OE  the  perpeadieuhir ;  and  let  P'  be  another 
point  in  the  ctmr^  and  PP'  produced  to  meet  OE  in  E'. 

Let  OP  =  r,  OP  =  r  +  *:  then  aince  p  =/{r)  we 
have 

'    '  -  it  i  +  JP  TTt***  1.2.3  + 

wUence,  inserUDg  the  limit  of  lha  preceding  equation  in  this,  we  get 

Dxr.  If  there  be  two  curves  referred  to  the  same  polar  co-ordinates 

P=fir)  and  p,  =  ^  (r,\ 
and  u>,     denote  the  angles  made  by  the  respective  radii  vectors  with  the  tan- 
gents, as  in  the  preceding  proposition ;  then  in  the  two  developments  for  tht 
increment  h,  as 

(dp  h  ^d^p         _^  d'p     A»     ,        \  > 

IrfT,  rfr,»  1.2.3+  ••••;^/r^^-;,/ 


•  Tho  method  adopted  here  is  the  ordin.irr  ono,  of  an  equation  bctwrcn  r  an*?  />.  In  rtt- 
tua  cMet  it  i*,  perhaps,  more  umplc^  ati(i  as  a  mctiiod  of  iovevUgatioa  inll  be  comprised  ia 
ntb«r  IcM  fpsce  tiian  wlies  tb«  equstioD  is  given  between  r  and  0.  On  Cb«M  aoroaott  ilbM 
been  used  bera.   However,  the  equation  between  r  and  p  is  ofUm  only  a  diffcfciitttl  eoe,  mi 

hcnrc  a«  a  general  method  of  invtstitration,  though  conveiiitiil  in  t^<•^c  partiailju-  bnncHcs  of 
the  inquiry,  which  arc  conventant  mainly  with  ditfercaliais,  the  tyatem  U  not  geoenUj'  » 
favourable  one  for  the  discussion  of  polar  curves. 

The  equations  of  the  tangent  and  normal  nt  the  point  r■^9^  of  a  polar  cvm,  f^ven  at  ptgm 
nrWT — fl.  w'l]]  jihice  tlie  whole  invcstia.nlon  on  tlif  same  footing  as  are  rectangular  co-oro'  -s; 
and  though  the  development  of  the  inquiry  on  this  prinri[)lc  ha«  never  hecn  pnl.Ii^fM.i.  1  S  ipe 
to  avail  myself  of  an  early  opportunity  of  giving  such  a  system.  A  tew  appiit^ations  ot  n  w 
tiie  oonie  sections  have  been  given  at  pp.  S2SC4I7,  of  this  w^ ;  and  diegransa&ckiit  to 
that  the  system,  bwoiiby  of  further  dcvelopincnL  « 
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the  spirals  are  laid  to  meet  if  r,  =  r ;  and  if 

^     dri  dr   d-r^  tPr         d»~^T^  d"~^r 

they  are  said  to  have  a  cootact  of  the  nth  order  *. 


PROP.  II. 

3b  fatd  ih§  egiMtiM  behtem  rmtdp  im  tlu  polar  ^qmaknt^iht  circle* 
Thb  geMial  expfewioQ  for  the  length  is 

equation  of  the  chrde  is 

=  r,*  —  2ar  coe  9,  +  o*.  or 
r  =  «  COS  a  +  v/  p3  —  a»  ain*0, 
wbete  r,6,  are  the  polar  co-ordinates,  and  a  the 
distance  of  the  pole  from  the  centre,  and  the 
centre  in  the  pokr  axis.  From  these  we  readily 


and  hence. 


r  »  .  a>  +  p' 


2i- Ij 

rfr,  p* 


If  now  a  he  the  polar  distance  of  the  centre  of  the  circle,  and  we  take  /3  the 
angle  t  which  it  makes  with  the  polar  axis,  (still  j3  will  not  require  to  be  deter- 
mined); whilst  from  the  preceding  results  and  the  conditions  we  have 

and  hence  ^  =  - ,  or  p    ^  =  the  radius  of  the  circle  of  corvatore. 
or    p  op 

Abo  «>  =  r,»  - +  ^  =  H  +  ^ or 

These  with  the  value  of  r  give  the  three  sides  of  a  triangle,  one  summit  of  which 
»  the  centre  of  curvatnre.  The  value  of  j3  will,  therefore,  be  nnneceesary,  as 
stated  above.  The  circle  of  carvatnre  it,  hence,  completely  determined. 


*  lo  comparing  diit  definition  with  that  of  ordors  of  contact  in  iwpect  of  recUngvUr  eqwr 

ti'-n*:,  it  woiiM  seem  tliat  tlu-  iliffcventi;!!  ro-off!ricnt  of  ilio  yiolar  curve  is  ono  dcuTOc  linv^-r  for 
the  contact  of  the  wth  ordc*r  than  it  u  in  rectan^lar  co-ortlinatcs.  Thist,  however,  is  not  the 
ca«e  :  for,  in  fact,  the  equation  between  p  aiid  r  is  itself  a  diUercnUal  equation  of  the  first  order, 

and  hence     '   P  n  of  the  nth  order. 

i>  Should,  for  vuf  luhMqnent  object,  /3  be  required,  It  is  canly  Ibnsd }  vli. 


0,  +  «wr» 


% 


where  r,  9,  aro  the  coKwdisates  of  the  point  tt  which  the  drcle  of  eontsct  ia  supposed  to  touch 
tbeapiimL 
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CorolUiiy  1. 

If  C  be  the  centre  of  cun-nture,  and  CK  be  drawn  pcri>pnflicnlar  to  the  radios 
vector  OP,  and  OF  ]h  rprndictUar  to  the  tangent  at  P ;  tbea  the  pokw  chord  of 
curvature  PH  ia  easily  found. 

Fur,  the  triangles  CPK,  POR,  arc  similar  i  and  hence, 

aPK-acp.5|=?r*.p=2e*:. 

OP      dp    r  tip 
ConUary  2. 

Alto  from  {epiaiumS,p»  397)f   -p  -  ~'~J^*  ^ 

dp  _'^^d0'~  difl 


The  sign  of  this  is  the  criterion,  whether  the  curve  be  concave  or  convex  to  the 
radius  vector  {p,  400). 

OiroUary  3. 

rdr 

fnm  this  alio  p  s=  ^  is  converted  into  the  Ibltoviiig  very  elegaiit  foniit 


PROP,  III. 

To  find  the  etoUUt  qfa  cwv8  rffemd  to  polar  eO'Ordmatti, 

LsT  PE  be  the  tangent  at  P,  OE  the  perpendicular 
on  it  from  the  origin ;  and  let  Q'P*  be  the  evolute, 
and  OE'  the  perpendicuUr  on  the  normal  PF. 

Let  p  as /(r)  be  the  equation  of  PQ,  and  p^  &  f  (r,) 
be  that  of  the  evolme  FQ'  f  where  OP^r,  OP  =r„ 
OE  3s and  OE'  Then  p, s ?£=  -✓r*—  pt, 
and  likewise 

r»=OP=  V OE"  +  h)^''  =         -p*  +         -p y-, 

and  if  by  means  of  these  equations,  tc^ether  with  that  of  the  given  tpiisl 
P  =  fir\  we  can  eliminate  p,  r,  the  resulting  equation  in  p^r^  will  be  that  of  die 
evoiote. 

CoroUory  1. 

The  equality  of  the  diflbrenoes  of  the  curves  of  the  evolute,  and  of  the  cones- 
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pimdiiig  nM  veetoni,  being  independant  of  thff  ulnn  off  dio  eo-ofdinalii 

ifliployed,  it  may  be  a/^sumed,  in  virtue  of  tbe  demonattmtion  at  pa^  410,  inlh- 
out  a  formal  demonstration  by  polar  c<M>rdinat8a.  It  mmld,  hofrem*  be  etij 
to  effect  it  by  tbis  method. 

CoroBeay  3. 

In  predwly  the  eame  way  as  in  rectaDgnlar  eo-ordinatce,  the  equation  of  the 
involote  may  be  found }  for  in  thia  caee  pi,  rt,  are  tbe  polar  co-ordinates  of  the 
given  eonre,  and  we  have  only  to  insert  their  respeetive  values  in  the  equation 
cf  the  gifen  earre,  and  ihe  reoult  is  the  equation  ol  tbe  involute. 

Corollary  3. 

The  equation  of  the  evolute  ia  very  simple  in  reCsrenoe  to  the  radius  vector 

sod  perpendicular ;  thus. 


rdr 


1.  In  tbe  feamiicele ^BenimM,r* « o»  coe  ag<  we  have  ^=s-* — ^-j~p 
.  dV 

aad  which  inserted  in  the  eipression  for  the  radius  of  curvai- 

ture,  give  p  = 

I.  In  the  cordlwiEl^  r»«(l'— coe0)we  have  p  »  3  ^««r. 

t 

3.  Ia  the         t^AtMimedu,  r  =s  09,  we  have  p  . 

4.  In  tbe  hfptMRe  tpmH,  **  ~  ^▼•P 

6,  In  the  htuus  r»  =  ^ ,  the  value  of  p  is  p  =  j^i^^^  • 

6.  In  the  epicycloid,     =  p  ss  -^i  ^  . 

7*  In  the  tneolare  ^th$  cink,f^^  r*—  «%  and  p^p* 

fi.  la  Co<ef'«  mirtUttP  =  ■ .         ,  and  p  :=  ^^^jl^  . 

9.  In     ktgaritkmie  spiral,  p  =  av,  and  P  =^  ^ 

10.  Fmd  the  eeo/ale  of  the  curve  a9  +  co«-»  *  ^       —  o» 

r 

p       r  •  =  f»  -f  |>»  —  2/»*  =  f»~ji«  =  «*,  and        r"— J»*  s  «•  | 
vlieBoe  f  ,  and    are  constant,  and  tbe  evolote  is  a  circle. 

II.  The  logarUkmio  ipirait  In  which  p  =  mr,  gives 

^hichia  the  equation  of  a  similar  logarilhiiiic  spiral.    Tlie  lo^f  spiral  ia  hence 
both  the  invokite  and  evolute  of  the  log  spiral:  and  therefore  analogous  in  tbeee 
re<*(>ects  to  the  common  cycloid. 
v(^L.  II.  X  e 
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CHAPTER  X. 

CONSECUTIVE  LINES  AND  THEIR  ENVELOPES. 

Ws  hm  Men  already  that  one  absolutely  indeterminate  quantity  CDteriof 

amongst  the  conditions  of  a  geometrical  problem,  converts  the  final  equation  of 
eolation  into  that  of  a  curve  line;  all  the  points  of  which  equally aatisfy tlie 
proposed  conditions.  Should  there  also  be  a  second  indeterminate,  one  of  time 
two  circumstances  will  be  readily  seen  to  take  place. 

(1)  .  If  the  conditions  of  the  problem  allow  of  our  considering  a  [  omt  which  i? 
not  situated  in  the  plane  XY  as  belonging  to  ilu-  solution,  this  steund  indeter- 
minate  quantity  will  represent  a  line  drawn  parallel  to  a  ^iven  fixed  axis  not 
coinciding  with  the  plane  XY,  but  intercepted  between  a  point  in  a  curve  surface 
repreeented  by  that  final  equation  and  the  plane  XY  itedf.  Under  ibis  aipect. 
the  inquiry  ia  of  the  aame  general  character  with  that  which  haa  preceded ;  but 
it  leads  to  ezpreBOono  of  greater  complexity*  and  inqoiriea  of  .greater  difficdty. 
It  conatitiita  the gecmutfy  qft»4irdmaie»^thne  diiaiaMWii*— a  anhject  into  which 
in  this  volume  we  do  not  propoee  to  enter,  though,  should  our  poblishers  aUew 
us  another  volume,  it  will  be  amply  discussed  in  that  place.  It  has  the  same 
relation  to  the  geometry  of  co-ordinates  of  two  dimensions,  that  the  ordinanr 
geometry  has  to  that  which  in  our  first  volume  is  treated  under  the  title  of 
*•  Planes  and  Solids,"  pp.  ^47— 70. 

(2)  .  If  the  conditions  require  ns  to  confine  our  consideration  wholly  to  one 
plane,  XY,  then  there  will  not  only  be  one  curve,  every  point  of  which  will  fulfil 
the  given  conditions,  but  innumerable  curves,  every  point  of  each  of  which  will 
also  fulfil  the  given  conditions.  It  ia  clear  that  auch  an  equation  may,  by  giving 
suitable  values  to  the  indeterminate  quantities,  be  made  to  represent  any,  and 
therefore  every,  point  in  that  plane.  It  is  to  particular  resulta  of  auch  a  systeat 
of  conditions  that  this  brief  cha])ter  is  devoted. 

We  shall  suppose  a  curve  denoted  by/(x,  y,  v)  s  O,  where  «  and  y  are  the 
current  co-ordinates  on  X  and  Y  of  any  one  of  the  innumerable  curves  denoted 
by  the  equation,  and  each  of  wliich  IS  partkulariaod  by  the  value  assigned  to  the 
arbitrary  quantity  v. 

Let,  then,  two  values,  a  and  a  +  A,  be  given  to  v  ;  in  consequence  of  which 
there  will  be  two  dintinct  aii<l  perfect  loci  indicated.  These  ioci  will  in  geueral 
intersect  in  one  or  more  points,  and  tbeii  common  co-ordinates  at  the  potntief 
interaectiott  are,  theoretically,  determinable.  If  A  ss  0,  then  the  carvse  beeoDs 
coincident,  and  the  co-erdinatea  are  common  thronghout  the  entire  *courset  bat 
k  being  made  continually  to  diminbb,  the  curves  only  approach  to  coinddeao^ 
whilst' their  points  of  intersection  are  continually  varied.  A  little  oonsiderstioB 
of  the  cireoBstancee  will,  however,  render  it  obvioss,  that  there  is  a  certain  sit 
of  points  towards  which  tlie  general  points  of  intersection  tend  in  their  progress, 
which  they  never  reach  for  any  finite  value  of  h,  which  they  only  pass  by  gi?inK 
negative  values  to  and  trom  which  they  recede  mure  and  more  as  the  negative 
value  of  h  is  int  rcased. 

Again,  the  curve  dependent  on  the  value  a  +  h  has  similar  jxiiiits?  in  refcr- 
oace  to  that  dependent  on  the  value  a  +  ;  and  this  again  haa  similar  poioti 
in  reference  to  that  dependent  on  a  -f-  3JI$  and  ao  on. 
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Wb«D  A  (or  9  s  a  +  A)  is  suppoMd  to  incnaM  ceiilMiioitfiR|r»  caeh  curve  and 
it*  diflisKnUaUj  wtjaceiit  onea  aro  called  eoimmiihe  cmtm:  mod  the  aaaemUage 

of  their  points  of  aucceasive  ultimate  interMction  ta  called  the  envelope  of  the 
system  of  currea  represented  by  the  equation/(«,  o)  =  0.  The  variable  mag- 
nitude 9,  vpoa  which  the  porUcnkr  carve  dependa,  ia  called  ita  varuAk  para- 
meter. 

Lti,  V  being  the  variable  parameter,  the  equation  be 

fix,  y,  v)  =  0. 

Then  also  will  the  equation  hold  guod  when  n  -f  4  is  put  for  t, 

or/(x,  y,  r  -f  A)  =  0. 
Now  at  the  points  of  intersection  x  and  y  become  coincident  in  the  two  curves, 
and  hence,  in  respect  to  any  i.vo  such  simultaneous  curves,  they  may  be  consi- 
dered constant.    Whence,  expanding  the  latter  equation  m  respect  of  %>  as  the 
TariaUa^  we  get 

y  C*t  9»9  +  A)  — jr»  p)  -t  ^ — 'I  H  -^r —      +  • . . . 

But  /(c,  y,9  +  k)  and  /(x.  y,  v)  are  each  aero ;  making  which  aubatitation 
in  the  equation,  and  dividing  by  A,  we  get 

do  (ip^      ■  ! .  '2   

whence,  fJiminishin^  the  value  of  h,  n*?  in  former  cases,  we  get  for  the  condition 
required  to  be  annexed  to  the  given  geatiai  equation. 

Had  there  been  more  variable  parameters,  t,  w,  , .  ,  the  conditions  would  have 
been,  with  respect  to  each,  of  the  same  kind  as  the  preceding  one  with  respect 
to  V. 

Tie  mfe,  then,  it,  to  dijf'treiUiaU  tk»  gpBtm  tqiuiitm  wUk  reqMcf  lo  the  9aHaN§ 
ptawmtUr,  and  kehnm  tkia  ^^ermUud  mi  tht  giom  ajMliM  dkmrnate  thai  pant- 
meter,  ^ 

The  result  is  the  equation  of  the  endope^,  or  of  that  curve  which  la  inde- 
pendent of  the  pafnmeler, 

SXAlirLM* 

I.  A  line  of  Riven  length,  a,  movea  with  ita  extremitiea  alwaya  aituated  on 
two  lines  at  right  anglea  to  one  another :  find  iu  envelopa. 


*  T1ii!>  name  is  ^'i ven  frmn the ehcumstance  tbst  it  UmAet  eveiy  enrre depsmdsat oni% ss 

may  b«  thus  shown. 

Tske»=/(jr,y,  v)  =  0,  the  general  equation  of  the  fiuaily  of  cnrvM;  tbeii  to  find  th« 
tsagsiit  Ua  •  cottstant,  sad    y,  vsiiaUe,  w«  have 

du  as  j".  <ir  4-      il>/  —  0. 
dx  ilij  ' 

Alio,  dilferentiating  on  the  hypothesis  of    y,  o,  variable,  we  have 

But  at  the  |Mlnts  of  eonseeatiTS  iotonecrion  we  have  just  sesii  that  ^  s  0,  and  henee  the 


inchmitaon  of  the  taagent  denoted  by  ^  is  tho  nme  in  both  enms.  The  oavelopei  thenfbn^ 
touches  iU  dko  eoivat  /(c,y* «}  =  0,  sad  henee  rithcr  envelopes  tbom  all,  or  Is  ennkped  Ij 

B  e  2 
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Let  the  moving  line  in  any  one  of  ite  positiont  cut  from,  the  given  lines  tsken 
at  axes  of  co-ordinates  the  segments    y^ :  then  we  have 

M  5=  ar,y  -f-  y^x  —  x,y,  =  0,  and      +  y,»  ss  tfl, 

Differsntiate  these  as  functions  of  Xi,  considering  «  and  y  constants* 

f  —  yi +    — «i)^  =  0,  and  «k  4-jri^  =  0. 

From  theae  four  equaiiona  ehminate  at,  yi  and  ^  and  die  reeok  is  readily 
fbondtohe 

This  curve  possesses  a  remarkable  property  of  the  tangent :  viz.  of  being  the 
shortest  line  that  can  be  drawn  through  the  point  of  contact.  It  is,  also,  tluNi|^ 
in  another  form,  identical  with  ex.  7,  p.  3S3. 

But  a  much  more     neral  one,  in  reference  to  curve  surfaces,  may  be  ieeaia 

the  Malh.  Repm.  vol.  it.  p.  37,  by  the  editor  of  thi&  work. 

2.  I'lnd  the  envelope  of  all  tlie  eUipi»es  expressed  by  the  foliovviug  eijuaUoo,  ia 
which  X,  is  the  variaUe  parameter : 

In  ihis  case  .    =0  gives  — s  —  7—2 — ss  0,  or  «.  ss  -  . 
Snbstitate  this  in  the  given  equation,  and  we  obtain 

which  is,  again,  the  aame  eqiution  aa  that  of  the  preceding  example. 

3.  A  line  so  moves  with  ita  extremities  upon  two  given  linee,  as  to  eat  off  a 
triangle  of  given  area :  what  is  the  envelope  ? 

Let  the  given  lines  be  taken  as  axes  of  eo*ordinates,  the  given  arc  e*  theooa* 
atant  area  of  the  triangle  f  also  let  he  the  segments  of  the  axes  intsieeplsd 
from  the  vertex  by  the  line  in  any  one  of  its  variable  positione. 

Then,  the  two  equations  of  the  line  and  its  conditions  are 
yi-f  i-  xj/  =  Mijfi,  and  «jyi  sin  a  =  2a'. 

By  differentiating,  we  have 

y-jr, +  («-•,) ^1  =  0.  andyi+«b^  =  o. 

Eliminate  jti,  yi,  and  ^  from  the  two  last  and  the  first  equations;  then  ws 

get  the  equation  of  tho  envelope,  viz.;  that  of  an  hyperbola  rderrcd  lu  iU 
asymptotes. 

—  a* 
~  2  sin  a 

4.  If  from  every  point  in  a  given  curve  of  the  second  order,  tsngents  bs 
drawn  to  another  carve  of  the  second  order;  show  that  the  chords  of  conuct 
which  constantly  touch,  will  by  their  eonsecntive  intersectiona  generate  a  tliini 
curve  of  the  second  order. 

Let  the  variable  pole  or  point  from  which  the  tangents  emanate  move  in 

«y,»  +  /3ar,y,  -f  7*1'  +  iyi  +  ««i  +  ^  =  0  0)»  ^ 

and  let  the  tangents  be  drawn  tu  the  curve 

Ay>     Bay  +  C«*  +  Dy  +  £ff  +  F  s  0   


Digitized  by  Goog 


BXAMPLES  OF  SNVELOPES.  461 

HMD  (p.  306)  Cm  aqmtion  of  the  viriable  chord  of  contact  or  correspondiog 
polar  with  mpeet  to(a}  will  be 
ft  (2Ajr  +  B«+  D)  +  •i(aC«  +  By  +  E)  +  Dy  +  B»  +  8F  =  0....  (3). 
Difierantitte  (1,  3)s  and  between  the  diffeientiala  and  Clt  3)  themielrei, 

eliminate      y„        the  restdt  is  an  equation  of  the  second  degree  in  xy.  The 

envelope  is  therefore  another  conic  section. 

5.  Find  the  envelope  of  all  the  consecutive  normals  to  a  f^iven  curve 

Lei  y,  =/c*J  be  the  equation  of  the  given  curve,  and  ay  the  co-ordinates  of 

a  point  in  the  normal  through  x^y^ :  then 

y  -y*  =  -  ^  or      «,+(y  -  y,)  ^  «  0. 

Now,  at  the  point  of  mtenection  of  two  of  these  eonaecniife  linea*  m  and  y 

are  constant,  whilst  «u  y„  and  ^  vary  i  whence  differentiating  again  on  this 
bypotheaia  we  get 

By  comparing  these  results  with  those  found  at  pnffe  409,  we  find  that  the 
envelope  of  the  normalii  is  identical  with  tlie  evulute  of  the  giveu  curve. 

0.  To  detemune  the  curve  which  envelopes  all  the  circlea  described  with 
nulina  r,  and  having  their  centrea  in  the  circumferenoe  of  another  circle  whooo 
mdioaia  R. 

Ant.  CSirciae  concentric  with  the  given  one,  hsving  their  radii  aqnal  toR  +  r 

R  ^  r. 

7.  The  centre!?  of  an  infinite  nnmber  of  equal  circlea  are  aitoated  on  a  given 
line  i  asugn  their  envelope. 

Arts.  Two  lines  paraTtel  to  the  line  of  centres. 

8.  From  every  point  m  a  paiaUuIa  iines  are  druwu,  making  the  same  angle 
with  die  tangent  that  the  tangent  makes  with  the  diameter;  required  the 
envelope. 

Ant,  A  point,  the  foena. 

9.  The  lines  y  =  w  +     and  y  =  tw  +  r       ^.  t>»,  where  v  is  the  variable 

parameter,  are  cavdoped  xeapectively  by  a  parabola  (y*  =  4m»)  and  a  circle 
(«»  +  y»  =  r»). 

10.  Show  that  the  envelope  of  a  series  of  parabolas  determined  by  the  equa- 
tion ysffv*-(l  +  0^^ia  another  parabola  denoted  by  a*  a:  4e (e  —  y),  v 

hang  the  variable  parameter  •. 

1 1 .  Let  there  be  a  parabola  y»>  =  4Aaf, ,  and  a  aerieaof  circlea  (#— j»,)»+y »=y ,« j 
abow  that  the  envelope  of  the  circle  ia  another  parabola  equal  to  the  former, 
having  with  it  a  coincident  principal  axia,  and  ita  vertex  at  the  diatance  ^  m 
from  the  origin  of  the  co-ordinates  of  the  circle. 

IS.  The  envelope  of  the  parabolas  y>  =  v  —  e)  ia  the  ayatem  of  two  atraight 
linea  making  anglea  of  :f  30^  with  the  axis  of  «. 


•  ThU  U  the  firtt  problem  of  tbi*  natufo  ever  niolved:  It  arises  ttom  the  Inqtiiry,  as  te 
vhai  curve  is  the  locos  of  tlie  Intcficction  of  lU  the  projcedlcs  discbaiged  fron  a  fixed  point 
with  a  coDslsat  givca  vdodty.-.-€^nvP*y'«  JBseaipbt,  p»  228. 
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CHAPTER  XL 


THE  SINGULAR  POINTS  OF  CURVE  LINES. 

NoTwiTuaTAfrMivtt  that  the  genenl  eqaatbn  of  m  corv*  ripi^Bwta  lh»  rdation 
between  Uie  abidM  and  ordinate  of  eveiy  point  in  that  curve,  there  an  atfll 
points  of  the  cunre  which  are  marked  by  certain  pccoliaritiea,  that  can  in  gene- 
ral only  be  discovered  by  means  of  the  successive  differential  co-efficienta, 

Whate\  er  that  peculiarity  may  be,  it  is  a  peculiarity  from  the  points  situated  on 
each  side,  at  the  smallest  theoretical  distance,  lliey  depend  upon  a  value  being 
given  to  x  in  the  equation  y  =/(x)  which  renders  one  or  more  of  the  difikren- 

tialoo-effioantaoftliafonnaO,  Lor^.  Xhcao  are  called  raiyiifariMMitt. 


I.  M4XIMUM  AWD  MIMIXUM  OEOlMATCa. 

Theee  are  indicated  hy  ^  =  0,  or  ^  =  0«  whilst       or  ^  have  respectively 

Nal  and  finite  valoea.  In  the  former  hypothesis  « is  treated  as  the  abscissa,aiid 
in  the  ktterjf  and  «afe  interchanged  in  the  construction,  as  in  the  eipreesioiie 
of  the  carve. 

Witlioot  nigard  to  the  value  of  the  second  differential  co-efficients,  the  first 
equated  to  aero  merely  indicate  the  parallelism  of  the  tangent  to  X  or  Y  lespee- 

tively. 

These  subjects  have  been  already  noticed  at  page  390. 


IL  P0INT8  OP  INVLBXIOir,  OE  OP  COlftmAET  PLBXUBB. 

These  are  points  at  which  the  concavity  being  turned 
towards  X  at  points  adjacent  on  one  side,  are  turned  from 
it  at  points  on  the  other;  or  in  which  the  branches  of  the 
curve  on  different  sideii  of  the  point  are  situated  on  dif- 
erent  sides  of  the  tangent. 

The  annexed  figure,  in  connection  with  our  usual  nota- 
tion, sufficiently  explains  the  character  of  the  point  P  of  the 
curve  P  PF';  the  line  Q'PQ  '  being  a  Ungent  at  P  to  both  the  concave  and 
convex  branches  P  P  and  PP". 

The  analytical  expression  of  this  drenmstsnoe  is,  §  ss  0  at  the  point  P. 
whilst  on  adjacent  sides  of  it  the  values  of  this  co-efficient  have  diiTcrent  signs ; 
and  ^  not  rendered  zero  by  the  same  value  of  «  =  MP. 

For  let  generally  ^  =  ^  (x) :  then  we  have 
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Fonda's  OF  INFLEXION.  4^ 

♦  («±*)-f(«)±  1+  17273  +  — • 

or,  tincef     =  =  ^ .  etc.,  this  Vecomw 

^t*  + A)  -  r:2  +  --" 

<i»y     rf^  A     rfV  A« 

But  at  P,  the  point  of  inflauon,  ^  s  0,  and  hence  the  deflexum  irom  the 

taogeot  on  the  two  sides  of  that  point,  at  P'  and  P",  are 

But  if  ^  »  0,  and  ^  do  not  mith  alto^  the  curve  will  htve  the  eune 

sign  before  and  after  passings  through  P;  and  P  will  not  in  this  case  be  a  point 
of  inflexion :  the  brancbea  being  either  both  concave  or  both  convex  to  the  axis 
and  to  the  tangent  at  P. 

Proceeding  to  reason  in  the  same  manner,  we  shall  see  that  there  will  be  a 
point  of  contrary  flexure  when  the  first  differential  co>efficient  that  does  not 
Taniih  is  of  an  odd  ofder«  as  the  3td.,  6th.,  7th.,  ele. 


Sekoihm  1. 

This  rule  will  not  be  applicable  when  the  tangent  is  parallel  to  the  axis  of 
nnce     =  ^  1  ud  aU  that  follow  tt  are  also  infinite.  Neither  wUI  it  be  applic- 
able when  Taylor's  series  "  fails     afifT  the  third  term,  since  the  co-efficients 
then  become  infiniie,  ur  zeru,  ur  some  of  both.    Our  cixlena  cuntiut,  therefore, 
in  either  nse  be  applied. 

Sometimes,  however,  this  diiBcolty  b  evaded  hj  changing  the  principal 
Twiable^  and  eonssquently  the  axes  of  rsfensnce  X  and  Y. 

Hie  sorest  method  of  proceeding  in  sDch  cases,  however,  is  very  simOar  to 
that  employed  in  doubtful  or  difficult  cases  of  the  maxima  and  minima:  to 
examine  the  values  of  the  ordinates  of  the  carve  and  its  tangent  before  and  after 
passing  through  P. 

Aeisfai  a. 

In  s|»rals,  or  polar  earvea,  the  same  principle  operates.   For  if  we  consider 

the  curve  ^ven  by  nn  equntion  between  r  and  p,  we  shnll  have  this  correspond- 
ing to  a  first  differential  of  t  he  t  cctangular  equation ;  the  first  differential  of  this, 
to  the  second  of  the  rectangular,  etc. 

We  henee  inlsr  at  once  that  a  pobt  of  ioflexioa,  ^  «s  0,  and  the  curve 

cbapges  us  sign  in  passing  through  that  value. 
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1.  The  cubieal  parabola  a^y  =  z*. 

If tfss  0, ^    Of  wbenee  if  •  be  pontile  or  nqgative, 

^ii  potitive  or  negative^  retptekively;  ind  lunce  tfa« 

curve  is  always  convex  to  X. 
Apply  the  criterion  of  «i  =  0  4-  A  and    =  0  —  A :  then  ^  =  ±      ^  *»i 

the  origin  is  a  point  of  inflexion.  Also,  since  at  this  point  ^  =  0,  the  axu 
X  is  a  tangent  to  the  curve. 

a.  Tk  mia.  M^^ttfi  («•-•)»  »d  ^=       - . 

»  (2«*  — 

^  =  0,  we  have  *  =  ?^ and  y  =  i         Also,  as      +  A  and  ^  —A  gift 


^  difibrent  ngnib  ^  points       +  ^)  an  poiDtt  af  inllaioii. 

3.  In  tbe  cum —  aflve*  +      s  0,  tfaa poiiit«  s  6^9  s  ~  it  a 
of  mflexion. 

4.  =  0,  y  =  c         is  a  point  of  inflexion  of  the  canrs         2y«  a  e*. 

X 

5.  In  the  harmonic  curve,  y  =  a  sin  ^ ,  every  point  of  intersec^ioa  of  the 

curve  with  X  is  a  point  of  inflexion, 

6.  In  the  lemniscate  of  Bernoulli,  =  a*  cos  20,  the  centre  ia  a  poioi  ef 
inflexion  for  both  branches  of  the  curve. 

7.  Determine  whether,  and  if  so,  under  what  circumstances  of  constm^ioo, 
the  coacAoitf  can  have  points  of  inflexion. 

8.  Have  the  eonie  weeiHms  points  of  inflexion  f 

9.  In  the  Uiim  r  s  a$-^,  there  is  an  inflexion  at  9  m  |,  r  s  ±  •  ViT 

10.  In  r=n^»  there  are  generally  points  of  infletion  at  the  pointe  d^ennasd 
-11 

by  r"  \nr»-^n*  (n-^\)a'>]  =0. 

11.  In  the  Irochotd  x  =  a  (w  —  m  sin  x),  y  —  a  (1  — >  m  cos  m),  there  14  & 
point  of  inflexion  at  cos  m  =  ei  and  y  s  a  (l  ^  m^. 

13*  Show  that  at  a  point  of  inflexion  the  miimif  tmvolmwu  ui/Smtt. 


III.  MULTipLB  poinrs  or  raa  nasT  spsciia. 

SoMn  instances  of  specific  carves  which  have  two  branches  passing  throogh  the 

same  point  have  already  been  given  :  as,  for  instance,  the  UmmteaieqfBemtmBi, 
the  curve  of  fVatt't  parallel  tnotion,  and  one  variety  of  the  concAoiMi— the  inferior 

one  when  b  is  greater  than  a.  There  are  curves,  however,  in  which  three,  four. 
.  -  -^  or  indeed  any  number  of  branches  pass  tbrongh  the  same  point  of  wiut^  the 
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MULTIPLE  POINTS^  HBST  SPECIES. 


corolla  is  an  instance.  The  points  in  winch  Iwd  or  more  branches  lutcrsect  are 
called  nmli^le  points  ;  and  are  specially  called  dotdilef  triple,  etc.,  accoriiing  sl6 
two,  tkne,  etc.,  brandiea  pass  through  the  point. 

Then  mnltiple  points  an  of  ihtJSnt  or  weecnd  ^^edet,  • 
according  as  the  branches  cut  each  other  or  loiieA  each 
other  in  the  multiple  point   In  the  first  place,  let  P  he  a 
double  point  of  the  first  species :  then,  since  the  branches 
QP,  Q!P  oa  in  P,  there  will  be  two  different  values 

of      or  of  the  ineUnation  of  the  tangent  at  P  to  the 

axis  X. 

Agun,  for  the  wectmd  species^  the  curves  touching  at 

P,  the  value  of  ^  will  be  the  same  for  both  branches : 

iff 

but  the  deflexion  from  the  tangent,  expressed  bj  ^ 

will  have  two  difietent  vahies.  ^avr*  mr 

These  circumstances,  supposing  any  number  of  branches  to  pass  through  P, 
and  modifying  the  statement  accordingly,' are  strictly  and  fully  characteristic  of 

the  two  species  of  multiple  points. 
Let  u  =/  («,     =  0  be  the  equation  of  the  curve,  freed  from  radical  expres- 

sions:  thenatamnltiplepoint,  ^  =  ^.  For  the  diffnentiated  equation  takes 
thoforai^-^+       and  which  we  shaU  write  M.  ^  +  N  -  0,  in  which 


=;^andN=^. 


dy 


Now,  since  the  branches  intersect,  ^  will,  as  before  explamed,  iiave  as  many 

values  as  there  are  branches  passing  through  P:  but  nbich,  for  simplicity,  we 
fhaii  in  the  firat  place  reason  upon  as  two.  Also,  evidently,  M  and  N  will  be 

the  same  m  both.  Let  a, /S  be  the  two  vahies  of       then  wo  shall  have 

Ma  +  N  =  0.  and        +  N  =  0 ;  or  M  (a  —  /?)  =  0. 

Now,  since  a,  /3  are  by  hypotliesis  different,  this  eijuation  is  only  fulfilled  by 
M  ss  0 ;  and  hence,  also,  N  =  0.  Wherefore, 

^  _  _  N  _  0 

dx         M  ~  0* 

which  establishes  the  proposition. 

Again,  as  at  page  423,  we  may  seek  the  value  of  |»  s        Thus,  let  «|,  y,  be 

the  values  of  •  and  y  at  the  multiple  point :  then  differentiating  the  nvmeFator 
and  denominator,  we  get 

or  by  reduction,  M.jr  +  2M,p  -f      =  0; 

from  which  the  two  values  o(p  belonging  to  the  double  point  may  be  found. 
If,  however,  for  the  values    yi  of  xy,  this  expreasion  should  become  illusory 
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(which  will  be  the  case  whea  Mj  =  N|  =  M,  =  0)  we  may  proceed  to  another 
diffitfentiition.    Wa  sliaU  tfana  have,  jNitting  q  for        and  atmilar  ootatkn 

to  that  abova  for  tie. 

M,p^  +  (M,  +  N,)p'  4-  CM,  +         -f  N,  =  0. 

From  this  cubic  (if  all  the  roota  be  real)  we  can  determine  the  Tallies  of  |i,  at  tiie 

triple  point  P. 

We  may  proceed,  obviously,  in  this  way  till  we  get  a  6aal  result  for  the  value 
of  p\  and  there  will  be  as  many  Ijnincbes  of  the  curve  passing  thruuj^h  P  ai 
there  are  real  roots  in  the  huai  equation.  We  should  reuiaik  here,  however,  that 
should  there  be  only  one  real  Talue  of  /»,  the  ctirve  has  not,  in  the  sense  we  bavs 
used  tba  term,  a  multiple  point  at  P.  The  peculiarity  of  tha  caaa»  when  then 
are  aither  none  or  only  one  real  value  of  p,  will  be  noticed  praaently»  ontetfaa 
head  of  conjugate  pomi$. 


EXAMPLES. 


1,  To  find  whether  the  curve  ay'  =  sr*  4"  ^  has  multiple  points. 

Here  /  =  —  =  -  (when  »sO  and •  s=  o)  =  — ~ 

fix         2a!t         Q  ^  '  ^  fit 


2b 


fit/ 


^'  (  S  )  =     +  J6  ^  ^        .  =  0.  y  =  0)  s  and  bcnce,  ^  =  ± 
This  indicates  that  the  tan^^ents  of  the  curve  at  the  origin  intersect  the  axis  X 
iiiiteiBglatiriio«trig<>«»Mried  top^ 

mssO,  then  y  ss  0,  and  ^  t=  tbe  aame  reault  aa  before. 


a 

'       .  Make 

aVo  («  4- 


2.  The  lemnUeaie  of  Bemoutti,  (j^  +  y>)*  =  aP  (i>  —  y*).  At  the  origin, 
»  =  0,y  =  0,  girea,  putting  ^  sap, 

_  tf»  ^  a>  (g»  -H  y*)  _0  _  iP— a  (g»  +  y«)-.to(2jr 

^"*fl^  +  ?yC«"+y'0  0~e«p+2i>(j«+y«;+2yC«+2j^) 

orp»  s  1,  and  ^  s  ±  1. 

Tlie  tangenta  to  the  enrre,  tberafbre»  make  angles  +  45*  with  JL 

Z',  The  annexed  curre,  having  a  triple  pdnt  at  the 
origin*  is  represented  by  the  eqnatbn 

K*  —  2Qx'*y  —  2a^*  +  ay'  +  y<  =  0. 

The  values  of  ;i  are  +  ^  and  0 ;  ehowing  that  two 
of  the  tangents  make  +  45°  with  X»  and  that  the 
third  tangent  is  X  itself. 

4.  The  following  curve  has  a  triple  point  at  the 
origin : 
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*•  —  <iy«*  +  bf  —  0, 
and  the  Talaet  of /» are  0  and  ^  ^ ^ 

5.  To  fiod  the  multiple  pointa  of  the  curve 

•  =s    —  %ai^  —  3a^«  —  aafla»  +  «« =  0. 

^  =  4  (r-  -  fl'x),  'J^'  =  -  6  (ay>  +  a^)- 
Theea  Tanish  for  the  values  of  •  and  y>  (a,  O),  (—  tt,  0), 
and  (0  —  a);  and  the  eoimpo&ding  valuei  of  ^  are 

Ita  general  form  ia  annezed  in  the  maii|io»  but  wtthoat  the  tangeota  drawn. 

6.  The  evrve  jr*  3af3f  a*  £s  0  haa  a  donbla  pomt  at  the  origin,  and  ita 
tangents  arc  the  axea  X  and  Y* 

6.  The  following  curves  have  triple  pointa; 

(1)  .  ay'  —  bx-y  +  jr*  —  0. 

(2)  .  (y^  +  axf  =  X-  (<r  4-  Inx  — 

(3)  .  (y'  —        =  ojJ  —  IbxyK 

(4)  .  y<  —  2a:^>  -h      +  laiy^  —  Soar'  =  0. 

(5)  .  y'  +  a*  —  iay'  +  2ay»x  +  ioar"  +  Say     4o»«y  —  8o*y  4-  2a^  =  0. 

(6)  .     — ay"  +  3ai^  +  4aa>  +  3ay  +  4o*zy  +  4aV-^a^  b  0. 
7*  The  following  one  baa  a  4|sadrttpla  point : 

IV.  VULTIPLB  POINTS  Of  THS  SECOND  BPaCIBS. 

Tbcoa,  aa  explained  in  the  last  aection,  are  such  that  the  branches  have  a 
common  tangent.   They  are  henca  often  called  imadaiiMg  bttmtkm,  and  the 

points  points  nf  osculation. 

This  clasa  of  points  are  also  expressed  1*7  ^=5*  valoea  of  this 

fiaetion  the  same  for  two  or  more  of  the  branchei.  We  ahall  oonaidar,  for  aim- 
plieity,  that  it  has  but  one  value. 

For  let  die  order  of  osculation  (page  406)  be  the  nth  between  two  biaadiea  at 
the  point  sr,y,  of  the  eorve.  Then  the  differential  co-efficients,  as  far  as  the 
(n  -{-  l)th  will  be  the  same  for  both  branches,  and  all  the  higher  ordara  different. 
Let,  as  in  the  former  case,  the  first  differential  equation  be 

M.4l  +  N  =  0. 

Then  the  (a  -f  l)th  will  be  N|»  being  composed  of  diflfereatials  of  a  lower 
order,  and  ibnetiona  of «!  and  jr,,  and  M  the  same  throughout, 

if"-*-'  V, 

Bnt  baa  two  valuee,  a,  /3,  while  M  and  N|  are  oonitant  $  wherefore, 

aa  before,  ^=^. 
Aa  f ar  as  double  pointt  of  this  apedes  are  concerned,  they  depend  upon  ^ 

having  only  one  value,  whilst  ^  has  two  :  triple poirUs  upon  ^  iiaviug  only 
one  vahie,  whilst      has  three ;  and  ao  on. 
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EXAMPLS8. 


The  curves  a*  -|-  Jar*  —  fl^*  =  0,  and 

at^  +  —  tax'^y  +■  a'y'  =  0  have  o«ic(i- 
lating  points  at  thfi  origiD,  aa  represented  in 
the  ^ures. 


V.  NIMn  OP  BMKBSeiOlVf  OE  COiP«. 

These  are,  in  fact,  a  variety  of  the 
muliiplp  points  of  the  second  speciet. 
They  are  distinguished  hy  this  : 

Tlie  branch  after  arriving  at  P,  in- 
stead of  proceeding  beyond  it  on  the 
oppotite  Bide,  they  id^mptly  return, 
fonnlng  a  netr  biandi  which  hat  the 
nine  tangent  at  P  that  the  Ibnner 
bfanek  had. 

When  the  branches  are  on  opposite  eidea  of  the  tangent,  aa  in  the  fint^gnc* 
the  cnep  is  laid  to  be  of  ih^  Jirst  tptdets  and  when  on  the  aame  aidat  aa  in  die 

second  figure,  it  ia  said  to  be  of  the  second  $peeiet. 
The  peculiar  algebraical  character  of  these  pointa  ia,  that  iStuj  are  eaeolalii^ 

points,  or  ^  =  ^ :  aod  that,  whilst  for  a  slight  inaeaae  of  the  vahe  ef  s^, 

win  have  two  reel  ealset,  and  for  a  alight  decrease  of  «t»  ^7  will  have  im 

imaginary  valuis.  Moreover,  the  cusp  will  be  of  tlie  Brst  or  second  spcdcSy 
according  as  these  values  have  di^erent  or  the  aame  signa. 


SXAMPLSS. 

1.  The  curve  (ly  —  ee)*  ss  (#  —  e)*  has  a  cusp  of  the  first  apecies  when 
•  so,  snd  the  oonunon  tangent  is  paiaUei  10  the  azia  oC     aimibr  to  the  fint 

figure  above. 

2.  The  curve  2^  —  ax'^y  —  nry^  -j-  o^'  =  0  has  a  cusp  of  the  scci>n(l  sjieciel 
at  the  or!j;in,  the  axis  of  x  being  the  common  tangent,  it  would  be  represented 
by  /;y  2  )f  Lho  origin  of  co-ordinates  were  at  V. 

6.  The  curve  —  axy^  -J-  =  0  haa  at  the  origin  a  cusp  of  the  first  kiod 
touching  X,  and  a  branch  also  touching  Y. 

4.  The  nmi  cafti'caf  pmbola,  ay>  =  haa  a  ciup  of  the  fifat  kmd  at  lha 
origin,  both  branches  teaching  X. 

6.  At  X,  =  a,  the  curve  y  =  b  -\-  ex'  {x  —  a}^  has  a  cusp  of  the  second 
kind,  and  the  inclination  of  its  tangent  to  the  axis  of  «  is  expressed  bj 


VI.  CONJOOATB  on  ISOI.ATIO  VOIHTe. 

These  are  points  which  fulfil  the  equation  of  ike  curve,  but  do  not  belong  to 
the  geooetrical  geneeis  of  it|  and  this  being  the  case,  though  their  exiiteDoe 
* 
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may  be  detected  as  the  result  of  the  equation,  they  may  ije  said  tO  have  no  real 
exiiitence,  and  no  branches  pa&s  from  them  or  through  them  *. 

It  will  follow  from  the  description  we  ha?e  given  of  this  class  of  points,  that 
if  »,y}  Inlfil  the  eqiuitioa,  then  •  =  c,  —  i  and  mssxi  +  k  mil  render  y  and 
all  tlie  differential  co-effieients  imaginary. 

At  a  conjugate  pouit,  ^  =  ^,  as  in  the  other  singular  points. 
For  lit  •      Uiy)  =  o ;  theo»  aa  before,  H . ^  +  »=:  O;  but  by  definition, 
^  =s  «  -t-  /I  ^  —  1,  or  imaginary  i  whence  Bla  +  N  +  M  /3  ^  —  l  =5  0. 

Cm* 

From  this  we  get  Mo  -f  N  =  0,  and  M  ^  0  (vol.  up.  150)  j  and  hence  N  =  Ow 
Wherefore  alao,  g=  - =5. 


1.  Haa  the  curve  ay*  —  a*+^sOa  conjugate  poiutf 

When  •  8s  0,  y  s  0,  by  the  equation  of  the  cnrvei  and  ^ss  \ 

ihe  origin  iti  therefore  a  conjugate  point ;  and  it  may  be  seen  from  the 
equation  itielf  that  all  valuce  of  m  algebraiodly  lata  thun  +  ^  will  give  y 
imagmary. 

2.  The  logarithnuc  curve  has  an  infinite  number  of  conjugate  pointi,  dtnated 
in  another  logarithioic  curve  which  ia  tymmetrical  with  the  given  one  in  retpect 

of  the  axiH  X. 

3.  The  lognrithmic  spiral  has,  similarly,  an  infinite  number  of  conjugate 
points,  situated  on  another  logarithmic  spiral  similar  to  itself. 

4/ The  curve  a  {y-  —  b^)  ■=  {x*  —  c^-v/  (?  —  2x*  has  four  conjugate  pointa 
determined  by  ar  =  +  c,  and  y  =  ^  6. 
5.  Jfetabliah  that  in  the  following  curvee,  there  are  conjugate  points  as  atated  s 


Owvet. 

(1).  y  =  («  -f  +1+3. 


(2)  .  y  +  a  =  (o  —  6  +       a?  —  6. 

(3)  .  y  +  fl  =  (ar  —  ft)^^*  —  26. 

(4)  .  n-  (y  —  b)  =  (2cx  —  ar*)  (cj- 

(5)  .  y2  —  1  =  (X  +  I)'/ «  —  1. 

(6)  .  (y  —  3)"  =  (X  —  2)«  (1  —  x)K 


Colligate  pokUa  at 

»=  *-8tys3. 
«  =  6  —  e,  y  =  a. 

a*  =  b,  y  =  «• 
X  =  —  e,  y  =  b. 
X=      —  i,  y  =  +  1. 

i,y  =  3. 


*  A  theoiy  1»M  for  Mme  yctrs  heeo  gaining  ground,  that  imaginary  ozpiesdoiis  in  gaometry 

fepTCSrot  poiuts  or  lilies  sitnatetl  out  of  tlio  assunu'il  liini"^  n*  the  onliiialffi ;  and  as  npplied  to 
tbii  case,  that  they  represent  the  intersection  of  the  plane  X  V  with  curves  aitoatod  out  of  that 
plane.  When  wc  consider  the  distinguished  namet  that  are  ranged  in  Mpport  of  tUaview, 
Uiongh  we  tbink  the  doctrine  unaound,  it  would  be  most  nnbecoming  to  treat  it  inth  other  lliaa 

the  respect  to  which  the  hij?h  character  of  Dr.  Pcnrorlc  ami  Mr.  Gregory,  its  frcat  snpi-nrtm, 
eKtitl'o  fvf  rvtliiior  tliut  ((lUK!!  from  their  hand^.  It  ihaj  possibly*  howevcri  hereafter  become 
the  subject  of  *  disseitatiou  by  the  editor  of  this  work. 
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CHAPTER  XIL 

ON  TRACING  CURVES  BT  MEANS  OF  THEIR  EQUATIONS. 

Tbi8  consists  in  findinfi;  the  coune  of  the  cnnre,  assigning  the  character  of  the 
several  branches  and  Kirigle  points.  It  becomes,  in  fact,  the  application  of  the 
several  subjects  already  discussed  in  reference  to  peculiar  and  <^\ven  cun*es ;  and 
as  each  of  the  steps  has  been  iilustrated  hy  reference  to  tiie  examples  furnisheJ 
by  particular  curves,  it  will  be  unnecessary  to  add  more  here  than  a  general 
Bj  n()])<i8  of  the  process,  analogous  to  that  given  for  the  solutiuii  of  equatioos 
in  toi.  I.  p.  234.    We  shall  annex  a  single  example  by  way  of  iilustratioa. 

1.  If  the  geometrical  genesb  of  the  curve  be  given,  fiod  ita  eqoatioQ»  either 
in  lectilinear  or  polar  co^irdiDatei  aa  maf  be  found  moat  eoovenieiit. 

9.  Suppoaiog  the  equation  either  found  or  given  in  way  ajaten  of  eo-ocdt- 
natei,  examine  whether  it  can  be  aimpliiied  by  the  trviafonnation  of  co^rdi- 
natea,  to  either  ol  the  other  ayatems ;  and  try  alao  whether  it  ean  be  eimpliilsd 
by  the  transformation  of  origin  and  direction. 

3.  Resolve,  if  possible,  the  of|nation  of  the  curve  with  respect  to  one  of  the 
variables ;  as,  generally,  in  this  form,  both  the  calculatiooa  and  coosUrucUoAS 
are  more  easily  performed. 

Set  off  in  their  identical  direction,  according  to  the  system  of  co-ordinates 
employed,  any  successive  values  oi  the  other  variable;  and  then  the  correspond- 
ing computed  value  of  the  one  for  which  the  equation  has  been  solved.  Any 
number  of  pointa  may  tfaua  be  found,  and  the  curve  traced  irith  a  greater  or 
leae  degree  of  accuracy,  according  to  tlie  number  of  pointa  laid  down. 

It  ia,  however,  more  frequently  our  object  to  discover  merely  the  gcneial 
featurea  of  the  curve,  than  to  make  a  figure  of  great  exactoeas ;  and  m  thii 
ease  a  comparatively  small  number  of  points  will  be  requisite,  and  even  these 
may  be,  mainly,  deferred  to  a  later  part  of  the  inquiry. 

4.  Wlicn  the  equation  does  not  admit  of  s}'mbolical  resolution  in  the  way 
directed  in  the  last  case,  we  may  a-suinr  stirressive  numerical  values  for  one  of 
the  varialjles,  and  compute  the  values  of  tlie  (»ilitT  which  correspond  to  each  of 
these.  Then  each  of  these  values  will  give  oae  point  in  each,  or  in  cerlaio 
branches  of  the  curve :  viz.,  those  values  which  are  real  give  points  m  the 
curve,  whilst  those  that  are  imaginary,  express  that  the  lines  upon  which  tbd 
valuee  are  aeti)ff,  do  not  meet  that  line. 

Thia,  like  the  preceding;  except  for  actual  tncingp  may  be  defemd  till  a  bier 
period  of  the  inveatigation. 

6.  Find  when  the  curve  cute  the  azea  of  eo-ordinatea  by  making  tnocflarivdy 
ff  and  «  equal  to  zero. 

6.  Fmd  whether  the  curve  haa  aymptotea,  and  aaaign  Iheur  poeiiion  if  my 
auch  exist. 

7*  Find  for  what  values  of  the  variables  the  ordiuates  are  masiiua  ur  miniiDai 
and  determine  which  each  of  them  ii^  either  by  means  of  the  aign  of      or  liy 

the  signa  of  ^  for  quantities  leas  or  greater  than  that  now  found, 
a.  Exanune  whieh  way  the  concavity  of  the  corvn  lieo  with  respect  to  dMaai 
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in  each  region  of  the  curve;  and  the  puints  of  inflexion,  by  means  of  the 
•Igiiof  J. 

9.  DiecuM  the  equation  *  ^  =     arising  from  putting  both  numerator  and 

denominator  eqoil  to  lero,  and  reaolving  the  resulting  aqnations.  If  tlie  values 

of  X  and  y  resulting  from  th[pir  solution  be  real,  the  curve  baa  singular  points— 

either  multiple  intersections^  multiple  osculations,  cusps,  or  conjugate  points.  In 
all  cases  the  complete  assignment  of  each  of  these  where  they  exist,  or  the  proo^ 
that  none  do  exiat,  is  essential  to  tht  tut  ire  discussion  of  the  curve. 

10.  There  are  very  few  cases  in  wliich  any  curve  possesses  all  these  peculia- 
rities; but  the  discussion  is  requisite,  nevertheless,  as  it  is  by  direct  investiga- 
tion only,  that  we  can  be  asanred  of  dm  aon-ailstenco  of  any  one  of  them  in  a 
^▼en  curve. 

mZAMPLB. 

On  the  diameter  AB  of  a  given  circle,  take  BM'ss2AM 
and  draw  tiie  ordinates  MQ.,  M'Q'  to  the  drcle ;  then 
draw  AQ,  BQ',  to  meet  in  P:  find  the  curve  traced  by 
P  during  the  passage  of  the  position  of  H  from  A  to  B. , 
O).  Let  the  given  diameter  AB  be  taken  as  axis  of  w, 
and  the  tangent  at  A  as  the  axis  of  y.  Let  AB    So,  and 
denote  the  oo-ordinatn  of  Py-Q,  and  Q'  by  xy,  x,y , ,  xjf^  , 
Then  the  general  equation  of  the  circle  being  y*  =  ^  X, 
Sat  —  ar*,  we  have  f^\^/ 

y,»=2«*,  —  ar.*  ......  (1)  |  y,^z=2tt»^  —  m*  

But  by  the  conditions  of  the  question  BM'  r==  2AM  =       and  hence 

=  2  (fl  —  a:,)  -  • 

Also  the  equations  of  AQ,  BQ',  are  respectively 

xy,  =  -r.y  (4)  I  y,  (2a  —  x)  =  y  (2a  —x^ 

Insert  (3J  lu  (2)  arul  (5) :  then  we  get 

y,»  =  4j?,  (a  —  «,)  . .  (6)  \  y,  (2a  —  .c)  =  2x^  

Eliminating  y,  from  (d,  7)»  and  reaolving  for  «,  we  have 

a  (2a  —  x)* 


y»  +  (2a-»)» 

Jbrom  (I,  4)  we  also  get  «i  = 


(2)  . 

(3)  . 

(5). 

(7). 
(9), 


+  y' 

and  from  (8,  9)  eliminating  Xi,  we  get  the  equation  sought, 

(2a  —  «)a  (yS  —  «^  =  2jry  (lOJ  f. 


*  TiMt  ft,  ttippoting  both  nmuenrtmr  sad  dcmnimtor  to  eontaia  •  and  y«  or  the  dlffereBUa. 

tion  to  have  U  cn  performed  without  prcrioui  resolution  of  tie  equatioo  of  the  curve  for  either 
of  ihc  variables.  Tlif  fulfilfnent  of  the  equation  nf  the  currc  hy  the  values  of  the  variables  ig 
in  thi*  CAM  (even  supposing  y  fprea  by  the  diii'ereutial  i;<qu«Uou6,  to  be  real)  the  test  of  the 
I  of  all  the  conditionft.  It;  bowerer,  the  eqnation  be  y  s  /(^r),  tbm  the  pouihlBty 


„f  ^  ST  2  depends  oa  »  hsflog  the  mne  YihiM  In  die  outnenitor  and  denoDinater. 

+  This  equation  might,  however,  but  for  the  better  exercise  in  the  method  cnjplojcd  in  the 
text,  have  been  obtained  more  briefly.  For 

|flff|jiin»^ng  «^  fxom  tbew,  w«  get  the  e^mtioo  above. 
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'Without  paying  further  attention  to  the  p^eonie* 
trical  genesis  of  the  curve,  let  examine  its  equa- 
tion (10).  The  equation  U  simpleBt  when  resolved 
for  y,  giving, 

,        f  2a  —  x)  3f 
jr=  ±  •  

V  40*  —  'lux  — 

(2)  .  For  each  possible  value  of  y  has  two  equ|l 
valvM  with  oppotite  signs ;  and  \miot  tiuoughoitt 
itt  antire  oourw,  then  are  two  equal  and  symoMtri- 
cal  branchaa  conaideiwl  with  raapect  to  tha  axit  X. 

(3)  .  Thai  a  point  wmj  helong  to  the  cnno,  tha 
danoniinator  must  be  real ;  and  hence  tha  poedble 
Talnaa  of  x  must  ba  limited  by  the  roots  of  the 
equation  4fl'  —  4ffar  —  s=  0,  viz.,  between 
2a(\/2  —  1)  rind  —  2a  (.^2  I).  Wherefore,  if  we  m  ike  AK  in  t>ie  negalire 
direction  of  X,  equal  to  2a  (^/2  -f  1).  and  AN  in  tlie  positive  direction  of  %^ 
equal  to  2a  {^'2  —  1)  :  then  the  curve  lies  wholly  u  r.hm  the  {^arall-  l-  KL  XR 
tu  \  drawn  through  K  and  N.  For  all  values  of  x  beyond  these  iimOs  giref 
imaginary. 

(4)  .  To  find  when  tha  curve  cuts  the  azia  of  #•  put  y  =:  o,  than  a)  a  ssO, 
Hie  valuea  of  a  in  thia  an  aa  and  0 :  the  fonner  of  which  nndariag  tha  vafaM 
of  y  imaginary,  ahowa  that  the  curve  doea  not  eat  the  axis  in  the  eomqwod- 
ing  point ;  and  the  latter  shows  that  it  paaaea  through  tha  origin. 

Again,  to  find  where  the  curve  meeta  Y,  put  x^Oi  then  the  equatioo  is 
reduced  to  4a'y'  =  0,  or  the  curve  doea  not  meet  the  axia  of  y  in  any  pont 

besides  the  ori-jin. 

(5)  .  'Ihe  lines  KL  and  NR  arc  asymptotes  to  the  curve.  This  is  obvious 
from  the  consideration  that  as  .r  aj  proaches  to  the  values  2a  {^2  —  1)  and 
—  2a  (^2  +  1),  the  denominator  approaches  zero  whilst  the  numeraiur  u  of 
finite  value ;  and  iience  for  a  fioite  value  of  2,  that  of  y  becomes,  at  these 
extremes,  infinite.  This  is  charactemtic  of  the  asymptote.  Wa  ahaD,  however, 
anunine  it  by  tha  difihrential  criterion  in  (7). 

(6)  .  By  diffenntiating  the  equation  of  the  curve,  wa  gat 

s  =  ± 


f  and. 


(4a'  — 4aa— 
_        g4a^(aa  — a)   _  24i^ 

^  (4^-4a«-«*)i     (4a»  — 4aa  — 

(7).  To  find  when  the  tangents  an  panllal  to  tha  axes  of  y  and  x,  pot 

^  s  0,  and  ^  =  0  respectively. 

Tha  fonner  givea  4^  —  4aa  —  a*  ss  O;  which,  by  what  has  been  ebowa  in 
(3),  proves  that  KL  and  NR  an  tiagenta  to  the  curve,  Alao^  y  being  in  this 
bfinite,  the  criterion  of  these  lines  being  asymptotea  ia  fntfiUed.  Alao^  thi 
are  all  the  roots  of  that  hypotheais,  and  hence  then  an  no  other  tangents  psxaBd 

to  Y. 
The  latter  givea 

X*  +  6a3r»  —  I2a^x  +  8a>  t=  0. 
In  this  ecjnation  two  positive  and  one  nejfative  root  are  indicated  by  the  signs; 
and  the  applicaliuu  of  Budan'ti  criteiiou  {vol.  Lp.  22G),  with  the  transformations 
in  a  and  a~*,  ahow  that  the  two  poeitive  roots  are  imaginary. 
By  changing  the  alternate  signs  to  convert  tha  negative  into  positive  nali*  sad 
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finding  the  first  approximation,  we  fmd  that  the  negative  root  lies  in  the  interval 
between  —  7a  and  —  Sa :  to  which,  by  (3),  no  real  value  of  y  correspouda. 
Wborefore,  there  is  no  tangent  parallel  to  the  axis  of  x. 

(8).  At  the  origin  we  have  «  =  0»  and  hence  :j  =  H  ;  =  +  1  i  and 

'  (4a«)' 

Bence  the  origin  is  a  double  jujint  in  the  curve;  and  the  branches  (that  is 
their  taugeutaj  mterbcct  X  under  angleii  of  +  45°,  aud  at  right  angles  to  each 


(9) *  Hie  point  A»  or  origin,  k  a  point  of  iafleium  of  bolh  brancbet  of  the 

curro.  For  ^  =s  ^ »       baoce,  ^  has  always  the  same  aiga 

n  an  the  other  tenne  being  enentially  positive  in  this  ezpiearioii.  Whete- 
fore,  as  in  passing  through  A,  y  changes  its  sign,  either  from  +  to  — »  or  from 
—  to  +  ;  the  second  differential  co-etficient  also  changes  its  sign  at  that  pointy 
which  is  the  chlenon  of  a  point  of  uiflezion, 

Moceover,     and  therefore      dose  not  change  its  «gn  at  any  other  point 

(for  no  change  can  take  place  but  by  its  passing  through  0  or  infinity);  and 
hence  there  is  no  other  pomt  ol  ladexion  in  either  bratich. 

(10)  .  For  further  investigation,  take  the  rational  equation  qf  the  curvet 

(««  —  *)»  (y*  —  af*)  =  2x'y«  ;  then 
rfy  _  4-  y»  (8q»  —  12a'x  -f  6fl^  -j-  g') 
ill  ^2a  —  xy 

Aod  we  have  seen  that  the  curve  passes  through  «  =  0,  y  r=  0,  and  hence  at 

this  pdnti  ^^5>  ariiich  is  the  condition  of  a  singular  point ;  either  multiple, 

emds^ofy,  cosped,  or  conjugate,  or  one  or  more  of  these  together.  We  bafe, 
indeed,  seen  by  (9)  that  it  is  a  pomt  of  inflexion,  by  means  of  the  resolved  or 
eiplieit  equatiOD  i  but  we  may  also  Isam  it  from  this,  the  implicit  equation  of 

the  curve.    For  the  criterion  is  fulfilled  by  ^  =  ^  and  ^  changing  signs  at 

the  point  (0,  0) :  whilst  taking  the  third  differential  co-efficient  of  the  explicit 
equation  (as  the  more  convenient  one)  we  get 

_  _^  240*  (8a'  -i-  4a^Jg  —  10aa»  —  3^*) 

*^     ~^  (4«"  —  4a»  — 

This  dose  nol  become  aero  when  «  s=  0]  and  hence  the  origin  is  a  mnltiple 
point  Also^  as  there  are  only  two  simultaneous  values  of  y  for  each  vdue  of  sr, 
then  cannot  be  more  than  two  branches  in  the  curve,  and  hence  the  point  can 

only  be  a  double  point. 

(11)  .  Since  there  is  but  one  singular  point  (the  origin),  and  the  character  of 
that  point  for  all  the  branches  has  been  found,  it  would  be  useless  to  inquire 
respecting  the  jHtssih  lity  of  osculating  points  or  cusps.  It  may,  however,  as 
&Q  example,  be  investigated  in  the  present  case. 

OtetJaUm  icquires  that  ^  shall  have  but  one  vaUie,  whilst  ^  shall  have 

two.  Now  we  have  seen  in  the  piesent  case  that  ^  has  two  values,  as  well  as 

^  »  and  hence  the  criterion  of  osculation  is  not  fulfilled,  and  the  curve  has  no 
««ciilating  point 

vou  ti.  r  f 
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Cnspt  amongst  their  conditions  involve  the  same  criterion,  and  hence  there  it 
no  cusp. 

(12)  .  Retarnuig  to  the  general  eqnatioii  (2a  —  c)^  (y*  —  «0  »  ^ 
that  if  3a  ->  •  =  0»  then  alto  y     0 ;  and  thie  givee 

"*      5  (2a  —       —  2r«}'     (—  2.2fl*)* 
which,  being  imaginary,  shows  that  B  is  a  conjugate  point. 

(13)  .  It  only  remainti  to  connect  the  algehraic  expression  with  the  gene^  of 
the  ennre  iteeif. 

The  two  hranehee  lying  to  the  tight  fimn  A  form  the  path  of  P  when  jP}  and 
jr,  have  the  aame  eign,  eil^  both  +  or  both — }  at  MQ.  M'Q'«  or  Hq,  Ify,  in 
the  fignie  of  the  geneeia.  The  upper  branch,  KG,  of  the  carve  la  the  geoenl 

figure  is  traced  by  P,  and  the  lower  one,  AG',  by  p. 

The  two  branches,  AH,  AH',  to  the  Jejt  fifom  A,  are  traced  by  the  inteftec- 
tions  of  A^.  BQ',  and  thoee  of  Bq',  AQ,  iMpcetively :  the  former  pair  meatii^ 
in  p',  and  Uie  latter  in  F. 


THE  INTEGHAL  CALCULUS. 
CHAPTER  L 

DBFINITIOMS^  PRIMCIPLES,  AND  NOTATION. 

1.  In  the  differential  calculus  the  function  was  given  to  find  its  d  1  tie  rent  ial,  or 
differential  co-efficient:  in  the  initgral  calculus,  the  differential  or  differential 
co-efficient  is  given  to  find  the  original  function.  The  original  funt  ti  >n  from 
which  differentiation  would  have  furnished  the  given  differential,  is  caUed  the 
In^l^lof  thmt  differentiel  espietaoni  end  the  system  of  bqoirice  doTcled  to 
the  discovery  of  methods  by  which  the  integrala  of  different  daatea  of  eipree- 
aiona  can  be  fonnd,  oonatitotet  the  mtegral  cakabu.  The  operation  ittdf  it 
called  utitgraiion. 

2.  At  the  prefix  d  was  med  to  signify  the  operation  of  differentiating  tht 
expression  to  which  it  was  prefixed,  so  also  /  is  used  to  express  the  operation  of 
integrating  the  function  to  which  it  is  prefixed.  Thus,  the  differential  of 

V^^Tjr  is  cT  Vo^  — #»,  or  -p^^i  and  A^""/^^ or  A  VI^ZHF, 

  — «to 

or     a*  —  af*,  expresses  the  integral  of   or  of  </     o«  — 

3.  It  followa  that  the  defined  eeneet  of  the  eymbole  J'  and  if  are  thoee  which 

neuLralize  each  other.  So  that  if  u  be  any  function,  we  have  J'du  =.  u  :  and  if 
ft(fi}dm  be  the  firtt  differential  of  the  function  f(<),  theny*^)iit  =  and 

4.  The  retultt  of  all  direct  procetset  can  be  assigned,  as  those  of  muItipUcs* 
tion,  involution,  and  differentiaition :  for  the  denoted  operations  can  aU  be  per- 
formed in  an  assigned  order,  and  the  result  will  be  eiact  end  definite,  instead  «f 
appro»matiTe>  as  ia  most  frequently  the  case  in  the  invene  proctatti  of  ^tiskAr 
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trolutioD,  and  (as  will  presently  appear)  intej^ration.  If  we  divide  10  by  ?,.  or 
^  4-  «*  by  0  +  '*  the  operation  never  terminates  ;  if  we  extract  the  square  ruot 

of  5,  or  evolfe  («  —  r)^,  we  get  an  intenninable  series  in  both  cases.  In  fact» 
the  inverse  operation  indicated  is  often  one  which  has  no  corresponding  direct  one 
by  which  the  expression"  tbem«e1vps  could  haw  been  produced  in  finite  terms: 
thus,  5  could  not  have  been  |»roduced  by  squaiin^  any  rtnite  numerical  ex|)ression, 
nor  could  a  —  x  have  been  produced  by  raisini^  any  finite  function  of  a  and  a*  to 
the  fourth  power,  and  extractinj?  the  cube  root  of  that  fourth  power.  So  al^so, 
the  great  majority  of  differential  expressions,  whether  written  at  iiazard  or 
deduced  firom  the  eipresskm  of  ibs  conditbtit  of  a  pioblam  wlikh  involves  dif- 
fercotial  oonsideiations,  are  of  a  kind  that  do  not  admit  of  general  integration  in 
a  finite  number  of  terms.  Some,  indeed  a  eonsidsrable  nnmher,  of  the  most 
mefo]  ones,  wiD»  however*  admit  of  integpration  in  etdwr  exponential,  logm- 
rithmict  circular,  or  elliptic  fiinetions :  and  this  confen  fiicility  in  calculating 
tbeir  numerical  values  (a  circamstance  of  great  importance  in  the  application  of 
the  science)  when  specific  valuef^  are  given  to  the  variable  in  terms  of  which  the 
integral  is  expressed.  This  will  be  better  seen  as  we  proceed,  as  it  is  only  men- 
tioned here  that  the  student  may  be  prepared  to  comprehend  the  causes  of  the 
impossibility  of  general  integration  in  a  finite  number  of  terms. 

5.  Those  integrals  which  constitute  a  class  of  functions,  from  which,  by  du  tct 
Affermtiatiou,  differentials  composed  of  single  terms,  or  a  definite  number  of 
trms  arise,  sre  called  e^fsiaifery  inteyraU,  We  obtain  these  bj  inspection  only, 
from  having  observed  that  the  difierentials  of  these  expressions  are  the  different 
tisl  expressions  proponnded  for  integration.  Ths  great  art  of  general  integration 
consists  in  transforming  a  given  dilferentisl  expression  (either  at  once  or  grada- 
ally)  into  a  seriea  of  differentials  of  elementary  integrals ;  and  that  integration  is 
the  most  elegant  which  maiies  that  series  of  terms  of  the  smallest  number  snd 
most  simple  character. 

6.  We  shall  clo«p  ihi«j  introihictory  chapter  with  the  following;  [tropositions, 
which  are  merely  inversiuna  of  the  corollaries  to  pr<^.  t.  D%fftrtnt%al  Calculuf, 
page  356,  7- 

(1)  .  Any  coniitaut  factor  which  appears  under  the  sigu  of  uitegrutiun  may  be 
piseed  without  that  sign. 

Por,  as  adf(»)  =  da^{x),  so  a  y d^^ix)  =  J* da^{x). 

(2)  .  As  the  absolute  term  or  constant  of  any  expression  proposed  for  differen- 
tfation,  disappears  by  differentia ung,  so  it  must  re-appcar  by  integrating.  The 
special  value  of  it,  however,  cannot  be  found,  except  we  know  the  exact  expres* 
iion  ftom  which  the  differential  was  derived,  or  some  circumstance  in  the  problem 
from  which  the  diflbrential  arose^  by  which  its  value  can  be  fixed.  We  shall 
see  instances,  hereafter,  of  the  determinaticHi  of  this  value  in  the  applications  of 
the  calculus ;  but  for  the  present  it  will  be  denoted  by  +  c  or  +  C,  annexed  to 
the  integral  itself  as  an  addend.  These  corrections  are  called  arbitrary  comttaaiM* 

Thus,  if y* be  supposed  to  be  c»i  then  we  should  writeynco-^db 
+  e  or  «■  +  C. 

(3)  .  The  integral  of  any  number  of  differantials  oonnscted  by  addition  or  sob- 
traction,  is  the  same  with  the  sum  or  difference  (as  indicated  by  their  signs)  of 
the  integrals  of  the  several  terms  of  the  differential. 

(4)  .  Ail  radical  expressions,  as  in  the  differential  calculus,  must  be  expressed 
by  frnctional  indices;  and,  ff»r  the  mfjst  part,  it  will  be  better  to  bring  denomi- 
nators into  the  oumerator  with  negative  mdices. 

rf  2 
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(5).  It  is  often  convenient  to  express  the  integral  by  a  single  letter,  as  in  the 
differential  calculus,  and  put  its  did'erential  equal  to  the  dififerential  expreii&ioa 

f^ven  for  consideration.  Thus,  dy  =  {2ax  —  a:')^  [a  —  r)  dr;  in  which  v  is 
obviously  the  value  of  the  integral,  or  expreaaes  what  function  of  f  the  inte- 
gral is. 

Some  writers  give  only  the  differential  co-efficients  for  integration.  Thus  they 
propose  the  queatioa  to  integrate  the  differeotial  co-efficient  (2«r  —  «*)^  (a  — «), 
bf  which  they  simply  mean  to  integrate  the  equatbn  ^  =  (2av  —  c^'(a— «), 

which  is  obvioiuly  only  the  mne  thing  udjfss.  (3«r  — ^  «^  (a  •)  «k  given 
■hove. 


CHAPTER  JL 

ELEMEKTARY  INTEGRALS. 

P&OP.  I. 

To  iiUejfriUe /unctions  qf  the  general/orm  az*tU, 

Since  in  diflferentiation  of  such  functione  the  index  of  « in  ih»  tntignd  ii  t 
unit  higher  than  in  its  difierential,  put 

a y* t»dg  ss  hg»**  t  then  «a«dr  s:  (»  +  i)  hg»dM,  and  bence  (s  +  1)  5  «  a,  ind 
the  integral  ie 

ay>ck=^-.  z^'-^c  yci). 

CoroJiBry, 

If  s  B  fr«  BtiU  the  eane  coodnaion  bokb  good  whatever  fonn  f  may  hafe  ; 
aamdy 


1.  Integrate  Sax^dz.  Here  eilaciiig  dx^  increasing  the  index  by  1,  and  dividing 
by  the  iudex  so  increased,  we  get 

2.  Fmd  the  integrals  oflSc^dband  —  9#^db. 
Proceeding  at  in  tlie  laet  eiample,  we  get 

y*       dbrs  isy*!^  dlr  cs|.  15«>  +  C  =  9x^+ C 
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3.  lat^rate  (a  —  a^x  +  a^x^  —  . . , .  +  a,.x")  dx  .  that  is 

adg  —  a,£ii£  4-  n  .x-iii  —  ....  -f  a„x"dx. 
lot^rating  each  term  as  before,  and  collecting  the  results,  we  get 

^    T""  ~r  +  ^  •  ••••  3:  jfiji^f. 

arbitrary  constant  being  prefixed. 

4.  To  integrate  v^o^  +  r-  xdr,  or  which  is  the  same  thing,  (a*  +  ar*)i  xdx. 
Tlio  part  Tctr  without  the  vincnlum      with  the  errejttion  of  the  factor  2,  the 

4ifierential  of  that  within  i  and  hence,  multiplying  and  dividing  by  2,  we  get 

5.  Let  there  be  given  for  integration  {b  +  caf«)»  oar"-*  dz. 
Hnltiiilj  md  divide  by    :  then  we  have  the  reqoieito  fons 

6.  Let  (6  —  cx)~'^  adx,  or  -rs  ^  be  proposed  for  integration. 

Multiply  and  divide  by  —  ^ :  then  we  have 

8*  GiTSD    B  odbi  ~~  ^  -|-  «^fb to  findy  in  tnmiB  of*. 

ya»<»+ 2^  + 1  «^  +  a 


*  Ai  it  ii  Qot  alwayi  euy  to  Ui^ovcr  by  inspoction  whether  the  factor  which  U  without  the 
^wnhn  le  the  dlArentisl  of  that  within,  it  will  be  dednble  to  employ  hi  tuch  cneo  tbo 
Unriai  method  of  invisdgotion.  Thus,  in  thoeno  in  the  text,  let  wamiiDe  that  tholntognl 

iilCis*  — Wbeneo  wo  httfo 

(2a#  -       (a  -  jc)  <ir  =  ^  A(2tw  -*»)^  (2»  -  2*)  dje\ 

«ie-*s?  ACSto'2v)B7A(a  — Thismnst  bo fitUUled for  bodi  tenni (hi  tbo 

•Wnet  and  on  the  priaciplo  of  indetcroiinatc  co-efficients)  giving  a  =  7  Aa,  and  —  1  =r  —  7 A, 

A  =  ~.  Tl^s  tkIuo  of  A  ittlfili  both  c^uatio&a ;  and  the  differential  i«  of  the  appropiiato 

form. 

HadtbedUliratlal  ftmetioD  been  glvni  (%w  (3a  —  2»)db;  then  SeisTAa and 

I  A;  wbkb  i^vo  difltaonl  valnos  of  A,  and  honeo  diodiAmiitUl  is  not  of  a  Ann 

2 

under  ihonOe. 

Kriu  now,  howeyor,  it  lu^  bo  divided  Into  two  patta,  one  of  wbleb  fUb  under  the  pfoseat 
^  For,  his  equal  to 

X2inr  *      (Ss  —  3e)  dlo  +  a  (fltt*  ~      d^ ; 

^  4t  Gmor  tenn  fidb  under  the  role,  whiht  tbe  ktter  ynSX  bo  hereafter  diKtwed. 
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SoDetimes  tbe  reatiltB  obuinad  Uy  thit  melhod,  noder  dilfermt  aipacte  atf 
jean  to  be  difierent  in  fact,  whilst  tbey  are  ooljr  so  in  form.  For  Inttanec^ 

II.  Let  there  be  ^iven  dy  =  (a     bx)*dxt  for  integration. 
Makiog  the  outaide  of  the  Tincnlom  the  diflfenntial  of  the  ineide, 

f  =  ^/(«  '¥bx)HcLc  =  l  fia  -i-  6*)=  d  (a  +  &r)  =  +  C. 

Again,  eifiendiag  (a  +  A*)*  dir,  we  have 

fereooe.  then,  is,  that  C  in  the  first  result  and  C  in  the  second  are  differeat; 

but  pnttiog  C's  C  +      tbe  two  resnlts  become  identicaL  The  focm  of  sa 

integral  is  often  capable  of  much  simplification  by  means  of  a  little  management 
of  the  form  of  tbe  arbitrary  constant*  of  wliidi  nnmeroua  inatanosa  will  be 
presently  given. 


Many  expressions  really  belong  to  this  fonn  which  do  not  at  firat  eesm  to  do 
SO;  or»  at  least,  by  very  slight  traasfonnation  may  be  rendered  anch.  Far 
instance, 

12.  Let     =r  —  -  be  giv^en. 

*  V  Sav  ^  a* 

Divide  all  by  :  then  we  have  Jy  =  (2a*-»  —  \Y\  2a:r*(ibc,  is  sdnch 
— Soar'iir  is  the  difierential  of  the  part  within  the  vincolom ;  and  hence 

13.  Given     =:  «dSp(2aa  —  c^H=  (Sajr^— l}-l«^dSK|  then 

14.  Given      s  ^"'^,^^dir=  (o»*-»  +  theny ^  — 

15.  Integrate  ofy  =  g~^dz.   Here  we  get 

»  =  ?  +  C-6  +  C. 

an  tt.xprps<ion  altofrethpr  amhignou^ ;  and  therefore  in  this  particular  case  the 
rule  does  uot  apply,    it  wiU  be  renewed  m  the  next  proposition* 


PROP*  II. 

7b  wttegratefimctUm  of  the  general  form,  dy  = 

This  is  the  differential  of  log,  fr  (by  page  368) ;  and  hence 

jr=:log^  +  C  =  log, +  ki|{« e  =  Icgr e^  •••••  •/ (^)- 
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Where  C  =  logr  c,  this  form  of  the  eomtanl  Imiig  man  dcgut  and  mom 
utefui  ibaoibe  addend  C. 

EXAMPLES. 

1.  Letrfy  =  f^,^,:  tbra  f«  B    +  a*  and  fl*»  s  3Mr. 

jf>3    _^    fj^  •  T 

The  example  therefore  comes  under  this  rule,  and  we  have 

y  =  log*  (**  +  a*)  +  C  =  log^  c     -f  a»). 

«• « *  « .  r"f  ^, .  «!»">-  ^/ 

3.  Hie  integrala  of     ,  -  end  -      .^afetogitc  (a  +  *)  and  log,.c  (i  +  tfiy. 

*•  =       •       +       '""5/®^==^  =  log.  SOX*  (a  - 

»• ^^^^  =  Si  {l-'-a- +  «^  +  3*«I.g  .}  +  C. 


PROP.  ill. 

TuBSB  are  at  once  seen  by  iaspection  of  the  direct  process  to  be, 
a* 


log,.'**^  -/('M         T'*^   /<*>• 

It  ia  quite  obvious  that  if  for  *  we  substitute  <px,  the  method  will  still  apply. 
The  only  care  required  is  to  see  that  the  part  in  any  expression  is  really  the 
differential  of  the  index. 

It  will  be  at  onoe  apparent  how  to  treat  anf  di0erenUal  mvolnng  an  expo- 
nential (aa  far  aa  thie  formola  unmodified  ie  concerned) :  vis.  to  aaeertain  whe- 
ther the  dillbrential  factor  of  the  ezpreesion  is  that  of  tlie  variable  index.  If  it 
be  so,  the  rule  applies  at  ooce :  if  not,  we  mnat  have  reconree  to  other  methods 
hereafter  to  be  explained. 


1.  Integnta  ^  sr  Jf^^,^(^*k»u 
This  is  of  the  form        where  •  =  hgt  (x*       ;  and  hence 

ft.  Integrate  ijf  =  ^l^S.^  Here  as  before  9  —  |~g  ^  +  ^* 


0 

PROP.  IV. 


7^  mUgruHm  ^thefurm  MckfoHkm,  U  ntfirrtifrm  the  dirsd  trnwrtf^- 
patkmt  end  retmU*  at  pp.  964,  6. 
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1  rdx 


SMSoncfybrM* 


or  + 


where  *■  =  ^ 


1 


q2'  fi  ^ 


Tkird/i 


dm 


wborers  ^ 


6  r*(ir 


V  2r*  —  ** 


la  i3m  foUowing  table  tba  t&tagiila  an  pot  dawn  in  tbdr  moatgenml  fona; 
and  thay  am  be  aoeonunodated  in  all  caaea  to  the  particular  inquiry  befoce  n» 
by  giving  tbe  leqninte  values  to  the  quantities  a  and  b.  The  arbitrary  ron. 
slant  0  belom^ng  to  each  of  tbem  is  omitted  for  the  sake  of  room  :  but  it  mu>'. 
always  be  understood  to  axiat»  and  therefore  be  supplied  in  each  instance  where 
the  fonnola  is  used. 


dx 


1  . 


1 

a 


dm 


=s  r  vers"* 


1        .  &r 
COS-'  — 

-7  cot   '  — 

a6  a 


1 
a 


1  ,  2^* 

jco?enr' 


SXAMPLKS. 


I.  IntMiala -7^= .   Heraif  wapiit«*55a!  then 

^      va  —  Ox* 

r  =  r-J^~^^  A..8'tn-"^«+C«r^.  sin-"  J^^-^G. 

2  Let  rfv  =  :  to  find  tbe  nlue  of  y  in  terms  of  c. 

Pata»ss«:  tbena^db=  ^dv;  and  theicfoia  we  gal 

V  tin-'aVUc=-^,.siir'a.  y^+a 

3.  Suppose    =  ^^^^ :  then  patting      i^,  wa  shaft  gat 


p  dx 


.  tan-^' 


+  0. 


4.  If  dly  =    ware  given  for  intcgnition  {  we  may  coavat  H  mim 

m^ a 
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Jl  .  ^  bj  nniltiplriiig  bodi  terms  by  i  wbence  ptttting  t, 
ve  iboiiU  hav«    in  tfM  fonner  eaiet*   


=  47.c«r« 


=  !  sin"*  V5?r 


1  tan-» 
» 

-  Bin  '  -X. 
3 


In  the  last  ten  answers  the  constant 


'J      +  ar* 


So* 


s  omitted  for  the  sake  uf  ruum. 


ar-1 


PROP.  V. 

lb  «i<^r«fe>bMlMHif  i^tkt forma  ain  aid .  d9»  cos  m9.di9,  «fe. 

(fx 

Put  i»9  =     then  0  =  -  and  (20  s=  —  :  and  the  expressions  to  be  integrated 


-  sin  « .      -  cos« .  d9»  tie, 

m  m 

llie  integrals  of  which  are  found  by  iospectioii  from  tbe  tables  at  j)a^  364,  to 
be  as  foUows : 

Table     inUgralt  dependmg  on  direct  trigonometrical  funcUons. 


y  sin2.cb  =  —  cos», 
^sin..d»_ 

J*  cos  aedx   =  4-  sio  *, 

/                 =  —  cot  X, 
/.  cos«.«l» 

/  —  =  —  cosec  Xt 

J  sm'tf 

r     ^  =:+^tan»ia 

j,cosm9.d&            1  a 



In  Ibis  taUe,  for  brevity,  tbs  consttnU  are  omitted,  but  most  be  mssrted  m 
sH  cssss  wbere  ibe  formiibB  are  employed. 
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V.J  Un  e  cte  =y  ci»¥*  «^  =  —  COS  e  =  logc  sec  B. 
2./ cot  0  il9  ssy*        d9  =  log.  fin  e  ss  ^  log,  coNC 

sin  »  =  / un  e  ^  =  ^ 


sr^=/.hr(ix  +  e)  =  + 

^  /•    tin  0  do  1  ,     ,    .  , 

o  +  6co.g  =  -ir^^g-  (a  +  6  CO.  0). 

V  i  +  acote-V3-*^  v/l^t^ 

2  r        -         tan-  (^\ 
3. / «D  •«  CO. •«  «  =  _  J  le?i<5±«f + £!!1^=55»  I. 

«.  /■  .in  me  sii,  «9  dfl  =  _  4  + I 

6.  /*coi«9di»rt*=  +  i  I-  '""^ 

I'hc  first  integral  (and  the  others  iu  a  corresponding  manner)  is  thus  ioand: 
sin  ind  cos  nd  (^0  =  i  {sin  (m0  +  nO)  -|-  sin  {mid  —  ii0)]e/d 

=  1  [      (»  +      rf(ro  +  n)e     sin  (m  — n)fl  n)^^ 
I         m-f-ii  ^  m  —  n  I* 

Wherefore,  integrating  each  terno,  we  have 

/sio SI  ^co. !.« l»  « -  i  j'-H!      +  ''^^  +  COS  (m  -  n)g| 
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CHAPTER  ni. 

XH£  INTEGRATION  OF  RATIONAL  FRACTIONS : 

Tbat  is,  fucb  as  have  the  general  form,  m  being  a  positive  integer 
dy  _  Ax"'-»  -f-  Bar»^«  -|-  Cx«-»  +  . . . ,  _  U 

It  is  always  possible  to  reduce  every  fraction  into  which  no  binomial, 
trioomial,  €tc.  factors  enter,  to  this  form,  together  with  a  series  of  terms, 

+  ftiF  +  by  acttud  division  of  the  numentor  by  the  denominator, 

vhtD  tbe  degree  of  the  fotner  Is  higher  than  that  of  the  latter.  We  ahall,  there- 
imtt  only  attend  to  thoee  caeea  in  which  the  nnmeiator  ie  at  leaet  one  dcgreo 
lewff  in  diniemioii  than  the  denominator  *. 


PROP.  !• 

fit  dtmrnhator  it  dieeompomhU  mio  faeUitrt  tf  mt  w  hoik  tUfurmt  •  o^ 
fl^  ^     +  ft,  i^wkiok  mi§  iifmikmr  or  both  kmA  majf  ie  tfuoL 

Foa,  put  A»a«  +  Bja:'«"*  +  C,««^  +  =  0  :  then  (uo/.  ».  p.2\9)  this 

cqjoation  has  m  roots  either  real  or  imaginary,  or  of  both  kinds.  To  every 
ml  root  there  eorrespoods  a  fsctor  r  —  a ;  and  to  every  imaginary  pair  there 
eorresponds  a  double  factor  —  (a  +  /3  V^— i)J  { j  —  (a  —  /3  V— 1)|  or 
s*  3a»  +  (a>  +  i3>).  Whence  the  nnltipliGation  of  all  the  factors  of  the 
fintand  second  degree  so  obtained,  will  produce  the  denominator;  or  in  other 
voids,  the  denominator  ie  decompoeable  into  ench  factors  aa  #  o,  and 
aa  4-  ft.  It  is  also  dear,  that  any  numher  of  either  kind  may  he  equal. 


*  It  nai  be  mdtty  leea,  that  by  very  dmple  sad  obvleut  ptoeewm  a  great  nomber  of 

imtioDal  czpreMions  may  he  rendered  rational.  Tlic  most  hiinplc  and  useful  of  such  tnin«- 
faaoUoas  will  be  noticed  ia  tbe  next  cba|)ter ;  but  we  should  notice  one  purticulu  caae  here. 

§}■  a. 

It  is  whert- Mich  eiqiTWfirms  as  fi,.r  -f  (ijt  -}-  ...  occur;  and  the  rationaltzatJon  l»  effifcted 
bj  itdQcing  the  indicot  to  a  conunon  deaominator,  (luppoM  it  bo  /Sg     ...  /SbSs^,)  and 

mmsko^t^        wviball  bave  sQ  tbe  Indieei  lendcred  integer.  Sappeie,  for  iMtaaee,  die 

fartiea  «  ^  .  dm  giveii  fiir  integmtiett  }^ea  the  cemmon  mnldple  of  tbe  deoominaten  of 

t^c  indices  b  2.3  ss  6,  snd  putitug  2*  ==     ^Yo  1i.ive 

l^ss  and  r/.r  s  6c%i*; 

ibeieftie  tbe  diflbieathl  propoMd  ie  .-^  '  * .  dst,  ubieb  mey  be  redoeed  to  die  eondi- 
tin  required  for  eolntion  by  eeinnl  diviiioo.  The  result  ii  flaelly  reitored  to  tenas  «f  m  aAer 

hicgntion  bv  putting     for  r. 
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PROP.  U. 


Emjf  miumttt  Jhutim  if  deeompoiobJe  into  a  serin  qf  parHat/raeiimu  ^ 


(1)  .  To  each  factor  (it  having  no  second  equal  to  it)  of  the  forms  x  —  a  and 
1^    M  4-    comtpond  the  fimctions    ^  -  and  ^  . ;  and 

(2)  .  l\i  multiple  factors  («  —  a)"  and  (^ur  —  a*  —  A}»  correspond  respectivclj 
the  systems  of  fractions, 

Mx  +  N   M,g  4-  N,  M._,  3-  +  N\_, 

(a?*  —  ax  +  6)"     (jr*  —  ox  +  6)"-»  —  ax      b  ' 

For  in  all  cases,  the  reduction  of  the  series  of  assumed  partial  fractions  will, 
by  reduction  to  a  common  denominator,  give  a  result  contaming  the  given  deno- 
minator, and  having  for  a  numerator  a  function  one  degree  lower  than  the  deno- 
minator. The  product  of  the  fractious  bo  reduced  gives  also  a  fraction  having 
the  same  property.  -  Sttcb  a  molt,  tharafore,  agiwa  witli  Ae  cmnpiMitioii  of  tha 
finctUm  to  thia  aztaDt. 

Again,  than  aia  aa  many  (m)  inditanninata  co-affidenta,  M,  H|,  If^  .... 
N,  N,»  N,» aa  then  an  nnita  in  tba  dimannona  of  c  in  tba  denominator  V; 
that  la,  the  same  number  as  than  are  of  co-efficienta  in  the  nnmentorU.  Where- 
'fon,  eqnating  the  homologous  co-efl5cienta  of  the  numerator  of  U  with  thoaa  of 
the  numerator  produced  by  reducingf  the  partial  frnction  to  a  common  denomi- 
nator, we  shall  obtain  the  several  equations  wliicli  arc  reqnirefi  for  t!ic  deter- 
mination of  M,  M,,  ....,N,  N,   iS'one  of  these  quantines,  moreover, 

rise  above  the  first  deforce,  and  hence  they  are  all  real,  and  therefore  deter- 
uiinuble.  The  reduciion  to  partial  fractions  will  then  be  compkled;  and  the 
given  expression  prepand  for  direct  integration. 


Scholium* 

The  gnat  practical  obstacle  to  the  extended  oaa  of  thia  method  of  eolation* 
antes  from  actual  difficulty  of  reducing  the  denominator  to  tta  component  aimple 
and  quadratic  factors.   When  the  roots  are  real  and  integer,  tha  imena  ia  verf 

simple  ;  hnt  when  real  and  incommensnrate,  the  labour  i"  immensely  increa''ed. 
When  the  dciu nunAtor  contains  only  one  pair  of  imaginar)  fnctori,  the  simple 
factors  hemg  first  obtained,  the  expression  is  simply  composed  of  the  product 
of  this  pair;  but  when  more  than  one  pair  of  such  factors  exi^Li,  m  the  denomi- 
nator, we  are  in  possession  of  no  method  by  wliich  these  pairs  can  be  separately 
exhibited.  Snch  cases,  however,  seldom  occur  in  actual  investigations. 

Than  fractiona  have  alio  seveial  elegant  properties  which  an  worthy  of  atten- 
tion i  but  as  they  do  not,  in  any  degree,  snbacm  the  porpoee  wider  conaiddn- 
tion,  we  ahatt  not  dwdl  upon  them  hen. 
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PROP.  Ill* 

7b  Ml^rale  a  roHoiuilfraeHm  loftM  ll«  pariktljrwelioiu  wkote  mm  w  Me  ffivm 
fnt^km,  ikefttetmr9  tk»  daummaiori^wkieh  «re  real  «uf  differed:  such 
tkai 

V  =  («  — a,)  (»-«.)  («-«»> 

Beduee  to  ft  common  denominator,  and  the  namerttor  of  the  right  tide  will  be 
equal  to  U,  nnoe  both  fractioni  and  their  denominatora  are  equal  by  bypothealB: 

dKO 

U  as  Ai  (9  —  a,)(ir  —  0^ (#  —  oj  (c^e^^)  X*  —  «■) 

+  A,  (•  —  0^  (#  ~  O4)  (*  ^  A|)  (*  —  (•  —  «!) 

+  A,    —  o  J  (#  —  Og)  («  —  Og)  (•     Oi)    (•  —  «,) 


+  A«  (•  —  «|)  (• 0^  (•  «-  0,)  (»  —  oO  {»  — 

This  expression  being  ex|>andcd,  and  the  homologous  co-efficients  equated 
with  those  of  U»  we  shall  have  the  required  equations  of  conditioD,  and  thence 
tije  values  of  A„  A,,  . . .  A„. 

The  following  method  is,  however,  often  mo:6  Bimple  and  direct  in  its  appli- 
cttMn. 

Give  to  a;  in  succession  the  several  values,  ai,  u,, . . .  a«,  and  let  U,,  U,, . . .  Ur, 
be  Ae  corresponding  valuee  of  U.  Then^  ^oe  when  •  s=  a,,  all  the  terma 
which  contain  •  —  oi  become  aero,  the  raluea  of  Ui,  cte.,  are  reduced  to 
one  aingle  term  compoeed  of  binomial  fretora,  but  not  containing  c  »  Oj  or 
a,    ffi  S  and  aimilarly  for  all  the  othere.  We  thna  have  * 

U.  =  A.  (a.  -  a.)  («.  -  oj. . . .     -  a.),  or  A.  = 

U.=  A,  («.  -  «J  (a.  -  aj. . . .  (o.  -  .,),  or  A,  =  (^I^,(..-aO' 

Whence, 

/ J^  +  rAiJ'.  +  r        +  ....+/• 

✓    V     •fx  —  o,    «/»  —  a,    */«  —  a,  J  X  —  an 

=  Aj  log«  (»  ~  a,)  A,  log*  (* — 0,) + A,  log,  (« — o^. .  +  A»  log*  (» — a«) 

A,  A,  Aj  An 

s=log«(»  — flj)  0^ — C'^Oi)   •  C*--aO. 


1.  Intcgiate 

Here  the  denominator  ta  deeompoeable  into  («  +  0}  (•  —  a) ;  heoce. 


*  Thb  |MNwe«  b  firandsd  on  the  priiiei|d«,  thst  ■■  #  ii  perfeedj  Indeterminate  in  its  vsitte  in 

iLo  gmn  fnetioD,  it  may  take  all  poMible  values,  sod  sfaiongBt  the  rest  the  values  a„<4, ...  a* ; 

tnA  the  equations  to  wliich  the  dcrompotition  give  riwJ  niu«t  ?iib«i«*t  for  thcw  a»  wrll  re;  other 
r^iaes,  whatever  form  the  result  may  take.  By  ub«ervatioa  of  tliv  txpaiuion  itaell,  wu  fcue  that 
it  given  tlw  vslnes  of  A„  A^,  etc.^  whicb  sw  the  objects  of  «nr  inquiry. 
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a  A_       A,    _Afa+ g)  +  A. 

or  «  =  A  («  +  o)  +  A,  (r  —  n). 
Pat«  s  a»  then, «  »  A  ta  +  a),  or  A  =  ^  ; 
«  s  —  a ;  then, «  »  A,  (—  a  —  a),  or  A,  =  —  i- 

Whence, 

r^^.^  r         _  r        =ilog,(»-«)  -  Jlog.(«  + e) +  0, 

The  same  values  of  A  and  A,  would  have  resulted  from  the  ordinary  method 
of  ai)plymg  the  solution  of  the  equations  of  the  indetemuuta  eo-effidentt.  For 

we  liiive 

o  s  (A  +  A,)  a?  +  (A  —  AO  a,  giving  A  +  Ai  =  0,  A  —  A,  =  1. 

2.  To  integrate         _  ^  * 

*****  •^•-••-»^«-«^a  +  « 

_  A  (tt  -    (g  +  Jg)  +  A,jr  (a  +     4-  A,  ja^s)* 

«  (a  —  «)  (a  -f  jr) 

Put*  =B  0 :  then  a*  =  Aa',  or  x\  =  a, 

«  s  a:  then  c«  +  Aa«  =  2A,.a',  or  A,  =  i  (a  +  6), 

«  =  —  a :  then  o'  +  fia^  =  —  2A.,  a',  or  A,  =:  —        -f  6). 
„        ,  (a^  -I-  fir*)  rf«  ,    r  Ha b)  dx      /»  i  (a  +  &)  ^ 

Hencey  —  s^-^r;^-  =7  7~  a  -  *     ""^  ~  +  x  ' 

=  a  lo{r,  x-Ka  +  i)  log-  (a— j)  — i  logr(fl+ J;tC 

The  ofdhiary  mode  of  redaeing  the  equetion  m  A,  A„  A^  gives 
a»  +     =  A«*  -  A4>*  +  A,o»  +  A,«»  +  A^  -  Ag««. 

3.  Let  the  function  J^'^^'^u^e  ^  integration. 
Inthi»weh8veji»-6a)*+  lI»-6  =  (»- — a)(*-3),«ndh«ie« 

7#  +  I  =  A  (r-  2)  («  -3)  +  A,  (*-  3)  (■  -  I)  +  A^ 

Put«=l;then  1— r  +  1  =  A(1  -2)  (1  — 3),  or— S  =  2A.  and  A  =  -  2 
• = 2 :  then  4 — 14  + 1  as  A,  (2 — 3)  (3  —  I ),  or  -  9  =  —  A„  and  A,  =  9, 

1  =  3:  then  9  —  21  +  1  =  A, (3—1)  (3—2),  or— 11  ssA^  and  A^-  j 

Hence, 

px'dx  —  7xd£  -jr^dx  5  /»  dx  p  dx     _  1 1   ^ 


2 

c.fx  —  2)" 


n/  (*  —       — a/» 
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4.  Giy«ii»  =  ^  ^.  ^  _  ^  tor  iDtegfiticp. 

Here     +  4a«  —  6»  =  {«  +  C2a  +  VioM^l  I*  +  (2a  —  V4a»-4- 
Let  9a  -f  V4a«  +  *»  =  a»  uid  3a  —  V4a«  +  *«aB/i;  then 

a  A 

Hence  y  ss  ^  log*  (x  +  a)  ^    log^  (a?  +  j3)  +  loge  c, 

a  —  p  a 

=  log. 0»  +  «r         log, (a  +  lo««  c, 

'         i,«_6»'  +  4    -  """^  l(»  -  1)  (,  +  8)t  )  • 

8.  Let  r  be  less  than  n  :  and 
(«,— a,)  (fl|~a,)  ....  (a,— a»)  =  6,,  (a, — a,)  (a.^— o/)  . ..  (<i, — a,)  =  6^,  e/c.  then 


5» 


PROP.  IT. 

To  integrate  a  ratumal  /Taction  when  any  number  of  the  binomial  /actors  of  the 

Thr  former  method  fail*;  in  this  c«M^  tince  all  the  valuee  of  U|»  e/6» 
become  zero.   Let,  then,  in  this  case, 

V  =  (x  —  (i)'"  Q  ; 
m  which  (j*  represents  the  quotient  oi  V  by  {x  —  a)"*  :  and  let 
U  ^  A      ,         A|         ,  Am    ,  P 

U  =  AQ+  [A,  («-«)  + A, (»-a)«+  ...  +  Ai„  (*-a)«»-'J  +PCx-o)». 
Let  X  =z  a,  and  denote  by  U„  U,,  the  Yalues  which  U  and  Q  then  take :  then 

U|  s  AQi,  or  A  =  y '  ;  and  therefore 

U  —  ^'  Q=  (j  -  a)  }A,  -f  A,  (X  -  a)  +  . . . .       (x  —  a)-""'  +  P     -  a)-"'}. 

Now  the  second  side  being  divisible  by  « a,  the  first  is  so  too )  end  if  the 

qootieot  be  U'  we  have 

U'=  {A,  +  A,  (ar  — a)  +  ....  Am(s-B)^}  +  P  {x  -  a^'K 

Again,  putting  «  =  a,  and  proceeding  in  the  same  manner,  we  Nha1l,  hy  m 
successive  steps,  get  U"  =  P.   If  this  be  a  constant,  the  entire  reductions  will 
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hue  been  c^lected ;  but  if  it  be  a  fimction  of  x,  we  must  apply  to  it  the  process 
ot  the  precediDg  proposition  *. 

We  might,  instead  of  the  mode  of  finding  U',  U . .  .  U",  as  here  invesii- 
gatetl,  liuve  iiUuptcd  ihe  utdiuary  mode  of  fiadiog  the  valuest  of  ihe  indcCciruu- 
nate  co-«fficieDts.  Indeed,  in  many  instances  this  will  be  found  the  less  operoio 
method.  We  ehall  Ulnstrate  both  methods  ae  we  proeeed. 

BXAMPLSa. 

1.  Iirtcmse  the  fonction    ^^f*^  "7  ^f— 

Let  —  =  — —  1-  4-   ^—  :  and  duo  wb  have 

a*  —  6  =  A  Or  +  3)  +  A,  (»  -h  1)  («  +  3)  +  P  + 
Ftot  c-l- 1  =0:  then     7— A  (3  —  1),  or  A  s  —  I :  whenfoie, 

+  a  (af  +  3)(=y(«+  1))«A,(»+  l)(»  +  3)  +  Pf»  +  m 
andiiissA,(»  +  3)  +  P(«+l), 
Again»  pat «  +  1  =  0,  and  this  gives  A,  s  ^ 


Also*  pat«  +  3  =  0,  and  it  gires  P  s 

(»  +  3J  (•+!)•  2J  4*/  «+l"4V 

_      r       .11  ,^  (•  4- 1)  ,  ^ 


•+3 


*  Tliii  aMumptioii  might  have  hvcn  made  oa  foUom: 

A«^'  4-  -     '^^^-m  +terais  dspsfiatey  oa  the oUier  ftrtois  sf  tfcs 

denomtoator.  For  by  either  method  the  reqnUte  aainber  of  indetarmiBste  oo-efBciaati  ■ 
intrmluced  into  the  equstion.  The  reduction,  howem,  by  tUs  method,  will  genenllj  be  OMie 

hiborioua  tlian  by  ihe  assumptions  iu  tlie  text. 

Wo  may  moreover  roniiirk,  that  mine  of  the  cxprcusions  for  the  values  of  A^,  A||4itk 

•dmit  of  o  veiy  elegant  form  iu  tcmui  of  iho  diffsreetiel  co-effici«ou  of  where 

V      a--ar^(T_o)— 1^  -  V,  +  ••• 
tlio  latter  term  containing  uU  the  rciOMIUXig  pwtidl  filiCtioni.    It  is  thlB.    IwCft  a  ftf IB  the 

folluwtiig  et'lies  of  expreseions  > 

As,  however,  for  the  mere  reduction  thh  b  equally  lahorioas  and  Bomctimet  more  so.  than  th» 
method  we  huve  employed,  and  n^,  moreover,  it  will  not  present  it«t  ]f  under  any  u»eful  wpect 
to  u»  in  tho  present  volume;  we  sball  not  itop  to  offer  a  proof,  but  leave  it  to  the  ttudcol'*  own 
lagnrity  to  fiiTMtigite  the  truth  of  the  formula.  A  tlight  uie,  however,  will  bo  mad*  of  the 
method  further  on,  tad  the  in?ertigftaoa    &r  ■■  thst  ate  requim  it,  elso  given. 
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The  co-^^cienis found  by  the  common  method. 
Multiplying  out  the  factors  (a?  +  I)  (ar  +  3)  and  (*  +       wo  hm 
(P  +  A,)«»  +  (2P  +  4A,  +  A-  a).  +  (P  +  3A,  +  3A  +  5)  =  0. 

mcace,  P  +  A,  a  0, 2P -h  4A|  +  A  —  9  ss  0»  ind  P  +  aA,  +  3A  +  ft  as  0. 
Snbtmet  tl»  flecoiui  from  tbo  aam  of  Uio  iint  tnd  third;  thin  w«  get 

^  2* 

Substitute  this  in  the  second^  then  4P  +  8A,  s  11 ;  &om  which*  combiiMd 
viththelM»wohmPs-H  aadA.  =  ii. 

a.  Snppoee/^^^^^  ^—  bo  loqniiod.  Thmi  wo  Utt 

A      ^     A,   _^      B       ,  B. 


a  =  A  («  +  1)*  +  A,  (4?  4-  1)-  (X  -  1)  +  B  (ar  -  i)«  +  Bj  (»  — 1)«  (•  +  I), 
Let«  — IsO:  thenassA.aSorAs^o. 

in  the  pneM&ur  oqnation :  tiien. 


o  -  ^  o  («  +  1)« = Aj  C«  +  1)=  C«  -  1)  +  B  Cx  - 1)«  +  B,  (a  — 1)»  («  +  l). 

Now  a  —  i  a  (x  4-  1)'  =  —  ^  a  (x  +  3)  («  —  1)  i  hence  dividing  the  pre- 
ceding bj  «  —  1  we  have 

-  ^«(»  +  3)aA,C»  +  1)«  +  B(«-I)  +  B|(»— !)(•  +  1), 

AguQAkt*-.- 1  sOs  then  this  gifos—  ^  o.4=A,.2',orA|B-> 

4  4. 

whence  egaiii  tnmsposing, 

—  ^  «(*  +  3)  +  jo(»+  ip  =  BCx-  I)  +  B,(4»- l)(a+  1). 

But  —  i  aCx  -f  3)  +  1  o  («  +  1)«=  ^  a  (*  -  1)  (ar  +  2>i  wherefore 
dinding  all  by  •  —  1,  wo  get 

^a(«  +  S)asB  +  B|(*  +  l). 

Let  now«+  1  sO:  then  B  =  ^a(*-l+S)  =  ^«S  andtho  oqnation 
is  changed  to 

jo(«  +  2)-lo  =  B,C»+  l},or 

Jo(«  +  l)  =  B,  Cx+1),  orB,  =  i«. 
Inaerting  these  Taiues  of  A,  A,>  B»  B|,  wo  get 

VOL.  II.  O  g 
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Uad  we  adopted  the  ordinary  mode  of  solution  of  the  equatioM  of  the 
terminate  co-eiiicicDts,  we  should  have  had 

U  =  (A,-f  D,)  i^-f  (A+A,+B-B|)*«+C'iA-Ai-2B— BJ*-»-A-A,-f  B-fB,-«  =  0; 
and  hence, 

A,  +  B,  =  0       I       2A  —  A,  —  2B  —  B,  =*  O 
A  +  A.+  B  — B,«:0       I         A-A»  +  B+«|S«. 
The  first  and  iUrd  of  these  give  3A  —  2B  =    or  A  s  Bs  and  Uie  eeeoad 

and  fourth  give  2A  +  2B  =  a.  These  two  give  A  =s  B  s  ^  «.  Wher^lore, 
also,  the  fourth  becomes  B^ — A|  =s~  which,  by  the  &tU,  becomes  A,  s=s  — ^  m, 
and  B|  ss  1  a. 

m 

^  ^  that/^=  Llog,         +  C. 
ft  /*        ^         -1-  e.*^  Ur— 4)^ 

'  •/  »»  +  4«»  +  4»    *  +  a^^  \    «  > 

(a  +   («+«»)»  + OT+TS?* 

_       fl  ^        ,  c 

 JP^iTlir 


PROP.  V. 

T^mUgmtiaraiimuiJ^ction,  the  denominator  being  deempomHe  cafeytetfin; 

Hie  general fons  of  iheiimple  parteof  ihe^foadralieftctor       (a  ±^  fi-ZZIi}, 

and  of  that  factor  itself  ^  ^  a)'  +  /B'. 
nien  we  shaQ  hm 

U  _     (A,ag  +  B|)      .  AmX  +  Bm       .       C|     ,  Cm 

V  -  (, - +  ft*"*" + 

or  ledacing  to  a  common  denominator, 

U«(A^+B,)  {(r-a^+/5,»I  {(#-a^+i8,»| .  ,.(^)  {•-■.). . 
+(A^B^{(ar-«^«+ft»i  1(«-«J"+J9.*}. .  .<P^  {m~a^. . •(•-•.O I 

+(A«ii+B^ice-i)»+A*^^^ 
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+C,(«-aO  (x-o,). .  .(4f-aOl(x-a,)'+/3,»}  .{(«-a«)H/3m'} ' 

+C,(ar-fl^(x-.aJ...(«-a.)l(«-a.)»+/3,'}  }(x-a«)>+^«=i  1  (^^^ 

Of  the  two  teriM  of  tenna  composiog  the  value  of  U,  that  marked  (a)  contains 
all  the  timple  factoct  in  eech  term,  together  with  all  the  quadratic  iaetora  bttt 

one  ;  and  hence  the  series  vanishes  for  either  of  the  n  vnlues  of  x,  viz.  a^,  a^, ...  a„. 
The  series  marked  (6)  contains  all  the  quadratic  factors  in  each  term,  together 
with  all  the  simple  factors  but  one ;  and  hence  the  series  vanishes  for  each  of 
the  m  values  of  *  deduced  from  (x  —  oj)*  +  /S,"  =  0,  etc. 

Again,  not  only  do  all  the  terms  composing  the  aeriea  (a)  vanish  when 
ji  —  %s  0,  Imt  likewise  all  the  tenns  of  the  second  aeries  (6)  hut  one.  Let 
be  tbe ^dne  of  U  when «a=  Op :  then  giviog  to p  snecessife  Tallies^  1, 9,  % 
walwre 

U,  =  C,  (a,  —     (a,  —  a^) ....  (a,  —  a») 


U«  —  Cn  («•  —  a,)  (o«  —  a,)  . . . .  (a,  —  a«_,) 

from  which  C,,  C„  C  ,  are  found,  and  aU  the  siinple  partial  fracttona  an 

therefore  known,  as  in  prop.  tii. 

Further,  not  only  do  all  the  terms  coinposinfj  the  series  (6)  vanish  when 
(x  —  Op)'  -f  =  0,  hut  likewise  ail  those  of  (a)  but  oue.  Let  yp  be  the  \'alue 
of  U  when  (x  —  a^y     /3p>  s  0 :  then  giving  to p  aueeeeaiTe  mines  1, 2,. . .  .at, 

and  writing  g,,  5, . . Cm  for  ^  

a,  +         —  1,      +  /3,n/  —  1,  ...  a»  +  /3«V  — 1,  we  get 

Now,  if  for  any  one  Kp  write  its  value;  and  then  expand  the  erjuuUon,  keeping 
the  real  and  imaginary  parts  separate,  we  shall  have  an  equation  of  the  general 
form. 

hAp  +  kBp  ±  (A,A;,  +  k,Bp)  0. 
from  which  Ap  and  Bp  can  he  found  in  virtue  of  vol.  i.  p.  157,  which  gives 

hAp  +  kBp  =  0,  and  A, A;,  +  k,Bp  =  0. 

All  the  partial  fmrtions  arc  therefore  duLerrniiiahle.  Let  them  be  found  :  then 
those  with  simple  <ienominators  arc  intcgraUle  by  prop,  it?,  j  audit  remains  tO 
show  huw  to  integrate  those  with  quadratic  denommators. 

Snch  ezpcesslons  are  of  the  form  ^^.v 

(x  —  ay  +  ji' 

Pot  X  —  a  =  z :  then  z  =  g  a,  dx  i=  dz,  and  Cx  —  a)*  +  /3*  =  +  /3*  5 
which  converts  the  expression  into 

/Azdz  4-  (Aa  -H  B)d!g       n  kzdz        ^(Aa  -\-  B)dz 
J    -I-     '^J  + 

«A!og,  +4!L  +  ltaB-|. 

=  log,  tan-»  1=^. 

•  g3 
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I^t  It  be  required  to  integrate  ^  =  5)  +  D 

A„u«,e  ^  =  +  AL±B^  +  :  then 

U«(A,»  +  B,)  l)  +  (A^+B^(*- +  « 

+  A,(««  — «•+        — »  +   

Hako  0  s  1,  or «  —1=0:  than  the  equation  reduces  to 

1  ^  9  4.  2  —  6  s  A»  (I  —  S  +  6)  (1  —  1  +  1 ),  or  A,     »  3. 
Sobttitate  this  value  of  A,  in  (a),  transpose  and  dividA  by  « —  1 :  llai 
patting  XJ*  =  3«»— te'  +  lQ«-*9» 

.     U>«(A,j»  +  B,)Os*  +  (A^  +  BO («■-  2»  +  5)  

Fdt      1  d:  3    — 1  (finom  #*  •->2r  +  5  s  0)  in       then  rediietqg»  vegit 

—  7A,  —  3B,  +  17  T  (4Aj  —  SBt  —  6)  V~  1  =  0, 
or  7A|  4-  3Bj  =  17,  and  4A,     9Bt  s  6 :  ffmn  whkh 
A,  =  2,  and  B,  =  1. 

Substitnte  these  values  in  {b),  transpose  and  divide  by  o*  —  jUr  +  S :  chsa  «s 
get      9  »  A«e  +  Bg  whence 

J  V  — to  +  s"*"*/*'  — «+l  Jm^V 

In  the  lint  term  pot «  —  1  s  s  $  then  «  =  s  +  1*  end  its  s  Ari  whsaes 

/*  (2g  -i-  l)cfcg  _  ..(2z  -f  2  -t-  1)  d:g_  /■  2jc?z        /»  ad!? 

=  log,(«*  +  4)-f  ^taa-»| 

3  «  —  I 

=  log«  (i-  —  2*  +  5)  -h  -  tan->  — ^ . 

In  the  second  term  put «  —  |  =  y ;  then  «  =  y  4-  ^,  and  (2r  =  wbe&ce 

/•  f  r  —  2)  <fe  _  /•  (y  ~  j)  ^  _  ,  •  ydy  3   r  dy 

— y*  +  l      '^y^  +  l    a-'y'  +  i 
«ilog.(^  +  |)-?y^tan--^|  ■ 

=  log.  1)*-  tan-» 

And  the  third  term  gives  —  3 ^  j  =  —3  log,  («— 1)  =  —  lqg«(vl]P 

Whence,  collecting  these  results,  we  have  the  integral  required ;  vis. 
5^  =  We  ^lf!=2^+  ^>  (^r*±i)^  +  3  tan-  ^     ^  3  tan-*  s 

where  the  constant  c  is  brought  into  iht  logarithmic  part  of  the  expression. 

With  a  view  to  the  student's  decision  between  the  work  by  this  method,  and 
the  ordinary  one  fiith  indeterminate  co«efficientS|  we  shall  add  the  equatiooa  for 
the  detemdnation  of  Ai,  A,,  A,,  Bu  B,. 

Ai  + A,4-A,  =  0j  B, +  ftB,^5A,~6s=0» 

3A,  +  3A,  +  3A,_B,  —  B,  +  I  s (V 
2A,  +  7A,  +  8A,  -  28,  —  3B,  +  9  s  0» 
A,  +  fiA«  +  7A«  —  3B,     7B,  +  S  IS  0. 
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(.  +  1)5       ^  * 


S.  ReqaM      integral  of     ^.    ^  ^3^,     ^  jj. 


'  6.  Let  ^         4^^*     P*"®P<>**^  ^or  integration  j  then  it  is 

according  as  —      4^^^^  =  +  i'. 

Then* 

«  <fa  ,^  a*-H  I  „  /•      <fa         .       + 1 

*  yi  +  a.  +  aip-'*^£rFi  I  V  1  +  3.  +  a.*  =  iTR- 


I —  a»eot  «  +  ■in'a  +  («  —  cot  a)*  * 

^  Bin^adx   (g  —  COS  g)  dx 

*V  ua'a  -I-  (•  «  eot  a)*     ^  v  aiii^a  +  (•  —  CMaj^ 

=  siQ  a  tan-'  - — j-S21^  —  ^  cos  a  iog«  (1  —  2a  cos  a  +  «*). 


PROP.  VI. 

3b  mitgnteanHiimatfraBiiim  wkiek  ha$  im  9r  wion  pudmHeftuttn  Ai  ikt 


This  bears  the  same  relation  to  the  preceding  that  the  fourth  does  to  the 
third  problem }  and  from  the  remarks  already  made,  its  solution  is  very  obvious. 
As,  noraovert  it  u  cimr  that  the  single  quadntic  frcton,  and  the  tingle  and 
multiple  timpfle  Acton,  an  dtttraunabla  hy  the  pnwtnet  ahvady  givcli«  it  will 
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X 

only  be  neeesmy  to  ftttend  to  the  cna  of  the  peitial  lector  ^^T^~^j^|T ' 

where  X  i«  a  function  of  x  of  (2«— 1)  dimensions  at  the  highetit.   Tiaen  the 
system  oi  pariiai  fractioos  correspoodiog  to  this  term  will  be 

■{(X  -  af  +  ^«}«       {(X  -  ay  -r/3''p»  -  «)»  -f 

The  \  alnes  of  A,,  B,,  A,.  B,.,  etc.,  will  be  determiaed  by  a  simUar  process  to 
either  oi  those  employed  in  prop.  to.  Wherefore, 
^    >.       A|Tcfe  Aycdjr    ^  Xf^xds 

 B.cir  ^        B.dc  Bi.<jr 

This  pxpreRHion  Ih  composed  of  two  dietiDCt  eeries,  the  first  of  which  is  of  the 
general  form,  where  x  —  a  =  «. 

  A 

The  eecood  series  belongs  to  a  class  of  integrals  which  hae  not  jcft  beeie 
discusaed,  but  which  mey  be  easily  obtained.  Theee  integnde  are  eo  oooiieeied 
that 

/(irf^J-  ^^^^  *»°/(^+^ji^:n^«^*"'V^'<>°/^^+'^^^^^ 

and  lo  00,  down  to  J*  -f^-^t  *  which  (ae  we  have  already  eeeo)  =  ^  taB~*  |r* 

To  complete  the  re<io1ntion,  theFefoi%  we  must  ahow  how  these  enccetsire  ' 
integrals  may  be  deduced^  viz. : 

^     cfe      -      ^  dz  

dz 

Multiply  both  terms  of^^  ^  ^ym^i  by     +  ^ : 

"""•(»«  +  ^— •'^  (e«+^«      (J*  +  ^^" ^'^^  i 

a  (A  ^  1)  z*dg 


Ai    <i  f       9       \^       dm  2(m«» 


By  addition  and  cancelling  ^^r^^t^x  ^  ^  molt*  and 

collecting  the  like  terms,  we  get 

.  f         e        \_      p^dz  _   fdz  

Add  the  integral  of  (.a)  to  (6),  and  collect  and  cancel  like  terms :  then 

^  dz   (2m  —  2)  fi*  ^       dz  g 

y      +  /3')w-i  ~     2«  —  3    J      +  iS";""  ~  (2m  —  3)  (r« +  ^"^»  * 
j^j.   /»_  £  ,     2m  —  3      ^  <fe 
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.  Henccj  bj  gifiug  to  t»  the  successive  integer  valuec^  we  can  socceaaively 
tdoee  tha  integnlB  to  thfl  oie  of  J    ^  ^. 

Iq  all  the  redactions  by  this  method,  u  will  be  more  advantageous  to  make 
the  numerical  reductions  pan  passu  ;  but  as  the  foriaula  to  winch  they  le;id  ih 
holli  elegani  and  remarkablflj  it  ia  aimexecU  'Die  studeot  will  hud  it  lundui  tu 
deduce  it  for  him;»eif. 

/dg  g  ^ 
(*«  +  ^»}»     2  (m  —  I)  /J»  (z«  -f  /3»)«-« 

■•"a^  (HI  —  1)  (m  —  2)  ^  («>  +  /J*)-^ 

(2m  —  3)  [2m  —  b)  g  ^ 

2  .  (m^-^inm  —  2)  (m  —  3)  ^  Cz«  +  /3*)"-» 

ud  thtgmnl  fomi  of  the    tem  n  readily  ditcovwid  to  havo  tlia  fonn 

(2m  — 3)  (2i»  — 6)....(a»— ar  4-  l)M 
The  series  proceeding  tilL  r  =  m  —  i ;  m  which  case  we  finally  arriTe  at 

as  already  pumted  out  in  the  preceding  page. 


SXAMPLBS. 


1.  Fmd  the  integral  of^^^  ^+  \y  ^  V* 
Ha8»  finding  ifaa  partial  fitfltiona  aa  bafore,  wa  hava 

V(*i+I?^  V  («•  + 1)» («•  +  If      («•  +  !)•  '^J i 

_       1  1      .        n  .1  p    dx        p  dx 

_ya«^8a«  +  0»->4  15 

a.  If  it  be  laquired  to  integrate  ty^^^^^^  gyt  the  forms  are 

-(1  +  2^  .  rJ^-  —T   

"V        +  1)"         sr'  +  1    y  +  «  +  1  -I-  «  +  1)*' 
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A    r    (g'-f  3x~2)<to   _  25  tan-*  a«^l     w  C*"     *  + 

&r— 7  2 


7.  /  '—J — ^  =         log.   +  — tan-*— 


PROP.  YII. 
—        cot     T  1 

lowtr  dtgm  tkam  ike  SaM. 

Tfii^  integral  properly  Vu'longs  to  prop,  v.,  but  the  practical  difficnlty  of  re- 
solving V  into  its  component  factors  is,  as  has  before  been  remarked,  an  miu- 
perable  difficulty  im  the  actual  solutioo.  lo  the  present  case  {wad  manj  otlicn 
are  reducible  to  the  form  here  propoMd)  that  difficnltj  does  not  eiiat:  btit  «• 
■hall  only  aboir  tha  mathod  of  readhrtion^  laavlng  tha  aetoal  integratioa  aaa 
part  of  the  propotitioii  before  referred  to. 

By  Ealai'a  theorem  (vol.  i,  p.  437),  pntliiig  a  for  9,  «e  get 

GOa  a  s  I  i^"^^  +  },  and  cos  na  =  i  le"**^  +  e""^-*!. 

whence,  if  we  put  e"*^"^  =  m,  then  iP^^^^  =     i  and  hence, 

3  coe  a=«  +     or  a*  —  2«  coe  o  +  1=0^ 
a 

SeoaMts  a«*f  — ,  ori^^90«eoaaa  4-  Issa 

Now  these  equations  in\ist  be  eitnultaneous,  })eing  derived  from  tl)C  same 
fundamental  equation  by  similar  processes;  and  hence  the  values  of  i  which 
fulfil  the  first  must  also  fulfil  the  second :  in  other  words,  the  first  b  a  compo- 
Qent  factor  of  the  second. 


Let  a  s  ^  s  and  finr  ft  write  (2pir  +  fi) :  then  for  aaeeesiife  integer  valncs 
0, 1,  S, « «  s—  1,  of p,  wa  hate  tha  followmg  paura  of  aunnltaiieoiia  eq[DitiaDi. 


(1).  m  - 

tecoa 

n 

+  1 

-0. 

a»«~ 

Sa»eoe0  +  IsO, 

Sacoa 

2jr+^ 
u 

+  I 

=  0, 

«»•- 

9a»  coa  ^  +  A  + 

(3).  a*  - 

Sacoa 

4ir+/3 
11 

+  I 

=  0, 

a*  — 

2a«coe(4«  +  1=0, 

(»).  a»  —  2«  CM-^    n'^'^'  +  J  =  0»         —  2**  {cos  2C«— 1)  ir+/3}  + 1=0. 

But  the  several  equations  of  the  second  vertical  column  are  identical,  since 
(pol.  t.  p.  428),  generally,  cos  ^  =  cos  (2pir  -f  P) ;  and  hence  the  first  of  them 
a«»  —  2a«coB/3  +  IsOia  diviaible  by  each  of  the  e<piatu»a  in  the  intfcrti- 
cal  coihimn«  the  eipreationa  themmlvaa  are  eompooent  ftctoia  of  that  eqmiioB. 
Moreofer,  aa  they  are  »  ia  muibar  and  in  the  aaeond  degree  there  can  beae 
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other  factors :  wherefore  the  denomioator  of  the  given  fraction  ia  resolved  into 
hi  eomponentfaeton ;  that  b, 

th«fiwtoiiiMiiigtlioae  which  form  the  fintTwde^  UmmiauSif, 
UAr_      A,»+Bt        ^  A^+B,  ^ 

n  f» 

and  the  values  of  A,,  B,,  A^  B  An,  B,„  can  be  found  as  before.  There  are 

no  known  means  of  abbreviating  the  process  of  reduction  in  tlus  general  state; 
but  in  particular  cages  of  it,  this  is  otherwise.  These  cases  will  form  the  coii- 
cludhig  propositions  of  the  chapter. 


To 


PROP.  Ytn. 


mi^nU§  —  -p  m  btmg  <mjf  UUtger,  odd  or  mm  *• 


Uni,   3h  deooH^NMi  the  ieaommHor, 
In  tha  GomponeDt  fiutqn  of  tho  preceding  propontioo*  make  ^  ^  0 ;  then 

sB^— to+l)  (a?«— 8«coi-  +  l)  («■— 2» coai^+ 1)  .... 


xCi^te  coi   ^ — hi)      a»  coa  —      —  + 1) 

ft  n 
If  now  we  examine  the  coiiines  of  these  factors  in  a  reverse  order,  we  find 

2  (a— 1)  X  ,^        2ir\  2jr 

eoe  — ^seoa(dw  )=co8 — , 

a  fi  /  a 

Hence    -  a» ooa  i  =       to  coa  2l  +  1,  i^fl.  J 

and  we  ha^  the  above  aqpiation  eooverted  into 

4r»«— 24f"+ l=C«— 1)»  («»— 2«  cos  ^  +  1)»  C»»  —  2«  cos  —  +   (e). 

FFlra  a  ft  Mt  there  will  be  an  odd  onmber  of  lectors ;  and  hence,  apart  from 
a*  .  2r  +  I  or  (JT  —  1)',  there  will  be  an  even  number  {  hence  each  of  the 
factora,  beginning  with  the  aeeond,  will  have  one  equal  to  ita  Talne  beginning 


*  If  a  be  rren,*"—  !=!(««—  1)         1);  *nd  MUiUarljr, 

...  |«  1        - 1)         1)     +  1),  nid  to  OB. 

If  we  proceed  thu«,  we  •hall  at  lut  have  a  factDr  j*  —  1,  or  two  factor*  *  —  1  and  x     I,  tog^ 

thcr  witli  odter  factors  tf'+Kj* —  1,  ;  Mhicli  are  }>ariicular  casd  of  the  preceding  pro- 

posiliou,  having    ==  |ir.    The  dcco  in  position  of"  these  may  therefore  be  effected  by  taking 

The  method  in  thf>  text  in,  hoaovw,  pnfenUo,  ott  soeoant  of  the  olcguce  snd  qrmineigr  of 
the  fMulting  final  equation!. 
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from  the  end.  The  preceding-  expression  is  there  fore  a  square,  since  each  mdt 
U  composed  of  facturs  which  are  squares.    Wherefore,  extractiog,  we  get 

— la:  («— — 2#C0§?^  +  1)  («»  -  a»  C0»1^+ I)..  .liifiKtOrt. 

 t«>. 

When  n  is  even.  Hum  will  be  an  even  number  of  factors ;  and  hence  theie  will 

be  one  bMides    —  2x  +  \,  immediately  following  the  if»ti>,  which  has  no  tor* 

nspondhig  t^al  factor  in  the  lint  half  of  the  aeriee,  lUs  £utor  is 

9»COfi:i2I+  lssfl'_S«c«MW+isi^+te  +  l=(r+l)»; 

and  hence,  also,  in  this  case,  the  second  side  is  a  bquare,  and  therefore 

I  ss(4i-|-  1)  0**  — teeo6^  +  l)..*.^^^&eton  ...(6). 

Wherefore,  the  given  denominator  ia  decomposed  as  was  required  to  be  done. 

Seeond.    Tofaui  the  corretp&tuUng  partial  JractmnB. 

Let  n  b9  odd,  Difl«rentiate  log.^  of  both  sidee  of  eqoation  (a),  which 
apooda  to  thia  caae,  and  mnltiply  the  reenlta  by     then  we  obtain 

S«*  «  .    ^  4ir 


-  ,         r  2x~  —  2x  cos  —  2jr — 2jc  cos  —  \ 

^        "f*   h  -^term«.< 


a*d!r       awto      [  ~ 


3«ooe — +1  2«co8  1-1 


ji  —  1 

Also,  ii=sl+{2  +  2  +  ....     ^  -■  terms}. 

Multiply  the  latter  of  these  equations  by  dg,  and  aubtnet  tbe  ftmoor  from  k, 
term  for  term,  and  divide  the  reault  by  « {  then  we  bave 

r     y         .  2ir  ,  (ii  —  1)  w 

-  1  —  a:  cos  —  1  —  X  cos  — 

+   7^  P  + 


dx  7d9 


l-toco.?^  +  o«  l-tecos^'^^^'  +  ^ 

Let  n  be  erm    Take  log^  of  both  aides,  diffiorentiate  and  mnltiply  by  «i  tbea 
we  have,  as  in  the  former  case. 


2'    .  *  4w 


j*  aat*— SIreos—    '  S«* — tm  cos 


-f  ^  —  +  "   +        — terms 


And,tt«9  +   !L_lterme}. 

Multiply  by  dx,  subtract  and  divide  by  n,  as  in  the  preceding  caa»{  then  w«  get 

.  ^ ,  r     ,  l-«coe?^:  l^cos^i5=!2 

_     2tfj:J  —1    .  n   ,       .  n 

-i  ■  +  .«  + 


I  1— 2»  cos  h 


I— •  cos^ — I 

1— ifarcoB^*""'^''-H  jr»J 
n  ^ 


The  (general  form  of  the  integral  which  occurs  here  has  been  already 

in  f.i.  1 1 ,  p.  4  53. 

The  iniegralion,  therefore,  is  rendered  coinpli  as  lo  method;  ami  the  Inte- 
gral can  be  found  in  a  aeries  of  single  tenns,  1  he  student  will  do  well  to 
atlenipl  the  formation  of  a  simphlied  exprei»i»ion  fur  the  final  result. 
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FBOF.  IX. 

dx 

To  integraie  — rr^t  v}here  n  is  either  an  even  or  an  odd  integer. 

Tbis  difTers  from  the  practtding  probtom  only  in  taking  fi^w'm prep* vU, 
(instttd  of  iS  =  0)t  which  gifw 

^(•+l)(o*^a*co$-  +  !)(*•  — tocos  —  +l)..^^^tennt,or 

+  l  teiM-  3« €00^  +  l)....gfaetorBt 

fi  %  ji 

acconiuig  as  a  is  odd  or  even  j  and  m  the  two  cases  respectively, 

w  .  3»  .  (» —  2)  w  1 

•  n  n 

w  .  3w  -  (» — l)ir 

^aJif  ^-^^V      ^      1  — €00^    ^        i„ep»g-^  I 

■"-^^      •  ti-^cos-  +*«"^l-.2«cos- "l-2«co8^i=^  +  ar^| 


PROP.  X. 

SnppOM  tfao  doBomiMlor  dseoroposod  aa  befofa  into  ha  quadntic  fntUm,  and 
totf'^ftjreoaaH-lbaonoof  iham.  WlthootTagarding  whether  a  and  6  (the 
roota  of  this  equation)  be  real  or  not,  pat  tha  partial  ftaetiont  omitting  tlia 
co-aflkiani  bekMiging  to  ity  under  tlia  fonn  * 

A    ^  B 


■ndconttdaraimpljroneof  thaae.  Thanif  ^  =  — ^  +  ^,(whare  ^iathara* 
tioaal  liraction  comprising  all  the  other  partial  fractions)  or  U  =  AS  +  R  — a) ; 

andwhanysa,^sA.  But  jJs''^^=:i^+8;law]uGh€aaa,ify-aa« 

S|{  and  Uts:  ASti  or  A  =      ;  and  aimilaiiy  B ss^.  Hanee  we  hafa 

da  db 

tha  partial  firactiaii. 

But  U,  =  a*,  and  *^sb  »«»-*;  whence  A  ssj^^,  ss  similarlf 
B  IS  ^^n^**  Or»  alnce  in  thaae  caaea  a»  s  4: 1«  we  have  A  =  ±  and  B 
«±— J  MMi  the  aEpwaaio!iiaj^+^=±-  IJ— +  — j| 

ys  — ay  coaa  +  1 
But    &  being  the  rooCa  of  jr'  ^  Sy  coa  a  +  1  s  0^  we  have 
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a  =  COB  a  +  sin  a  .     —  1 ;  and  6  =  cos  a  —  sin  a  .     —  1 :  or 
0+6  =  2  C08  a ;  and  ab  =  cos'a  —  sin'a  (—1)  =  1 ;  and 
a«+i  -f.  jiirn  =5  2  COS  (w  -i-  1)  o  and  a"  -|-  6*»  =  2«  coa  ma. 
TLe  result  therefore  U 

A     .     B  y  CO  (<t  4-  I)  g  —  co»  ma 

M  the  lactOTt  of  the  denomioator  (eicept  the  red  onei)  tike  this  fonn,  and 
heaoe  the  ezpnemm  it  inUgnhie.  The  general  tenn  of  the  integral  ii^  hene^p 

+  -  f  COB  (m  +  1)  a  log.  iy^  —  2y  coa  a  +  1)  —  2  sin  (m4-  D  «  tan-'3?r^^l, 
n  {  Oil  a  J 

in  which  inaerting  the  succeauve  values  of  a,  we  get  the  whole  reeuit 


PROF*  XL 


Put      =  -  ««■ ;  then 

0 


2»  zm^.  and 


>8f«coe/J  +  ««»* 

Where  cos  /3  =  —  r— ^  ;  which  reqmres  4ac  >  b'^. 

2vac 

If  4ac  <  6* :  then  the  roots  of  C3^*  +  &r"  +  o  =  0,  treated  as  a  quadratic, 
are  real  Let  them  be  fj  and  f,|  and  then  +  +  aasc^  — Ti) 
(a*  —  r^,  and  we  have 

a  +  &r»  +  c«»"  "  c     —  ac*  —  r,    «/      —  r,  j  * 

the  integrals  being  determinable  by  the  preceding  proportion. 
For  farther  detai]a«  reference  moafe  be  had  to  laiger  treatiaea  on  the  oalraliiai 


FX  A 


*-/rf^=3  ^^^^ 


1  4-  X 


The  mtegral  may  also  be  put  in  a  form  similar  to  that  of  er.  5. 


/(7x 


legif 


X»J2  +  X'  ^  2^2 
 1  +  * 


1— «»* 


«ain  s- 

+ 1  |ain^.t»ir»  r  +  tan-> 


•  am 


3jr  1 


W 
5 


3r 

1— «  coe— 


1 


-H^tan 


-1 


3x  (I  —  x^ 
1  -  4li»  H- 


-log. (!-«)'  (1-2*  cos  ~  ^x-'j'^*  J 


+  -  sin  ~.  tan-» 


.  9r 
•  amy 


2w 
CO.  J. 
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The  preceding  iategrai  may  aUo  be  put  in  a  form  analogoua  to  that  of  e«.  1. 


CHAPTER  IV. 

THE  iUiiO.NALiSAiiON  OF  FUNCTIONS  INVOLVING  BINOMIAL 

SURD  EXPRESSIONS. 

TkiB  general  problem  redooei  itielf  to  randering  rational  the  difiereDtial 

*^(a  +  bt^^da  

where  fx,  v,  v^Pt  jfi  are  any  integers,  and  haviqg  either  the  positive  or  ne^ 
tive  sigo. 

The  cases  in  which  this  can  be  duue  by  a  geuerai  methud  are  very  few ;  but 
bf  pvtieQlMr  artifices,  (mainly  dependoit  on  the  ptincipln  of  the  Diophantine 
aolysit^  n  eomidflrablA  nnmbe^of  pMrticolur  cttet  not  ineliided  m  th«  mmmX 
"•*^«^f  lyf  tftlfrtMM)  hiTt  hftfii  ratiftniilittii. 


PROF,  u 

To  rtdnce  equation  (1)  to  a  form  in  which  the  indices  —  md  —  are  integer,  and 

tk9 


1.  Lvr  p  SB  |i, be  thfl  oommon  dtnomuMtor  of  thoas  fnctions,  and  aianiiM 

fsit^i  then  we  have 

Mi      /  pW        Ml         'iM  "i  Ml* 

X  =  \2  /  =  z  =  r    ;  and  similarly, «  =  «  • 
Whence  put  vi/t  =  m,  and      ss  n,  and  we  get 

ft  J*  ?  ^ 

Ml/         'Ao  q  P"^^ 

m   \A«fAay   dS*8sj«(aH-  &s«)  .  ^  dg, 

3.  Let  •  be  negative;  then  the  expreiaion  nay  be  agun  tranafonned  by  pnt> 
ting  g^ssfi  and  the  expreanona  become 

p         .  P 
y--*  C«  +  h")'^  X  or  -  + 1)  (o  +  W 

whence  the  eqnatioo  ia  rednced  as  waa  raqohred. 
We  ahall  henee  only  consider  the  equation  under  the  fonn  in  which  ai,  a,  are 

integers,  ^,  fractional,  and  n  always  positive ;  for  to  tbili  fonn  the  pfetent  pro- 
position shows  the  geoeral  form  is  always  raduciUe. 


Digiiized  by  Google 


46£ 


INTEGRilL  CALCULUS. 


PROP.  II. 

P 

Iwiblfaalaa  floadliltow  t>  fulMOtds 

m  +  1 

(1)  ....  — ^       s«yjmif£MorMy«fivf  liif^,ara 


9 


IM.  Pat#aa  +  te";thiii««BB^'^^-]';  and  hence 


dk  s=  —  («  —  o)  dziOt 

Now  this  u  intagrable  if  ^       =  r  be  an  Integer  or  0. 

When  r  is  posilwe^  the  series  (z — a)  is  expansible  by  the  binomiai  theorem, 
and  hence  the  expression  is  transformed  to  a  series  of  monomes,  each  of  whkfa 
it  tntegrdile,  by  the  netbode  of  ckefier  U.  prop. «. 

When  r  b  negative,  the  expreaeion  ta  redoeed  to  a  ntKmal  fkvetioii.  aad  the 
ittUgration  will  be  efbeled  hj  the  appropriate  methoda  given  in  ekapttr  UL 

Tbia  condition  ie  called  thejM  cHlarMn  ^rsNbneNSfy. 

StoM^.  Di^de  the  lector  within  the  ▼incolnm  bj*  t ,  and  multiply  AM 

without  It  by  the  same ;  then 

flM  (e  +  ^)  '  db becomee«     *  (aani  -j-  b)9dit. 


Put «'  s  —  n>  end  ai  s  ai         then  the  aeeoad  form  beooinefe 

J 

p 


and  aabititnting    and  reducing  as  in  the  preceding 

Tbia  form  wiU  alao  be  ittional  when       ^       ia  an  integer  or  0;  and  «3 

be  a  eeriea  of  mononiee  or  a  rational  fraction,  according  as  r  iii  posuuvc  ax 
negative.  Tliia  ia  called  the  jeooMlcnl«rim  o/n 
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If  neithor  <»f  tbeae  aiteria  be  fulfilled,  then  is  no  known  mediod  of  mional- 
iiiog  the  general  form.  Two  resources,  however,  an  eliU  open  for  the  integra- 
tion :  integratim  by  parts,  which  may  or  may  not  succeed  in  fotnishing  into- 

grable  expressions  •  and  the  developement  of  the  irrational  expression  into  an 
infinite  series  of  monomes  integrating  each  term,  and  approximating  to  its  value 

for  a  given  vaioe  of  #  (or  or  between  two  giveii  valoea  of  m.  Upon  tlieso 
aubjecte  eome  eiplanation  will  be  given  in  future  chapters.  We  shall  now  give 
a  few  examples  of  rationalisation  when  the  general  criteria  are  fulfilled;  and 
then  furnish  a  few  instances  of  particular  artifices  by  which  rationalisatum  may 
be  effected  upon  functions  which  do  not  come  under  the  general  solutions 
above. 


1.  Integrate  the  expression  ar"  (o  +  &B^ic2v. 

Hen  "*  ^  ^  s  2  an  integer ;  which  u  the  J6nt  flrderfim.  Henee 

W  mm 

the  transformed  eipnwlon  ia 

or  putting  a  -f  for 

dm 

2.  Find  the  integral  of  .  or  jr«  u  +  ar*;  ^  die. 

«« (e  + 

Here  ^ — -,a,  or  the  seeowf  enUrUm  ie  fol- 

n         q  3  3 

fiUed.   The  transformed  expression,  on  putting  «  —  qx~^  4-  i  is  found  to  be 

— 3? — =  jr-  +  u  -  L  -  ^ 

4.  f  +C(2Hdcri<«irMii). 

6,  fa^ia-^  bx^ydm  =  2  (i^  cntert&n). 

^y•(l~«•^^<^»  =  --/l^7i»'^*»«««**  (^■^)"*  and  may  be  in- 
tegrated by  partisl  fraetione. 

8.  Lcta?^  (^1  —  2a:    )  d!rbe  proposed  for  intefjration, 
Rednrinfj  the  indices  f  and  |  to  a  common  denominator  i,  and  putting  «=y*, 
and  then  y— »  =  z,  we  have 
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Hence.  "*     ^  4-^="~  ^      ^  +  ?  =  —  2,  the  «ectmd  cri/erion  is  falfilkdi 
'     %       q         8  2 

and  the  integral  u  obtuned  as  In  tlie  fofmcr  aiamplM. 

9.  Given  <r-*  (2  —  for  integration.    Here  neither  criterion  it  ful&Ikd, 

and  the  expression  cannot  be  rationalized  by  either  of  the  geocnl  antlwdl. 
it  does  not,  therefore,  belong  to  dua  daw. 

Sa  »   

the  aeeoMl  criierum  being  applicable  here. 

11.  Required  y  2 — =  Aname  (2*- - 1)^-  =  «:  than 

(1  —  «")  (a*"  —  1)2" 

2(1  — a-")  =  1  — 
Take  the  differentials  of  the  logs  of  this ;  then 

jT" — ^  d!v     2r*" — *  rf* 
1      «»  ~  1  —  • 
and  the  transformed  expression  is 

(I  -  «)  (24r»  —  1)^ 

.  J. 
13.  Iny  ;-,|mt(i»"  — =  thaiit 

(J  -  «•)  (2»»  -  1^ 

,  2na(«-i-i)ci»    —  9nf***-i  ^. 
(I  ^  4r-«)«  =  I  — and  ^-^  ^     =  -fZir^hT  ^ 


f  7  — /r^a^ 

(1  —  n«)(2x-  -  \f* 
The  results  (11)  (12)  are  called  LereiTa  Ml^^frdf,  from  the  drcninatanoe  of 
that  geometer  having  discovered  them. 

13.  To btegrate  VT+coal d9.  Ftets s  1  +  eoaei  and hanea  —  am«di 

=  dr.   But  -/n*.  COS©  =  y  ''^"^     »  and  1  —  coe^  as  «  —  *| 
,   sin©<i&  Sm       .   -  _^ 


y  >/r+l08^d»  ==-/ =  2  V2^  =  2  >/ 1  - 
14.  To  integrate  ^^y^J=^^  put  «*=  i-^^  :  then 

1  .  (1  -i-xy  -f  2gv^rT<F 

'"aVa^*  fr+l^  ' 
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PROP.  III. 
m  m' 

T9  inUgraie  R  [     (<i  +  ix)",  (a  +  bx)^,  etc.]  dx;  where  R  is  th§  tgwM  ^ 
a*ji  ratiomaiJimctUm  t^fths  ^iumtitie$  wiikm  tke  rwf  hw 

Rbduis  the  indloet  to  a  common  deDominator  i :  then  aesane  a  +  A*  s^i 
wtt  ehaU  have  on  mekiiig  thie  eubetitation  in  the  gjvoi  function,  all  the  Inno* 

mlal  tenna  dunged  to  ittiond  indieei  of  #;  andfikewiee*  s  isaiso 

o 

latkmel  in #.  Moraofer,  iM  s  ^fi-i^|  ^id  the  expraieion beeooM 

which  ia  eaaenually  rationaL 


dx 

1.  Intagrate      ^  ^  1^9;  and  hence  patting  a  +  &r  s  we 

9.  Integrate  Here  «« =  l  +    or  «  =        and  xdx  =  2(«»— 

3.  i  o  integrate  —   :  put  1  +  »  =  z*  •  *  =  j«. 

^/{fi-h  ^^/a  V  A>    P'^P^'  Here  let         + fie:  then  w«  gel 

which  ie  intcgnb  e  by  the  {mcediag  chapter. 


•  The  mn»  pfocen  and  eonelmion  appUei  to  Om  CMe  when  iip«tiiurteMlofa+te» 

tut  in  the  proposition.  The  value  of*  is,  in  tins  ca«j*  =s  —  .  WtuU  la  i 

nftioiial  ficactioii,  eoluUe  as  in  tbe  pMcediog  ehapter. 


b  ndiwed  loiheiiaM  6m  by  putting  *»  «  jf,  »ad  Inuiiftniiiig  from  ^  to  z  u  before. 
▼Ok  II.  B  ll 
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PROP.  IV. 

h        ,         —  2hzd: 
^Sr±»^  =  ^"^T*  substitution, 

which  is  rational. 

BZAicn.«. 


In  /"  —  ptttte  +  o^A**^:  ihentheint^giiliii* 

(a  +  «)       +  c«* 

V  OS*       M  +  6' 

PROP.  V. 

7b  tnteyroie  the/orm  R{x,'^a  +  bx  ±  c«»} 

fSnf*  let +  0  be  taken,  and  nuke  •+     +     »  + 

o  —  cz*    ,  2c  (c«*  —  A»  +  «)  J 

Hence  all  etwipoiieiiU  of  the  given  fiiactkm  an  frond  tn  ntumal 
of  m. 

Second,  let  —  c  be  taken,  and  put  r„  r,  tbe  roots  of  the  equation  a  kt 
— c««  =0:  then«+«fl>-H»»«— 0  (w,)  (»-r^.  Make  '^-^(^^-''.Km^ 
(•  —  ft)  ciT ;  hence  «  —  r,  =  —  ei^  (»  —  r,),  or  «      "««  +  l"  *  *  " 

Cbrollafy  1. 

J  R  {#,      ±       tbr  ia  indoded  in  the  praaent  form,  h  being  =  a 

R      Va  4- W  ^- e»*»}  «fa  »  to  tho  mm  fam, 

povided  ^  be  integer,  by  making  jt  = 

r  dr  __   /•  (r,  —  r,)  2cg<fe        (r^  —  rQ  cr        /•    —  a& 
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FKOP.  VI. 

To  intesfraief  R  {m,  n/ST+S^,  V^T^J dbi  when  B denotet  a ntiamd 


These  values  J)eing  substituted  in  the  given  eipnnion,  it  ie  tnnafomied  into 

/  R      V^^-A)  <if  which  is  Bffoxi  tiinifimnedby|m9».9*into  a  lational 

form. 


^  ^a^ms/T+a'^J     _  ■  ™       WlJag  under 

the  cooditiona  of  the  preceding  problem  j  and  hence  by  a  second  transformation 
\v  1 1 1  be  rationaheed. 

ThUnsay,  however^  be  tationilised  at  a  ebgle  oparation  by  potting  v^^zr^  _ 

+  »  =  f  i  ^Von  which  the  tranafotmed  diffbRmtial  becomes 
—  (g-l-fe)rfy  ydfy 

y  >/2  (a  +  b)  -y^     V^aTa  +1}^^' 
the  mt^giala  of  theae  being  fimna  abcady  known. 


PROP.  VII. 


an  integer,  and  R  the  symbol  qf  a  rationaijunctum. 


andai-Hte  8=        ^-^J  •       Vw*  +  ?/  "^^^      "  evidenUy 
ratiooalwhen— ^  isanintegeri  and  hence  all  the  terme  are  rational. 

ChroOsry. 

The  case/  R  Vfl  +  6a:  +  +  b'x']  dx  is  one  of  inqoent 
occurrence,  and  henco  it  may  be  remarked  that  the  substitotion  ia  generaily 

z  =     ±  >/  a  -t 

PROP.  VIIL 

7b  htegratt     (a  4-  6x")9  R  (:r«) .  dx. 

This  is  the  equation  o(  prop,  ii.  multiplied  by  R  («")  |  and  aa  aU  tiie  lerma 

H  b  2 
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hut  this  one  lunre  been  ratiooalued  in  tbat  propotition,  when  the 
u  poinible  (or  either  of  the  two  criteria  fulfilled),  it  i»  detr  that  the  CKpfOnimi 

mnltipBed  by  the  rational  R  (••)  or  R  (  — 7~  }  ^  rationaL 

GpTolfary.  > 

In  preeifdy  the  aame  way  may y  R  je",  «•»  (a  +  te«)r  |  be  tnai- 
formed  when  either  of  the  two  criteria  it  lolBIled. 

Tlie  first  eyatenatie  attempt  to  transform  such  ezpresmons  as  those  in  thebrt 
aix  iNnopoaitioDB  was  made  by  ^ir  E.  Ffrencb  Bromhead, in  the  Phil.  Trans.  1816, 
in  a  paper  on  the  Fluents  of  Irratiimal  flwcft'flw  t  aeriea  of  in¥eetifatioDi  veil 
worthy  of  the  atiidenf  a  attention. 


CIIAPTER  V. 


THE  CORRECTION  OF  INTEGRALS,  AND  INTEGRATION 

BETWEEN  LIMITS. 

It  haa  been  already  pointed  out  (page  435)  diat  every  intpirration  introdaces  an 
arbitrary  constant :  viz.,  that  which  in  the  assumption  of  the  differential  being 
obtained  by  a  (Wrect  process,  disappears  from  the  erprespion.  The  intPirration, 
in  itself,  furnishes  no  means  of  restoring  the  ongmal  value  of  that  cuti-tsrrt: 
and  hence  it  is  termed  an  arbUrary  constant  ;  it  beinpf  in  all  cases  a  coiiaLant, 
properly  so  called,  but  iiidetermiuable  by  the  mere  operations  of  iut^ration* 
The  naea»  however,  which  we  have  invariably  to  make  oi  the  integral  are  aodiM 
Biiae  from  aome  particnlar  problem  under  conaidention,  and  which,  in  beH,  pao* 
dnced  the  dififorantial  ezpreaaion  (for  in  all  the  appSeatiooa  of  the  calcalot,  ear 
diS*erential8  appear  as  the  expressions  of  the  condition  of  aome  apecifiad|MH 
blem,  not  aa  the  result  of  mere  differentiation):  and  hence  from  that  problem 
itself  may  be  pfainofl  the  informrition  which  we  rerjnire  fnr  finflinjT  the  value  of 
the  arbitrary  constant,  or,  m  technical  ianiruaire,  correctmg  the  integral.  Mo-^t 
commonly,  this  consists  m  our  tjcing  nhlc  to  discover  the  value  of  the  integral 
corresponding  to  some  given  value  of  the  variable;  or,  in  symbols,  if  tbegeoefal 
integral  \m    ^{x),dx=  /(x),  we  can  find  the  value  of /(x)  when  r  =  e.  In 

fact,  no  problem  is  properly  limited  in  the  expression  of  its  conditi  un  where  it 
does  not  furnish  the  method  of  hnding  the  value  of  the  integral  fur  some  one 
value  0  of  the  independent  variable  x ;  provided  the  general  integral  of  a  dilKr* 
ential  expreaaion  be  reqnued  aa  ita  final  etep  *. 


•  We  may  recur  to  avery  simple  integral  alrea<ly  fimnd  (pi^ft  438)  as  an  illustration  of  thii 
•ubject.    It  i»  to  integrate  (a  -f  bryHx.    Now  this,  if  treated  aa  a  lunomial  difTerential,  givct 
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It  will  be  at  once  ap{>arent  bow  to  express  the  value  of  the  arbitrary  constant. 
Lei6  be  diekiMnniTilcu  ef  the  integral  when  •  =  e,  wndf^x)  +  C  the  geoenl 
form  of  the  Integnl  inefaiclioff  ite  arbitmy  eonalaot.  Then  tinee  6  C. 
wt  hm  C  =  6  —/(e);  end  beoce  the  gencfal  end  cometed  inlefcnd  heoomee 
/(»)  — /(e)  +  b.  When,  therefore,  we  know  the  value  of  the  integnl  fonetion 
itself  corresponding  to  any  ooe  value  of  the  variable,  the  arbitrary  tonstant  can 
be  found.  It  will,  moreover,  jjcnerally  occur  in  practice,  that  in  thig  research 
cither  6  =  0,  or  c  =  0  :  though  this  is  not  essential,  nor  yet  universal.  It  is 
possible,  however,  universally  to  render  6  =  0;  and  under  this  form  we  shall 
at  pr^at  view  it. 

From  die  fonn  in  whick  die  eoneetkm  mikei  its  appearance,  riz.,  the  genefil 
Idnn  of  the  fiinction  /(•)  which  oomtitotee  the  genend  int^gnd^  It  will  be 
obrioiidy,  not  only  mott  eonvenient,  bnt  moit  netnnd»  in  oidinafy  ceeee*  to 
write  — /(c)  for  C.  In  the  case  of  the  corrections  which  we  have  given  for  the 
k^rithnuc  intq^praU,  this  has  been  done  for  the  sake  of  brevity ;  but  in  general 
expressions,  we  have  either  omitted  the  correction  altogether  (in  which  cases  we 
have  been  governed  by  the  breadth  of  the  printed  pBge)«  or  have  simply  written 
them  "  C 

Again,  it  is  very  often  (perhaps  more  frequently  than  otherwise)  the  case  that 
die  6nal  result  of  a  problem  requires  the  Talue  of  the  intend  to  be  found  for 
the  intemd  of  9  varying  from  one  vehu  a  to  enother  A.  in  this  eeae,  the  inte- 
gid  Maght  will  efidendy  be/(6)  —/(e)  t  end  henee  can  alweye  be  eomputed, 
if  we  can  find  the  general  form  of  the  integral. 
Dnr.  The  integral «  »=/(«)  +  C  is  celled  en  md^fimie  integrai, 

•  •   tt  =/(x)  —  /(c)  a  corrected  integral, 

•  «  —/(o)  d^imte  uUegnd, 

The  eymbol  /   Xdb  ie  need  to  ezprem  (het  the  intcgnlof  Xdb  ie  to  be  tdken 

between  the  limits  a,  6;  the  value  of  xat  the  ongm,  which  i^  subtracuve,  being 
written  below  the  other.  Thus  if  j  Xdse  +  C :  then  we  shall  have 

/*  Xdb  «/(6) -/(«). 


1.  If  when«Hil,yV*-i|b  im  die  value  ^  ^  fonn  of  tfaecor- 
tected  integral  ? 

Tlte  indefinite  integral  ie  ^  -f  C|  end  by  bypotheais,  witeo  e  =  1.^ 

4>Cs^-f-Cs-'i*C.    Hence  C  =  0,  and  the  corrected  integral  is  — . 

2.  If  when  i,y*e^  db  hee  die  veloe  0»  whet  ie  the  fonn  of  the  corractcd 
mt^peir 

1 

Here  the  indefinite  integral  la,  as  before,  1-  C  j  and  0  =  -  +  C,  or 


o'jr  -|-  af^r'^  -f  ^  In  cnmparing  the  t\%  i  li  i ms  ut  the  integral,  it  will  be  fouiMi  that  they 

differ  only  in  the  value  ajsNi^mcii  to  tbo  absolute  tcrtot;  being  ''-in  the  one  case,  mid  U  m  iho 

36 

other.  ThcysiecspableofideatiflGationenly  by  iDSsasofthesrbitnuycoBstsnt. 
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C  =  — '  — .   Hence  tlie  corrected  integral  is-   +  C  =  — — — =   . 

3.  When  x  •=  a,  the  sanw  iotegnl  is  known  to  be  of  the  valoe  6 ;  gife  tbe 
value  of  the  correction. 

Hcrft  ^  +  G  =  6;orC9i  —       end  henise  tlie  oQirected  iiitenil  it 

iR     \        m  /  HI 

4.  Take  the  example  in  the  note  {page  468)  J*{a     bx)'dx}  supposing  «  =  0 

when  X  =  a. 

Take  the  JinI  form  of  integration, «  =     ^6^^"^  < 

«  =  0,  or  0  =  — -T —  +  C,  or  C  =:  —  — Hence  the  corrected  mtc- 

40  30 


gral 


(a  +  te)*  —  (a  + 


3fr 

Nest,  take  the  ateundform,  u  =  a'x  +  ab^  +  J  4*  +  C, ;  which,  when 
»  =  a  becomes  0  =  a>  +  a»6  +  i  o'  +  (^j.  or  Cj  =  —  (a*  +  6  +  i  a»  6^). 
Hence  the  corrected  integral  is  a}x  +  abxr  -f-  !,  i'?*     —  (a*  +      6  -f  i  a'  6*). 

Expand  the  former  of  these,  and  dinde  out  ihc     i^  ominator,  and  we  get 
(a?  —  a)  +  o&      —  a*)  -h  i  ^-  (x'  — -  o')  j 
which  is  evidenUy  identical  with  the  second  form. 

It  wUl  nntvemlly  be  found  (ae  indeed  it  is  obyiont  ihould  be  the  caae),  ^ 
however  oanj  ditfisrent  forme  difierent  methods  of  integration  may  give  to  iIm 
nncorrected  integralt  the  cofreeted  onee  will  be  identical  under  the  nme  hjpo* 
theaie  of  coneetion. 

dx 

4.  When  •  s=  1,  «  s  0:  find  the  corrected  Integral  of  — r— The  mdefinite 

integral  has  been  already  found  to  be  u  =  tan—'  a:  +  C  j  hence^  under  tbe  coo- 
ditions  0  =  tan-'  l  +  C,  or  C  =  ^  45^.  Hence, 

f        to  tan-i  •  -  46"*  =  tMi-»  •  -  i«. 

Be*  dt 

6.  If  when  «  =  0,  m  =  0 ;  give  tbe  corrected  integral  of  ^  ^  ^  The  inde- 
finite integral  it  log* (e*  +  +  C|  ind  hence C  =  —  logei^.  Wheocethe 
oontcted  one  ii 

«  =  logc     +  a»)  —  log*  a»  =  log.  ^ 
6.  Integrate  Sc'db  between  tbe  limita  a  and  b.  Here  the  indefinite  int^gial 
is    I  and  hence  the  definite  integral  iey^  3Mv  =  ^  — a^. 

i.  Find  the  definite  integral      ^  ^  ^  The  indefinite  integral  it  tair-t «, 

ae  above.  Hence  the  definite  integral  under  the  specified  conditions  is 

tsn-i  1  —  tan-i  0  =     —  0  a  I*. 

«./•     M'^dfc««i  ^=rSsina. 

9. /^8iniii0coeii»il9=:  jl*,^!.  Seep.  442,  £r.  13. 
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It  win  be  apparent,  that  in  all  cases  where  we  can  obtain  the  indefinite  inte. 
giaU  we  can.  wkh  one  anpendded  condition,  find  the  corrected  one.  Also,  that 
between  any  two  given  limitt  we  can  get  the  definite  integral.  It  wiU  appear, 
however,  further  on,  that  there  are  large  classes  of  diitontiala  which  are  of  the 

atmost  importance  in  the  application  of  the  calculus  to  geometry  and  physics, 
the  integrals  of  which  we  cnn  only  obtain  by  infinite  serie*^,  which  are  either 
divergent,  or  so  very  slowly  converu'ent,  as  to  be  utterly  us^eless  for  all  the  pur- 
poses of  calculation.  If  such  serie.^,  indeed,  could  be  summed,  or  represented 
by  a  funcUon  containing?  a  finite  number  of  terras,  the  difbciiity  would  be 
eraded ;  but  ca^ti  of  this  kind  are  comparatively  few.  Analysts  have,  there- 
fDie,  directed  their  attention,  within  the  hst  few  jeare,  to  the  bivestigation  of 
(be  definite  integrals  of  each  ezprsssions  independently  of  the  indefinite  integrala 
of  wUch  we  have  hitherto  treated.  Their  euccesa,  though  promising,  has  bem 
but  limited  in  this  department  of  the  science  i  but  a  slight  notice  of  the  methods 
they  have  employed  will  be  given  in  a  future  volume.  In  the  chapters  which 
immediately  follow,  we  shall  sometimes  leave  the  integral  indefinite  ;  at  others, 
corrected  ;  and  at  others,  again,  give  also  the  definite  integral  between  specified 
limits. 


CHAPTER  VI. 


UO'EGRATION  BY  f  ARTS  i  OR  INTEGRATION  BY  SUCCESSIVE 

REDUCmON. 


Lit  nhe  a  Auction  of  « $  then  we  shall  have, 

d(fl9)  =s  ndi?  +  vdii,  ory*«de  as  no  — y* viit, 

Whsnlwe,  If  any  proposed  diflbrenttal  be  divisible  into  two  factors,  one  of 
which  (as  •)  is  any  ftinction  of  «,  and  the  other  (<Ip)  the  differential  of  a  known 
finction  of «;  tbenynde  will  be  found  ifJ^vAt  can  be  found,  in  virtue  of  the 

relitioa  shove.  It  is  obvious  that  the  applicability  of  this  method  requires  that 
the  faoit&mJ*vd»  shall  be  less  conl^ex  than  the  given  one y*iidb 


*  A  litde  reflection  will  make  it  ohviiMU  tbat  the  •MomptioD  of  the  product  of  two  faoetiooi 

of  r  ID  the  manner  here  given,  is  but  a  particular  roae  of  a  general  pnnciple  of  assumption  for 
integrtiUon  by  parts.  It  is  al»o  the  most  sim|>le  of  n!)  ronihinations  of  functions  <if  vx'  cpt 
tJboae  of  addition  aod  aubtractioo,  which  ca«c«  are- already  provided  for  bv  the  addition  and  sub- 
traeUoB  ofsny  intagntUe  diilRBrratiil  ^reMioM  to  tho  given  differenOal,  to  a*  to  also  render 
the  entire  rxprcssion  intt-prablc.  This  is  only  on  the  [irinciple  of  rMtoring  the  tenns  which 
mtifual'y  cancdkil  cai  li  othi  r  in  taking  the  dilTr  i  •,  i  i  .i'  ri^-uiully.  The  a^umption  of  a  product 
ot  three  or  more  functions  of  ^r,  inatead  of  two,  a*  above,  ur  that  of  other  than  products,  as  quo- 
ticnta,  powcn,  note,  or  more  complex  Iurm,  wiU  oecaaionally  be  oaeful ;  but,  as  a  s)  stem,  no 
othw  dea  the  product  of  two  J»o  been  much  comidend  by  iiialjtte. 
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PROP.  I. 

7b  iiOtgnU  lib  apnttkn  +  hteoy^ig  hjfpartt:  wAcrt     r',  aP»^' 

any  mwiftart,  jwwlww  or  •gggligg,  laftytr  cr/Heliamh 

1.  This  expression  is  at  once  transfonnable  into  a  sirnpler  one, by  mulii^.i) lo,? 
and  liividmg  by  xy>  i  Uius  giving  the  et^uaiiy  generul  form  under  which  we  shall 
totuoAtst  it^  TIS* 

««'+J»'  (a  +  afe. 
For  lirevity  in  writing,  ira  thall,  hoiwtmt,  pot  it 

(a  +       div,  or  dv« 

2.  Tlui  dUbrmtiil  maj  alwayi  be  tnmfonud  into  two  odicn :  9m  of  tJbM 
being  int^gmbfe,  and  the  other  of  the  «une  geneial  fenn,  bavug  »  +  •  iaatead 
of  m,  and  p  ±  I  inetead  nip, 

Tliis  will  be  best  seen  by  putting  down  in  a  tabular  form  the  several  fonaa  eC 
whichyc«Xf>d9  ii  capable.  JPlnSxed  to  the  forma  ia  a  taUe  of  dio  caaee  te 

which  the  ae^eral  forms  are  applicable,  as  depending  on  the  ogna  of  sn  and  ji. 
"Where  there  are  only  dots,  the  form  is  nnaffiscted  by  tbia  ctrcumstance,  as  far  as 

regards  the  letter  in  whose  column  they  occur,  arlfimfif  from  the  rorrespondiag 
part  under  the  sign  of  iDt^;ration  being  the  same  as  in  the  given  functknu 


1 

Dl 

p 

Valnea  of  y*a«XF  dr. 

1 

II 

III 

IV 
V 
VI 

+ 

+ 

+ 

•  •  •  >  • 

,-riXl»                  anp  f^j^^^ 

m -4- 1  m-j-ltf 
»(/;-|-l)a         n{p-\-^)a  J 
n{p\V)h  n{p-\-\^hJ 
(;)»  +  m  +  l)6          (;)n  +  m+l)6»' 

(in-Hl)o          («+!)«     y                •  1 

Iiia«XpdbpntXi>aBttanda»dbs(iri  then  a  s  and 

^  -  iSi/ •"^^    '-^  ^• 

or/a-XP<k  =  j£^y  ^+»Xi-»ar-->  Ka  

wfaieb  rediioee  to  the  eeaoiid/brM. 

Again,  y  4r*XP  da  =  yV"Xi^*  (o  +  6*0  tic 

=«/>»Xr-«  di  +  a/   («). 

Equate  this  to  the  preceding  expression  (a)  ioxj^se^  da  ;  then 
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J  a(m+l)        (jn  -j-  I)  a  J 

which,  when  p  ia  writen  for  p  —  1  is  the  tixth/orm. 


Multiply  (^)l>7rVTi  and  add  to  (a) :  tlMii 

/-^*=i;^FTi +  

Midtiply  (lO  by  its  deiioiiuiMtfN;  tnd  tniupote :  then 

/x*^X»-^dx=:^g^jf +  ^f^Xpd»  it), 

which,  when  p  is  t^Titten  for  p  —  1  becomes  the  third furm* 
Molti^y  (a)  by  ita  denominator,  and  transpoee :  thai 

=  ^/•^»*'*  (A 

in  which  puitinr;  m  ftir  fn  -f  »,  and  p  for  p  —  l,  we  get  the  fnurtk/onn. 
Lastly,  multiply  (c)  by  ita  denominator,  and  transpose :  then 

which,  when  m  ia  written  for  m     n,  becomea  iht^/tk/om. 


It  ahoold  ha  ranarlnd  that  th«  foninite  (II.  VI)  ffui  to  apply  to  tha  caaa 
where  ai  +  1  =0,  aa  in  that  case  our  result  becotrie^  the  dlfierence  of  two  infinite 

qnantitiea,  and  therefore  cannot  be  determined.  The  integration  may,  however, 
be  otherwise  effected,  since  it  fulfils  the  fn^f  rriterion  of  rationability.  We  shall 
take  a  particular  case  (which  will  be  hereafter  required)  as  an  instance  of  the 
method :  but  all  corresponding  casea  may  be  treated  in  the  same  way.  The 

Ctta  we  thaU  take  ia     ,  — rt 

y  \'        —  y* 

Ftt  a?  — y««a»;  then -7^^==  —  ;3-^^5,aittioiialf^^  The 

method  of  iudetermiaate  co-efhcienUi  coaverts  this  into 

y*     iy  _^  y>    dM    ^      I    M  dM    ^  1   M  dg 

<'~^_J_i  n/a*  — '  y* 


XXAMPLXa. 

1.  To  integrate  .  ^  or  x"'  (1  —  x')-^  dx. 

vl  —  «• 

In  dda  ease  X  s(l  —  «*]r^  ia  already  in  an  denieDtary  torn,  and  hence  wn 
•haU  only  have  to  attcceedveiy  reduce  the  indet  ai  to  lower  integen.  For  thie 
poipeae  the  fbnn  V  is  adapted^  and  the  index  will  be  fedoced  twonniti  at  each 
tnmfomiatien.  We  thna  have  at  eoce 
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•/  Vi— wi        v/f  —  x"* 
and  writing  «  —  2^  m  — >  4»      for  m,  we  get  the  succewive  steps  of  the  redoe^ 
tioa 

. z'^-^dx  _  _ 9^-^  (1  —  g^)^  .   m  —J  y«-<^ar 
y  *"  m  —  2  —  2^  Vl  -  x«* 

•/^l^"  III-4  "^iw-^y 

The  integral  must  now  be  completed  by  the  substitution  of  the  roccessirf 
values  of  its  several  parts.  This  will  present  two  cases,  when  m  is  even,  arki 
when  m  U  odd  i  since  upon  theiie  the  forms  of  the  particular  fiual  integnl  will 
depend. 

CD.  Let »  s  3tt,«beiiig  an  integer.  Also  letPj.  =  J* -^=^p  andQs»-i 
=  »2ii-i  (1— jr')4.  Then 

an  — 4^  an  — 4 


p.     %  +  1.  p. 

Hence,  obvioiiBly,  W4  hare  y  expiwsed  by 

n  —      /^s"-!  j_  0  .   (2n  -  1)  (2ii  ~  3)  Qa,^  J 

t"2ir"*'     2»(2n-2)  2»(2n  — — 4)  ^ —•| 

(21.  -  I)  (2n  „  3)  (2n  -  fl)  3.1  ^ 

+  ail(2ll  — 2)(««  — 4)  4.2*^ 

The  eometioo,  on       bypotbeits  of  P«  s  0,  when «  =  0,  gives 
Qaa^t^  eto.  all  0  eince     which  is  a  common  fiictor  of  them,  ii  then  0.  Alii 
«n-'  0  =  0|  and  hence      =  0,  and  P,,  =  C ;  or  C  ^  o 

Again,  between  the  limits  0, 1,  we  have  for*  as  1,  all  the  terms  U2b  -  i,  QzM-k 
tie,,  equal  to  0,  since  (1  —  t')^,  which  is  a  factor  of  them  all,  is  0.  Alto  sin- 4s 
i  r;  whence  the  detioite  integral  between  0,  I,  as  the  values  of  x,  is 
/  1)  (2n  — 3)(2fi—  5)  ......  3.1  v 

™  2»  C2n  —  2)  (2«  —  4)  4.2*2* 

(2).  Let »  s  2»  +  1.  •  being  any  integer.  Then  as  before, 

2ll  —  1      Art  —  I 


p  ?2     +     ?  p 
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"WTjerefore,  ah  before, 

(2»H-l)(2n-l)  ■'"(2«+l)(2«— 1)(2»— 3)  •*•*) 

In  (2n  —  2)  (2n  —  4)  4  .  2  .  (1  ~ 

(2«-f  l)(2ii— l)(2n--3)  3.1 

If  tbe  integral  commence  with  •  s  0:  then  all  the  tenne  iHthin  the  bcacketi 
become  0,  end  we  have 

^  gn(2it  — 2)  (2it— 4)  4.2 

(311+  l}(8fi— I}(2ii^3)  3.1' 

Again,  if  #  s  1,  the  entire  Series  becomes  0,  having  Vi  —  in  all  ita  terms 
a§  a  common  lector.  Hence  the  definite  integral,  in  thii  caae»  becomes  *. 

T  j?»-Hffj  _         an  (an     2)  (2n  —  4)   4.2 

y  iVi  —       (2»  +  1)C2»—  l)(2ii  — 3).««..«  3.r 

2.  It  18  required  to  integrate  (a-  —  x^j'-cir  ;  or  3fi  i^a^—x-)'dx.  in  this  m  =  0, 
and  the  factor  ar'"  is  hence  in  its  elementiiry  state.  Whence,  we  must  so  choose 
one  formula  as  to  dimioish  p.    To  this  purpose  (I)  is  adapted.  Wherefore, 

J*  *  ^^(a--^)  2   .  («  -  2)  o»  -    ,  ^-J' 


and  hence  by  a  process  similar  to  that  employed  in  the  geueral  integral,  this 
particnkr  case  mvf  be  deduced. 
As  n  is  odd,  the  last  integral  will  bey(e^  ^  n*}^  die 

Now  this  class  of  integrals,  like  the  preceding,  are  usually  required  between  the 
limita  0  and  a  of  the  independent  variable      In  such  case  we  ha?e 


Jo  *  2.4.6  in  — I)  (n+l)  *  1 


» 


*  From  this  rMult  may  be  deduced  theTery  remirkable  expression  Erst  given  Dr.  Wall  is, 
fat  tbe  length  of  the  Mmleiicle. 

L<  t  n  he  infinite :  then  =  ;  or  inicrting  the  valaee  of  the  deHaite  iatcgnls  above 
found  we  have 

«7  1 . 3 . 5......  ^2,4. 6...... «  0^  e'  23  2.2.4.4.6.  6  

2  2.4.6......      i . S. 7  • '  1 .3.3'* A*a* 7.>*..* 

1*  At  p.  1ft  (oote)«  of  the  preient  Toluino  a  dirtiaction  ha*  been  proposed,  m  a  nutter  of  iioe»> 

tion,  bclwpcfi  the  fonns  ir  ami      to  which  it  appear?  dt-siiaWe  apain  to  recur. 

The  form  «-  has  been  restricted  to  ti^oifj  the  arc  of  a  »eaucircl«  described  with  the  icalo- 
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3«  ToinUgnto  ^   — .  Here  (VI)  appUee:  Ibr  the  diieraitial  mar 

be  written  (I  —  x^~^di\  where  (1  —  ar)"^  is  ah'eady  in  an  t  lementary 
state,  fiiHl  \^  e  are  required  to  increase  the  index  of  ar**.  The  formula  for  reduc« 

A«?  is  alwRy<?  the  case  in  these  integrals,  the  terminal  results  will  be  of  different 
forms  as  ?;i  is  odd  or  even.    We  shall  therefore  take  the  two  cases  separately, 
instead,  however,  of  proceeding  in  the  manner  of  ihe  hrsl  example  to  ubtaio 
the  general  integral,  we  ehatt  proceed  in  deacending  atepe  for  the  valoe  ef  —  ak 
(1).  Let «  be  odtf.  Tliea  gifing  It  the  aaeoeaaife  valnea  1,  3, 5,  lie. 

^  V I  —  1     ^  <fe 

^  dx        ^        ^  1  —        .     3     ^  dx 

^      dx       ^         Vl—g*     .     5   Ar 

/»  ■-        ^  1  —  m  —  2  ^ 

or,  again,  by  aubatitation  of  each  of  theae  int^gnds  in  the  sncceediog  one,  the/ 
become 


ndiiis  unity,  and  vivirMl  a*  the  wmuure  of  heo  riffhi  tmgtn.  Nov  («ol,  ^  ji.  491),  At  ngK 

the  arc  subtended,  and  the  sector  included  Jinvi  llII  ilie  same  ratio  to  the  mpectire  four  rigbi- 
angles,  the  entire  circumference,  and  tbo  eotirc  area  of  the  circle  and  hene«t,  in  a  nuihematicd 
point  of  view,  any  one  may  be  considered  at  the  measure  of  either  of  the  others.  Wheoevtr 
w  b  wad  In  tUt  mvik  it  hn  tees  to  denote  thaoomidide  to  mdiaeimily,  notbo  wmtmniflt^ 
right  anijfs  ;  and  v  has  been  used  to  designate  the  mumber  diamettn  amimutd  m  (&<  #afv* 
eircum/crcnce.  There  can  be  no  doubt  that,  viewed  as  nurmrifnd  tfuantitieg,  these  are  identksl: 
but  that  used  for  spedfically  different  purposes,  they  ought  to  b«  roariced  by  distioct  cfasnctm. 
In  the  place  rofomd  to  In  the  pteient  voliuno,  it  ii  oMovi  that  thej  require  to  be  nnilil 
dilbraitly:  thoni^isaBett  other  casea,  pavbaps,  it  may  bo  eentanded  nkh  lome  pUiusibilii;. 
that  they  may  he  represented  by  the  *nm(>  symbol.  If,  however,  ir  be  considerri  fa5  nicit 
mathemaliciajifi  do  consider  it)  to  represent  two  right  SDglvs,  then  there  cannot,  it  appcan  u>  oe, 
be  any  propriety  in  eonnoctiiig  it  trith  the  aetoal  noaber  8*14160...  Moveotar,  fatla  the  4iAr' 
ential  and  intepal  caleultM,  the  idea  of  oiylii,  Tiamd  as  such,  does  not  enter.  Whonem  tk 
sine  or  cosine  enters  Into  the  function  under  consideration,  is  ex;irt'^^!v  n^?  the  rine  or  cosiw 
of  an  care.  This  is  to  be  always  kept  in  mind :  and  it  is  especially  nece«aai7  to  view  every 
trigonometried  fimetioin  that  eaten  faito  thb  part  of  the  idenee  aa  the  fnectioii  of  an  ir,  m4 
not  of  an  angle,  mdf/tnerU.  Thus  6,  a,  or  any  symbol  of  the  «nno  fund,  ii  to  be  eouUanda 
the  h'liiith  nf  the  nrc,  which  fiibtcnds  a  certain  correspondinp  angle.  As  rack,  v  is  of  prrri?r!T 
the  same  value  a«  7r  :  fur  the  semicircle  to  radius  unity  is  equal  to  the  entire  circle  to  disotcter 
unity.  In  the  Integrals,  between  limits  especially,  the  arc  w  frequently  appean  j  and  to  remote 
•mWgoity  from  the  algnlflealion  of  dio  laaalta,  I  have  inwiaUj  aubatitttlad  tbo  qnalol* 
in^trn  !  r  f  TT  no  n<f  1  hy  other  aothoia.  Whether  Ui  tUa  or  the  nainl  aatntioB,  It  aavar  wx^ 
other  than  the  iiiim^  3*14169...... 
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dit  fl     .     I   S      .    1.3.5)    ,   1-35,  HVr-£ 


m— 2 


>    _  (m-4)  Cm-2)   


1  .3.5   (m-"2) 

9.4.6  


1.3.5  (•»— 2) 


log* 


4-  C. 


3.4.6  (»»—  I)  '  • 

(2).  Let  m  be Then  giving  it  the  values  0,  2,  4,  ....  we hm 


G+itir>#, 


=  C- 


Hence  aobstituting  m  before,  we  get 


5  ) 


^*  1+   +1.8.6  Cm-l)» 


(m~4)  (m~2)  • 
0»-6X«i-8)(«-l>il«-* 


If  the  integnl  eonmMDoe  wiseii  «=  I,  and  be  eekimaled  dnring  tlie  diminn. 
tioaof«,«ecan  Bndthe  conrtNitC.  Thm  wlwn  «  s  1,  all  ilw  tenni  within 
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the  brackets  are  finite^  but  their  sum  multiplied  by  0.  That  term  of  the  mte- 
gnl  thiKfore  vanuliia*  Also  logt    becomes  log*  I  or  0.  Heaee 

also  C  =  0. 

Again,  if  x  =^0,  then  all  the  terms  within  the  brackets  are  infinite,  and  the 

■eriee  multiplied  by  unity:  likewiae  log*  ^  ^'^^  becomes  log^  ^  =  in. 
finity ;  and  C  already  found  lo  be  0.  Wbeoce  Ibe  vibte  of  the  integfal  in  thta 


caae 


is  infinite.   Whence  /  ^  _^  /"^     .  =  — 


4.  Integrate  —   j  tiiatis,  nady  x"^  {x^  —  i)  'dx, 

His  falls  under  form  (T),  and  we  have  to  reduce  the  index  of  r  without  the 
vinculum.  The  process  will  be  very  similar  to  that  employed  in  Ex.  i.  and  is  left 

for  the  student's  exercise.  We  have,  however,  to  remark,  that  the  differential 
given  in  Ex.  3.  is  reducible  to  this  form.   For,  put «  =:     :  then  = 

dm^     jr^dz,  and  >/ 1  —       -^^i^  ^ :  whence  =:  — 

aa  affirmed. 


&.  Seouired  the  integnl  of  ,  betwaen  tbe  limita  0, 9a.  Thia  may 

va«r  — «• 

be  written  -   -  i  and  we  shall  have  to  diminish  the  index  without  the 

V2a  — m 

Tincolum.  To  thia  purpoee  tbe  fifth  form  ia  adaptedi  and  we  ba.ve  at  once 
r  e«»-te         g—l (2e  —  g)i    (2at^l)e  /*ai«^-jjf  ^ 

or,  multiplying  and  dividing  by     it  is  changed  to 

^  ji*— 1  dx   1  (aoe  — ,  (2m — 1)  g  ^  g*— 1  dig 

under  dther  of  which  forms  the  integratiou  may  be  continued. 

If  we  putPi^g/*-.  ''^^  .    and  Q«»-.i  (ie»  — o^*:  then  we 

•/  \^  2iix  -—  x* 

ahall  have,  as  in  the  first  example, 

p  _  _  Q"-!  I      —  1)  g  p 


P  ft«-2  .  (2wi  —  3)  a  p 


p  5l4.?P 

—  ~"  ^  T 

Hence,  elimuialing  Pm— 1,  P»i— 2,  f/c,  wc  get 


P«  =  — ^ 


Q«-i  ,  (2m  —  1)  g         2   ,  (2m  —  1)  (2m  —  3)  Uw-i 
m  m  —  1     m  —  2  w  (>«  —  1)        "m  —  2' 


,        (2m  —  1 )  (2m  —  3). ...5.30*-'  Q, 
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(flw  —  n  (2m  —  3)  (2m  —  5). . . .  3.l.o»»  ^  dm 

dm 

The  lastintagna  f-j-  t«h->  '  +  C. 

Betwet  n  t lie  limits  0,  2a,  we  see  tliat  all  the  terms  in  the  brackets  involving 
powers  ot     and  the  (actor  (2aar  —  x^)^,  will  vaniah  at  each  limit :  and  at  tliese 

_  1.3.S> . . .  (2w  ~  3)  (2m  —  1) 
J  0  ^^'^^c^^i  l.fl.3. . . .  (hi  —  I)» 

6.  /•  —        1     (g«  H-  1)*    m  ~  2  /.  & 

The  final  integral  is  /  ^  =:  log,  ,  when  m  is  odd,. 

 y  ^^,1.  ,  =  — r-^,  what » 18 »ai. 


dlaf  .1^     I^.(*^  —  1)^  (fe  


Hie  final  int^gial  is  f  — =  sec-i*  whmi » ia  adds  and 


-/  ^VV^  S  whan  m  li 


dst 

8.  Gifen  — >r       —  for  intamticni* 

Tbii  may  be  written  --   ,  ^ — _ ;  and  the  pnocesi  of  fom  (V)  may  be 

applied  to  it.  A  previous  transformation  will,  however,  put  it  in  a  state  to 
render  it  adapted  to  form  (IV) ;  which  will  require  less  practical  labour  in  the 

■ttccessive  reductions.  Put  ^  =  ~*       ^  ^  ia'         ^  suggested  in  ear.  4, 
shall  have 

J  j»  n/  20*  —  x»        J^2az—\  J  ^T^Tl,' 

We  shall  now  find  the  formula  of  reduction  to  be  by  [\\) 

gn-i  dg       2^"»-'     --  6)1^     (2m  —  2)  b  p  z^—^  dz 


*  In  comparing  examples  (1)  and  (5)  with  example  (3),  the  relative  advanugea  of  the  two 
oootwi  of  pracMdiag  will  be  o!m,ovt,  ud  inaj  be  stated  thui. 

For  the  parpow  of  obtaining  general  formula;,  the  method  (1,  5)  b  more  biiflf  tad  more 
elp{»ftnt  thnn  the  other  (3) ;  Hut  a-^  it  is  always  desirable  to  Inive  the  exprrwions  compntcd  for 
the  earlier  integer  valuea  uf  the  proccM  of  (3)  determinek  these  values, jKin/Kwnt,  its  greater 
pmlizitj  it  compeaaBted  to  the  young  analyst  by  the  ialbcniMioa  ihni  iupeiedded  to  that 
dheetly  toof^t  1^  the  pfopoied  proUen. 
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and  the  final  intsgial  wiU  be  r-jlL=z  — 

V  z  —  o 

9.  If  r— S:^^^,md/ _  .        ^  ;a  ^ propwad,  we  mij 
•'Va-f6a?  +  c«*       •'■"va-l-ar  +  car 

proceed  as  follows : 

6         h  ,  a     6«     4ae»^y  ,  - 

In tba fonner  put «  +  ^  =  *,  ^  =  a,  and  -  — ^ or  —  ±  p*: 

tban  tha  expntabn  ia  changed  to 

Expanding  tiha  numerator  bj  the  buionual  tbeotam,  we  ahaU  hmw  n  aariai 

terma  of  tha  fom -^^i^^^  eadi  of  vbieh  ia  of  a  ImowB  Ibim 
va«±/F 

Tba leeondfonnniaj be  tednead  to  Ilia  firat  by  writing^  for  «|  diOB  can- 

verting  it  into  ,  , 

10.  To  integrate  (c»  —  dz.  Perform  the  fir»t  two  aUpa  of  tba  partttkn 
by  form  (I),  and  the  third  by  (V) 

/  ^  -  o  '.i* = -  ^^^^ + i -  o-**. 

y"    —  ^t^^dlf  s  flinr-i (ctonantaiy  intagnl). 
Hence,  eoUeeting  the  tenna,  we  have 

/.       y  r-  J       2  (8a'  +  3fl5ig  +  \UW)  ,    ,  .  J 

 «•  «       ^2Va     ^(o  +  te)4  +  «i 

/.     a»  lb  2  (l6a»  —  8a'  hx  f  6a&»  x'  —  Sft*  «^  ,    ,  .  .4 

T^TE"^  

V  ipv^^  +  a  *  *        «y  Ax  +  a  -j-  a 
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17  r  '^^  ^  f +  ^ 

(«»+3)x       3  ,  

21  r_*L^    __2f_J__  ,  8|_(2^  +  1)_ 
'•^  Cl+«  +  *»)5     911+*  +  *^     3i^/l  +,^;ca• 
PROP.  n. 

7b  integrate  x"  (a  +  4«  +  ca:*)P  d!r  without  tramformatim. 

Put  a  4^      +  rx'  —  X  t  then  integrating  the  binomial x^lLpdxb^  parte  aa 

in  the  preceding  problem,  we  get 

m  +  1      M+l*^  111  + 1*' 

 («). 

Again,  since  (a  -f  6x  +  eaf*)i»  =  aXP"*  +     Xr-'  +  ex*  X  p"',  wc  get 
y>  Xi>     s  afv^  Xp-'  dm  +  Xf-»  da?  +  c ^ Xi^^  cix 

Slkunate  J*  s^-t-t        db  fimm  (a)  ud  (&)»  and  thfln  molti 

+  ^  Xr-»iif  (I.) 

To  obtain  another  form,  eliminate  J*  x^Xp  dx  from  (a),  (6) ;  then 

(«+l)  ay>Xir-»ib+(j»+m+l)6/x-*»XF->db 

0  c X*"*  db  a=       Xp  (c). 

In  which,  writing  iii»3forn»and»-hlforii,we  dull  have 

▼OL.  II.  ■  ^ 
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(w  -  I)  fl      r^K^XPda  (U.) 

(2p  +  Bi  +  I) 

In  (e)  change  m  to  -  m,  and  n  to  n  +  1.  then  a  formula  is  obtainca,  ada^ud 
to  tn»,  in  the  expiMsion  given  for  integration  : 

(w  -  2/?  -  3)c  r X P_rfar   ^ J 

C»-  l)a    J  47"-*  **' 

BXAMPLSS. 

,  f_  ^  ^       ^      -.tan-*   *±iS-,  when  4ac  -  6»  = +. 

*V  a  4- +  car^     V  4ac  —  ^         V4«»  — 4» 

~  V  y  -  4w     A  +  a<*+  W 

wban  4«c  —  ft*  *  — • 

*V  te-^M*    '^^^        Vft»  +  4» 

6./  VT+ftir±o?.    =  ^  +     iJ— y  7X' 

where  X  =  a  +  6ir  ±  car*,  and  the  same  in  «,  7,  B. 
aJr  ft  /»  <fe 

Vva  +  ft«±€.*"'  «  "wvr 

^•/•V-«  +  ft«  +  cii*  «'/ft'  +  4ac' 

t/x  gfgcar  +  ft) 


4ac  ~  40-  -   
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PROP*  III. 

7b  integnUe  X  {It^t  c)"  <£r  where  X  it  a/mctwn  qf », 
Put  X<i»  =  dXu         =  dX^         =  dX^  etc. 

Then  in  the  general  formula  J*  udv  s  tie  — y  vdu,  put  do  =  Xdx,  and 
s  =  Goge «}".  Thm  m  hare 

/Xdbf.  ai«,«)»s  aogetf^/Xdb  -  jr  (y  XAO.li  ao8«  i^J. 

which  is  the  general  formula  of  reduction. 

By  applying  the  same  system  of  reduction  to  ibe  succeiiitiive  integrals,  we 
obtiiB  the  genenl  retolt 

Jkdx  (logr  x)»  =  X,  (log,,  x;  n  _  nX,  Oogr         +  «  (»  -  1)  X,  (Log,  it)"- »  —  .... 

which,  if  i»  be  a  positive  integer,  terminates  at  n  (»  —  1)  ...  2 . 1 .  X,  (loge*)°. 

The  applicability  of  the  method  depends  entirely  on  the  power  we  possess  of 
integrating:  the  several  functions  which  give  X,,  Xj,  ....  X,.  This,  if  X  be 
either  a  rational  function  of  x,  or  a  binomial  of  the  form  discussed  in  chapter 
IV..  or  in  the  preceding  problem,  or  the  exponential  and  circular  functions  to 
be  tmtid  praeatly,  ctn  alwayi  be  done ;  but  in  inott  oiher  tun,  <he  pcoUem 
in  die  ptewnt  state  of  andyns  iMcomct  impoarible, 

1.  Ivt^gnle  Oog«  *)* 

In  lliii  cue X  B  ««|  and  helices  perfonniiig  tlie  intqpration  for  X|,  X„.. 

Inaertiiig  these  valnes  of  X^  X,, . . .  irs  have 

/Oogwe)-*"  «^=ij^  (clog*  af)»-  — ^  aog« «}«-'  +  JJIfi)!  Clog-*;--*— j 

FortbeliflBiteO,  l^weeeetbaftaU  tbe  terms  Tsniih  w]isn«se  o.  and  all  hot 
tbe  hit  when  •  s  1  s  henee 

^Clog.  ti*  =  (-  I)" 

3.  Inlig^te  Oog««)V  db,  a  particular  ciee  of  tlie  last 

ii2 
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'   Hm  HI  s  3»  and  nss%,  and  making  the  tabttitntioni»  wa  bars 

/{log,  xy  «» ifa=^|(iogr «)«-  ^  iog.«+^J  +a 

Between  tba  limiti  0, 1,  the  same  integral  ia  j^g* 

3./<iiig.»)»«»d»«=|?[aoff.«)»-|togt»  +  y}. 


PROP.  IV, 

Xdx 

Tp  we  take  d  ( Xx)  =  Y,dx,  (2  (Yi«)  =  Y^,  etc.,  aad  proceed  at  ia  the  Uit 
proposition,  we  shall  obtain 
Xdx   _  Xg  Y>^  

the  bwt  integral  of  the  aeriea  being /  ^^'^  -  j  which,  luiwerer«  cannot  be 

found  in  iinite  terms.  It  may  still  be  expanded  in  an  infinite  series  capable  of 
integration  in  single  terms,  with  great  ease,  when  Y*  is  a  rational  function  <^  «. 

If  Ym-i  be  compoaed  of  fiinctions  of  »,  which  may  geaerallj  be  rcpreeeated 
by  m,  pnt  log«« s    and  we  have      e" :  whence 

J  isi^^j  — — =y  i^  +  -r-^^"    1.2  +--jF- 




kg^  -^''^''^  +  ^+T7sF  + nar:^^  v 

J  (lo^r^)^         logc«  •  ^    •    V  log«e 

3   /•  -■  —  ^  

V  a{^\ogtx)»         (n  ~  1)  (log<x)"-^' 

'        (log**/*  ~  1 .  2  .  3  (»  —  l)t/  log^* 

1  1        ,       (m+l)^  I       1  . 

»— 1  UlogcX)*-^''*  ii^2"Clog««)»-«'^(n~2)  («-3)  (log.«)«-»J 

/  ^'^K'  (S-^)  '  ^^ eir  =  ^  (a*  +  at)'  kgr  (^^) 

.     -gCa'+t^;  ta^+*0''-|ca^  +  62;*  log,  ^^^^   


Digitized  by  Google 


INTEGRATION  OF  EXPONENTIAL  i  UNCilONS.  4«5 


PROP.  V. 

PtT  u  =  x"^,  and  do  =  a*dx :  and  hence  v  =  ,  =  Ma-^. 

log,  a 

(1).  Then  the  fbrmtila  far  partitUiii  beeomai  (m 


If  we  rednoe  bj  meane  of  thie,  weget 


(2).  Let  tn  be  negative,  put  u  =  a*,  and  th=ar^dMi  thence  v  =  •  ^ 


the  ibninila  of  pertitum  then  becomee  in  thie  caee 

/ lpr*»   (^M-^iyr'  V    iS::::2  M"'"(«— a)(ei-s  M*'*'**7 

1  .  2  ,  3...  (w  —  !)■  M'"-*/    af  • 
The  !a«:t  inie^rral  can  only  be  obtained  in  an  infinite  Mriegj  but  thie  by  ex* 
pression  of      becomes  when  A  =  M~\ 

/a'dx       r ,    ,   Aa?  ,  AV  ,         )  cb 

1        .  A»     AV  ,     A  V  , 

Scholium. 

It  will  sometimes  be  possible,  by  a  little  alf^^ebrnic  skill,  to  transform  functions 
wbich  are  not  precisely  in  these  forms,  into  a  series  of  terms  which  aepUBtely 
possess  them.   Th\a  will  appear  in  some  of  the  following  examjples. 

1.  To  integrate  da^dx,  where  X  is  a  function  <d  m, 
bmce  da'^  =  log«  a.a^.dX,  we  have 

/a^^dX.  =  r      +0^  for  the  genenl  foroL 
logr  a 

2.  To  integrate/Ca*)  dx,  where/ if  an  algebnie  fiinction of  a*.  Make  tt*=iZ  : 

then  «br  ^  -  f*  ■  ;  and  hence 
g  logea 

y*/(«")  dm  =  iff^^  y  '^^»  which  is  an  algebraic  fuaction. 

5.  ia  pnipoeed  for  intcgntion :  and  thia  esam|ila  ia  one  of  a 

that  not  nnfreqaently  occurs. 
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TLc  condition  is  that,  in  this  divisible  into  the  sum  of  two 

(1  +  x)^ 

qnuitities,  one  of  which  ia  the  difo«ntjal2co-«fficieat  of  the  other.  For  kt  y 
he  oae  of  them ;  then 

1  1 
In  the  pmentcase,  if  y  =     —  ,  then    =  —  rr—, — r»»        the  criterioii 

r-T  77-7— —  / .         "  fulfilled.  Whence  we  have 

6.  y^^^  ^"^^  tJi^^^  =    ^  I         *  ^^^"^^  is'given  by  the  same  method. 

Eseeptv  however^  in  very  eioiple  ceeM»  it  will  he  unpricticeble  to  diecofer 
the  form  of  the  fnnctUMi  y. 


PROF.  VI, 

To  ie/t^a^e  th« gauraiform  iin"e  cos'O  d9,  m  tmd  n  Imng  any  intq^eri,  potUioe 

or  negaiive, 

Tbb  followiBif  tnmtfonnetione  ere  obvione : 
More  co«»0  d»  =  tium-iQ  co«»e  einO  lia  =  —  rfn«-i»  d (eot»»'g  

iin«0  cos"0     =  8in-e  co8»-Jd  cos  0  <i0  =  +  jjj—^  2  (j). 

In  (1)  put  sin"—*©  =  u  i  —  =  or ;  and  hence  v  =  ^^^-^  Then 

the  formula  of  partition.y* udv  =  «o  —  J* vdu,  becomes 

In  (3)  pot  II  s  coe^ifi I  - — f  as  db(  end  heaee  v  =  . 

Tlie  fonnula  of  partition  in  this  case  becomee 

/•  -A                8ln»+J0  COS*— 19     «— 1   ^.  _ 
•ni«Ooo0««cl»=  4.-_y*,in«4-S9€0#^sadl9  (4). 

The  foratnU  (3)  ie  adepted  to  ft  negatif e  and  m  pothive»  and  (4)  to  ei  ncvMive 
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and  •  poiitlve  i  aiiiee  in  both  cases  the  tendency  is  to  lessen  the  index  of  the 
rlenominatori  or,  in  other  words,  to  reduce  the  final  integral  to  coainea  or  amaa 

alone. 

j\gain,  other  transformations  may  be  effected  in  the  following  ways. 
In  the  expression  (3),  put,  in  the  term  under  the  sign  of  integration, 
(1  —  un*0)  co8'*9  for  cos  '^'O,  ^en  we  have  that  term  convttted  into 

TO—l  - cotf»0 dB  —  f ain«» 9 coa«9dd. 

n  +  n  -f  1  y 

Tmnspose  the  second  term  of  thiH  to  the  first  side  of  (3);  and,  after  alight 
reduction,  that  equation  (3)  is  converted  into 

MtMtm^-'^^"^ f«^tM>tm  (5). 

*r  ei  *^  n         'n  ^ 

Also,  m  the  expreaaion  (4),  put  (i  — >  ooe>0)  aitt«9  for  aiv"^,  in  flie  tenn 
under  the  aign  of  integration;  tlwn  that  term  ia 

^-=4  /*8in"0co8«»-20<iO  — ^^-^  / ain-e  coa^  <». 

Tnnapoae  the  aecond  pertof  thia  to  the  fim  aide  of  (4),  and  lednee  ae  hafore; 

sm«e  C08»»e  dQ  =  == — ^  "^i-T  ^  f&uir'Q  co8«-^d  dB  (6). 

•I    a  •        ai  -f*  av 

Tbeae  two  forarabe  are  adapted  to  the  cases  of  m  and  a  both  pontivei  and 
reapectiTely  to  the  casea  where  it  may  be  deairable  to  reduce  the  final  int^g^  to 

a  cosine  and  to  a  sine. 

But  we  may  find  formulae  of  reduction  for  diminishing,  pari  passu,  the  powers 
both  of  the  sine  and  cosine,  when  both  are  positive,  and  for  increasing  them 
when  both  are  negative. 

In  (6)  write  m  —  2  for  m ;  then  it  becomes 

fOM^  c^dl^  """""  +  -J:^-^  /-siB-^eor^* 

J  m  +  n  —  2       m  +  n  —  2 J 

Inaert  thia  value  ofy*ain«^'0  coa^d  diB  in  (6),  and  we  have 

/•  •    «         j«         8in"»~'0  co8'*+'0  .  (m  —  1)  sin^-'Q  cos'»~'fl 

Also  in  (5)  write  n  —  2  for  n ;  and  we  similarly  obtain 

J  m  +  » —  2        m  +  n— 2/ 

Ineert  thia  Talue  oij* ain«*9  coa"-^0  cid  in  (6)  i  then, 

/•  •  /V  n  8in«<-»fl  co8«-»e  (a  — 1)  Bin«r-itfcoe«-»9 
/sm-a  cos«e  (e,  +  a)(ai  +  a-a) 

+  __&.^iI&JliL_  /ain--'©  coa^^fl  lie  (8). 

^  (ai  +  a)  (i»  +  a  —  2)  •/  ^  ' 

These  two  forms  (7,  8)  are  adapted  to  the  cotemporaneoua  reduction  of  m  and 
a.  They  are  not,  aa  to  the  eo-f^bimte,  symmetrical  ftmctiona  of  ai  and  a  in 
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mUStuat  expnirion,  ivliUil  tbe  indicM  under  the  sign  of  integradon  would  lead  as 
to  expect  that  such  ebonld  be  the  case.  Such  form  is,  hovava;  tataly  obteined 
by  taking  half  the  turn  of  (7)  and  (6).  We  thas  obtain 

,„     sin«»-*0  COS"-' 9  (m  —  1)  sin*^  _  («  _  i)  cot*0 

8m«e  cos-^  de  =  i  — ^  .  

in  ^  IS 

This  formula  is  symmetrical  i  tbougb  for  the  purpoaea  of  actual  inToetigation 
it  ia  Ima  naafol  than  eitber  of  the  two  from  wfaicb  it  was  deduead. 

LaaUy,  to  obtain  fonnubB  adapted  to  m  and  •  bong  negativo.  Tbrongbout 
tba  entbn  previous  invaatigationa»  no  hypothesis  has  been  made  to  wbeUitf  m 
or  »  (one  or  both)  were  poeltive;  and  hence  the  concluding  formuUe  equally 
apply  to  all  cases.  We  have  merely  stated  to  what  cases  they  were  usefully 
adaptable.  Instead  of  diminishing  we  must  now  increase  the  indices  m  and  » ; 
to  effect  which  write  —  m  +  2,  and  —  »  2,  instead  of  m  and  n  in  (5,  6) : 
then  we  get,  by  reducing  as  in  (7,  8), 

-      dB  ]  m-}-n— 2  ____ 

J  tmme  co8"d  "~  ~~  (m— 1)  sin*-'  &  eov^-^Q    ("•—l)  (»— 1)  ain«^  coa«-»d 

(^+n-2)(m  +  n-4)^  d9 

(hi^  J)        1)      y  ain*-«e  co8«-*a * 

and  in  a  similar  manner  we  get 

J  sin***  cos"^  ~     (»— 1)  sin"-»0  cos  »^>0    (w—l)  (»— 1)  smi-^ie  coe"*-^ 

(m-f  n-2)  (m-f  n— 4)  ^  d9   

(m— 1)  (a— i)     J  8in»-2fl  cov»-i9 

Either  of  these  eontinaaUj  ladncea  tbe  index  towarda  onitj*  and  beoce  tbay  an 
adapted  to  the  specified  case. 
If  we  reduce  tbia  to  a  ijomMtrical  fnnction  of  m  and  9,  as  was  done  in 

we  shall  have 

^       d9    7n 'i'm^Q — ncos*0-fl 

J  ein*^  COS"©  ~  (»»— 1)  («— 1)  sin*— 'e~coe»--id 

.  (ai^-n— 8)  (m-i-n-4)  ^  d9 

(ai— 1)  c»— I)     J  ein«-^coe»-«& 

When  •  =     ai»  tba  ezpranion  for  mtcigTation  becomes tan"d  d$ ;  and  tbe 

ibnniila  for  partition  gives  at  once 

-  tan**— Iff  ^ 
ftm^e  d0  =  ^-jT — ytan-«-*e  de.  (13). 

Moreover,  when  m  =  0  and  n  positive  or  negative,  we  get  for  these  casea 
respectively,  in  a  somewhat  simpler  manner, 

/ C08"e  d9  ss  C08O-19  ain  0  +  (»  —  l)y* ain^  coa^s^  J0 

&  coa*-l9  ain  ©  +  (n  —  l)y*(l  —  cos»0)  cos»-«0  dO 

s=  co*i-i«  ain  6  +  (a  — l)/coa<i-s«d9- (n-O/cotfitfdV. 
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Vnntacdt  tnuuponng  and  nmpli^ng, 

^        COS"— '0  sin©    .  n  —  1  ^  j« 

J  co8»d  da  =  +  — co8"-2e  de  ci4). 

Again^  for  the  other  cue  moltiplj  by  ■in'O  +  eoii*0  si;  than 

/dip        rsia^dlg      /Km^i9  ^  rmPBdO  ,  r  ^ 


Bnt  tppljiDf  (5)  to  tiho  Int^ral  y*^~~^»  (m  being  in  this  am  s2) 


Insert  this  value  of  the  integral ;  theo  we  get 

d9  _         Bin  0  ,  » —  2  ^  rfO 

y  coa«0  ~  (n  —  1)  c08»^  "'"  n  —  1  /  co8»-20 ^^^^ 

Also,  by  a  corre'^ponilmjT  ronrse  of  reductions,  we  get  the  forms  adl^tod  tO 
a  =  Of  and  m  respectively  positive  nnd  nep:ative.   They  are  as  follows : 

=  -  '^O'^-"  +!ir±y^4»  a«). 

 cose      4^"^ -J  r  ^  ^ 

J  8in«0  (m  —  1)  sin"— >0      m  —  1./  Rin«-»» 

There  is  another  method  of  integrating  sin'"0  co8''C  (ie^,  whicii  is  elegant  in 

itaeif ;  and  aa  it  auggeata  a  diflarant  mathod  of  integrating  ^  we  aball 

aadaaligbtnotieaofithem. 

Put «  s  tan  0,  and  «  ss  r  —  m  —  2 ;  then  we  aball  bave 

ar*  dig    ^  tan'"t^  d  tan  U  sin"*© 

'~      aec^     ^  co8*aco8*T 

(I 

=  ain«a cos^  ■  »tf  d9  =  Bln"«  coa"e  dl9| 

and  hence»y  "^^^.^^ j Hn*0  coa*6di9. 
(1  + 

But  if,  on  the  contrary,  we  avail  ourseU  es  of  this  relation,  we  may  integrate 
y ain^coa^tf  iK9,  For  intqprating y*!^ILiLlii£f  pun^  ^  ^  eithor  of  tbo 
two  following  forma:  (l+tan««^ 

y.tan^"ty  d  tan  e_  tan'»'^'fl  cos'^tf  r         ^  taD*"Q  d  tan  0 

(1  +  tan^;^  (I  4-  tan>«)  * 

tan«+'0  co8'~'0     m  —  r  -h  3  ^  tan"*9  d  tan  0 

(1  +  taaV)  ' 

The  former  of  which  is  adapted  to  r  being  negative,  and  the  latter  to  r  being 
poaitiffo. 
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8Mmm. 


Other  methods  of  integration  adapted  to  these  cases  are  easily  de^-i&ed ;  bat  it 
is  found  that  they  are  more  laborious  thaa  those  just  girea.  Intlead  of  poiiiUiig 
them  •  out,  we  shall  leave  it  to  the  tttttei  to  make  the  trial ;  and  nanlf  pat 
down  llie  gaaeial  eipreiaioiM  for  tha  integrals,  which  aiiae  ffom  the  inathoda 
partitioo  employed  above. 


»  /.  .    «  cos^+  e  r.  ,  m  —  1  gin*^  .  («— 1)       3) ma^, 

L/ coa^ d»  =  ^ h*"^  +   p^2+«>   +  (at^g+iO (eU+j 


(at— I)  (ai— 3)  (w— 5)   f/w**  «> 

(ai+s)  (a^-a+n)  (ai-l+«)^. 


/miecoa»9^,(aia«) 
A,(eiapm)i 


IL /^in'ni^  cos-d di^  =  -^j^  I  cos«-'0  +  +  (1.^3+ai)  (—4+a^    " i 

(w— iy(n— 3)  (n-5)  ^  // co^  ^  '^'^ 


.  (m-i)  (ia-3)  (at-S)         f/ain  •  dB,  (aioiU) 
ai  (ai-2>  (ai-4)  *  lor/d»,  (ai  eeea). 

lY.f  concede  =       {cos-ie  +  ^^cos'-^^  +        (!!l4)  + 


+ 


in  —  ])  (n—3)  (n-5),,..      f/co8  6  d9,  i^n  od 


-    <IP    _     cos  e  f      1        ,         m-2  (in~2)(m~4)  1 

V  8in*«    ~  ""ai— 1  (sin"-!  0     (m— 3)  8iu*-<d"'"  (m— 3)  (m— 5)  siii*^  •  "^1 

(ai— g)  (at->4)  (ai-6> ....     rby  tan     (ai edtf) 
+  (ai-l)  (ai-3)  (ai-6). . . .  *  lor  tf,  (ai  eeea). 

i»  _aing(    1  n-3       .      (a-a)  (»-4)  1 

/  co5^"  ir  icoa^    {a-3)  coa«-^ ^ («— 3) (•— 6>coe«-«i  -j 

I  (ii-a)(a-.4)(a-6)...      f  log  tan  |  {  j  +  9  )  (»  edO. 
(—1)  (a-3)  (11-6).. .  ^ 

/•  tan«-»0     tan»-^0  .  Up't^O  .  f taoM.  (a 


*  Perh^  we  ought  to  make  itu  exception  as  to  the  caae  of  m  and  11  being  |K)«iuve ;  arf 
cipsdslly  whsi<soMorUMaiisO,tiid  the  oilier  posiliwe :  fwwe  eeathatt  eaysad  tta*! lai 
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SgsIoImm  9. 

Tlie  find  integrals  thtt  an  givm  in  the  preceding  tablet  are  thus  found :~ 

J  siivP       is  reduced  to  (111) ;  and  sin  QdQ  =  —  d  cos  0, 

J*  c(MedBi»   (IV)  i  and  COB  Oiid  =  d  sin  0. 

^  d9      ^  wak9d9          dcM$      .     /I— «jeO\^     ,  . 


/  8hJ5«  '     V  ^  =  +  tan  e  (see  iw^e  364), 

/sin^        ^.dcosO      ,  _ 

The  preceding  investigations  require  that  m  and  n  shall  be  intcf^ers.  It  is, 
however,  possible  under  particular  circumstances,  that  they  may  be  fractions. 

For,  pat  cot  0  A     than  on   s      —  «*•  and  d^a    i/i'g^ '  wlience 

y^em«Ocoi^M»  —  y  x»(i»cS)  «  db| 
which  is  capable  of  being  rationahsed  when    "^'^'t  ^''^         ^  <^  integer. 

Again,  pot  sin 0  =  3f:  thenco80  =  vl  —  y*,  and  ite  ss  ;^=^pt 

w  -  1 

which  is  iategrable  when  — ^ — ,  or  — - —  is  integer. 

merafon  If  !!Llli,  7L=J, ^^^^^  be  integer^  the  intcgnl  ean  be  oV 

Uined  in  a  rational  form  by  chi^*  IV. 

BXAMPLBS. 

it  ,        .^-^     sin*0  ain'O 
1.  J  8in*9ooa*M 

coiF^  b  terms ef  miiltipkiKs^ Mat  j»^ps  438^90/.  i,  when  the gnienlfbiBb^  Thu, 


•fai^8s:^4>cos2a  +  -|- 
aisses--)^  stoSa  +  fahitf 
■ii«em  eoe4a--|-eos»-h'| 


C0s4  S      COB  ^  COS  0 

eos«a9-}^  CCS  4d+ cos  S0  +  f 
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co^O  (  .  ^  ,  ,  4Bin«e  ,  4.2) 

3. /8m'e<ia  =  -  ^  + 2}. 

6.  «BPA» {«-•»+ S+t}- 

cot 9  r  .  .       5  sin' 9  .  5.3  .         ,  9,9.1 

7.  /«a*9i»=  |8m*9  +  — -+i;^«ii9j+5-^ 

'  J     nmO  6  4  S 

•/     8in9         5  3  1 

/•         _   Bin  9    .  2  ton 
"V  coii'  ^^S  COS  9***     8  " 

^    cos*  9 

y  .  «in49     «il«9  .  39 

i6./8m*9rf9=:-55  

16/C08'9d9  =  ?ii^  +  ?. 

^  gin  39     3  sia  9 

ir./co8»9d9  =  ?^  +  -^. 

/•      .  ^        sin  40  .  sin  29  .  39 


19 
20. 


^       d9      _  _1  cos  9      Iog>  ten  ^  9 

•/  m?9"«i?9~«»89    aiin«9  2  * 

.  /  .  — ST  =  -i-X  —  r-i-ii  +  loge  toa  ^  Ci  5r  +  9). 
V  im*9cof9        no  9     3tia»9  ^    *      a        *  / 

/*  _dO  sin 9       2t>n9  2COt29 

tm*9co«<9~'3G08*9        3  1  ' 

22.y  sin*  9  C08«»  9d9  =  ^ 
nn»9eo««9  "       ^  •m^  29  ' 
•  2.4.0.   2iil  2 
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-               «  "tt            CM  tf+ng)— w  co8(a+»9)  sin  (fi+nO). 
8in(a-fm«)COi(/3+ii«)l»=  — ^  m^^n^  

^       1    fsiniiO  .  n  gin  (n— 2)9  ^  n(n--l)  sin  (n— 4)0  ^  1 


+ 


V 


»(«.-l).>..|(«*+3)  ^  ib. 

[i.a.3  ....       1)  2««^*^ 

<»  tMii)     ^  «(in—l)(m~2)  ....  (jm+O  0 


1.2.3  ....  im  '2"*' 

sin-erf0=  iT^j  j-.    15=2"+ "TTa  ••••  ; 


m  (w  —  1 )  (ct  —  2)  . . . .  ^  (m     3)  COS  20 
—        1.2.3  ....  i  C"»  —  0    '    •    2»  • 

FROP.  VII. 

logarithmic  or  exponential  elmentM* 
«Pii#aiD"  Bd9       \    X  8in~>  xdx       |     (sin'^s)**  |     «•>  dn^tdk 


ai"fc(»*6d!ff      I     Xco8~*«d!r       I     {cos~^x)"*  dx      I     z"  cos"  zdz^ 
where  X  is  an  algehnuc  fimction  of  ff«  and  a,  m,  n,  any  constants,  and  the  two 
last  a  positive  integt  r. 

(1).  We  have,  obviously,  a""*  am^BdO  —  —  a^9  sin""'  Od  cos  9. 
Put «  =  —  a"<^  8in"~' d,  r  =  cos  0  }  and  bcnce  do  —  d  cos  0,  and 

c{ii=  _inlog«a.a"'ain«~*0d&  +  (n—  1)  o"' 8i]i«-*ecMM&{ 
whenfom  the  foniiols  fmio^^vn^f vtk  beoomet 

tf^  iin""'  Od  cos  0  ~  ~~u"'"  sai'*~'  0  cos  0  +  m  log,  a y^a«^ sin*"* 0  cos  9d9 

+  (»  —  0  impede   (a). 

Bmtf^  riii«-'«  co«9«l&  =  ^y*  fl«#rf  >fai«0,  or,  by  purto  again, 

^am.rin-0_»»J^y.^^.^^^  

Alioya»*8in«-20coB*0d0= y  a"^  ain^-'e  (1—  sin^©)  d& 

=  /  oiM  aiii»-« M  — y  aMaiii»M  (c). 

Substitute  (6)  and  (c)  in  (a) ;  transpose  and  reduce :  then 

+5rWTP- 

Hm  intflgial  18  tbut  lednced  to  dependeoce  va  one  of  the  same  fono,  but  in 
which  the  index  n  is  two  units  lower.  By  the  i^ame  mode  of  reduction,  we  ahall 
get  to  a  find  integral  preaenting  two  caiea,  according  as  a  it  odd  or  e?en. 
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J{€vm,ilMl^  'mUfsnXuf0^i9  »  ^  ^  

If  odd,  then  that  integral  is J  a^^  sin  ed9,  which  vaniihci*  tinee  »  =1>  »nd 
»--l»thec(V6fficMafe,  vuiubM.  We  shall  thus  obtain 

/"a^o gin  ed»  = ,  ,  {«ilog.«.nn«-co«n  (A 

(2).  By  acouTM  of  invettigatioii  in  all  (MpecU  gimiiar  to  the  precedisg,  «c 
obtain 

+(.:g^^-«-^  

TVie  !^nTTie  remarks  apply  to  this  as  to  the  preceding,  and  the  final  intcgxakn 
according  aa  a  is  odd  or  even 

-'/'-^'J^  » 

(3y4,5«6.)  Pat«=Bin~*«,andi>=yXd[*;  then,  du=z  ^  .  and aiB» 

glUiiig  by  parts, 

/X8in-»»«ie=ain-»«/X(&-  f^^^^.dt, 

and  nnceX  is  an  i^bnie  li]nction,tbe  only  integrals  nqpand  to  be  fDond 

are  those  of  algebraic  fuDction^  Xdx,  and     ,        ■  .  dx.    The   same  tnns> 
^  VI  — 

formttkm  applies  when  any  one  else  of  the  inverse  trigonomeUiol  liuictioassf 
#takfl8tlMpiaceof8in'^«in(5,  6).  Pot8in-'«s#:  than*  s        and  lbs 

cot  Mb:  wheneetiie  axprassioo  it  ehaogad  ioj^g^  coo  Mb. 

In  die  nme  iva7y*(coa'''«)**dbs  — J* an  wdg,  wben  m  ss  oor^i  mj 

olber  inTene  trigonometrical  fanetiona  naj  be  leduoed. 
Now,  integrating  these  hj  parte,  we  shall  have  as  our  final  result 

/f«  cot  sdSr s  on  «  (si-.l)«"-*+m (m— i)(ai>2)  (m-3)       — .} 

+  COSZ  {m««-*  — TO  (m  — I)  (m— 2)2^-' 4-.  } 

yV*  sin Mif       008 z        «(si— l)**-»+«<si— 1) (si— 2)  Cai--3>*"-*^.,.) 

+  sina  {aw"->-ai  (ei-1)  («i-3)a«-»+   — .^...•.). 

The  last  terma  within  the  braekett  are  raspeetivd  j 

m— I  171  — 1 

i)~^toCsi— l)....3.2.1*,and(— 1)  ~8i(s»— l)..,.3.a.l(«  sd4 

m  m 

i-lf  «(m— 1)....3.2.1,  and—  ri)«m(m— I)...  3 . 2  . 1  *,  (■  #»«»). 
If  m  be  n^ative,  we  shall  have 

cot  stff        sin  xr  I  ^^—j  —  ^  ™  ^  ^  I 
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and  aimilarly  for  J^~^  vnzdi.    The  last  teimg  will  inroive ^-^—^——p  And 

y*  ^^^^^ .  ihe  numerators  of  which  must  be  expanded  in  series  {voL  i.  p,  435) 

and  the  resulting  terms  integrntrd  separately. 

(7,  9.)  The  forms  r*^  cos"  .i:iix,  nn^xdv,  nre  onlv  capable  of  integration  by 
expanding  cos"x,  aud  sin^x  in  multiple  arc8«  and  int^rating  each  term  of  the 
result  as  in  the  preceding  case. 

It  must  be  recollected  in  this  integration,  that  if  we  have  to  find Jae^am  rwdx, 
it  must 'be  put  under  the  fonn  ~^_^^J*  (nr)*  imni^dhr;  and  lo  witlio4ber 


1.   ^^^^  sin  ~  ^  jr  given  for  intt^raUon. 

3.  To  int^^te  sin-  ^  xdx.  Here  ^'X  dx  =  J^x^dx  =  * 
Wherefore 

*      ^       1  _j  iin-'*       1     r  ^ 

7./ iin»«rf»  » {ain «  -  2  cos  *J  +  f^./<^^- 


e«* 


8.  /  i«  coe  «fc  =  ^,  ^  y  J  a  eoe  «  +  ein  •! . 

9.  y*e'efaii*«db  =  ^         +  8ce*»(r  +  3eiii»— 6coe»|. 

^  ,        e^  (a  cos  flu?  +  m  s'm  m*) 

10.  y  iMooewidli  =  . — ^  ^• 
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/•  ^         (« liii  mr  —  M  e(M  Mr) 

«*f  sinmar  COB     <f«  =  (sm  (m  -f  n)  «  +  sm  (m  —  ») «  j 

and  tlM  intflgnli  can  be  found  as  in  the  two  pieoedipg  enmplea. 
lz.fx*eo^»dK=s  iy*«*(cae3«  +  3eos«)dk. 


=  j3g/(3«)«coa3«d(3»)+  |/e«cqa«fc, 


108 

—  _Ly  ((3«)«ein3»  +  2.a».<»e3«  — 2aui3»J. 

4-  ~      aia  «  +  2«  co«  «  —  2  sin  *} . 


 r  =  /.     ^  +  log*  VT-^ 

16./  dn-  =  C  +  a)  sin-  (^)*  - 

PROP.  Tin. 


7b  mUsni9  j-^-j^^midoiktrmahg99$fc 

I,  Firtl,  let  a  be  greater  than  6 :  then  we  have  for  the  given  form, 

dd  /.  ^  

a  +  6  cos  0  "«/  a  (cos^     +  sin'^e;  +  6  (cos'^*— ain»  |e) 

Second,  let  a  be  less  than  b  :  then  the  giTen  form  beeomea 

r      rf^       —  Q  /•  rf  ten   

J  a-t-^co8  0^   •/     +  o  —  (6  —  a)  ten'  4^ 

 1  (s/b  +  a  4-  n/&  —  a . ten 

a.  Agun,  for  the  form  ^  we  may  pnim  the  following  metboi 

First,  let  a  be  greater  than  b  :  then 

J  a-k-hwA^J  «(co8»i«  +  ■in»|e)+ 

*V     +  ^un*iO  +  Se^tanitf ««— 6»+(^  +  «taBH!lP 


Ve»— 6» 


.tan~ 
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Second,  let  b  be  greater  than  a  :  then 

s        I        1       /M-  g  tan  \B  —  s/b*  —  gaj 

3.  Xhe  form  f — n  jr  ia  reducible  to  the  preceding  casei. 

/  "  c 

For  make  e  =  v  6^  -f-  c-  and  ,  =  tan  a  j  then 

Q 

^  d9   _  bd(e-^  g) 

•/a  +  *co«tf  +  oiiinfl~y  a-i-ecos(()^a)* 

4.  Again,  let     ^  ^  be  proposed  for  iDtegration. 

X       r       ^        —  r        «tt  ^  _  1  f    d(a  +  h  COS  0) 

^         (« +  ""y  Bin 0(0  +  6coa«)»Ty  nneCa  +  ^CMtf)*' 

and  putting  6  s  a     i  cos  0,  it  takes  the  fonn 

y  (a  +  6 COS  «)»  ~  &/  sin  &.e»        («—  i)^  un  6. ' 
Integrating  tint  hj  perts,  we  have 

y,   fteia  g    (2/»  —  3)  g  ^  rfg 

y  (A^-^cosO)"^    (a  — l)(a^— 6»)e»-i"^(»  — l)(o»'— jV©^ 

wliich,  when  n    a  positive  integer,  will  finally  reduce  to  the  firat  example  at  the 

head  of  this  proposition.  • 

Asa  special  example,  let  n  =  2  ;  then 

^  do   _l  j  —  6  sin  0        _  2a  /    /g— ft  U 

•/  (a  +  A  cos  0)3  ~     -  6»  lo >  *  cos  0"      v  a-  -  Z^'  // 

6.  Again,  had       +  ^^^^  ^)  ^^or  r^^i  +  been  proposed,  we 

^  y     (a  +     cosf/V'        ./     (a  +  6  cos  0)»  r   r'  w 

should  still  be  able  to  reduce  them  to  the  preceding  case.  For, 

-         jL(a  +  JcosO)ldi9 

An,  4-     cos  0)d9__  ^  ^  *        b  ^  b  ^ 

J    C«  +  6  cos  e)«      y  (o  +  6  cos 

6    y        cos     ~^  6  V  (a+^  cos 

and  in  a  t^imilar  way, 

r.  (g,  +  6,  sin  0)  dO   sin  0  JQ  ^   rf^  

V     (a  +Tco8  ii)'*   ~~J  "(g  4-  6  cos  »)»      *v  (a     6  cos'ej^ 

^         5l  1  _L  /* 

(a  —  1}  6'  (a  +  6  co8Tj»-»     V  coeO)* 
^  rfa   ^sec'Ode  ^      Jtang    _ tan-»  (tan  ^ 


TOL.  II.  K  k 
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ftT+  b  taiaB  " a*  +       I  *    a  cos  0  +  * *  i 


_  ^         cot^e    _       1  cotO 
y  a+6  8in»0  ""7  a+6+«cot«t)      '/a  (a +  6)' 

^in  9  co9^  d9  _  1  ^sin  9  {{1  +  C  cos^O)  - 

=g/jringcig+t^^^}=  ?-+  ?— 

^  cos»P  do    _  1  ^co8  fl  {I  —  (1  —  C  cot?9)]  d0 

1    -     (/  sin  9         1    ^  ^ 

1  ^  ctin  e  wnO 

V       atiL0  y  ain  0  Va  -t-  6  ain'd 

^        ad  cot^   J.  bd[co%9^^ 

^  J  V'o^  ft  +  a  cot*0        V«  +  ft  —  ft  ow^ 

cot ^ 

=  —  Va.log^va  cot  d  +  V«cotec*e  +^1+  V^.coT^  ^^j^^ 

13,  /•  — ,  an  abmbnic  function  U  propOMd.   Pat  T=tiB*. 

(ft*  +       V     +  a:-  • 

•^CA*  +  «0  v'^T^*^    Va'  +  »^    * y  v^a«  +  ft'  tan'fll 

1^   sinjf   1  MB»  V?^ 

^fty  V4i?I-<4^— ftOiiiSr  ft«'  « 

■"ftVa'  — ft» 

14.  Let  -^^r^.^i^ propoaad;  andput^scotO:  thai 
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^le  tiro  last  examples  illottrate  a  method  which  can  often  be  employed  fur 
imiafiiniUDg  algebraical  to  trigonomekrical  forms,  so  as  greatly  to  fiidlitala  tbo 
iBtegiaiion.  All  tlie  fonna  gifen  m  tbb  propoeitkm  deaenro  the  atodenf •  caidul 
attention,  from  their  Ttiy  ittquuA  occumneo  in  tiho  appUcatioB  of  analjiis  to 
ph jckal  inqniriet. 


CHAPTER  VII. 

INTEGRATION  BY  INHNITE  SERIES. 

Whbii  an  expreenon  it  gim  for  integritioii  to  wbieh  Done  of  the  preoeding 
methode  are  applicable,  we  have  no  altenatire  but  to  expand  it  into  an  in£ 
nite  series  of  monomei,  integrate  each  term  separately,  and  finally  to  anm,  or 

approximate  to  the  sum  of,  this  integrated  series*. 

All  the  functions  tbat  orflinarily  occur  in  analysis  being  such  that  we  know 
how  to  devLjope  by  a|)propriate  rules,  there  cm  arise  no  great  difficulty  in  the 
application  of  this  method:  though,  at  tlie  sauje  time,  by  the  proper  combina- 
tion of  the  elements  of  the  function,  the  developement  may  be  made  to  take  a 
more  or  less  simple  form*  Attentive  observation,  alone,  and  that  often  the 
reeuit  of  several  successive  experiments,  can  guide  the  stadent  in  his  choice  of 
mch  oombinatkma  aa  an  likely  to  lead  to  the  most  elegant  and  nmple  rsanlta* 
Rules  are  useless,  becanse  none  of  them  can  be  rendered  sufficiently  generaL 
There  is,  honrever,  one  very  remarkable  theorem  discovered  by  John  Bernoulli^ 
for  the  expansion  of  an  integral  btj  mccessive  drff'ercftttation:  and  it  has  been 
chaiacten-i.  (]  as  playini^f  the  same  part  in  the  integral  developrment  that  Taylor's 
theorem  dots  in  the  differential.  On  account,  however,  of  its  most  generally 
giving  either  a  very  slowly  convergent  series  (sometuues  a  neutral  one),  or  a 


*  The  svininiation  of  scries  is  a  branch  of  anAlysis  which  hu  been  only  very  partially  deve- 
loped ;  and  with  the  exception  of  a  coiri|HinitiTcly  small  number  of  ca^cs,  the  attempts  that 
hsv0  beea  mide,  have  been  upon  mere  holatcd  woA  raiaU  diaaei  of  teries,  aod  these  ef  not  very 
frequent  occunenoe  in  the  applications  of  anal  j»ifl  to  physical  enquiries.  However,  though  such 
attempts  have  generallj  faih><l  in  giving  the  function,  which,  bcin?  it-^clf  in  n  finite  fnrm, 
hecomcs,  upon  expantiou,  that  series,  the  circumstance  is  of  less  real  iroportuncc  than  might  at 
fint  light  eecm  to  be  the  esse :  for  hi  the  greet  majority  of  etsrs,  ft  ii  not  the  general  corrected 
ittlegin],  but  the  intcgnl  between  given  limits,  that  is  required  in  pbyiiod  research.  Where- 
fore, since  we  ran  ppncmlly  express  these  in  a  ntrmeriraf  infinite  s(  ric?,  it  \ri11  be  sufficient  to  bo 
able  to  approximate  to  these  with  a  degree  of  rapidity  which  shall  not  rei^ulre  more  than  a 
tteiemte  degree  of  Ubovr.  To  meet  the  difficalty  under  this  point  of  view,  several  of  the  most 
eminent  analysts  have  paid  mneh  attention  to  the  transformation  of  slowly  convcr^ng  serMt 
into  others  which  shall  be  more  mpi«l.  Into  none  of  those  i>iibje(  t*,  liowevtr.  s-liall  we  tie  here 
able  to  enter,  even  in  the  slightest  manner.  They  wouhi,  in  fact,  be  in  a  great  degree  without 
hitcivet,  except  in  eonnexion  with  the  problems  which  girt  rise  to  the  special  cases ;  end  hk 
^eths  where  rach  taquiries  nntuially  iriie,  they  nre  slwmya  iveated  with  suffideat  eteplW 
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divergent  series,  it  is  not  often  useful  in  practice:  hx\t  it  sbows  at  least  thai 
every  integral  of  a  single  variable  is  detenuioable  in  a  ^enes. 

We  shall  commence  by  investigating  Bernoulli's  series*  for  tbe  miegral 

y^Xdx:  viz. 

X  being  aiiy  developable  fuuclion  of  x. 

Let  ua  denote J'Xdx  by/(») :  then,  by  Taylor's  tiieorem, 

which  is  a  developennent  for  all  values  of  h.    Let  then  k  =  x,  and  we  ban, 

since /(x  —  x)  =/(0)  in  this  case. 

/{0)  =  /X<fc-X.j-+g.  — -  

or/3U,=  X.j-^.f-j+2y.j^  +/(0), 

where/CD)  is  a  constant,  and  evidently  the  correction  or  arbitrary  constant  C 
alraady  spoken  of. 

Scholium. 

Professor  Young  {Inteffral  ealaiku,  p.  61)  has  given  tbe  foUowing  mon  wtdd 
■eriee  for  the  integral/*Xdb:  vis.  ' 

/Xdx  =  U.  +  U,.^  +  U,.j^  +  U,.j-^+  .... 

where  Uq,  U„  U„  . . . •  are  whtAj'Xdx,  X,  ^  become  wlien  9=sO. 

Tills  is  derived  from  Maclaurin's  scries  in  nearly  the  ^anif  way  that  the  pre- 
ceding one  was  from  Taylor's.    For  the  application  of  ilm  series  we  most  rdtf 


•  Tliii  may  ilso  be  eleguiUy  fomul  In  the  lollewiag  msaner  by  psrtitMiii— 

and  10  on  :  whence  the  scrii-s  rnltirc^  to 

.  The  foUowing  emnple  will  iUaitiate  the  method  impUcd  by  diis  fbnnda. 
To  hitegitte  XdlvsoMv  -f  &tUr  -f  cmA  +  «db. 


Hence 


JXdai=z<,ax>  +  i*»  4-  c*  +  o  *  - ^(3a*«  +  26 * -f-  c)  +  ^  ^tkix  +  26)  —      .  6a. 
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to  Mr.  Yoiinjj*8  work  :  at  the  same  time  expressing  our  belief  that  a  more  am|tle 
develupL-mcnt  of  this  pari  uf  the  subject  may  lead  to  important  results. 

We  DOW  proceed  to  give  a  few  examples  of  integration  by  series,  in  several  of 
yMA  we  efaall  detennioe  the  more  ample  esprenkma  for  tlie  values  of  tfae  inte« 
gnls  between  aaeigiied  Jimits. 


I.  To  integrate  -.^dx,  which  docs  not  faU  under  any  preceding  case. 

Eipaod  tlie  nnmeivtor  by  the  binomial  theorem :  then  the  difiercotial  will  be 

composed  of  a  series  uf  terms  of  tlie  form  -j=z==,  each  oi  which  iti  separately 

vl— ? 

integFBble,  Now  this  expansioD  being  perfonned,  we  have 


Then  integrating  eadi  term,  we  hsTC 
A- 7==  =  sin-'* 

_y  ^y^^-^  ._.  _  1.3  e«  Ua^     1 .5  \^.5x\  _     1.3.5  sin-'T\  , 

2.46Vl-«»~"  2.4.6              4.6  2.4.6/  vl-*-—     2.46  ] 

etc.  ele.  «lc. 

whose  sum  is  the  integral  required. 

Between  the  limits  0,  !,  as  values  of  x,  we  can  readily  tind 

J  Vl  '-.  e-3t>,dx  _  ;L  I  ,  _        ,  _  1 .3.5f«  \ 

•^0    ^/flT^s     ~2   [  2'  '^2».4''      2%4^.6''^  ••*) 

since  x  =  0  renders  every  term  0,  and  «      I  renders  sin~* «  s  iir  and 

2.  To  integrate         ^7  ^nes. 

Since    ^    =  1  +  «  +  «*  4*  •  •  •  •  (by  synthetic  division), 

and  a'  =  1  'k'  ~z-  4-  Ta~+        C^'*    P'       ^  ^  ^«  actual 
ntddpUcatkm 

l4i— H(l+-f).+  (^-*-^^>-+(»  +  t+0  +  I^>+- 
Henee,  mnltiplyiog  by  d»,  and  integrating  term  by  term. 

Between  the  Hmits  0,  I,  as  values  of  se,  this  integral  is  infinitely  great 
3  f      <fa  f        1   *      1.3  1.3.5  \  /* 

Thi«  integral  is  also  one  of  the  elementary  integrals,  versin^'x. 
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^     dx  r  1    T       1.3    X'       1.3.5         .       1     , — 

/^^^i "  i  ^      2  +  2.4  5- -  2:i:67*2» 

if  alio  equal  to  log«  (»  +  1  +  v'i*  ^  aa  may  be  invealigatod  in  the 
priate  manlier. 


og« 

8.  To  integrate 


between  0  and  ft. 


• » •  • 


Fnt  it  in  the  form        -^^^  (i  _  and  devdope  bf  tbc 

binomial  theorem ;  and  we  shall  obtain  a  series  of  terras  of  the  gencial  fem 

(abating  the  eo-eflieients)  -  ^=^^,,  which  ate  eepaiateLy  integiaUe  bytbepn- 

cedin^jT  methods. 
Kow« 


Mtdtiply  each  term  by 


,      1  »  ,  1.3  af*  ,  1.3  5  x> 


elements  of  the  xesiilty  patting  Xs       — n^. 


.and  integrate  I  then  we  hacvBp  aa  tbe 


,  2x 


 T+T^T 


y  e  2.4 


ele.  de. 
Umitaia 


efe.  ito. 

Hence  the  definite  integral  between  the 


8.  To  definitely  integrate  da  =s  -   ^  -— 


^  the  limite  being 


o  and  b,  dctennined  aa  fiiRowa* 
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Assume  Cr^  —  «^  Cc  +  4rra)  —  c''  =  (a  —  a?)  (»  —  6)  +  /).  whtt* 
a,  i,/,  arc  determinable  from  the  three  equadons  retpeethrely, 

4«i(H  +  fl6)  4m  (r»  -  fl»  —  q6  —  6»)  ^  _  4m  (r»^  ft*) 
/= — a-^b   «  +  * 

a  s  acot^  +  6  ain'0  =:  a  —  (a  —  6)  co«''&  =  6     (a  —  d)  sin^e. 


lbs  —  a(a^&)nnecot6d& 

— 6)  tuHitf  («)» 

V  — fts  ((  — a)  cotW  (^}» 

+/  =  4m{a  —  (a  —  a)  tiiW)  +/j 
and  making  these  gubsiitutions,  the  differential  becomei 

^  2ni»  .  „r  «^  -  \ 

^4m{a  -  (a  -  ft)  sin'e}  + 

Develope  the  dilfoential  Itctor  of  Uiia  bf  Uw  limoiiiial  diMinmi  ihoiwe 
have 

For  the  limiu  «  and  A  we  have  the  eormpondiiiff  fiaiu  of  a,  via.  0  and  i*- ; 
lor«A«aiid«  =  A,we  have,  from  «  =  a  cos-d  +  5  sin'e,  respectively 
iin  «  s  0  and  coa  •  =  0,  or  «  =  0  and  9  =  ^T.  Taking,  therefore,  the  general 
hitegrala  of  the  tenna  <4  the  aeiiee,  and  likewiae  their  vahiea  between  thew 
linita,  we  have 

y  iin»e  <id  =  —  coi  « .  — jj— +  J- 

«  fain'9  .  2  ain  0  ^  ,  1.3  ^ 

_  ^  (iin»0  ,  4  8in»d  .  2.4  sin  0  )  .  1.3.5  ^ 

« «^ « (— + -IT"  +  n::!^- 1 + 535^ 

etc. 

Tbe  definite  integral,  therefore,  becomes 
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11.  ToestaUuhthenlatkmy^    

Tut  1  —  a:"  =  y»  J  then  the  limits  are  interchanged. 
Also,  under  the  same  sabrtitotiont  we  have 

«  ssf»-9;  «i»s=(l— I  and      <fr  =  —  ar*-'  a  —  f^)  » 

Wherefore^  generally. 


(I  —  *«)  •  (1  —  y) 

lUdng  ihaM  respeetiTdy  at  their  pmcribed  limita»  wa  get  tlie 
qoeatioo. 

/•     dx  J*'      lie  1  —  a 

.         =  /  — 73a:ss=,  where  o'  a=  -  .  . 

13.  From  the  integrated  series  estabUsh  the  following  : 

dx         If     A     dx    _  2ir       ^  ^     dx     _  jr_       A     dx    _  r 


CHAPTER  VHL 


ON  SUCCESSIVE  INTEGRATION. 


It  has  been  leen  (page  435)  that  by  every  enccenive  dURneatiatioii  one  ariatniy 
conatant  (or  eonetant  oo-eflicient)  diaappeaia  from  the  expreatton,  and  thii  dv 

nth  clifTcrential  co-efficient  hat  •  fewer  such  constants  than  the  pcimhire  fa» 
tioD  bad :  and  it  hence  follows,  conversely,  that  in  returning  by  successive  inte- 
grations from  the  nth  diflercntinl  ro  efficietit  to  the  primitive  function  or  finil 
integral,  we  muat  restore  the  »  arbitrary  constants,  one  at  each  step  of  tbe 

process. 

Let  u,  a  iuucuoii  of  a,  denole  tiic  pninitive  function  of     the  exact  foim  of 

which  is  at  present  unknown,  bat  soch  that  ^  s  X,  where  X,  a  loactiaa 

of  9,  is  actually  given.  Then,  einoe  in  fonning  this  difierentisl  co-cfr 
dent  dtt  has  been  treated  as  constant,  ori^e  s  Ob  we  may  write  the  gira 
equation 

s  X  in  the  form         =  X  dbr,  or  rf  3— "  =  X  d^. 
Whence,  integrating:,  nnd  considering  dx'*-^  constant,  we  have 

where  X,  is  written  briefly  to  represent y*Xik,  and  c,  is  the  arbitnij  cooitaBt 
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introdaced  by  integmtion.  In  the  taiiM  way  we  have  %  putkiiig  X,  ss /*Xtd», 
anil  0^  the  conetant  introdaced^ 

Proceeding  thus,  we  finally  obtain  the  nth  integral,  viz. 

1.2..        ■^1.2.. .(II--2)       TTF  +  ~r 


Corollary  1. 

In  the  applications  of  this  process,  any  problem  which  gives  rise  to  the  nth 
differential  co-efficient  as  a  part  of  the  expres'^ion  of  its  conditions,  must  also 
ioYolve  amongst  its  conditions  such  other  relations  as  shall  enable  us  to  deter- 
mine the  n  arbitrary  constants,  which  int^ration  introduces  into  the  final  expres- 
moiL  Such  problem  ie  otherwise  not  completdy  limited  in  ita  coo^tiona. 


Corollary  2. 

We  may  readily  obtain  the  developement  of    "Xdk"  as  follows:  — 
By  Maclaurin's  theorem. 

/•xcfa.  =  u..  +  u-(.-n .  f  +  u-(.^.      + . u., .  ^^^^ 

+     •  1T2 . +     •  iTa.  ..(mT)  +      i.2...(fi+2)  + 

in  which 

V-^mt  V^iwi)  •  •  •    U-t  V»»  U,,      ...  are  the  particnlar  Talnea  of 

y^XdIir»,y »— '  Xd!»»— 1, . . ..  J^dXf  X,  when  «  s  0. 

The  functions  U-],  U— s, ...  are  evidently  the  constants  o„  0,, . . .  introdaced 

by  integration. 

This  formula  shows  that  when  J'X  dir^  or    is  developable  in  increasing  posi^ 

tive  powers  of  m,  the  fiinctiony^'X  dSr*  can  also  be  developed  in  the  same  man- 
ner; and  henoe»  that  in  each  cases  it  is  scarcely  more  laborious  to  obtain  the 
nth  integral y^X  db*  than  to  obtain fSL.  d»  itaelf.  Hie  following  role  expresses 

the  process  implied  in  the  formola. 

DeoelopeXif  tkt  prenn  appropriaU  to  Us  farm,  mtd  then  for  etc 

given  by  thai  dttelopemmtt  writs 

gm  gi&l  a^+l  ««<i-s 

l.a...a'    1.2.. .(n+1)'    1.2. ..(»+2)*    l.a...(n  +  3)*  * 
and  then  annex  the  terms  dependent  o»  the  earbUrary  vmetiaUe,  oefemd  i»  the 
general  propoeiiion  Use^, 

{Young,  Integ,  Calc.p.  910 


*/\  /*, denote  the  second,  tbM,  etb  integnds  of  th«  (Ufferentlal  oxpvMrimi  to 
wliich  Uioy  uo  preftsod, 
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Since  vvhateverb«ihefonnof  X,  provided  only  that  it  be  a  ftmctionof  ft  nngie 
▼ariabk  x,  the  eonectioiit  only  introduce  an  algebraic  and  integer  {anctkm  of 
the  (n — ly*  degree,  we  are  entitled  to  infer  that  direct  differentiation  never  can- 
cels any  constants,  but  the  co  tllicients  of  the  algebraic  parts  of  the  primitiviB 
function,  and  of  these  none  higher  than  the  (n — 1)"*  powers  of  x.  By  recur- 
ring to  the  elementary  integrals  of  the  exponential,  logarithmic,  and  trigonome- 
trical functions  (the  only  ones  yet  introduced  into  analysis  hearing  on  ultimate 
ealeulfttioD,  and  reforinif  to  m  nngle  Tiriable)^  we  duU  aee  that,  d priori,  such  m 
conduiion  might  hm  been  infwTCd. 

Of  huMtlaooM  of  two  or  mort  independent  TviaUee,  vnd  tho  ubitiiiy  fm^ 
tions  of  tboee  variaUce,  by  which  the  arbitrarj  corrections  may  be  expreaee^ 
this  is  not  the  place  to  speak;  as  they,  and  especially  such  applicatiooi  w 
could  give  interest  to  the  subjectp  are  foreign  to  the  objects  of  this  volunMi 


1.  Let^»^.^  ^  ^8  rtqnired  to  find  the  primitive  limction. 

"^^  =  7T7^  = '-5- +  H-- L'ie  *•  +  •••• 

Ineeit  in  this  series^  according  to  the  rale,  for  the  qnantitiei^ 

X*  afi  «•  ar'*  , 

lAAA'  ZA.iS*  hSTA'  TJB^ipaO' ™' 

Ar«    2.3.4     2.3.4.5.6  ~^3.4.5.6.7«8     2.4A73.9.I0  "* 

^1.2.3  ^1.2  ^1 

dH( 

2.  Let  -531  =  sin  d :  required  the  primitive  function. 


In  this  case,  to  avoid  the  infinite  series  for  sin  9,  let  ns  actnaDj  integnte : 
then, 

fd^^  /sma*=-cos9. 


and  hence,  completing  the  integral  by  annexing  the  parts  depending  on  the  con* 
slants,  we  have 

a  = sin  e  <te»  =  cos  e  +  ^  +  ^  +  c« 

But  we  may,  bj  means  of  Yocmg's  nde»  effect  the  integration  with  gnat  shn* 
plidty.  For, 

de*""""  1.2.3     1.2...5     1.2:r7     1.2...9  *" 

Applying  that  rule,  and  putting  the  terms  dq;»endent  on  the  arbitrary 
stanta  first,  we  have 


> 
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+ -r  +  TT  +  1:2X1  -  IX^  + 


1.2.3.4      1.2...6  •  1,2... 8 


-pf     1.2    + 1  ^  -  ha  +  i:^  -  OZe  +  •••] 

« (c,  -  1 )  +  ^  +  ^.^t  +  ^)  f  +  CM  0,  the  nme  gOMnl foniL 
iHt     0^  ~' 

3.  Lei  ^  =  (a«  -f  a»)g'  primitive  fonctien. 

In  this  case  we  have,  by  the  method  of  rational  Actions 

=— j^-;—^  +  c».  Wherefore^ 

«  =  -f  ^^  =  ~  loge  V««  -f-  a«  +  c»«  +  c,. 

He  student  is  recommended  to  applf  Young's  rale  to  this,  as  an  exercise ; 
thoogb  it  may  he  remnrked,  that  the  great  excellence  of  that  rule  is  its  fncile 
ap]ilic;iiion  to  casea  in  which  the  function  cannot  be  integrated  without  infinite 
serit  s.  II(nvever,  even  in  such  cases  as  the  present,  it  is  only  the  accidental 
circumstance  of  the  infinite  series  being  expressed  by  one  of  the  logarithmic, 
exponential,  or  trigonometrical  lonctions,  that  we  are  enabled  to  avoid  the  direct 
and  fonnil  nee  of  the  seriei.  In  hxx,  thej  an  a«ies«  though  of  peculiar*kinds> 
which  we  aie  enabled  to  avoid  in  dieir  expanded  atale  by  means  of  certain  pn^ 
peitiea  of  the  difleientiala  of  their  devdopementa. 

4.  Show  that 

For»  J* d^^sij* Qjd»,  or  ^ s  C|i  and  hence  the  rest  follows. 
J  VflTp  ~~  2.3.4     2.3...6      2.3...8      2.3....10     ***  i 

 ^9, 


/"  e'»'  sin      +  n  cot"'  m)  e£r"  _ 
 1 — —J  =  e«»  Sin 
na*  corral 


9.  If  dH»  =3  *  I  then  a»  —  aa»  +  c«  =  0. 
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CHAPTER  IX. 


THE  LENGTHS  AND  AREAS  OF  CUKV  ES. 


PROP.  I. 

Tojmd  ikt  leii$tk  qfa  jfhm  erne. 

By  (p.  404)  tha  reetiDgidar  differential  of  the  laaglli  ia 

d!f=  V'dk'  +  rfy*  OX 

and  (p.  404)  tha  polar  eipreMkm  for  the  eanie  diflbceotial  ia 

=s  ViPT'fW  (2). 

Another  formula  for  the  length  of  a  polar  curve,  which  is  little  known,  but  oftea 
useful,  may  be  added.   It  ia  eaaily  deduced  from  (3)  by  simple  transformation. 

Let  rO  be  the  current  polar  co-ordinate^?,  p  the  perpendicular  from  the  j>o].ir 
origin  on  the  tangent  at  rO,  and  t  the  portion  of  the  tangent  intercepted  betweea 
the  perpeudicular  and  the  point  of  contact. 

ds=pdO  ±dt  (3). 

By  (p.  397)  we  have 

From  the  firat  and  third  of  thcae, 

-  p         p         p  p  - 
AitQ  from  the  first  and  second, 

T^drdB    ds  _dr^  .  (^^\  —  a.  A 

"p'"    ds'    '  r^de"  ds  ~  \d4/^  -  ' 

mencedksspdO  +  y^=5pd&±  A 

The  upper  or  lower  sign  to  be  used  aecMding  aa  the  ladiui-vectur  and  perpea- 
dicnlar  are  on  different  aides  of  the  polar  axis  or  not. 

Instead  of  the  angle  9,  or  POV,  of  thii  theorem, 
we  may  ^bstituta  the  angle  VOK :  for  it  will  be  evi- 
dent that  a  differential  change  in  9  makes  only  a 
difierenUal  change  in  VOK  cthe  /3  of  our  former  eqna^ 
tions),  of  equal  value.  It  may,  however,  be  well  to 
investigate  it  under  this  form  from  some  fundamental 
equation.  We  '?!inll  deduce  it  from  the  rectangular 
equation  instead  of  the  polar,  for  the  sake  of  ex- 
hibiting variety  of  method. 

Draw  Mil,  ML  perpendicular  to  KP  and  OK. 
Tlien 

OK  =  OL  +  LK  =  OM  cos  MOL  ±  PM  sin  MPH ; 
and 

KP=  KH  +  HP»OM  sin  MOL  q:PM  cos  MPH; 

or  p  =  «  cos  /3  +  y  sin  /3,  and  t  =  tfsm  /3  +  y  cos  jS. 

^  =  +      ^*  ^'"^  3J  =  +  cosec  i3,  by  thegenend  property. 
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A^ain,  from  the  first  of  tho  above  equttioiia,  and  nmag  tiM  time  o^en  (or 

reductioD,  we  have 

dp  dg  dx 

=  —  «  sin  /3  i  y  cos  /3  =  — 
^  =  — •coB^-Mo^.^+yiinp— cot/5,^.ooe|9 

_  dx  ds 

"Wheiice,  integrating,  we  have 

^——/P^±9i  «id«nce4=-#,thi»cliangwto 

'±*=y><^  (4) 

in  which  /3  takes  the  place  of  $  in  the  fonoer  mvlt 

Another  useful  expression  is  that  between  the  radius-vector  and  perpen- 
(Ii(  i]]nr,  on  account  of  the  simplicity  of  the  eqnatione  of  many  curvet  whan  ao 

referred. 

,  rdr 

*=;?^  (•>• 

For, 

p    ~p  T'^i^^T^*  


PROP.  II. 

Tojmd  the  area  i^afpnm  earew. 

By  {pt^  404)  the  rectilinear  differential  of  the  area  ia 

ef A  =  jriiv  sin  «  (Ij^ 

a  beings  the  ano;le  of  ordinnrion 

By  (/^o^e  405)  the  polar  expression  i^^ 

rfA  =  \  r-dO   (2). 

As  the  length,  when  a  curve  is  given  by  an  equation  to  trace  r  and  p,  so  also 
n»y  be  found  in  terms  of  those  co-ordinates  without  recuninj^  tor^ 
or  tjf.   For  inserting  the  value  of  dB  found  at  page  397,  in  Jr  Jy,  we  iiav  e 

A  =  4/H.e  =  i/-^  

Again*  a  formula  adapted  to  aoma  particular  caasa,  and  especially  Ibr  loops, 
may  be  thus  inveatigated. 

Put  £  =  tan  0  i  uud  iicuce  d9  =  co&'i^d  tan  0.  Wherefore 

As:  i  /r-t/0=  i/«»ae^<W9=:  i/aMtan6.  (4), 

SchoUtm. 

It  is  to  be  remarked  that  the  area  might  be  found,  in  those  cases  where  the 
expressions  are  more  easily  intejrrated,  by  means  of  the  formula  xdy  =  r/A,, 
where  A  +  Ai  =  ory.   For  this  only  amounts  to  finding  the  other  segment  into 
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which  the  rectangle     is  divided  by  the  arc  of  the  cnnre :  or  again,  to  an  inter- 
cliango  of  tlw  axes  X  and  Y,  and  artimadng  tha  cum 
system  of  eo-oidiiialaa* 

I.  ThB  ClRCLB. 

71a  jMTMifler.^Sefeial  fonmiba  for  the  perimetar  of  the  dide  bafo  bam 

given  in  vol.  i.  pp.  475 — 6  {note) ,  all  of  which,  except  the  last,  are  deduced  frOB 
that  of  Gregorie,  by  methods  which  are  there  explained.   We  shall 
Gregorie's  series  by  mMna  of  the  calcuhia,  and  add  a  few  f  "^^'Ht 

the  number 
Since  {p.  305)»  we  have 

iitaii-»»  =         =  (I 0  df, 

we  obtain  by  integration  the  value  of  s  or  tan'^x ; 

tan-*«=sa«»  — ?«*  +  ^«*—  ^jr^^  

at  giwn  at  mJL  i  p.  47S,  and  at  vol.  n.  p.  370. 
No  constant  b  reqoired,  ainoe  when  •  s=  o,  a  ss  o. 

The  socceeding  transforroattona  given  in  the  former  place  being  independent 
of  thecakttlns,  and  mmrely  trigonometrical,  need  not,  perhaps,  be  recajntnlalcd 

in  connexion  with  the  present  mode  of  treating  the  subject.  As,  however,  the 
exhibition  of  a  general  method  of  making  the  successive  deductions  may  be 
useful  to  the  student,  we  shall  resume  that  part  which  gradually  leads  to  the  final 
formula  in  that  note. 

Put  tan  tt  —  a„,  tan  /3  =      and  tan  (a  -f  /3)  =  c« :  then 
«  s=  Ian— 'om,  /3  =  tan— and  a  +  ^  s  tan*~iebi  and 

tanr-ia»    tan— tan— icb  •  (6), 

«-=fTife  0^ 

1  2 
Put  Ca  =  1  and  &i  =  r :  then  from  (c),  Oj  =  - ;  and  henc^  from 

tan->  1  =  tan-»  \  +  tan-i  ?   (1), 

6  3 

2  1  7 

Again,  put  c,  =     and  6,  =  -  :  theo  a,  =     •  or 

9  0  1/ 

a  1  7 

tan-»  J  =  tan-J  ^  +  tan-'  i^r, 
d  5  '  17 

Insert  this  in  (1):  then 

tan-U  =  a  tan-i  I  +  tan-i  ^  (». 

7  1  9 

Pat  Og  as  ^  and  6»  s  g  •        's  » 

7  10 
tan-»  ,V  «        7  +  tan-» ~ . 
17  o  40 

Insert  this  in  (2):  then 

1  9 

tan-'  1  =  3  tau-i  -  -f  tan-'  —  (3). 

9  40  ' 


P«t««=5^"»d^=|s  then«4=-.^j 
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tad  ioMCtiiig  thii  in  (3),  we  have 

tanr-i  1  ss  4  Uir-»  i  —  tanr-i  ^  (4). 

■ad  inwrtiiig  m  (4).  w%  gat 

11  1 

tan-i  i  =  4  Lan— 1  -  —  tan— >^  -f  tan— 1  —  ,  (5), 

Ffom  ibis  specimen  it  will  be  obvioiis  bow  to  conduct  sucb  enquiries  as  to  the 

tmns formation  of  the  expressions  concerned.  The  great  object  is  to  obtain  such 
fractions  on  tbe  right  side  as  when  inserted  in  the  general  series  (a)  shall  be 
rapidly  convergent,  and  at  the  same  time  easy  of  computation.  The  cquatioa 
(5)  possesses  these  requisites  in  an  eminent  degree,  since  5,  70,  and  'jo  are 
numbers,  to  divide  by  which  will  cause  less  labour  than  perhaps  any  otiicrs  that 
fnlfll  the  coaditioQ  of  giving  the  leftside  of  the  equation  either  the  eotiie  circum- 
lerence,  or  any  rational  speciBe  part  of  it  that  may  be  disoorerable.  In  tbe  die- 
coveting  of  tbe  formula  iteelf,  Mr.  Rutherford  had  been  anticipated  by  Eolerf 
bot  Euler  doeenot  appear  to  have  considered  it  so  valuable  as  that  which  usually 
bears  his  name,  probably  from  its  requiring  three  series  to  be  computed  instead 
of  two.  Mr.  Rutherford,  on  the  contrary,  has  employed  it  ('?ince  the  publication 
of  our  former  volume)  in  the  calculation  of  -ar,  which  he  has  carried  to  the 
extraordinary  extent  of  208  places  ot  figures.  Availing  himself  of  the  prin- 
ciple of  tjfnikeiic  dwuim  for  compudag  the  powen  of  ^  and  many  other  in- 
genious contrivanoea*  it  was  yet  a  work  of  prodiglona  labour.  Hia  rmHit  are 
printed  in  the  PkU.  Tram*  1849 :  and  we  annex  them  here. 

4*      *\6      3.5»^5.6»      7.6'  ^  '•••j 

_/l  1^  +  ^  L_+  \ 

(70    3.70'^  6. 70»  7.70'^""i 

j.f±  L_  +  _l  L.  +  \ 

^199     3.99»^5.99*  7.99'^ 

«r  =  3*14159  26535  89793  2384(i  26433  83279  50288  41971 

69399  37510  58209  74944  59230  78164  06286  20899 

86280  34825  34211  70679  82148  08651  328S3  06647 

093R4  4C095  50582  23172  53594  0812S  48473  78139 

20386  3383U  21574  73996  00825  93125  91294  01832 

80651  744... 

(3).  The  area.   Since  y  =  >/tt*  —  x-,  the  reference  being  to  the  centre  as 

origin,  we  have  dA  s  Vo^  —  fl*.d»Ka        —  ^.db. 

Expand  the  radical  by  the  biuumial  theorem :  then 

from  which,  for  any  speciBed  valae  of  the  area  of  tbe  ceneiponding  segment 
of  the  circle  may  be  computed.  If  taken  between  the  limits  •  s  0  and  •  s  a^ 
the  value  of  the  corresponding  quadrantal  area  will  be 

^"'•^{*""6'^4o""m"  ••••}• 
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Arailiog  oiirwlTfl8»  lioirever,  of  ihe  pravioudy  computed  ptrimelm'  of  tbo  did«» 
yn  mty  compttte  the  an»  very  nmplj.  For  instanoe,  in  nctangnlar  ciHKd^ 
nates:— 


The  entire  area  is,  therefore,  a'«D^,  as  assigned  at  p.  4^77,  vol,  i. 
Or  again,  by  polar  co-OTdtnatea,  we  have,  referred  to  centre, 

dAs      Hdd*  and  r  conatant:  whence  A  =  Let  d  ss  2ir  i  then  the 

entire  area  is,  aa  before,  A  =  .  i r^.  •im-  =  r'tcr, 

IL  Tbb  Parabola. 

(1)  .  JTie  kHgth  ^  the  ApoUonian  parabola.  In  thia  caae  we  have    =  im, 
and  hence  t  5=  ^  VS^+^as  JLy  Vy'  +  41^. d^ 

4  u 

Now,  when  ar  =  0,  *  =  0  also  :  and  hence  substituting  these  vrd ties,  we  have 
0  =  a  log  2a  +     or  c  =  —  a  log<  2a  i  wherefore  the  corrected  mt^gnd  i« 

(2)  .  The  area  of  the  parabola,    NVe  .shall  take  this 
as  the  part  cut  off'  by  any  chord,  BC,  whatever. 

Refer  it  to  the  tangent  EF  drawn  parallel  to  the 
chord  and  the  diameter  AD  through  the  point  of 
contact,  at  co-ordinate  axes,  making  the  angle  a 
with  each  other. 

Then  the  equation  of  the  parabola  is  =  4a,»; 
and  the  formiUa  (p.  S09)  becomea  dA  =  ydis.  aui  a. 
Integrating, 

A  csypdir  sin  a  ss  j^V'd^  ^n  a  s  ^ .  ^  sin  as|  .ay  ain  a. 

Tills  agrees  with  the  result  found  at  page  122  :  the  entire  area  BAC  being  the 
double  of  ADC,  just  found. 

SekoUam, 

The  curves  rejsic-entcd  by  the  general  equation  y^  +  n  =  o^x"  have  been 
called  parabolas  of  the  hir/her  orders.  They  admit  of  quadrature  in  ail  cases,  and 
of  rectification  in  several. 

w^.  r  J        SI  +  ll/»     n   J        W-J-Iipii  M-f** 

no*  a« 
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» 

wiiieh  if  intMmble  in  finita  temu  wlien  either  A  <>r  -         is  an  intcgeri 

u  +  m .   3    6    7    ^        m  +  «.2    4  6. 
Ont  N^when--^  18  ~,       ^,  tte.,  or    J    w  t,       ^,  «<c. 

m  240  m  lab 

The  commam,  the  en&ioo^  and  the  tmiembieid  paiabola^  an  included  amongit 
these  <**y*f 


III.  Thi  Elupsb. 


(1.)  To  find  the  length  nf  the  arc  CP  of  nn  pWpse, 
AB,  CD,  heinf/  the  rectuiujnltir  conjuqatf  diameters. 

On  AB  describe  the  circle  AUB  nieetinj?  the  ordi- 
nate MP  in  Q,  and  join  OP,  00.  Make  aOC=  ^ 

Xiieu, 

m  =s  OM  s  n  abi  f ,  and 
y  3s  PH  s     QM  s  5  cos  f  t  and 


where  = 

Expand  the  tndical  in  a  asries,  and  integiate  the  svecessiTe  tenos  sepsratdy  i 
then  we  get 

r.D      r  1       I         .    \     \.c*  1.3  .  1  .  ,  \ 

CP=a  Jf— -^-cosf  8in^j-~        *     274  — i  cos  ^  srn^^j-  . 

This  taken  between  the  limito  0,  ^ir,  as  Tsloea  of  f,  gives  for  the  length  of  the 
elliptic  quadrant* 

nn      /t      ^1V<^     /1.3V         /1.3.5Vc«  \ 


— — ^,  we  shall  have  i  4-  n  a  -?riJ  •w'  the  series 


If  we  put  n 

becomes, 

CB  =  { .  +  QV  +       +  (p..  ^ ....  I . 

which  converges  rapidly  when    is  less  than 

# 

'  Tlie  reader  uho  is  desirous  of  considering  this  interesting  and  important 
])rohlen)  more  in  d°tai],  is  referred  to  the  following,  amongst  the  many  places 
in  which  it  is  discussed  : 

Ivory»  Edinb  Trans,  vol.  iv. ;  Euler,  Noet  Comm.  Petrop.  torn,  art.,  and  Opus* 
ada,  torn,  ti;  Legend  re,  JU^.  de  VAcod»:  and  £streifef  dm  Calad  Inttgnds 
Wallace,  JEdSuiA.  Thnif.  odIi  9.  and  Contc  SictUms;  and  Woodhonae*  PkiL  TWms. 
1804. 
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(2).  Jifa  pokapm  ik$  ^ptic  quaAwU  BPCheghm,  U  u  rtqmnd  tafmd 
OMlktr  pakt  P  m      9mM  fMSnmij  muk  Oai  are  CP  ^  me  BP  ^  • 
ttnutiiktimfkiUm*  (Figiiaiii's tbeomD). 

CoNm.  On  ihe  principal  tda  AB  d«- 

seribe  the  semicircle,  and  make  the  angle 
COQ'  equal  to  the  angle  MPH  formed  by 
the  ordinate  and  tangent  at  P ;  draw  QM' 
perpendicular  to  AB,  meetin;?  the  clUpse'at 
P:  then  P'  is  the  point  required. 

For.  from  centre  O  and  focus  F  draw  per- 
pend iculars  to  tlie  tangent  at  P;  and  denote 
the  angle  MPH  bf  0  and  OK  by  p.  Then, 
the  remaining  notation  being  aa  in  the  pre- 
ceding propoailion*  we  aball  ha?e  (unce 
on  s  OB,  pp.  130,333), 

l>>  a  OK*  =:  OH«  —  HK»  =  0B>  — OF  8in«»;  or p  =  c     1  —  c»  ain»g; 

and  (p.  508,  eg.  3),  BP  +  PK s/pdO ss a/Vl  — o*ain>9 
But  since  COQ  =  MPH  :=  9,  we  have  OM'  «s  a  nn  6f  and  hence,  by  the 

last  example,  CP'  =  a  f  V*  i  —  c^'  sin^y  d9  :  wherefore, 

arc  BP  +  line  PK  =  arc  CP';  or  arc  CP  —  arc  BP  =  line  PK. 

Let  DOW,  as  before,  OM  s  «  =  a  sin  ^,  and  MP  =  y  =  &  cos  ^ :  then, 

cfv    6  sin  d      b  ^  eoa  9 

cot^s  —  :r«*  T-  =-  tan*:  or  sinf  = 


AlaObKP 


oe^  sin  0  cos  0 


V  1  —  c»  sin*^ 


=  oe*  sin  0  sin  f. 


But  a  sin  &  =  OM',  and  a  sin  ^  =  OM  j  wheruforet, 

«         ain  0  ain  ^  =  |>.0M.01f'. 

The  line  therefore,  is  a  constructible  straight  line,  since  OM'  is  girea  by  the 
preceding  construction,  and  all  the  other  parts,  c,  a,  tuid  OM,  are  amongst  the 
data  of  the  problem. 

It  alio  appeaia,  that  once  PK  ia  a  aymmetrieal  function  of  f  and  PK' 
mnat  be  a  aimilar  function  of  $  and  f ;  and  hence,  that  PK'  =  PK,  in  all  cor* 
responding  positions  of  P  and  P, 


(8).  To  divide  ihe  sll^lie  quadnmi  hUo  two  parte,  the 

$haU  be  equal  to  an  assirpiabU  ehmgkt  ime. 
Since  the  points  P  and  P  of  the  preceding  pro- 
position coalesce,  we  have  COU  =  MPH,  or 

^fTheace,  eot'O  =  - ;  and  the  co^nrdmates  of*  P 
a 

am 

a  s=.  a  Bine  =  a  ^/   °  .,  and 
V  a  +  a 

y=Jcoa9  =  6y^A^. 


Hence,  are  BP>»  are  AP  s  fl^  rin^ = 


g"  —  6» 

o~-hT 
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The  point  P,  therefore,  being  tikeii  with  the  above  co-ordinates,  is  such  that 
it  divide  s  the  quadnnt  into  two  arcs  whoie  difierenca  i«  equal  to  the  diffisience 

of  the  semi-axes. 

(4).  ToJmdtkBttreaqfttmtiUpte, 

Hie  equation  of  the  eUipie  refemd  to  the  centre  is  y  s  ^  —  «»j  and 
Ihenoe  the  ana  $s 

A  =  jy^/^^^ito  =a  ^•(cirde  on  AB)  =  ^.«V  = 


rV.  Thb  HvpnaoLA. 
(1).  He  laiffih  qf  an  hyperbaUe  are. 

The  equation  of  the  curve  being  3f  =  |  — o^,  we  have 
Of  pntting  «  s  Off  we  get 


V -v/JiZIl  I      iVce/    2.4  Vcr/     2.4.6Vc*/     2.4.6.8 \c»/  •*•/ 
Wherefore,  every  term  except  the  first  depends  upon  the  integration  of  the 
general  ionn  — ^  -_.  where  m  is  always  odd.  Tlie  integration  of  the  eeiies 

can  therefore  be  effected ;  the  general  term  for  rednction  being 

(2.)  7b  jW  fAe  d^ermut  bthoem  ike  ItHgtht  the  npufMe  md  lie  iq^e 
are  tftie  AyperAois. 

By  the  preceding  investigation,  taking  z  between  the  limits  1  and  ^,  we  have 

/I       dz  ,  1  V 

/i      'fe      —  i  A      dz      _  1  «• . 

0  Z^'s/z*^  1         « «»v'^«—  1    £?2  * 

<fe      _  5   dz   1.3.5  ,ir^ 

etc,  eto, 

zdz 

Moreover,  for  the  first  term  we  have  ae  f      — ^  aeVs*—  1  s  oar, 

between  the  limits  «  s=  0  and  z  infinitely  great. 

L  1  2 
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But  tbe  length  of  die  asjinptote  comepoodiog  to  any  value  of  •  is 

V  *  V  ""i? —  =  ca?  =  a«;  which  for  a  value  of  9  mfiaiuly 

great,  becomee  identical  with  tbe  first  term  of  the  eeriei  as  jnst  detennined. 
Whence  the  asymptote  exceeds  the  hyperbolic  arc  by  the  series 

Many  other  forran  for  the  hyperbolic  arc  may  be  found  in  different  x\*orks; 

but  as  they  are  of  little  me,  except  as  ezercisea,  we  shall  not  insert  them  here. 

<^ 

(3)  .  7b  fmd  the  area  qf  an  hyperbolic  area  APM, 
Refer  to  the  centre:  then y  s  -  »/ti*  —  a*,  and  henes 

= J  |»v«i_  o»—yvi^— «•&—«•  log,  (« + — «o} 

= ^  {?  ^/iCT-  f  log  ( :  +  A/?iri.)}  +  c. 

But  when  «  =  a,  A  s  o ;  whence  in  this  case 

0  «  —  ~  log«  n  +  C,  or  C  =  ^  Iog«  «. 

Insert  this  value  of  C ;  then  we  get 

=?-T'^- (:-+!)• 

(4)  .  Tfte  teetoral  erea  OAP  i»  reqmred, 

This.is  at  once  ohtained  from  tbe  preceding  inveetigation ;  for 

OAP=OMP-AMP=f -  (f - 1 '0^1  +  Dj  =  + 

If  we  pnt  lo?<>(^  +  ^}  =  ^*  ^'"^       ^  equation 

of  the  curve,    —    s  1*  we  have  by  division  — — ?  ^      :  wherefore,  hr  ad- 

ditioo  and  subtraction, 

«  =  I  (e«  +  f^h  and  y  =  ~  («*  -  «-«). 

By  a  comparison  of  these  forms  with  those  at  p*  437*  vrA,  t.»  we  shall  he  stradt 
with  the  remarkable  analogy.  If  tbe  hyperbola  be  equilateral,  then  6     «,  and 

we  have  X         {(^  •\-  e—f^,  y  =  —  e~^),  which  differ  in  no  rcj^peci  from 

wliat  takes  place  in  tl»e  circle,  except  the  absence  of  the  symbol  n/  —  1  :  ftw  if 
y.  be  the  co-ordinates  nf  a  point  in  the  circle  {rad=^a),  and     the  arc  corres- 
ponding to  them,  we  have 

»  =  3  +  ,  and  y     ^"-^^  [e^V^-  s-^vC^j. 


Digitized  by  Google 


aUADJUTURE  OF  THE  HYPERBOLA.  517 


This  analogy  led  Lambert  to  propose  a  system  of  hyperbolic  trigonomtiry : 
and  it  was  carried  out  tu  sumc  extent  by  Sauri  and  some  otheri^,  soon  after.  It 
has  been  lately  revived  by  the  continental  writers,  of  which  tiume  account  is 
given  by  Dr.  Peacock  in  the  Reports  of  the  aecood  meeting  of  ihe  British  Asso- 
eiation.  Since  that  time*  a  paper^  remarkable  for  its  elementary  elegance  and 
genenli^  of  resnit,  has  been  given  hy  Dr.  Wallace  in  the  BMt.  TWm*.  Mf.«i0. 
to  which  the  inquiring  student  is  referred. 

(5)  .  H  lie  hffpoMn  r^errtd  to  ilf  atjfti^otet  at  eo-ordiMie  OMt »  Am  orefi* 
Mfes  ore  diruim tf  if  r«9«tr«rf  to  find  m  wpumm  far  tk»  area  eoMlsiiwd 
bttween  f  ian. 

If  a  be  the  angle  of  ordinatioo,  and  a,  b,  the  semipaxes  of  the  carve,  we  have 
{p,  325)  the  eqnation  of  the  curve 

ay  =  i  (a»  +  or 

dx 

A  =  sin  ay ydx  =  i  (a'  +  6^  sin  ay  -  =  i  (a'  +  6^  sin  a  \ogtX  +  Ci 

To  find  C,  draw  the  ordinate  BN  to  the 

vertex  B  of  the  hyperbola,  and  K  t  ih"  nrea 
be  estimated  from  this  line  m  the  direc- 
tion   MP.   MJ»„    M,IV   etc.     Then,  if 

ON  (=  J  \^a'  -f~^)  be  taken  as  the  unit  of 
the  scale,  wc  shall  have 

0  =  sin  a  loj?,.  1  +  C,  or  C  r=  0 ; 
and  the  expression  is  reduced  in  its  corrected  state  to 

A  =  sin  a  log«  x. 

Let,  then,        be  any  values  of  a  corresponding  to  tlie  points  :  we 

shall  liave 

M,M,P,P|  =  sin  a  (loge —  log^  «,)  s  sin  « loge  (^). 

If,  now,  to  the  unit  ON,  there  be  taken  any  numbers  represented  by  OM, 
0H|,  OM^efc,  upon  X ;  then  the  spaces  NP,  NP„  NP„  NP,,  elc.  will  be  propor- 
tional to»  or  represent  the  logarithme  of,  OM,  0M„  UM,,  etc.,  ON  or  sin  a  to 
ON  as  radius,  bebg  the  modulus  of  the  system.  These  spaces,  therefore,  may 
represent  every  system  of  logarithms  by  giving  a  suitable  inclination  to  the 
asymptotes,  that  is,  a  suitable  value  to  sin  a. 

When  a  =  \7r,  or  the  hyperbola  equilateral,  sin  a  —  1,  and  hence  the  modulus 
being  unity,  we  have  a  representation  of  the  ]^nperian  system.  In  fact,  from  Na- 
pier having  illustrated  (nr,t  inrestigated)  his  method  by  means  of  the  equilateral 
hyperbola,  his  numbers  have  been  very  generally  called  the  hyperbolic  loga- 
rithms :  bnt  it  will  be  obvious,  that  as  all  logarithms  may  be  represented  by 
hyperix>lic  spaces,  the  use  of  die  term  hyperbotie  to  signify  one  particular 
system,  is  somewhat  inappropriate.  The  common  logarithms,  for  instance, 
give  Mm  =  '43429448,  or  a  s  85*55a0'».   See,  also,  p.  162. 

(6)  .  To  find  the  area  of  an  hyperbolic  sector,  the  focus  being  the  pole.  Seejtjf, 
to  (3)  preceding  page. 

Let  OA  B  e,  OF  s  ee,  OM  ss  MP  ss  y.  Then,  since  e  is  greater  than 
unity,  assume  «  ss  a  sec    and  therefore  y  =  b  tan  f.  Now  we  have 

area  OMP  =  area  AMP  —  triangle  FMP;  whence,  differentiating, 
d  (area  OMP)  ssjfda      ^-d {(as— «) jr]s=  ^  yda  +  (oe  —  «)  dg]. 
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i(aiMOMP)     ir    ds,,  .dy\ 
or,  -^s^  '  "21  *  '^41 ' 

il  (urea  OMP)  =  ^  {oft  tanV  aec  f  +     (e     mc  f)  iecV}  dj^. 

=  ^  a&     secV  —  «ee^j  i/^.  and  integrating,  e/C, 
area  OMP  =z  i  ab     t&a  ^  —  log*,  tan  (is-  +  i<t>)]<. 
Let  now  the  angle  AMP  =  0 :  then  r  =  ex  —  a,  and  hence 

which  inserted  in  the  expression  for  OMP  gives  the  result  required. 

V«  Thb  CtcloId. 

(1)  ,  TUIaifflk.  H«fe^=  ^Hi^:  hepcel ^. 

H«iioeilr=/<b  ^^J*  :=       / =  2 ^275'+ C, 

and  since  jt  and  s  commence  together,  C  =  0. 

The  length  of  the  arc  of  the  cycloid  estimated  from  the  vertex  is  cquai  lo  the 
chord  of  the  arc  of  the  cycloid :  the  circle  and  cycloid  being  cut  off  by  the  same 
)>arallel  to  the  baae  of  the  figure. 

Hence,  if  the  radius  of  the  generating  ctrde  be  a,  the  eydoid  itadf  ie  4a{ 
■Ince  the  semi-cycloid  is  eqtud  to  the  diameter  of  the  generating  drcle;  whidi 
accorde  with  what  was  shown  at  page  413. 

(2) .  T%e  area.  Here  cfy  =  v^2a9  —  «*.«r*dSa  is  the  dtflfaraitial  eqnatioo  of  the 
curve.  AIi^o,  generallj, 

— *y  —  ^  («  —  a)  V  2a*  —  ar  —  -  o*  vcrsin"*  —  +  C. 

When*  3s  0,  then  A  =  0,  and  hence  C  =s  0,  Also,  when  «  s  2a,  we  have 
jr  s  ovs  and  hence  ay  s  2«^«r  $  and 

r  •  1  '^x  1 

v2ar  —     =  0  i  and  —  -    versin-'  —  =  —  - a*«.  Wh«iea 

Doubling  this,  to  include  the  whole  area,  we  find  that  the  arsaof  the  cydtud  ia 

three  titnt»«  that  of  its  genTntirifj  circle. 

(3  V  Tiif  area  of  the  companion  to  the  cycknd.    In  terms  of    we  have  y  = 
and  a;  =  a  CI  —  cos  0)  :  whence 

y ydjc  =.  xy  —  I  xdy  =  a-  (siu  0  —  9  cos  9)  +  C. 

The  whole  area  is  2a'«:  or  twice  the  generating  cirde$  or  two-thirds  of  the 
cycloid  itself. 

VL  Taa  TAACtoaT  avd  GATSifanr. 
(1).  (hMtk  qfike  aarvti.  The  eqoationa  of  these  cnrvea  have  been 


Digitized  by  Google 


CATENARIAN  TRAMEL. 


519 


under  several  forms  by  diiTenot  wrilen,  and  hence  it  may  be  advinUe  to 

describe  them  particularly. 

The  catenary  is  the  curve  assumed  by  a  perfectly  flexible  chain  or  cord  sus- 
pended by  its'  two  extremities,  the  whole  of  the  particles  Jx  int,'  subjected  to  the 
action  of  terrestrial  attraction.  The  tract ory  h  the  patii  pti^juud  by  a  body 
drawn  by  an  inextensible  string,  the  other  end  of  whicii  moves  aioog  a  straight 
line — the  tendency  to  motion^  except  that  produced  by  the  co-temporaneous  pull 
of  the  atriag,  heipg  supposed  to  be  contmually  destroyed  by  the  firictioo  of  the 
sor&ce  on  which  it  movee.  Our  reaeon  for  combining  the  two  cnnres  under  one 
liead  ie,  that  the  catenary  is  the  invohite  of  the  tractory  i  and  the  mechanical 
genesis  of  both  curves  is  effected  by  a  single  construction.  The  r  m-t  ruction 
itself  is,  I  believe,  the  invention  of  Sir  John  Leslie,  who  gave  it  in  his  Geometry 
of  Curve  lAneSt  pp.  397 — 8  :  though,  by  some  oversight,  the  figure  which  is 
engraved  for  its  illustration  differs  so  much  in  its  lettering?  from  that  required 
by  the  text,  as  to  render  his  description  almost  unintelli-iljlc — ^the  reason,  pro- 
bably, of  its  never  huvmg  beeu  noticed  by  subsei^ueiil  wiilerb. 

Let  a  thin  bar  of  wood  Cr 
or  braes,  SG  with  a  groove 
ronning  along  the  middle, 
have  a  perpendicnlar  arm, 
KT,  projecting  each  way : 
to  this  frame  annex  a  simi- 
lar piece  MPSF,  with  holes 
drilled  in  PS,  having  a  small 
sharp-edged  wheel  at  P, 
torniug  about  an  axis  in 
the  eame  plane,  but  at  right 
axigles  to  PS;  one  of  these  ^ 
holes  being  passed  over  a 
pin  fixed  at  S  in  the  direc- 
tion of  the  groove  GS,  and 
a  pencil,  secured  in  a  slider, 
being  insertctl  in  the  con- 
course of  both  f^rooves  at  R  :  let  KST  be  slid  alonjjf  the  directrix  X'X,  and  the 
wheel  at  P  gently  pressed,  it  will  describe  the  tractory  ;  whilst  the  pencil  carried 
in  the  intersection  of  the  perpendicularji       SG  will  trace  the  catenary. 

This  instrument  may  be  called  Le»/te's  CaimarioH  trammel. 

'When  P  and  R  cosiesce,  as  at  Y,  then  PS  win  be  perpendicular  to  X'X,  and 
OV,  (which  is  then  the  position  of  PS),  will  be  equal  to  PS.  Both  the  curves 
will,  therefore,  pass  through  this  point  The  catenary  will  continually  diveige 
from  the  line  X'X,  and  the  tractory  continually  approach  ttjwards  it ;  and  by 
moving  the  bar  GS  to  the  left  of  OV,  there  will  be  brandies  formed  precisely 
simdar,  equal,  and  symrnptrically  situated  with  respect  to  UV,  as  there  were  on 
the  right.  We  shall  first  obtain  the  equations  of  these  curves,  and  then  develope 
a  few  of  their  properties. 

2.  T%»  eqtuium  of  ike  tractory.  The  general  construction  already  given 
implies  that  ths  wheel  P  always  moves  in  a  direction  towards  S ;  and  agrees  with 
the  ordinary  previous  definition  of  the  curve.  This  construction  impliss  that 
the  string  in  one  case,  and  the  rod  PS  in  the  other,  is  a  tangent  to  the  curve : 
and,  by  hypothesis,  the  tangents  are  all  equal. 

l^t  t  P  l>e  a  point  in  the  curve,  PT  the  tangent  meeting  the  directrix  X'X  in  T, 
0  the  origin,  and  MP  the  ordinate  at  P.  Then  if  «y  be  the  co-ordinates  of  P, 
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and  the  current  co-ordinates  of  tha  taofent  FT, 
we  bave  tba  equation  of  the  tangent  (pnttiqg 

yi— y  =  ^(«i  — «)»  andMTr=x.  _x=^. 

Wherefore  FP=     (  1  +  ^)  =  a*  j 
or,  in  another  form, 

A.=<^y^fl'' --y'=  _ 


Whence,  integrating,  the  first  term  being  integrated  at  p<^€  473, 
g«V^fl»->y«  +  - log.  /^r-^,' 

which  is  the  equation  between  x  and  y  referred  to  the  origin  O. 

3.  The  length  of  the  tractory.  The  equation  in  y  and  9,  whilst  it  rtctifia  ike 
curve,  is  also  much  more  elegant  and  useful. 

Resume  the  expression  for  the  tangent,  and  write     — dtf^  for  dx^ :  then  we  hare 

y*<^  +  y'tfe*  =5  tt'fi^^  or  $W  =  a^y%  or  df  =  — 

Whence  «  =:  —  a  log^  y  +  G.  When  t  =  0,  M  ia  at  O  $  and  luDee  «  =  0, 
andyso*  Therefore  G=s  a  lege     The  corrected  int^gial  ii^  diarefon, 

s  =  a  loge 

3,  Tke  area  <^fkt  tractory.  From  the  differential  equation  of  the  cotfc,  wa 
have  at  once  ydv  =  Va*  —  y» .  dfy  $  or 

A  =  o*«in— '  -  J  or  A  =  -  a' .  w. 

fl  0  4 

The  whole  area  included  by  the  four  branches  (a  curve  being  formed  below  X  X 
in  the  same  manner  as  that  above)  is,  hence,  equal  to  the  circle  deacrilMd  widi 
centre  <),  and  radius  ()V  or  a. 

4.  The  equafton  of  the  catenary.  The  construction  ol>vit>u^ly  sliows  thn  PR 
is  a  tangent  to  the  curve  at  K,  and  that  the  perpendicular  SP  from  the  foot  mI 
the  ordinate  R8  ia  of  the  constant  length  SP  or  a. 

Now,  the  equation  of  the  tangent  at  ay  of  any 
curve,  being  the  current  co-ordinates  of  the 
tangent,  ia 

y.  _y  =  ^(r.-.sr) 


»  Y 

o 

and  the  length  of  the  perpendicular  to  the  tangent 
from  the  point  S  (x,  0)  is, 

'^^dx^  +  dp* 

which  ia  the  differential  equation  of  the  curve,  a  being  the  constant  tai^;eat. 
This  transforms  to   

J  ody  •  .  1     y  +  Vy«  —  «F 

die  =   .    ^     ;  or,  mtegratmg, «  ssa  Iog«  ^—  ^  ^ 

Vy*  —  a»  a 

which  ia  the  equation  of  the  catenary  between  the  co>onUnatca  of  the  eone 

referred  to  OX,  OY. 

At  p.  344,  the  equation  of  the  catenary  is  given  in  a  diflerent  form  $  fant  it  ia 

esaily  deduced  from  the  one  just  given. 
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For,  takiBg  the  inrene  ftmctioii,  log^^S  we  beve 

m 

M« — jr  as     s  _     or  aqdufing,  canceUing,  etc, 

ix  r  1      f  *        — ^1 

a«a"  -f  a  =  26"  y,  or  y  =  -  a  1  e<*  -i-  e  « j .  . 

TraDspose  die  origin  to  the  point  V,  (or  write  jr  +  «  ^Sr)  uie  VX'  being 
paieM  to  OX,  we  have  tbe  expreesion  dianged  to 


or  again,  tnterebanging  tbe  axea  of  co-ordinates,  it  beeoniM  predaely  as  given  in 

the  place  referred  to. 

It  may  be  remarked  generally,  that  the  line  OV  is  frequently  taken  as  the  axis 
of  X,  and  V  p.s  origin :  which,  in  reading  worka  where  the  catenary  is  treated, 

should  he  kept  in  raind. 

5.  The  leiiijth  of  the  catenary.  From  tlic*  flifrcrentiai  equation  of  the  catenary, 
and  ike  geut:iai  furmula  fur  the  length  of  the  arc, 

aW  =  y>«b>-4^3);  orii»=  ,  ^"^^  Hence 

8  —  s/y'^  —     +  C,  is  the  length  of  the  curve. 
Now,  when  y  =  a,  the  curve  is  at  its  commencement,  and  hence  C  =  0 ;  or 
die  length  is,  simply,  when  referred  to  the  ayalem  of  axes  OX,  OY, 

=    — a«. 

A]ao,««=:y*_a*=:laS       +      J'  — «»  ss  ie«  je^  — 

and  hence  *  =  ^  «  |««  +      J  • 
If  it  be  referred  to  VX',  VY :  then  «>  =  2ey  +  y'. 

6.  Tht  orea  qf  the  aUenary.  By  the  diflKsrential  eqnatum  fd»  =  lub  {  we 
have  Asm,  the  constant  being  0,  as  before.  Hme,  if  on  VX  we  take  VH 
eqnal  to  the  are  VR,  and  complete  the  rectangle  OKH V ;  it  will  be  equal  to  the 
amOSRV.  

But «  —  0*5  and  hence  the  area  OSRV  ia,  also. 

Also,  aince  A  =  o  n/jt*  —     we  readily  get 


When  referred  to  VX',  VY,  we  must  subtract  the  rectangle  OL  =s  ax}  and 
hence  so  referred 

A  ss  a  { s/y ^  —  a'  —  a} . 

7.  The  catenary  is  the  cvolutc  of  the  tractory. 

Let  x,yj  be  the  co-ordinateji  of  the  centre  of  curvature  of  the  tractory:  then 
substituting  the  valoea  of  the  differential  co-efficiente  of  the  curve  in  the 
appropriato  values  {pagi  408),  we  have   

e«  ,  .  a-^yi'  — «» 
— ,ana0.  s«+ — ^  
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hiiminating    jf,  between  th«ie  and  the  equation  of  the  tractory,  we  get 


vvhicli  is  the  first  finite  form  in  which  we  have  found  the  equation  of  the  cate- 
nary. 

The  g&uem  of  tin  cww,  indeed,  pointi  oat  this  to  be  tiio  cmos  for  llit 
tangent  PR  of  tlie  catenary  it  always  perpendicohr  to  the  tangent  PS  of  tbe 
traetory. 

VII.  TqB  LOOARITUMIC  CUAVJB. 

The  equation  \n  a  komogeiieom  form  \9y  —  ae^  :  and  the  cnnre  is,  in  fact,  that 
whose  iubianyent  is  constant  autl  equal  to  a.  To  estabuijii  this,  let  u^s  lake  the 
differential  expression  for  the  subtangent,  and  equate  it  to  e.  llien 

Tlua  ia  the  proper  form  of  the  eqnatioa  of  the  logarithmic  corve. 

1.  The  area.    Uere  yds  =  ae^dx^  o'e*  d  ^- j  :  whence 

X 

A  =yv<*p==«'«"  +  Cssey + a 

Now  if  we  conaider  the  area  to  commenoe  when  «  s  0,  we  have 

Ose*<*  +  C,orG  =  ~a*. 

Whence  A=a*|  e«  —  ij  sa(y--a). 

3,  Tki  itnjfik  Vnm  the  differential  equation  we  have 

^  =  V,T  +  tf .     =  ^^^^  +  ,  or 

i  {y  -^F+y  +  «Mqg.(y  +  Vy»  +  o«)}  +  C. 
Now«  if  the  origin  of  $,  like  that  of  a,  be  taken  where  •  s  o,  we  hare 

0=slaV'2  +  ^ologe(o  +  «V2),orC8s  — i|iv'a-5«log»fl(l  + 

and  the  corrected  integral  for  the  leugtli  ui  the  curve  becomes 

3.  The  characters  of  the  curve.    Refer  it  to  the 
axes  OX,  OY  ;  tlieu 

(1)  ,  at  the  origin  O,  we  have  y  =  oe*  =  a. 

(2)  .  Since  a  is  greater  than  unity,  the  poeitiTe 
values  of  «  will  render  y  greater  and  greater  as  « is 
taken  greater  and  greater:  and  as  x  approaches  to 
infinity,  y  also  approaches  infinity  aa  its  limit. 


R 

0 

- 

4 

M  X 

» 
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)>Ybence  the  curve  ej^tencU  in  the  aogular  apace  XOY  to  an  infixute  distance. 

(3)  .  For  negative  valneaof  we  !»ve  tf  =  ae  and  hence  the  factor  , 
or  <^  decreases  towards  zero  as  x  approaches  towards  infinity  negative :  and 

? 

at  that  limit,  y  =  0.  The  axis  OX  negative,  is  therefore  an  asymptote  to  the 

curve. 

(4)  .  If  OM',  OM  he  taken  equal  to  each  other  on  opposite  sides  of  the  orignin 
O,  upon  the  axis  X,  and  P',  P  the  corresponding  points  of  the  lugariibmic  curve 
be  joined  by  a  line  cutting  OY  in  R :  then  OR  is  the  ordinate  eatenary  cor- 
responding to  the  absdssaa  OM',  OM ;  and  if  through  R  a  parallel  to  « be 
drawnit  win  cut  OM'.OM  in  points  O',  P,  which  are  in  the  curve  of  the  cate- 

nary.  For  0R=  i(MP+  M'P0=:-4(«-  +  e  which  is  characteristic 
of  the  catenary. 

(5)  .  As  amongst  the  successive  values  of     eMfinetkm  m  lj|«tr  lowesf  termt 

occur,  there  will  for  each  of  those  whose  denominators  are  even,  be  two  values 
m 

<]i  and  hence  two  values  of  y :  hut  their  signs  will  be  different.  In  all  these 
cases,  there  wiU  be  points  on  iefft  sufat  of  the  axis  X,-^  at  F  on  the  positive, 
and  at  j»,  pf  on  the  negative  side  in  the  figure.  Also,  between  these  aie  interposed 

innumerable  IractioDal  values  of  ^  whose  denominators  are  odtf,  as  well  as  innu- 
merable tranijcendental  values.   To  these  sometimes  only  one,  and  often  many 

real  values  of  ««  corresponds :  and  hence  the  path  on  the  negative  aide  is  com- 
posed of  a  series  of  isolated  paints,  instead  of  a  continuous  curve  $  and  indeed 

innumerable  dotted  ])ranc]»e8,  all  isolated,  may  occur. 

Into  this  subject,  however,  we  cannot  enter  here  ;  Init  mii=;t  refrr  the  inquirinf^ 
student  to  a  paper  by  M.  Vincent  in  tlie  Annales  des  Mathtmatiques,  tom»  xvii,. 
and  to  De  Morgan's  Dijermtial  Caicuius,  paye  3S2. 

(G).  If  parts  be  taken  on  the  of  x  lu  anthmetical  progression,  the  ordi- 
nates  corresponding  to  than  will  be  in  geometrical  progression;  or  in  other 
words,  and  talten  generally,  the  abscisses  are  the  logarithms  of  the  ordmates  to 
the  modulus  a  (the  sobtangent): — ^being  in  this  respect  analogous  to  the 
hyperbolic  spaces  contained  between  the  curve  and  the  asymptotes. 

(7).  A  little  more  generality  of  fonn  may  he  given  to  the  equation  of  the 
curve  (but  the  character  and  features  will  not  be  altered)  if  we  introduce  a 

X  X 

Ma' 

second  parameter.  The  form  would  he  y  =  ae^ ,  or  y  =  ae  ^ :  the  system  of 
logs  would  then  be  changed  into  others  whose  moduli  were  |  and  m  respec- 
tively} and  the  resulting  expressions  rendered  a  little  more  complex  by  the 
propoeed  change.  It  may  be  worth  the  stndenf  s  while  to  work  out  the  rectifi* 
cati  n  and  quadrature  under  this  form  of  the  equation. 

YIII.  Thb  CoNCBoio. 

The  equation  of  this  curve  has  been  given  at  pages  342—3. 

1.  TktJ^urm  i/lAs  eomduM,  The  four  cases  as  to  the  position  of  the  tracing 
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point  on  the  iBOviiig  radius-vector  wiU  be  exhibited  in  the  four  kHikmiag 
figures. 


Tn  ihefrst  figure  the  point  M  i«?  taken  in  PR  produced  beyond  the  directnK 
AX  in  respect  to  the  pole  P;  and  HM  of  amj  length. 

In  the  second,  M  is  on  the  saiue  «  de  of  AX  with  I* ;  but  HM  less  than  PA. 

In  the  third,  the  same  relative  positions  exist,  but  PM  =  PA. 

In  the/ourtht  the  same  relative  positions  as  in  the  two  preceding ;  but  IfB 
greater  than  PA. 

Id  all  eases  the  directrix  is  an  asymptote :  in  the  first  and  second  tiie  cha- 
ncter  is  sufficiently  sho^n  by  the  figures:  in  the  third,  P  is  a  oisp,  AP  being 
tangent  to  each  branch :  and  in  the  fourth  there  is  a  loop  PMC  formed  by  the 
tn  n  hraiKhes  of  the  cunre  intersecting.at  P,  and  that  point  being  a  double  poiaft 

of  t^e  first  species. 

The  shrillest  observation  shews  that  the  polar  equation,  from  its  greater  sim- 
plicity, is  better  adapted  for  finding  the  length  and  area  of  the  conchoid,  tbaui 
the  rectangular  one. 

3.  The  area  of  the  eoncAoSi.  Here  r  =  +  i  +  a  see  0,  the  upper  sign  a^^  p  .}iag 
to  the  inferior  {fyt,  1, 2),  and  the  lower  to  the  superior  (Jige,  3, 4)  conchoid : 
and  hence 

i  y*  r»rf0  =  2/ ±  2ab  sec  0  +  o»  sec-0)  do 

do    .    .  \ 


=  l/{b^de  ±  2ab 


coed 


+  0' 


cos^/ 


=  I  {^'0  ±  M  log, tan  ( J  -»-|)  +  a*  tan oj  +  C. 


Also,  since  0  art'l  A  begin  togetlier,  we  have  C  as  0;  and  the  ejcpression  for  the 
area  described  about  the  pole  P  is  found. 

This,  when  0  =  ^  x,  becomes  infinite.  It  does  not,  however,  folloir  from  the 
previous  investigation  that  the  area  between  the  curve  and  asymptote  is  inHnite : 
though  the  following  investigation  by  means  of  rectangular  co-ordinalea  sbovs 
that  such  is  the  case. 

The  rectangular  equation  is  a:y  =  (a  +  y)       —  y", 
dX     rfA  dx  ydx 

Hence,  <iA  =  ,^=-J^^i^. 


dx  ei^  -\- 

curve  Tr  —  —  —z — jr. —  — . 


Whence,  integrating  by  parts,  we  have 

^  f    ab*dy  r_y*dy 


s  —  06  log. 


e  
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To  find  C,  we  must  reuidik  ihat  when  A  =  0,  y  =  b;  and  the  equation 
becomes  o  =:  —     j  +  Cj  and  hence  the  comet  integral  of  the  aiea  of  the 
concboii'd  ia 

A  =  ^  {J  -  sin-  J)  -  <■*  log.  i  +  Jf^  +  i  ,  ViTZrp. 

"When  y  =  0,  this  is  reduced  to  A  =  ^  —  log?  0  =  infinity. 

3.  Tofnd  the  area  by  means  of  equation  4  (page  509), 
r^  =  ar  +  if^  =  sP{l^  tan^B)  =  ^ ^  2o6  eec »  +  a^eec'flj  wherefore  patting 
tan^d  =  t,  we  have 

<t*  =  ■■  ^     ±  -r^^^  4-  andhence 

which,  integrated,  gives  the  same  result  as  the  iiri»t  iorm,  for  the  area. 

IX.  The  Lemniscate  or  Bbbnoulli. 
1.       length.   Take  the  polar  equation,    =  a*  COS  29.  Then^ 

r<^=— a*8iu2M0  =  — a'de.s/  I  — ^  =  —  >/oW\<i0. 

,   a^dr 

Hence  ds  =i>/dr^     r'dti^  =  ^  ^  ^* 

To  integrate,  put  r  s  at :  then  we  have 

Taking  the  integral  of  this  between  the  limits  0,  1,  ai  values  of  M  (which  cor- 
respond to  the  hmits  45°,  0  aa  values  of  0),  we  have 
dz  nr 


0  Vz^ ^1 2" 

J  0  v^s—i  '~2  *a" 


y.  '  1.3.5  «r 


oVx*— 1  2.4.6*2' 
e/c«  eie» 

Hence,  collecting  the  terme  and  quadmpltng  the  result  for  the  whole  length, 

,  =  2«a[l-p+   j 

3.  Tie  OTML    Here  ir*i9  s  ~  «^  eoa  9M  s  ^  a*eo8  90  (/(2d),  and  hence 

i         =  '  a'sinao  +  CL  AIm  when  •  =  O,  «•  hare  A  =  0,  and  bene. 

,  \ 
C  =  0 :  wherefore  the  area  of  one-fourth  of  the  curve  is  -  a^,  or  the  entire  area 

ia,  simply,  a*. 

X.  Thb  Trioonometricat-  Curves. 
1.  TAe  artOk  oj'  tlte  curve  of  sines,  whose  equation  m  y  s  a  sin  Here 
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Also,  when  ~  sO^cos  -si}  and  as  the  abscissa  and  area  commence  looe- 
0  0 

ther,  we  hare  C  ^  0*.  Wherefore 

A  =        —  co8^^=a«ver8in  J. 

For  the  whole  area,  between  y  =0  and  y  =  a  we  have  a*j  which  is  die  whole 
area  comprieed  between  two  conaeeatiTe  iateraectioiu  of  the  eunre  with  the  azia. 

2.  jfTw  length.  This  is  expressed  by J*  ^  g«  — ^  •  ^V*  w**ich  is  of  the  same 

general  form  as  the  elliptic  arc. 

The  figure  of  the  cosines  is  in  all  respects  similar  to  that  of  the  '■inc-^  ;  CTceyt 
that  the  origin  of  a?  is  midway  between  the  two  consecutive  intersections  of  tbe 
cui  \  r  with  that  axis. 

1  ke  whole  lengths  and  areas  of  the  figures  of  the  iangentSy  cO'tangents,  tecmts, 
ami  eoswmtft  are  infinite,  as  will  be  seen  on  integrating  the  appropriate  equa- 

tions.  For  instance,  take  y  =  o  tan  - :  then 

/y<to=a»/tan?.d(^)  =  aV         <°  =-aJ  

"    ^"'^  coe-  coe- 

0  0 

as  —  0*lOge  cos  -  +  C  ; 

o  a 

and,  since  x  and  A  begin  together,  we  have  C  —  a'  log«  cos  1  =  0 }  or  C  =  0. 
When  ^  =  \  ir,theacoB|  s  0,  and  log«  0  =s  —  mfimty  i  and  hence  wo  hafo 

A  s  a'  X  infinity. 

3.  Tie  orso  0/  the  figure  of  the  vened  mmi.   Here  we  have  Uie  eqtiatioo. 

y  s  a  vers  ^  =  a     —  cos     ;  and  henee 

A  =y  fdx^a^J*  ^1  ~"  ^^^a)    (0)  ~     — a'sin^,  the  correction  being, 

as  in  the  figures  of  tangents,  zero. 
The  area  of  the  whole  figure  ie  ohvionsly  2(^wt  or  double  the  area  of  tho 

circle. 

The  area  of  the  fl^re  of  the  co-cemtd  sines  is  found  in  the  same  way:  and 
the  length  is  equal  to  assignable  elliptic. 


XL  Tbb  Spiba.1.  of  Arcbiicbdis. 

This  spiral  is  generated  by  the  uniform  angular  revolution  of  the  radius^ 
vector,  whilet  a  point  movee/roei  the  pole  with  a  unilbrin  linear  vdodty.  The 
cofistant  factor  0  ie  the  radiue  of  the  generating  cirde }  or  the  value  of  r  when 

Q 

9  =  2ir.   The  form  of  its  equation  is,  properly  speaking,  r  =  a  — :  but  if  we 

take  27r  (an  entire  revolution)  as  the  nnit  of  angular  nugnitudo,  it  takeathe 

simpler  form  given  at  page  345,  viz.  r  =  a9. 
1.  The  length.  This  is  equally  determinable  in  terms  of  r  or  &.  For 
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The  integrals  being  taken  and  corrected,  we  have  the  following  forma  : 

2„— +al°8  55  • 

Tlie  latter  of  thp«p  is  precisely  the  lenj^th  of  a  parabolic  arc,  the  parameter 
being  2a,  intercepted  between  the  vertex  and  a  point  whose  ordinate  is  equal 
tor.  In  fact  there  is  this  remarkable  relation  between  the  equahlr  s  jural  {fi 
name  often  given  to  this  one)  and  the  [iarabula :  liiat  if  the  spiral  be  "divested  of 
its  radiating  stmctare,''  the  curve  becomes  a  parabola.  Le$Ue^9  Cttrve  lanes, 
pofft  430. 

2.  The  area.    Here  ^  r^de  =  ^  a'/  B-dQ  =  i  tt*e». 

Relative  to  epinl  areas  (which  are  such  m  Mtrmtun,  not  merely  beeanse  they 
are  expressed  by  polar  egmHttu)  it  u  important  to  mske  one  remark. 

If  we  suppose  9  to  increase  indefinitely,  the  same  geometrical  space  will  be 
repeatedly  '^wppt  out  by  succeeding  revolutione  of  the  radius-vector,  and  hence 
for  the  entire  area  between  any  two  convolutions,  wc  must  take  the  integral 
between  the  values  of  V,  which  belong  to  the  beginning  and  the  end  of  the  last 
evolution. 

The  expressions  being  taken  for  (it— I)*'',  n»^  and  (b+I)**  revolutions,  we  have 

The  area,  then,  lying  between  the  («  —  1)*^  and  u^,  and  between  the  s*^  and 
and  (n  +  1)*^  are  respectively. 

^  {(3»«  -  3»  +  1)  (2«r)»}«%  and  ^  J(3ii'  +  3n  +  1)  (2«r)*}o«. 

Between  these  two  last  expressions,  there  exists  an  elegant  relation :  etr. 

-  {(3i|2  +  311  +  1)  (2«r)}a»  —  ^  {3»'  —  3ii  +  1)  {ivfj  a»  =  «  (2«)V. 

which  is  ^  times  the  area  swept  out  by  the  first  revolution  of  the  radius-vector. 

XII.  The  Hypeebouc  oa  Rbcifkocal  Spiral. 

1.  TA$  kKjfih,  Ph)ceeding  as  before.  We  have,  since  r  s  aO~* 

dr        ,         rdr  ,     v'r»4-fl»— a  .  ^  ^ 

When  r  is  0,  0  is  infinite ;  and  when  r  is  infinite,  0  is  0  :  whence  we  have  do 
direct  method  of  finding  C  or  c :  but  we  may  take  either  expression  between 
assigned  limits. 

2,  The  area.   Here ~  jVdQ  =  —  ^-a  Jdr  ^ or 

TThich,  from  r  sr  to  r  =:  0,  gives  A  =  |  or  =  the  triangle  formed  by  the 
ndins-vector,  tsnffent  and  enbtangent. 
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XIIL  ThK  EXPONSNTIAL,  OR  GEirBAAL  LoQAaiTBUlC  SflBAL. 

The  gsncnl  and  proper  fomi  of  the  equation  of  Hum  euire  ii 

or,  if  we  consider  2ir  the  unit  of  angular  magnitude    it  is  simply 

r  =  aet^^. 

The  length  and  area  may  be  found  with  great  facility  either  by  meant  of  the 
equation  above  given  in  rO.  or  by  means  of  that  in  rp.  We  shall  give  them,  for 
eiamples,  by  both  methods. 

i.  Tk9        hjf  pokw  eo-or^auUi,  r^.  We  have  in  this  case 

dr  —  uam^di  ^ ardO ;  or  rd9  =  ^- ;  whence 
di  s=  Vf^s+ilptss       ^  fi^rd9=  n/ITT'^,  and 


It         ^  ft 

2.  Tke  ana  bfpokar  co-onfinofef.  In  this  case  we  get 

2*/  2^  ft       ft  II 

3.  Tke  ana  m  r  emf It  is  shown,  generally,  (p,  509)  that 


'  dr     ,  + 

A* 

4.  Tktlm^Qkhjfmmnt^  T  omdp.  By  (509),  we  have 

/rdr  rdr    r  , 

6.  The  tangent  makes  a  ceatttmi  angU  wUk  thera^oB  vedor, 

Fo*'jj'=  vThFT' the  cosecant  of  that  angle;  and  hence  if  the  angle  be 
denot^  as  at  p,  896*  by  ««,  we  have 


V  =  vl  +  Ji*,  or«  =  ftf  or  tan  «  ss  -  # 

that  is,  the  modulus  of  the,  esystem  of  lotrarithms  to  which  the  cun'e  is  con- 
Btructed  is  the  tiiguaotuelncai  tangent  ui  tuc  auglc  made  by  the  radius-rector 
and  the  tangent. 


*  Tbe  otiit  of  angalsr  magiittiide,  like  titat  of  linear,  it  |wi;^Mfy  arUtnty,  Many  wriUis 
hare  contended  tliat  nn>rular  magnitmU*  lias  "a  natumf  ranf"  TiniiKly,  the  right  angle,  or  four 
right  an'iles ;  and  reasonings  have  been  founded  upon  this  assumption  which  arc  altogether 
inronchisive.  For  instance,  that  of  Lcgcndrc,  on  tke  theory  vf  paraUd  lints  iu  the  elements  of 
geometry.  That  thia  aiaanptioa  ia  a       OMMiianrf  cm,  we  adtnit ;  and  cspeciallj  in  reaearcfaoa 

of  ilieprvsent  nature.  There  are  other  cases  in  wUeh  —.(that  is  the  angle  meacnred  br  an 

arc  of  tljc  cirtlc  wliich  is  equal  to  the  radius)  is  more  convenient ;  specially  in  researches  ia 

Other  inttanrcs  may  be  easily  adduced  of  inqnitlei  where  atUl  dlflienat  uiiidar  aaiti  ate 
eoaTeniently  em^ojred. 
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On  this  aceoont  the  cnnre  has  been  likewiae  called  the  lojfmUhmh  ^panH,  and 
the  t^mtmsnlw  tfM, 


XIV.  Tus  Imvolutb  or  tub  Cibcls. 

The  equation  in  r  and  p  ia  easily  fonnd  to  be« «  beuog  the  radiua  of  the  eirele, 

r»  =:  p«  + 

1.  Tie  Ungtk,  Applying  the  fomrala  adapted  to  the  caae  (p.  509»  ejf.  6)« 

a  '  Sa 

To  find  C,  we  have  to  lecoUect  that  the  origin  of  •  ia  where  rsza,  and  hence 
at  thia  pointy 

a}  a* 
0  =  —  +C,  orC=  —  —  J  wbeDce, 
9a  2a 

2a  2a* 

It  is  also  obvious  that  p  is  the  radiaa  of  curvature  of  the  involute,  and  hence 
equal  to  ihe  arc  of  the  circle  which  ia  unwound :  whence,  if  w  be  ihat  arci  we 
hare 

3.  Tke  ana.  Employing  the  corresponding  formula,  p.  509»  «q»  3. 

When  p  =  0,  then  A  =  0,  aod  hence  Cs=Oi  and  we  hare  aimply 

^"6a 


XV.  Taa  £picYoxx>'iD. 

1.  The  Uagik,  Let  a  be  the  radiua  of  the  fixed  circle,  b  that  of  the  roiling 
one,  e  ss  a  +  Sfr,  and  the  axis  of  « the  radiua  drawn  to  the  origin  of  the  eurre. 
Then  the  equation  in  r  and  p  becomea 

whence, 

s  =  f  _n/c»«-o^^     rdr     _        —  a»)  (e* -''P)  ^ 

But  when  «  s  0,  e  a  a,  and  C  as  o. 

8.  TUorea.  By  eoiplojring  the  corresponding  formula  for  A,  we  get 

A  —     /•  /^llZf^   J  —  —   /»  —  a*  rdr 

^  ~  2a/  V  c«^f»  ~''"  2a  /  V(ca  -  a*)  —  (r*  -  a*) 

4a  ^       4«  VC— a*^ 

When  A  =  0,  then  c  =  r  =  fl,  aiiU  iicuce  C  =  0. 
VOL.  11.  M  m 
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Now  for  an  entire  revolution  of  the  rolling  circle,  we  htV8  lihe  am  oi  the 
Mginent  of  the  fixed  circle  and  of  the  epicycloid  respectiYeiy, 

abm,  and  - ~  =  -  (a'  +  3a5  +  2*2)  «r. 

4a  0 

Tho  difference  of  these^  or  the  pro])cr  aiea  of  the  epicycloid,  ie  found  to  be 


XVI.  EvoLUTF.s  OF  Curves. 

Tlie  length  of  an  e volute  may  be  found  in  the  same  manner  as  the  length  of 
any  other  curve,  when  its  equation  can  be  found.  It  is,  however,  comparaiivcly 
ficlilom  that  the  eliminations  reijiiircd  for  finding  the  evohite  can  IjeeffectcJi 
and,  therefore,  that  the  general  method  of  rectiiicalion  can  be  applied  to  these 
Eren  when  sncb  eliminatkni  ii  poMibk,  the  equation  of  the  evolnte  is 
almost  invariably  very  complex  $  and  it  is  ohvious,  that  in  such  cases  the  cs:- 
pression  for  dt  will  become  still  more  complex*  and  often  irresolvable  into  a 
function  of  one  of  the  co-ordinates  only,  or  into  a  function  of  any  third  variable, 
of  which  s  and  y  are  determinable  functions.  After  all,  should  one  or  other  of 
these  be  possible,  the  n  sultinfr  expression  may,  and  most  commonly  is,  one 
which  does  not  admit  of  intc;;ratiou  in  finite  tcrin^,  or  in  anv  of  the  tran«ren- 
dent  fimctioiiii  (the  c:£ponential,  logarithmic,  or  tngoaometrical)  admitted  into 
researches  uf  this  kind. 

To  evade  this  difficulty,  however,  the  property  given  at  page  410  is  commonly 
employed.  This  scarcely  bdoogs  to  the  integral  calculus;  but  as  in  this  parti* 
colar  case  it  supersedes  the  necessity  of  employing  the  ordinary  method  of  recti- 
fication, the  present  appears  to  be  the  appropriate  place  for  its  introdactioiL  It 
leads  to  this  rule : 

The  Itninfh  r\f  a  enrrf"  hetwfen  the  limils  T^y,  and  x  y.,  is     —  pu  tsfaftpj  nd 
are  Ih''  mdii  of  curvature  at  the  jjoinis        x.j/^  respectively. 

In  respect  of  the  quadrature  uf  evolutes^  there  has  been  no  method  yet  made 
public  by  which  the  general  process  of  integrating  ydx  or  ^r'^dQ  can  be  abbre- 
viated or  modified  from  any  considerations  peculiar  to  the  properties  of  the 
evolute;  and  although  the  editor  is  in  possession  of  a  method  whieh  efiects  the 
purpose  without  much  difficulty,  want  of  room  prevents  his  insertiog  it  hers  *. 

(1).  Tlerec/f^lson^fAesoolafeqf /AeeosunoiijMraMi. 

3 

Here,  if    =  iojp,  we  have  p  ss  ^     "t"     +  C. 

va 

To  find  C  put «  ss  0 ;  then  the  evoluts  is  also  0 }  and  we  have  pi  as  9«  -|-  C, 
where  pi  is  the  radius  of  curvature  at  the  vertex  or  origin,  Whenee 

,  =  ,  -P.  =  f-^t^  +  C}  -  (2a  +  Q  =  J  {  (.  + 

This  curve,  which  is  the  Hmi'Ciibkal  paraMa,  is  the  first  whose  length  was 
ever  found  as  a  finite  function  of  the  co-ordinates.  It  was  discovered  by  Wil* 
liam  Neiil,  who  was  led  to  it  by  a  remark  of  Dr.  Wallis.  See  WaHitii,  Opmi» 
torn.  i,p,  651. 


•  A  few  general  theorem  res  c,  ti.,-  the  radui$  tjfauvaiutv^  tit  wwfate.  Mid  ike  MWM/iifc»  mit 
given  for  tho  student's  exeroM  a  little  further  oo,;g».  5. 
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(2)  .  7%e  rtd^leaiwn  of  the  eoobite  of  the  eUipn, 

The  ellipse  refemd  to  its  ceDfere  snd  priBcipel  axes  it      -f  Mi*  s  o^P;  and 
(a*  cV)^ 

P  =  - —  •  Pot    p,,  for  the  ndii  of  canrattare  at  the  vertieei  of  the 

major  and  minor  axes :  then  the  correspondiiig  values  are  pi  s     p,  s  ^ ;  and 

benee,  estimated  from  the  cuspe,  the  lengths  of  any  arc  eorresponding  to  the 
pmnt  ay  of  the  dlipse,  are  respeetiTsly 

At     A*  M 

The  length  of  the  quadrant  ol  the  evohite  is  ^ — b     .  . 

o     a  ok 

(3) .  7^  Ungih  (f  am  are  qf  thB  eooftite  f  Ae  J^fperMa  is  found  in  the  same 
manner.  For  p  a  > — jjj — ;  and,  when  «  ^  a,  we  have  the  radios  of  cur- 

vature  at  the  vertex  of  the  transverse  axis,    ss  ^.  H«ice» 


t  =  p^p.«  . 


Bot  Uie  length  of  the  evolute  of  the  rectangular  hypcrl)ola  may  be  presented 
in  another  formi  via.  by  taking  the  curve  ui  reference  to  the  a»)iuptutc8, 
ay  S8  fl*.  For  then 


(4)  .  To  rectify  the  evolute  of  the  cycloid.    (See  jMtpe  413>  518.) 

(5)  .  Ib>id  the  length  of  the  aiMe  qftht  aaiauiry. 

Here  2}f  =  a\^-^e  «| ,  p  =  — ,  disregarding  the  sign,  as  we  may  do  in  these 

inquiries,  since  the  sipn  only  indicates  the  direction  of  corvatore.  Now  at 
the  vertex*  x—0,  and  then  y  =  a,  and  f  |  =  o ;  wherefore« 

a 


Sss  p  -  p,  =  ^  — «  as  - 


(6).  To  find  the  area  of  the  evolute  qf  the  parabola. 

Wiicii  referred  to  the  vertex  of  the  parabola  as  origin,  the  parahola  itself  being 
y'=  4a*,  the  evolute  is  27ay^  =  4  (x  —  2a)' ;  and  transferring  the  origin  to  the 
TerfccK  of  the  evolute,  by  writing  x  +  2a  for  a,  this  becomes  27oy*  =  4c*,  or 

4jJ^  Sx^ 
A  =  rv— y»»  or  f'^'^  ^o^"  symmetrical  parts,  A  —  ; 
lDV3a  **v3a 

the  constant  being  0,  smce  A  and  »  commenco  together. 

urns 
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T%9  area  (tf  the  §fBobii€  qf  the  «fliqM».  Here  («r)^  +  (<y)^  s  («)^;  « 

puLUug     e-*  =  c^,  and     fur  x,  we  have  for  the  area 

This  integral  has  been  found  at  p.  480 :  and  we  baT« 

=  ~^|3c«iiir»'-«(8«*  —  14c»««  +  3c«)  V^itZrpJ+  C. 

"We  may  ascertain  the  value  between  the  final  limits  without  restoring  the 
values  of  z  and  c  in  terms  of  x,  b  ;  as  ^-ill  appear  from  the  following  simple 
considerations.  This,  in  fact,  will  be  verv  r^'enerally  the  case  with  iategnotm 
between  limits  by  means  of  subsidiary  sui>»ututions. 

When  «  =  0,  then    s=  0,  or  «  =  0,  and  the  ioterrral  =  o ;  and  whea  ^  = 

The  whole  area,  from  the  symmetry  of  the  four  containing  axea,  ii 

b  *      a*        8  "~       8«5  • 

The  area  might  be  found,  however,  by  a  different  method,  as  foQows  : 

a 

Divide  both  sides  by  (o'  —  6^)':  then  the  equation  of  the  curve  is  danged 
into 

Now  in  the  original  equation  of  the  evolute  if  we  put  x  and  y  successureij 
equal  to  zeio^  we  have 

a»  ^  J?      ^        a»  —  J» 
«•=— J— .  andjf.=  ^-j  

Denote  tbeee  by  a  and  ^  xetpectively ;  then  the  eqoation  of  the  cum 
beeomes 

Aeenme  *  =  co8^0,  and  therefore  also  ^  =  sin'd :  then, 
a  p 

dli  =  —  3a  sin  0  cos^d  de ;  and  jfc&r  =  —  3a/3  sin^d  cos^d  d9. 

To  integrate  this,  put  «  =  cos  9,  d»  =  cos  B  sin^  d9  z=\d sin^*  and  bcaes 

also  (ft*  =5  —  sin  9  do :  wherefore  the  equation  of  paits* y*  md9  s  nv  —^J^ioim 

conies 

y*$in^cos^d9=gcosestn*«+|y*sin«0il9,  > 

/  8in«0 dfi  =  -  1^ sin*0  +     sin'O  +  1  sin  ej  cos  9  ^^9, 
Hence  we  have 

A  =  -  3a/3  [(^  8iu»0  ~     sin'O  -  ~  sm     cos     -  ^a^O. 
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When  0sso,  «od  when  0  =     the  bracketed  part  vaaishesi  and  the  last 
16 


term  beeomet  0  and     afiv  in  the  two  eaua»  reapectively :  whence^ 


^,-16"'^=  16^6  — 

But  when  G  is  equal  to  0  and  ir  respectively,  then  x  is  equal  to  a  and  —  a  re- 
apectively :  wherefore  the  fimite  above  employed  for  0  are  thoae  which  belong  to 
the  extremitiea  of  the  upper  double  branch  of  the  carve,  and  the  area  just  found 
19  the  half  of  the  entire  aurface  sought.  The  entire  area,  therefore,  is,  aa  before, 

^-  • 
The  area  of  the  erolute  of  the  hyperbola  may  be  found  by  the  assumption  of 

^  =  sec*^, I  =5  tan*0,  the  curve  being  (^)'"~(^)^  —  I»  ""^  «» fi»  ^tennined 

as  before.   The  differential  expression  is  left  for  the  student's  exercise  to  inte> 

grate  i  viz. 

The  theory  of  the  iaeoAife  is  capable  of  being  treated  without  finding  fhe 
equation  of  the  curve,  in  the  same  manner  as  is  referred  to  at  page  530 :  but  for 
the  reason  there  stated  it  cannot  be  introduced  into  the  preeent  volume.  The 
editor  hopes,  however,  to  be  able  to  lay  it  before  his  readers  at  some  future 
time,  either  in  a  8up(>1ementary  volume  to  the  .present  work,  or  in  some 
periodical  work.  See  also  the  fcdiowing  page, 

SekoUwn  2. 

It  will  often  oecnr  that  only  the  differential  equation  of  the  curve,  or  some- 
times the  second,  third,  f#e.  difterential  equations  are  either  given  directly,  or 
implied  in  the  geometrical  conditions,  from  which  to  determine  the  curve  itself 
and  its  properties. 

One  or  two  examples  of  this  kind  have  nlremly  occtirred  in  the  precedinfr 
chapter  :  as  the  tractory,  the  catenary,  and  the  h)^arithir.ic  curve,  viewed  as 
the  cquitangential  curve,  iti<  evolute,  and  the  rf]ii!sublaiigcntial  curve. 

The  general  problem  implied  in  this  schuiiuui  dividest  it«elf  into  two  parts: 
the  expression  of  the  defining  property  in  terms  of  the  difierential  co-effieienta  of 
the  principal  variable,  and  the  subsequent  integrations  of  the  resulting  equation. 
Moot  curves  that  result  from  physical  inquiries  are  of  this  class. 

We  shall  give  a  single  eiample  for  the  purpose  of  illustration. 

1.  In  vkat  curve  U  tht  aormoZ  in  a  constant  ratio  to  the  radiiu  i^eitnature^ 

Let  n  express  the  constant  ratio :  then  the  equation  expressing  the  condi- 
tion is 

Assume  ^  =  y' »  hence  yd^j/  —  ydy'dx  j  and  di»  =  (1  +  jf'')  dx*.  Insert 
thoe  values,  and  for    write  its  value  ^  {  and  we  get 

±  -  a  +  »••)   =  0.  tvir  ±  7  " 

><*  0  +  jr^*  ±  log.  (p'=  0,  or  (1  +  ^)^±  (p"=  0. 
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This  becomes. 


If  »  w«  — ^      —  . » 

which  is  the  first  difierential  equation  ;  and  represents  difierent  classes  of  curves 
according  to  the  values  of  n.    We  shrill  examine  a  few  of  them. 

1.  Let  B  s  0|  then     =^  O,  or  y  =  c, ;  expressing  a  line  parallel  to  the 
of «  at  the  dktance  e^,  The  ladius  of  curvatara  ie  hen  infinite. 


1 


3.  Let »  s  r ;  then  •  = 


=  *s  +  J  veTBin"'  ™  —  Vcy  —  jr«. 

3.  Let  n  =  —  ^:  then  *  =  T  — —    ^^^^  -  =  /  vVu  _  c«'4-  c  • 

or  i  («  —  cb)*  =  ey  —  e*,  the  equation  of  a  panhoU  the  co-ordinatee  of  whoee 
vertex  are  Cg,  0j»  and  panuneter  Is  4e,. 

4.  Let  s  =  1 1  then  «-«>c«s  —  V the  equation  of  a  circle. 

5.  Let  »  =  —  1 :  then  dx  =  ,/  — 1^  be  ■  , ^„  ,  which  is  the  dif- 
fbrential  equation  of  the  eateKory, 


6.  Let  II  as  9 :  then  <b  ss  the  diArendal  equation  of  the  eJMe 

curve,  or  the  curve  into  which  a  perfectly  elastic  filament  forms  itself  when  fixed 
at  one  end  and  pushed  out  of  its  rectilinear  position  at  the  other. 

Exercises  oir  the  length  and  abeas  of  Curtes. 
L  Qenend  Theorau. 

1.  If  a  curve  he  refened  to  an  angle  of  ordination  a,  ehow  generally  that 

A  =  J  sin  a  f\xd\f  —  y<ir}. 

2.  Let  OM,  MP  be  the  co-ordinates  of  a  curve,  and  OP  the  chord :  then  if  arc  of 
the  curve  OFF  divide  the  area  of  the  triangle  OMP  alwaya  in  a  given  ratio  of 

r  ei :    the  curve  win  be  the  general  parahda,  expressed  by  y^  =  ow. 

3.  If  r  be  the  radius- vector  of  a  pomt  m  the  curve,  and  m  the  angle  formed  bf 
the  tanj^ent  and  rectangular  ordinate  at  that  point :  then  the  length  of  the  curve 
traced  by  the  intersection  of  the  tangent  aith  die  perpendicular  upon  it  firon 
the  origin  will  be  found  from 

4.  Let  AP  =  t  be  the  arc  of  a  curve  onwotmd  to  form  the  arc  AP=/of  tlie 
involute^  and  p  be  the  radios  of  curvature  at  P :  then, 

g'  =  J  ~-  and  area  APF  = 

5.  Let»  in  theeame  case,  «y  be  the  co-ordinates:  of  \\  and  m'p'  those  of  F :  then 

dx'  =  -f^l  and  ify'  =  . 

6.  Mao  under  the  same  circumstances  we  shall  have 
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7-  When  the  evolute  is  rcclifiahley  the  equation  of  the  involute  is  determina- 
ble in  finite  algebraical  terms : — 

And  when  the  length  of  the  evolute  involves  a  transcendcul^  liic  equation  of 
the  involute  wOl  mrolve  a  simikr  fmurtioo. 

6.  The  enbtangent  and  iubnofmal  of  a  polar  curve*  in  rfix,  intercepted  on  the 
pohv  axis,  are  respectivelf 

Ti-dBf         ,  r^dr^ 
rf(r,«ine,)'  Ji^^^GM^' 
9»  If  the  radios  of  curvature  be  a  given  function  of  the  arc,  otp  ss/(f): 
then  will  the  equation  of  the  curve  be  deteraiinable  fttnn  the  three  equatiooe 

dtflszdafi  -\-  df,x  =fd»  and  y  =  Jd*zQ^Jj~. 

Appl^the  theorem  to /U)  =  const,  «  +  ^,  andyi[«)  =  sJT^. 

10*  If  a  curve  be  defined  by  the  equation  p  =  /(w)  where  p  is  the  radius  of 
curvatuPB,  and  « the  angle  which  it  makes  with  a  fixed  axis;  also  if  p'  be  the 

radius  of  curvature  of  its  evolute,  and  there  exist,  also,  the  relation  s 

am 

these  curves  will  be  itkatical :  or,  which  is  the  same  thing,  the  given  curve  will 
be  its  own  evolute,  and  likewise  its  own  involute. 


II.  Particular  Curves. 

1 1 .  The  involute  of  the  cardio'id  is  another  cardioid :  find  the  circle  from  which 
this  second  cardioYd  could  be  freticratcd. 

12.  llie  e({uatiun  of  the  syntraclory  (generated  by  a  fixed  point  in  the  tangent 
of  the  tractrix)  is 

,  ,  b  +  — 

«  +  s/b*  -     =  a  log,   y  } 

when  h  is  the  distance  of  the  point  from  the  directrix,  and  a  the  same  as  at 
p.  519. 

13.  The  Mdonit  area  ^  the  parabola,  the  focus  being  the  pole,  and  vertex  the 
origin,  is  A^'  =  a=  [tan  !  0  +  i  tan» 

14.  Show  that  the  area  of  Ae  carw  (^)^"^ '  +         *  =  1,  is 

I  naR  fl'3-('^"+l)     n   1.3...(2w-f  3)     w(n— 1)  1.3...(2n-f-5)  | 
89-  (2n+l)  CO  |2.4...(2«  +  2)      1   2.4...(2K-t-4)         1.2    '  2.4...C2«  +  G)      *"  ) 

15.  If  a  be  a  given  arc  of  a  circle  to  radius  unity  ^  and  a^,      ... .  a^^^^  he  the 

succfssire  involutes  (the  (If velopment  always  commencing  at  the  same  point) 
taken  to  infinity ;  show  that 

a  4-  «i  +  flj  +  .  •  •  •  «i„f  —  <"  —  I- 

16.  If  a  catainrt/  wliosc  ^inromptcr  is  a,  ami  an  cijuiJateral  hyperbola  whose 
semi-axis  is  also  a,  have  the  t^ame  vertex  and  cuiucifkiit  axes,  show 

(1)  .  i  hat  lae  ordiiiates  of  the  hyperbola  are  equal  to  the  corresponding  arcs 
of  the  catenary. 

(2)  .  That  the  rectangle  under  the  parameter  and  ordinate  of  the  catenary  ie 
double  the  corresponding  hyperbolic  sector,  the  sectoral  vertex  being  the  centre 
of  the  hyperbola. 
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17.  The  difference  of  the  tangmt  and  subtangmt  is  cmulbmt,  and  eqaal  to  a: 
show  that  the  equation  of  the  cutvc  is 

—      ,  a  .  a 

18.  If  the  radius  of  curvature  vary  as  the  cube  of  the  normal,  the  curve  is  a 
conic  section. 

19.  Let  OA  be  the  axis  of  one  loop  of  the  lemniscate  of  BermoulU,  and  ditv 
two  radii-veetorB  OP,  00,  making  angles  u^,     with  OA,  such  that  coa 
eoew,as  008  iSP:  then  the  aice  OP,  AQof  the  lemniscate  an  equal  to  one 
another;  and  the  line  OR  which  bieeets  the  angle  of  ordination  alio  faiaecti  the 

qnadrantal  are  of  the  lemniscate. 

30.  If  the  rectanprle  under  the  radius  of  cumture  and  abscissa  of  a  cunre  be 
equal  to  c' :  then  that  curve  is  the  elastic  curve  (p,  534,  case  6). 

21.  Deduce  the  follow  ing  expressions  for  the  perimeter  of  a  circle,  its  red* 
procal,  and  the  square  of  its  reciprocal. 

«  s4eee7  sec-sec-^sec— :...flif tqf. 

4      8      Id  32 

-ss-tan^+-tan  -  +'tan=--f-...aa«|(l 
w     2      2     4      4     8  8 


CHAPTER  X. 


SURFACES  AND  SOUDS  OF  REVOLUTION. 


PROP.  I. 


Ihfiid  fie  muface  mid  vohm  pfa  right  cyKedSer  /  the  ottitecfe  omI  fJbe 

of  tht  boMe  being  gwm. 

1.  TTie  surface.  Let  AB  be  tlic  side  of  a  regular 
polygon  inscribed  in  the  circular  base ;  CC  the 
axis  of  the  cylinder ;  CA,  CB,  CH,  radii,  CH 
bisecting  the  angle  formed  by  the  other  two ;  and 
DB  a  tangent  to  the  circular  base  AHE,  meeting 
CA,  CB,  in  D  and  E.  Then  DE  is  the  aide  of  a 
rq{ular  polygon  of  the  same  number  of  sides  cir- 
cumscribed to  the  circular  base.  Also,  if  planes  be 
drawn  through  AB  and  DE  parallel  to  the  axis, 
they  \vill  be  the  faces  of  j)rism8  inscribed  in  and 
circumscribed  about  the  cylinder. 

Let  each  of  the  prisms  have  n  faces,  and  the 
radius  AC  ss  r,  and  height  C  C  =  A :  then  ACH 
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=  -  ;  AB  =  2r  sin  — ;  and  D£  =  2r  tan       Whence,  the  surfaces  of  Am  in- 
n  n  2 

•cribed  and  droimscribed  prisms  are,  ie8|iectively, 

TT  TT 

2nrh  sin  -  and  Inrh  Ud  -  . 
»  II 

•  ir  ir 

8in-  — 
n  n 

But  at  the  limit,  the  ratio       •  =s         =  1  j  and  hence  the  cylindncal  sur- 

—     tan  - 

n  n 

face  which  is  intermediate  to  the  two  prisms  becomes  simply, 

S  sst  imrh .  ^  =  2vrh, 
u 

2.  77i0  volume.  In  the  same  manner  we  find  the  Tolomes  of  the  inscribed 
and  circonwcribed  prisms  are 

•HA  sin  ~  and  nr^h  tan 
II  » 

Hence,  at  the  limit  the  volume  of  the  cylinder  which  is  intermediate  to  these 
becomes 

V  =  m^A  -  =  irr»A. 

In  very  nearly  the  same  way  we  may  fnul  the  vftlume  .md  surface  of  a  right 
cone  whose  hdst  and  altitude  are  given  ;  but  ilna  wiU  be  noticed  amongst  the 
eanunplea. 

Corofhrf  1. 

If  the  cylinder  be  oblique,  the  same  reasoning  as  to  the  prisma  inscribed  and 
eireamscribed  applies.  Whence,  if  a  be  the  axis,  and  a  the  inclination  of  the 
axis  to  the  base,  we  bare  A  s  a  nn  a,  and  the  Tolnme  and  suiftce  will  bo 
expressed  bj 

V  s  vf*h     «r*a  sin  a, 
S  =  2«ra. 

CortMary  2. 

If  the  bases  be  of  any  other  form  than  circular,  the  proposition  is  etill  true. 

For  if  polygons  !)e  inscribed  and  circumscribed  to  tbc  base,  and  prisms  be 
described  upon  them  whose  edge^  nre  parallel  to  the  axis;  then  the  surface  and 

volume  of  ibe  cylinrlor  are  ultiinati  ly  in  a  ratio  of  equality  with  tliose  of  each 
prism.    Hence,  since  the  proposition  h  true  with  respect  to  both  the  prisms,  it 
is  true  of  the  cylindi-r  which  is  intermediate  to  them. 
Then  putting  A  and  s  fur  ilic  area  and  perimeter  of  the  base,  we  have 

V  =  Aa  sin  a,  and  S  =  a». 

Coroffory  3. 

If  the  entire  surface  of  the  cylinder  be  required,  the  two  ends  must  be  added, 
giving  for  the  value  of  S, 

S  ss  Off  +  9A. 
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PROP.  tl« 


eniMif  emusatt  toward$  the  But  OX:  iet  QH,  PK 
drawn  from  P  and  Q,  be  taeh  of  thvm  equal  to  the  arc 
PAQ :  then^  if  this  system  of  lines  revolve  about  OX^ 
to  that  IIQ  and  PK  ycnerate  Ci/Hiulricul  surfnccx,  nn<l 
PAQ  r;encrrite  a  currc  surface,  the  curve  surf aa-  u  ill  hare 
an  urea  yreater  than  (he  cylindrical  surface  yeneratcd 
by  the  line  PK  nearest  to  OX  and  less  than  that  yene- 
rated  by  the  line  QH,  which  is  most  remote  from  OX. 

Lkt  C,  a,  B  be  such  that  HC  ss  AP  s  PB»  and 
draw  the  ordlnates  CD,  AE,  BF.  Then  the  point  C 
generates  one  of  the  sections  of  the  cjrlindrica]  surface* 
whose  radius  is  CD  ;  the  point  A  generates  a  circular 
section  of  the  surface  of  revolution  whose  radius  is 
AE ;  and  the  point  B  generrites  n  cirrnlar  section  of 

the  cylimlrical  surface  whose  r;i  lius  isBF;  and  these  circumferences  are,  with 
respect  to  uia<(nitude,  as  thor  radii. 

Again,  for  every  point,  A,  in  the  curve  PAQ,  there  are  corresponding 
points  C  and  B  in  the  lines  HQ,  PK ;  and  hence,  if  circles,  whose  centres  are 
in  OX,  move  with  their  planes  at  right  angles  to  OX,  ao  as  to  paes  co-temiio. 
raneoody  the  points  C,  A,  B,  equidistant  from  th«r  mpective  points  of  oii^ 
nation*  the  surifaoes  generated  by  them  will  have  the  same  relation  of  magnitnde 
(as  to  greater  and  less)  as  the  ir  generating  cirdes.  Also,  thoae  circles  are  in 
the  order  (increasing)  of  BF,  AE,  CD.  Whence  the  surface  generated  by  the 
arc  PAQ  is  intermediate  to  the  two  cylinders  traced  by  HQ  and  PK. 


ac  JD  ■  c 


PROF.  III. 

lb  Jmd  ih§  area  afa  ttrfaee  i^fretokiium, 

{See  fg.  above) . 

Let  PAQ  be  a  portion  of  the  generating  curve,  and  make  the  same  construe- 
tioa  as  before.  Put 

OM  =    ON  s  01  MPssy^NQ  = 

and  let  S»  S'  denote  the  surfaces  geaorated  by  the  segments  of  the  curve  GP,  GQ 
about  OX ;  and  let  t,  f  denote  the  arcs  of  the  same  segments. 

Then,  by  the  preceding,  the  curve  suT&ce  gmerated  by  PAQ  la  of  an  arsa 
intermediate  to  those  of  the  cylinders  generated  by  PK  and  QH  $  or 

S'  —  S  is  iBtermediate  to        t)      and  2{»'  —  t) 

S'  —  S 

Hence   is  intermediate  to  2v]f  and  2firy'. 

But  in  the  limit,  the  two  latter  become  equal;  and  hence 

CS'  —  SI      dS  r 
^  —  f  J      df  ~       i  or  tiS  =  2wyds ;  whence  S=2€srJ  yds  (1). 
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PROP.  IV,  , 

Tojind  the  volume  of  a  solid  qf  revolution, 
{Seejjfi,  p,  538). 

Let  V,  V  denote  the  volumes  generated  by  the  pcpjmcnts  of  the  ctinre  Mti- 
mated  from  G  to  P  and  Q.  Then  the  solid  generated  by  PMNQ  U  intermediate 
to  thoee  generated  by  PMNS  and  UMNQ  :  that  is, 

V  —  V  i«  inteiuiediate  to  (*'  —  x)  vtf^  and  (jf'  —  x) 
V  — V 

or,  ^  ^-ia  intermediate  to  «y*  and  wy*. 

Whence  at  the  limit 

Hence 

V  =  ./^  (S). 

Sek^wn. 

The  reasoning  employed  in  tlie  preceding  propositions  is  capable  of  much 
more  extensive  application  ;  but  as,  generally,  tlie  invcstigaii<ms  will  require  the 
use  of  the  geometry  of  co-ordinutes  of  larec  dimcu>»ions,  w  e  ta.uuui  uiiruduce  it 
into  this  Tolume. 

It  may  be  remarked,  however,  that  if  any  other  regular  fignre,  aymmetrically 
iitnated  in  ita  conreepondent  parte  with  respect  to  OX,  be  substituted  for  tlM 
circle,  the  same  reasoning  applies,  requiring  only  the  perimeter  or  area  of  the 
generating  6gare  to  be  substituted  for  those  of  the  circle,  in  the  two  cases 

rwpectively. 

We  shall  jirc^^eutly  give  an  instance  amongst  others,  where  a  square  i.s  substi- 
tuted for  the  circle;  generating  the  figure  called  a  groin,  ox  that  formed  by 
the  intersection  of  two  equal  right  c)inKleri>  wlioiie  axes  intersect  at  right 
angles.  It  is  the  simplest  form  of  the  groined  roqf,  so  universal  in  the  monastic 
and  ancient  ardutecture. 

aXAMPLSS. 

I.  Tbb  biobt  cowb. 

In  this  case,  the  surface,  as  one  of  revolution,  is  generated  by  a  right-angled 
triangle  about  one  of  its  sides;  the  other  side  describing  the  circular  base,  and 
the  bypothenuse  describing  the  curved  surface  of  the  figure. 

1.  Tke  twfaee.  Let  y  =  £  tan  /3  be  the  equation  of  the  bypothenuse,  referred 
to  the  axis  of  revohitlon  as  that  of  or,  and  the  vertex  of  the  cone  as  origin. 

Then  df  ss  sec  /3 .      and  we  have,  by  insertion  in  (I), 

S  =  2vy*«tan0.8ec/3il»  =  w  tan  J9  sec /3  c*. 

no  conatant  being  requured  *. 
If  we  take  a  for  the  radius  of  the  base  of  cone,  and  h  the  corresponding 


*  Occa«ioDally,  when  no  constant  is  required,  wc  shall  merciv  uiuit  oifulion  ui  il  \  imving 
it  for  the  ttadent  to  iamtigate  thst  luch  coustuit  i«  wtlly  z«r». 


Digitized  by  Google 


544)  INTEGRAL  CALCULUS. 

height :  then  a  =  A  tan  jS ;  and  A  8ec  is  the  slant  aide  of  the  cone,  or  bypotho* 
nuee  of  the  generating  triangle.  Whence 

8*as  w.&tao/3.Aiec^  =  «va.AMc0^      (2a) .&sec^. 

0  2 

That  is,  the  surface  of  the  cone  is  expressed  by  iialf  the  product  of  the  slant 
side  into  the  perimeter  oi  the  baae.  * 
3.  Th»  veikmu*  Here  tba  general  expresrion  (3)  becomei, 

V  =  t^y    tan^/3<i»  =  ^*».  vtan-^  =  ^«.«'tan*/3. 

*    1  1 

V  =  '  A  .  vh'  tan^iS  =  -  A  x  area  of  the  base, 
e   3  '^3 

These  results  accord  with  those  given  in  vol,  t.  p,  487* 

When  a  hemiaphert,  right  cone,  and  right  cylinderp  stand  on  the  sama  drcokr 
base,  and  are  of  the  same  altitude,  they  are  called  the  if  reAtsKufian  cone,  wpkere^ 
ond  cylinder,  from  their  connexion  haring  been  first  investigated  by  that  greatest 
of  all  the  geometers  of  antiquity. 

IL  Tbc  Sphbbb. 

1.  The  emfaee.  Referring  the  system  to  the  centre  of  the  generating  circle  as 
origin^  and  the  axis  of  «  being  that  of  revolution,  we  have 

odx 

+  y'  i=  o',  xd4;     ydtf  =  0,  and  d!»  =  — ;  whence 
S  =  2«-  y*-^^  =  2«ry  adx  =  2^ax :  or  again 
S  *  s  4«o'.  The  whole  surface  is  therefore  4«a% 


—a 


or  four  times  the  area  of  one  of  the  jOfreat  circles  of  the  sphere. 

From  the  general  fonnulu,  also,  we  deduce  at  once  that  the  surfaces  of  por* 
tions  of  the  sphere  (zones  or  segrncntts)  are  to  one  another  as  their  altitudes.  For 
let  r„  X,,  X3,  . . .  be  the  distances  of  any  plane  sections  from  that  passing 
through  the  centre  perpendicular  to  the  axis  of  revolution  s  then  the  lones  hare 
as  euriiwes 

%ma        «,),  3«a  («,  —  »,),  2«ra  (#4  —  «,),  eie. 

and  these  vary  as    —  c^, —        —  9^  etc, ;  that  is*  as  the  distances  of 

their  bount^ing  [)lanes  *. 

Al<^o.  these  cxprc^tiTi'^  fnr  the  surfaces  of  the  zones  are  equal  respectively  to 
the  segments  of  the  Archimcdian  cylinder  cut  off  by  the  same  planes. 

a.  Tic  eolame.  In  this  case  V  =  mfj^dx  =  ««(a'  —  V' -) ; 

Whence  the  volume  of  any  segment  or  tone,  as  well  as  of  the  wbole  sphere,  is 
determinable  \  and  the  roles  given  in  eof.  t.  pp,  491«  493«  may  be  readily  deduced 
from  these  results. 


*  The  student  will  coQccive  this  Uic  better  bj  suppoting  the  otdiou;  potitioiu  of  the  axes  of 
9  end  jr  inteicbraged. 
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Umo,  in  tbe  AtMm^m  com  omf  cylMiir,  A  =  a  {  «nd  hence  eom  +  iimu 

1  3 

spheres-  a ,  i^v  +    a*«r  =      ^  a .  aV  «  eylwiler. 

It  may  further  be  worth  while  to  remark,  that 

f      —  «» <£r  s  ^  oi*  iin-'  -  +  1 «  Va«— ••so* .  1  circ  tone  sin*-*  - 

* 

f'^ 2a«— ar* <£p  =  ^ a'vers""'*— ^(a— jr)  >/2ax— «'  =       circ.  seg.  ver»"^ 
J  2  2  ^  o 

III.  Tbb  SpBXkoiDa,  o«  Ellifboids  or  RivoLrTtoir. 

Theae  are  called  prolate  or  oblate,  accordiag  as  the  axis  of  revolution  is  the  trans- 
vene,  or  coojugate  diameter. 

1-  Tkenufocei^thefrolaUtpUnfid,  Referittotheceotreof  tbegenenting 
eUipae  aa origin:  then 

ay  4-  li^x*  =  o-i*  gives     =  ^  •  <i» »  and  hence 


2.  TAe  surface  of  the  oblate  spheroid.  Refer  it  as  before,  interchange  x  and  y 
in  the  equation  of  the  curve,  and  by  a  proceea  analogoua  to  the  preceding,  we 
have 

•  « 

and  the  integration  being  performed,  we  luis  c  for  the  whulc  spheroid. 


6* 

3.  Tk€  volmne  of  tk§  prolate  wpherwd.  Since  y*  =  ^  (a*  ^ 

3  o*  3 

4.  TUvohmicfikeoUaietpkawd.  Change  «  and  jr,  and  then  we  have 

\=z~W9 — s^li  and  V*  .a-b. 
9*  *■  3    *  3 

The  relation  of  these  last  two  to  the  apherei  on  a  and  b  are  obvioua  and 
xemarkaUe.  They  give 

sphere  on  b :  oblate  ellipsoid  :  :  prolate  ellipsoid :  sphere  on  a ; 
apheie  on  ax  aphere  on  6;=  prolate  ellipsoid  x  oblate  ellipsoid. 

IV.  Tub  PAaABOLoio. 

1.  The  surface.   Let  4m  be  the  parameter :  then     =  4mv;  and 

 J — i-dk.or Sss2<ryjfdf=s— J-  |(«         — ai*J. 
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S.  Tke  wAmw.  Here  \sswf  4muti»  s  awwH;  or 

S  2  * 

thet  ii  to  half  the  cylinder  of  the  same  heee  end  altitade. 


V.  The  SuapACES  Gkne&atkd  by  the  Cycloid. 

The  only  two  symmetrical  axes  of  revolution  are  the  baae  and  asia:  these  we 
•hall  call  the  first  and  second  species,  respectively. 

1 .  The  surface  of  the  frsf  species.  If  a  be  the  diameter  of  the  generating 
circle*  we  have,  referring  to  the  middle  of  the  base  as  origin, 


The  whob  eurfaice  is»  therefore,  ezpreaaed  by  8  ss    ^  . 

2.  The  surface  of  the  second  species,    in  tins  case  we  have 

The  entire  lurfiwe  is,  hence,  eqnai  to  2«a*  (  ^  ~*  §}  * 

3.  Tfie  whme  qftkefirtt  ^pccwe.  In  this  caae  we  get 

V  =       ^  ,  =  5f^  verein-'  U^Zi^^  +      +  l^o*}  vW::^ 

and  V  ^  ^  ir/'S^'^  =  whole  aolid. 

4.  The  tohuM  qfthe  second  species.    Here  we  get  in  the  same  way, 

2x 

To  find  this  integral,  put  9  s=  vers'^     :  then  we  have 

y  =         4-  sin  e)  J  Voor— s:  ^  a  fin  9 ; 

and  a:=:  ^  a  (1  —  cos  6;,  or  J*  =  sin  OJd. 
Whence  the  function  under  the  aign  of  integration  beconea 
/ y>/Qm-'^d»  =      am'e  (9  +  sin  &) d0 

8  8 
^sMv*  4  8    J-\  3  +  -3- j]« 
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and  hence  the  whole  integnl  between  the  extreme  limite  ie  reidUy  found  to  be 

BXAMPLie  fOE  Bxnaen. 

1.  Hie  volume  described  by  the  revolution  of  the  conchoid  about  the  asym^)- 
tote  la 

V  =  C  -  «r  {a&»  ein-»  |  -  ^V^TZ^^l        •)^}  j 
and  the  entire  volume  is 

S.  Hie  entire  volnme  deeeribed  by  the  etseottf  nmDd  its  as}inptote  is 

3.  The  foniff  ie  generated  by  the  tevolntion  of  a  circle  whoee  radine  is  a  about 
an  axis  in  the  plane  of  the  circle  whose  distance  from  the  centre  of  the  circle 
ubt  ebow  that  the  entire  surface  and  volume  are 

S  s  4arai  and  V  2«o'6. 

4.  The  whole  volume  described  by  the  witeh  abont  its  asymptote  is 

5.  If  the  companion  to  the  cyeUnd  revolve  about  its  axis  and  its  base«  the 
entire  volumes  are  respectively 

V  =  Wa^  and  V  =  w(«r»—  4)  ir». 

6.  The  entire  sorfiice  and  volume  of  the  figure  generated  by  the  revolntion  of 
tike  cardioid  about  its  axis  are  respectively 

S  =:  ^  a-o,  and  V  ==  |  c*«. 

7.  If  a  panboU  whose  base  is  b  and  height  a»  revolve  about  its  bsse  so  aa  to 

16 

form  the  figure  called  the  paraMic  apindU,  its  entire  volume  will  be  a*6«. 


PROF.  V. 

To  find  the  tolume  <^  any  Pyramid^  wr  o/a  Cone  iipon  ant/  plane  base. 

Let  S  be  the  vertex,  and  SP  a  per. 
dicular  to  the  base  ABC.  In  SP  take 
Sp  =  X,  and  throu^'h  p  d^n^v  the  j)lane 
(Ac  parallel  to  ABC.  Then,  since  the 
sections  are  parallel,  the  figures  ABC, 
abc  are  similar ;  and  we  have  (denoting 
the  aieae  of  ABC»  o&c  by  A  and  9,  and 
the  perpendicular  SP  by  p). 

a  =         and  hence  V  ; 


*p,  the  valu 

V  =  -  Ajj  =  -  base  x  altitude. 


Am* 


Foff  the  whole  volume  we  have,  when  «  a  j»»  the  value 
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PROP.  TI. 

7b  pud  Ike  vdme  md  tmfaee  of  the  Cbmmtm  Groin,  wUeJb  it  ikus  generattd. 

Lei  a  square  plane  hGKII  of  variable  magnitude,  a 
moving  from  the  vertex  A  of  a  iemieirele  BAC  at  right 
tmgU»  to  its  atia  AQ^  vary  in  magwUnde  to  that  tht 
middkt  D,Eof  the  opposite  tidtt  FO,  HK  eonHmudlf 
rut  tqMm  tht  tmkMt :  then  the  fint  tidtt  tf  tht 
tguare  trace  nut  simultaneouslg  the  grmn'turface. 

hex  Abe  the  origin,  AR=j:,  RD  =  y,  and  AQ  =  a. 
Then  the  area  of  FGKH  =  (2y)'  =  4y'.  Ueoce 
d\  =  'ky^dx  =:  4  (2(u:  —  x^)dxi  and  heace 

V  =  4{aa*-i  «»},  and  V*  =  !^. 

Again,  aioce  the  genoratiog  surface,  or  perimeter  of  the  aqintr^  ii  6jrt 

=  2ydt  =  2y .  84)^  ; 

and  hence  we  have  at  ODce 

Sb8/,  and  S^s*8a«. 

The  two  preceding  propositions  are  apecimeas  of  a  general  principle  which  is 
embodied  in  the  following  une. 


PROP.  TII. 

Let  tt  plane fgttre  wHeh  motet pareMtt  toUt^tmd vmiet  iit  mofmiudt  (Mma* 
tM^  itt  ^peetes,  or  tht  eonttani  ratio  of  iit  parametert)  moot  to  that  homologoat 
pointt  mag  alwayt  rttt  upon  a  plane  curve  for  system  of  lines  issuing  from  a  point), 
and  one  homologont  point  in  the  plane  of  the  nwcing  figure  trace  a  given  straight 
line :  then  the  movisiff  plane  fjfwre  wiU  generate  a  toUd  whote  voliane  and  area  are 
expressed  by 

V  =  sin  a/Adz   (3).       |       S  =fsds'  (4) ; 

where  a  is  the  angle  made  hy  the  mnrhif/  plnrtp  v  Uh  the  line  of  direction  of 
motion,  A  the  area,  and  S  the  perimeter  of  the  yfin  rdling  curve  at  the  hofindary 
of  the  solid ;  and  s'  the  arc  of  the  ctirre  rhnq  trhirh  the  generatrix  moves,  and  2 
the  distance  of  thai  plane  along  the  line  fi  o.a  the  origin  of  the  motion. 

For  if  instead  of  thu  dementary  right  cylinders  which  we  employed  in  the 
reasonings  of  propositions  Hi.  and  iv.  we  substitute  oblique  cylinders,  liavinrr  the 
adjacent  generatinjy  curve  a  for  their  bases,  and  for  height  the  cominoii  Ui^.iarice 
between  them  :  the  same  reasoning  respecting  the  ultimate  ratios  and  their  cor* 
responding  expressions  will  apply. 

Now  in  the  value  of  V»  the  area  of  the  section  takes -the  place  of  the  area  of 
the  circle ;  and  in  that  of  S,  we  have  tdt^  in  the  place  of  2vfdt.  Also,  sines 
these  cylinders  are  obliijtie,  having  a  for  the  angle  formed  by  their  axes  and 
base*?,  the  factor  sin  a  reduces  them  to  the  value  given  above. 

It  will  be  obvious  that  the  solid  of  revolution  is  a  particular  case  of  that  here 
investigated;  and  it  is  eqnal'.y  obvious  that  the  jnincii>ie  applies  as  well  to  recti- 
liuear  generatrices  as  when  they  are  any  specified  ctirves. 
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BXAMPLBS. 

1.  Let  A  BCD  be  a  rectangle ,  A  Q  perpendicular  to 
the  plane  AC  at  A :  then  if  a  variable  triangle,  PRS, 
tk9 plane  of  wkk^  i§ ponlld io  AQD,  mtmewUkUa 
angular  pmmU  fffom  CD^  BA,  BQ»  it  It  npArtd  to 
fiii  the  vohuM  twept  oat  igtha  triaagle  PRS,  aad 
the  surface  generated  by  PS. 

Pat  AD  s=  a,  AB  =^  6,  Aa  as     BB  ss  «. 

Then  PB  mt  ^;  andthettw  A  of  thegeneiating 


acx 


WhmcOy 


trianglo  PBS  ia  ^ . 

Vr.^<i2»  and  v'rs ^  s  wbok  Toblllie. 


Again,  the  ggPcniliBg  line  PS  SB  VPB'  +  B8»sg        j.-      ;  and  hence 


Jx 


26  /  VcV  +  a*6» 


260 

S*=  ?  { V^qpp  +  ^  log. 


2.  7V;o  e^ua/  r^A<  cglindere  haoe  their  aaee  iatereeeting  under  any  angle  in  a 
pmi:  find  the  vokma  Mdk  ia  eommoa  to  both,  aad  the  tarfaee  ef  the  fgure 
eaeheed. 

Let  GH  and  KL  be  the  axes  intersecting  in  O, 
and  let  the  plane  of  the  axes  cut  the  cylinders 
themwhes  in  AB,  CD,  and  AD,  BCi  alto  lot 
AfVOiy  be  any  odier  wction  of  the  groined  mr* 
face  made  hy  a  piano  purallel  to  ABCD,  whldi 
will  evidently  he  an  eqnOateval  porallelograni 
similar  to  ABCD. 

Let  a  be  the  inclination  of  the  axes,  z  the  dis- 
tance of  the  planes  ABCD,  A'B'C'D'.  A  the  area 
of  A'B'C'D',  and  a  the  common  diameter  of  the  cylindera.  Then, 

V  =/Acfe. 

Let  the  vertical  from  O  to  the  plane  ABCD  meet  the  plane  A'B'CD'  in  O' ; 
then  00'  =  z. 

A1m>,  AB  =  BG  =  ia  cosec  a ;  ABCD  =:  AB.BC  sin  a  =  4a*  coeec  a  j  and, 

A'B" 

plane  Mction  A'B'OD' » 

Wherefore,As=  ABCD.^^*=s4o«coMca.^-p^s:  4Co»-«')  coeec  a, 
and  we  hare 

ys:i4cooeca/{€^'~a^)da^4{e^e^\i^eoaeca. 

V  "  s  the  volume  common  to  the  two  cylinders. 

3  em  a 

VOL.  IK  ^  ^ 


.ABCD. 
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to  be 


Agvin,  tb«  poriBMtar  of  die  pmUatogram^'OD', ,  ii 

«  =  8  coeac  a  Vo*  —  and 

iI^s.x=sb:  wherefore* 
S  ^Jsds  =  8a  C08CC  afiM'sz  Soveoeee a. 
Tln%  taken  between  limita  0,    end  doubled,  giteefor  the  entire  eorfece, 

8  '  s  16e^  coeec  a. 

— a 

When  a  =      it  becomee  the  common        already  discussed,  j?a^«  544. 

III.  Le<  ADBC  be  the  base  nf  a  right  ejfUmder,  B 
a  powiki  MM  tf  the  edges  BK,  Md  CBD  a  ploM 
§teiimpaithigiirmi^tk9Qmiin0qfth9ba9ef  Hit 
npM  to  Md  tins  mtfum  oadunaqfthM  fortiom 
CDBB  cut  off  bg  the  phms. 

Let  the  volume  be  cut  by  a  plane  at  right  angles 
to  OB,  making  the  section  PQSR,  which  is  evi- 
dently a  rectangle.  Put  EOB  =  a,  OB  =  a,  and 
ON  =  X.  ITien  we  have  HN  =  x  tan  a,  and 
RS  =  2  a-  —  :  whence  the  generating  rec- 
tangle PQS&  (=  A)  =  2«  \''o*^a?*.tan  a ;  and  the  volume  is  found  from 

V=:2tana/V««-«»4P4r  =  tan«{C-|(««-*»)^}. 

2 

Aa  •  and  V  begin  together,  when  •  ia  0,  V  is  0 :  henoe  C  =  ja*,  and 

V  =1  tana{o"—  (o«—         and  V  '=|a3tana. 
3       *  '  •  a 

Again,  for  the  eorfiwe,  the  generatrix  ie  the  line  PQ  ss  BH  s  « tan  «  ss  t  ^ 


and  ds'  =  dCQ,  = 


adx 


;  whence. 


a. 


8  s/jdf     Z"^^"  =  iC-a  V^^^i  tan 
Now  S  and  «  commence  together ;  hence  C  =  a*,  and  we  have 
8  fls{tf>—  a  VoP  —  t^}  tan  a;  and  8*s  <^  tan  a. 

IV.  .4  n^rAi  cone  has  its 
axis  coincident  vfiih  the  edge 
flfa  right  cylinder:  <md  tfe 
^Hhdst  qf  tho  oom  msi 
cylHMfar  omI  tU  dimtten 
of  their  bam  are  all  equal: 
Jmd  the  parts  into  which  the 
surface  and  volume  of  the 
cone  are  divided  bg  the  cglin' 
der. 

Let  AB  =  VO  =  a  and  Vo  =  ar ;  and  let  the  plane  opig,  parallel  to  the 
base,  cut  the  cone  and  cylinder  in  the  circles  qbp  and  gflp  reepectively.  Thentbe 
cone  may  be  ooncdved  to  be  generated  by  the  variaUe  cirde  ql^  i  the  cyUnder 




V  ^  ^ 
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hj  the  dvcle  qop  * ;  and  tha  part  tint  is  common  to  both'  by  tbo  cnrvilinetr 
flgara  oglpt  or  A.  Whence  we  have  to  find  A :  which  is,  dvidently, 
A  s  ^6q  s  aeniicire.  eodb  +  wogOLpoq  —  tnan.  pog  —  2  secMMrjMo 

Now o6  =  op  =  |«,  ro  =      and |>r  =  gr«  ^       :  wh«liM  tha  es^ 

pression  becomes 

y             24  12             2a          73  9 

y>_8w  4.  27  V 3  — 64  ^  put  of  th«  eone  within  the  cyUodar;  and 

o  72 

henca  the  two  parts  of  the  volume  of  the  cone  are  respectively 

8«_+J7j/3_-j54  .       -  C4~27n/3  -2<y  - 
72  o"*™  72 

AgBiBt  tha  portion  of  the  sur&ce  of  the  cone  within  the  cylinder  ie 

9   (2         2s  2a    4  J 

g^^Wg-S^y  15  , 
o*^  34 

Whence  Ae  parte  into  which  the  eacfooe  is  divided  an  leepectively 

24  fl^#«na  ^ 

Hue  elegant  eohition  ie  entinlj  taken  from  die  Lad|y'«  aid  Qmikmm'§  iXeiry 
for  1843,  jjp.  61,  69. 


iXAMPLne  VOB  macten. 

1.  The  axis  of  a  right  cylinder  passes  through  the  centre  of  a  sphere,  their 
ladii  hchig  a  and  a, :  then  Che  volunie  conunon  to  hoth  ia 

V  =  ^{a/-.(a,v-a«)*j, 

2«  A  ephere  ia  cnt  by  a  cylinder,  the  fadhie  of  whoce  baee  ie  half  that  of  the 
ephere,  and  whoee  axie  bieecte  the  ladhie  of  the  ephere  at  nght  anglee :  ehow 
that  if  a  be  the  radius  of  the  sphere,  the  volnme  of  the  ephere  without  the 

cylinder  is  one-ninth  of  the  cube  of  the  diameter  of  the  sphere. 

3,  The  surface  of  the  sphere  intercepted  by  the  cylinder,  in  the  preceding 
example  is  a*  (|«  — >  1) :  and  if  the  sphere  be  cut  by  two  such  cylinders,  the 


*  For  greater  di<itinrtne«s  the  two  cirelet  «n  exhibited  in  the  msigin,  as  well  m  is  penpae- 
tive  in  the  princiiMd  figure. 
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surface  of  the  sphere  witkmit  the  cjrhodcn  ie  double  the  eqnaie  of  the^iaaeler 

of  the  sphere  *. 

4 .  A  y>araboloid  of  revelation  is  pierced  by  a  right  cylinder,  the  axis  of  which 
pasbtis  through  the  focus  and  cuts  the  axis  of  the  paraboloid  at  right  angles,  its 
mdius  being  the  focal  distance  of  the  vertex  :  then  the  volume  common  to  both 

ISO*  Isv+y^jt^abeingthepanuiiaterof thegenentiiigpanbo^ 

5.  Hie  eoRO-eiHWM  (or  the  ikipwright^  eiresAr  wedge)  of  WaDie  b  thus  gene- 
rated: 

Ftorpeadicular  to  Uie  pline  of  a  drd^  and  to  eadi  o^r,  two  planes  are 
drawn  through  its  centre,  and  in  ooe  of  theee  planes  a  line  parallel  to  the  plane 

of  the  circle  ;  then  a  line  moves  constantly  touching  this  line  nrul  the  circle,  and 
always  parallel  to  the  other  plane,  marks  out  the  surface  of  the  figure:  itii 
required  by  the  preceding  method  to  assign  its  volume  and  surface  f. 

6.  A  rectangular  parallelopiped,  whose  length  and  breadth  are  2a,  2b,  atid  the 
axis  of  which  passes  through  the  centre  of  the  sphere  whose  radius  is  r :  show 
^mt  the  portion  of  the  solid  eommon  to  both  is 

V=  46  (r«~i b»)  sin-'  •  .        -f  4o(r»--i<^8in-^  . 
+  S«/r*— a* — ^  —  If*  sin"*  ; 


*  This  is  the  reUbrated  enigma  of  the  omi  irindmr,  proposed  by  Vfvlani,  u  a  challenge  to  the 
cultivators  of  the  differential  calculus.  Sereral  particulara  relativo  to  thia  jmblem  maj  bo  acea 
la  a  paper  by  the  editor,  in  the  twelfth  velame  of  the  TnumekioBS  «f  the  Reyil  Sodely  «f 
Bdhihurgb,  and  in  the  Gentleman's  Diary  for  1835.  The  problem  is,  however,  treated  in 
t^io«(»  pin -cs  by  the  method  of  spherical  co-ordinates;  which  subject,  should  a  t?  in!  volume 
of  this  woric  be  printed,  will  be  developed  at  suitable  length,  but  which  want  of  roum  did  not 
allow  to  bo  itttmduoed  faito  the  ptwent  one,  vtm  ia  Uw  fluist  conlnctod  Ibnn.  The  form  in 
which  Yiviaid  proposed  his  probkn  is  beie  (^tobu 

Inter  vencrabilia  olim  Gnvciae  raonumenta  cxtat  tulhuc,  porpctuo  quidm  duratumm,  Tctn- 
plum  augustissimum  ichnogrupliia  circulari  Almas  GcometriiB  dicatum,  quod  te»tudine  intus 
perfectc  bcmisphserica  opcritur  :  sod  in  bac  fenestrarum  quatuor  squales  area;  (circum  ac  supra 
iMMla  henai^haro  ipdas  ^ipoiitanim)  tdl  eoofigiumtioae,  ampUtadhte^  taala^iM  iadnotria,  ac 
ingcnii  acumine  stint  exstructs,  ut  his  dctractis  8u]>ci*«tc8  curva  Testudinis  snperficicfl,  pmtiooo 
ojMTc  iniisivo  ornata,  tctragonismi  vcro  goomctrici  sit  cipax.    Acta  Enuflforum,  16!>2. 

t  Several  particulars  relative  to  thia  euriaco  may  he  »ccu  in  a  paper  ou  Jiida  HurfiMX^^  by  the 

editor  of  tU»  woik,  in  sol,  ca>  L^jiomn^*  AtatkmaHeal  R^pomkity, 
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